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Abstract We revisit the shadow of rotating traversable
wormholes discussing the role of the wormhole throat in
the shadow formation. For certain classes of wormholes the
throat serves as a potential barrier for light rays with partic-
ular impact parameters, thus modifying the shadow shape.
We consider a couple of wormhole solutions and examine
the structure of their shadow images, and the intrinsic mech-
anisms for their formation. Some of the shadows possess
cuspy edges, which arise due to the interplay of two distinct
families of unstable spherical orbits. These solutions provide
examples, in which the explicit mechanism for cusp forma-
tion can be uncovered.

1 Introduction

An important phenomenological feature of black holes is
their shadow, or their apparent shape when illuminated by a
background source of light. Null geodesics in such space-
times can be differentiated into two classes—trajectories
which escape to infinity, and trajectories that are captured
by the compact object. Thus, a dark region appears in the
observer’s sky forming the shadow. The effect was origi-
nally discovered when studying the light propagation in the
vicinity of the Kerr black hole [1]. Yet, it is not restricted
exclusively to the presence of an event horizon, but can be
observed in more general geometries possessing a photon
region, such as naked singularities, gravastars and worm-
holes [2–4].

Motivated by present observational missions [5], the shad-
ows of a variety of black holes were studied, both in general
relativity and alternative theories of gravity [6–16]. The spe-
cific features of the images can be used to extract information
about the physical properties of the compact objects, and to
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differentiate between gravitational theories [17–19]. Using
the deformation of the shadow shape of an isolated black
hole we can evaluate its spin and multipole moments [20–
23]. On the other hand, we can detect the interaction of the
black hole with an external gravitation field, since it leads
to the formation of complicated lensing patterns with hierar-
chies of multiple shadow images [24–32].

The aim of the current work is to investigate the shadows
of horizonless objects by studying the light propagation in a
couple of rotating wormhole spacetimes. The general form
of the metric describing rotating traversable wormholes was
studied in [33]. This work deduces the properties which a reg-
ular wormhole spacetime should satisfy, without obtaining
explicitly a particular exact solution of the gravitational field
equations. While such completely regular rotating asymp-
totically flat exact solutions are still unavailable, numerical
solutions describing spinning traversable wormholes were
obtained in [34–37]. Further work studied the properties of
certain traversable wormholes, such as the geodesic motion
in their vicinity [38], the possibility of their detection by X-
ray spectroscopy [39], and their quasinormal modes [40].

In this paper we consider rotating traversable wormhole
spacetimes, belonging to the class described in [33], which
allow separation of variables for the null geodesic equations.
This property enables us to obtain the shadow boundary ana-
lytically as a lensed image of the unstable spherical pho-
ton orbits. The unstable spherical photon orbits for our solu-
tions divide into two distinct families—inner spherical orbits,
located at the wormhole throat, and outer ones, located at
some larger radial distance. An analytical expression for the
shadow boundary associated with the outer spherical orbits
was obtained previously in [2], but the shadow analysis pre-
sented there was incomplete. A second work [41] derived the
shadow rim resulting from the spherical orbits at the throat
and presented the wormhole images as a superposition of the
two boundary curves. Unfortunately, due to improper esti-
mation of the wormhole mass, the shadow images reported
in [41] deviate from the realistic ones both qualitatively and
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in terms of scale. Therefore, we revisit the problem by sum-
marizing current results, and by computing the wormhole
shadows both analytically by means of the boundary curves
and numerically using a ray-tracing program. In addition,
we perform a detailed analysis of the structure of the shadow
images, and the internal mechanisms underlying their forma-
tion. Considerable intuition for the qualitative behavior of the
shadow when varying the angular momentum is obtained by
the investigation of the unstable light rings.

One of the wormhole solutions, which we study, is char-
acterized by a cuspy structure of the shadow edge. Using the
analytical expressions for the shadow boundary, we were able
to explain the formation of the cusps. They arise at the junc-
tion of the curves determined from the two families of spher-
ical orbits due to a non-smooth merger of the two branches.
While it was anticipated in [42,43] that the cusps result from
the interplay between stable and unstable spherical photon
orbits, we provide for our solution the explicit mechanism for
their formation. For an equatorial observer, we investigate the
behavior of the cusps when varying the angular momentum
proving that a critical spin parameter exists for which they
disappear. It coincides with the regime when one of the fam-
ilies of unstable spherical orbits ceases to give a contribution
to the shadow boundary.

The paper is organized as follows. In Sect. 2 we review the
class of rotating traversable wormhole solutions, which we
study, and the null geodesic equations in the corresponding
spacetimes. The analytical curves following from the spheri-
cal photon orbits, which determine the shadow boundary, are
presented. In Sect. 3 we study the shadows of two particu-
lar wormhole solutions by analytical and numerical means.
In certain cases we observe cuspy shadow edges, the struc-
ture and dynamics of which we analyze in detail for various
angular momenta. Section 4 is devoted to our conclusion.

2 Rotating traversable wormholes

Rotating traversable wormholes can be described by a gen-
eral stationary and axisymmetric metric, proposed by Teo in
the form [33]

ds2 = −N 2dt2 +
(

1 − b

r

)−1

dr2 + r2K 2
[
dθ2

+ sin2 θ(dϕ − ωdt)2
]
, (1)

where the functions N , b, ω and K depend only on the spher-
ical coordinates r and θ . The metric functions should sat-
isfy certain conditions, which ensure the regularity of the
solution, and which lead to the characteristic geometry and
physical properties of the wormhole. For example, the red-
shift function N should be finite and nonzero, the shape

function b should obey the restrictions ∂θb(r, θ) = 0 and
∂r b(r, θ) < 1 at the wormhole throat, while the derivatives
∂θ N (r, θ), ∂θb(r, θ) and ∂θK (r, θ) should vanish on the rota-
tion axis θ = 0 and θ = π . In addition, asymptotically flat
wormholes should possess the following expansions at the
physical infinity r → ∞:

N = 1 − M

r
+ O

(
1

r2

)
, K = 1 + O

(
1

r

)
,

b

r
= O

(
1

r

)
,

ω = 2J

r3 + O

(
1

r4

)
, (2)

which involves the conserved charges corresponding to the
physical characteristics of the solution—the ADM mass M
of the wormhole and its angular momentum J .

Despite these restrictions, the rotating wormhole geome-
try is general enough to include various particular cases with
different physical properties. We can distinguish an interest-
ing class of solutions by requiring that all the metric functions
N , b, ω and K depend only on the radial coordinate. Then
we can separate the variables in the geodesic equations, and
we investigate the properties of the light propagation in the
wormhole geometry by analytical means [2].

Stationary and axisymmetric spacetimes admit two con-
served quantities for geodesic motion, associated with the
particle’s energy E and angular momentum L . For separable
geodesic equations an additional integral of motion arises,
which we denote by Q. Then, introducing the impact parame-
ters ξ = L/E and η = Q/E2, we can write the null geodesic
equations in the form [2]

N√
1 − b

r

dr

dλ
= √

R(r), r2K 2 dθ

dλ
= √

T (θ),

N 2 dϕ

dλ
= ω(1 − ωξ) + N 2 ξ

r2K 2 sin2 θ
,

N 2 dt

dλ
= 1 − ωξ, (3)

where we define the functions

R(r) = (1 − ωξ)2 − η
N 2

r2K 2 ,

T (θ) = η − ξ2

sin2 θ
. (4)

The radial geodesic equation can be interpreted effectively
as a one-dimensional motion in the field of the potential Veff(

dr

dλ

)2

+ Veff = 1, Veff = 1 − 1

N 2

(
1 − b

r

)
R(r). (5)
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According to their impact parameters the null geodesics are
separated into two classes—photon trajectories which pass
through the wormhole, and trajectories which scatter away
and escape to infinity. The boundary between the two classes
is determined by a family of unstable spherical orbits satis-
fying the conditions

Veff = 1,
Veff

dr
= 0,

d2Veff

dr2 ≤ 0. (6)

They lead to a relation between the impact parameters ξ and
η, which defines a curve in the parameter space correspond-
ing to the shadow rim. Introducing the celestial coordinates

α = lim
r→∞

(
−r2 sin θ0

dϕ

dr

)
= − ξ

sin θ0
,

β = lim
r→∞ r2 dθ

dr
=

(
η − ξ2

sin2 θ0

)1/2

, (7)

we obtain its projection on the observer’s sky, i.e. the apparent
position of the shadow boundary for an observer located at
asymptotic infinity with an inclination angle θ0.1

The unstable spherical orbits, which determine the shadow
boundary, can be divided into two types. The first family
results from a maximum of the effective potential located
outside the wormhole throat. In this case the metric function
grr = (1 − b

r ) is distinct from zero, and the spherical orbits
satisfy the conditions

R(r) = 0,
dr

dr
= 0,

d2R

dr2 ≥ 0.

These equations lead to the following parametric relations
for the impact parameters derived in [2]:

η = r2K 2

N 2 (1 − ωξ)2,

ξ = �

�ω − ω′ , � = 1

2

d

dr
ln

(
N 2

r2K 2

)
. (8)

The other family of spherical orbits result from a maxi-
mum of the effective potential located at the wormhole throat.
In this case the metric function grr vanishes, and the trajec-
tories are determined by the conditions

1 − b(r)

r
= 0, R(r) = 0,

dr

dr
≥ 0.

1 The inclination angle is the angle between the rotation axis of the
wormhole and the line of sight of the observer.

They lead to the implicit relation between the celestial
coordinates α and β [41]

(ω2r2
0 K

2 sin2 θ0 − N 2)α2 + 2ωr2
0 K

2 sin θ0α

+r2
0 K

2 − N 2β2 |r0= 0, (9)

where r0 is the value of the radial coordinate at the wormhole
throat.

In our analysis we consider a simple class of solutions
with metric functions

b(r) = r0, K = 1, ω = 2J

r3 , (10)

while we allow for different choices of the redshift function
N (r), investigating its influence on the wormhole shadow.
In the following discussion we use the spin parameter of the
wormhole, defined as a = J/M2, as a measure of the rotation
rate.

3 Wormhole shadows

We consider two wormhole solutions with different redshift
functions N belonging to the class we described, which
possess equal masses. We investigate the structure of the
shadow in each case and its deformation for various angu-
lar momenta. The shadow images are constructed in two
independent ways and the results compared. On the one
hand the shadow boundary, which results from the analytical
curves given by Eqs. (8) and (9), is illustrated. On the other
hand the shadow is computed numerically by a ray-tracing
program integrating the geodesic equations and separating
escape from plunge orbits. The analytical treatment gives
the advantage that in each case we can get intuition about the
intrinsic mechanism for the shadow formation. While cer-
tain differences can be extracted, the images in the two cases
result from qualitatively similar structures.

Case I: N = exp
(− r0

r

)

The first wormhole solution, which we consider, is charac-
terized by a redshift function N = exp

(− r0
r

)
. Expanding

the redshift function near infinity, and comparing with the
general asymptotic behavior for asymptotically flat solutions
(2), we find that the wormhole mass M is equal to the solu-
tion parameter r0. The shadow boundary is determined by
the superposition of the two curves given by Eqs. (8) and
(9). Each curve corresponds to a family of unstable spherical
photon orbits, while their intersections with the equatorial
plane determine a pair of planar circular orbits, called light
rings in the literature. The inner light ring is located at the
wormhole throat, and the outer one is at a radial distance
r > r0.
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Examining the explicit form of Eqs. (8) and (9), we find
that the curve resulting from the unstable light ring at the
wormhole throat is defined only for negative values of the
impact parameter α, while the curve associated with the outer
light ring exists only for positive values of α. The shadow is
presented in Figs. 1, 2, where the two branches forming the
shadow boundary are depicted in blue and orange. The two
branches merge at α = 0 for the same value of the radial
coordinate r = r0, which can be seen in Fig. 3, illustrating the
dependence of the impact parameter α on the radial distance
along the shadow rim.

We can get an estimate of the shadow size by evaluat-
ing the intersection points of the shadow boundary with the
coordinate axes β = 0 and α = 0. The leftmost edge of the
shadow is obtained by calculating the crossing point of the
unstable branch of the curve (9) with the equatorial plane,
giving for the value of coordinate α the expression

αL = − r0

2a sin θ0 + e−1 , (11)

which depends on the spin parameter a of the wormhole.
Increasing the angular momentum, the value of αL increases.
Thus, the leftmost edge moves to the right, starting from the
position of the photon sphere in the static case αst

L = −r0e,
and approaching asymptotically α = 0 for large angular
momenta.

In a similar way the rightmost edge of the shadow is cal-
culated by the crossing point of the curve determined by
the outer light ring (8) with the axis β = 0. The cross-
ing point occurs for values of the parameter along the curve
r = rR(a, θ0) corresponding to a solution of the algebraic
equation

(
1 − r0

r

) N

sin θ0
= 6a

r2
0

r2 . (12)

It can be shown that for any spin parameter and inclination
angle the equation possesses a single root rR in the range
rR > r0. Using (8), we can calculate the value of the impact
parameter αR corresponding to it.

Another characteristic pair of points are the intersection
points of the two curves, which form the shadow rim. Their
coordinates are given by (α = 0, β = ±r0e), showing that
they are independent of the spin parameter of the solution.
Thus, increasing the angular momentum, the leftmost edge
of the shadow approaches asymptotically α = 0, while the
intersection points with the right branch stay intact. Conse-
quently, we expect that for large angular momenta the contri-
bution to the shadow boundary of the curve connected with
the light ring at the throat will become less and less signifi-
cant.

The behavior of the shadow when varying the worm-
hole spin is illustrated in Figs. 1 and 2 for two values of
the observer’s inclination angle. They confirm the intuition
gained from the investigation of the shadow edges. Due to
the frame dragging, for high spins the curve determined by
the light ring at the wormhole throat tends asymptotically
to a straight line coinciding with the β-axis. The images are
compared with the shadow of the Kerr black hole with the
same mass. The wormhole shadows are in general smaller,
but increasing the angular momentum the shadow area for
positive α grows more rapidly than that of the Kerr black
hole, so the deviation between the two images decreases. For
extremal spin of the Kerr black hole the shadows of the two
solutions are qualitatively very similar, although different in
size.

The influence of the wormhole throat on its shadow was
investigated previously in [41]. However, due to an improper
estimation of the wormhole mass, the contribution of the light
ring at the throat to the shadow boundary is overestimated,
resulting in much rounder images. In addition, as a result of
the same inaccuracy, the wormhole images reported in [41]
are bigger, approaching the shadow of the Kerr black hole in
size.

Case II: N = exp

(
− r0

r − r2
0
r2

)

We consider another wormhole solution with the same
mass M = r0, characterized by a redshift function N =
exp (− r0

r − r2
0
r2 ). In general, its shadow is determined again

by two families of spherical orbits associated with the light
ring at the throat, and the outer light ring. Contrary to the
previous case, the two families intersect for negative values
of the impact parameter α. Thus, the spherical orbits aris-
ing from the outer light ring can occur both for positive and
negative α. The junction between the two families is not
smooth, which leads to the formation of cusps in the shadow
boundary. Below a certain critical angular momentum, which
depends on the observer’s inclination angle, the spherical
orbits associated with the throat cease to give a contribution
to the wormhole shadow, and it is determined completely by
the outer light ring. The qualitative behavior of the shadow
image with respect to the variation of the wormhole spin
can be separated in three distinct classes, which we describe
below for the case of an equatorial observer.

1. Wormhole spin a ≥ a(1)
crit ≈ 0.07

The shadow boundary is formed by the two branches (8)
and (9) determined by the two families of unstable spheri-
cal orbits (see Fig. 4). Its leftmost edge corresponds to the
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Fig. 1 Wormhole shadow for the redshift function N = exp(− r0
r ),

and observer inclination angle θ0 = 90◦. The curves associated with
the light ring at the throat and the outer light ring are depicted in blue
and orange, respectively. The dots denote the left- and rightmost edges

of the shadow, evaluated analytically according to Eqs. (11) and (12),
and the intersection points of the two branches. The shadow boundary
of the Kerr black hole is presented for comparison with the black dashed
line. The mass of the solutions is set equal to 1

Fig. 2 Wormhole shadow for the redshift function N = exp(− r0
r ), and observer inclination angle θ0 = 45◦. The same conventions are used as in

Fig. 1. The shadow boundary of the Kerr black hole is presented for comparison with a black dashed line

intersection of the curve associated with the spherical orbits
at the throat with the equatorial plane given explicitly by

αL = − r0

2a + e−2 . (13)

In a similar way, the rightmost edge is located at the intersec-
tion of the curve representing the outer family of spherical
orbits with the axis β = 0. It corresponds to a radial distance
solution to the equation
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Fig. 3 Dependence of the impact parameter α on the radial distance
along the shadow boundary for the redshift function N = exp(− r0

r ).
The impact parameters of the left- and rightmost shadow edges are
denoted by αL and αR, respectively, while the point A represents the

intersection point between the two shadow boundary branches. We
denote by rperi the radial coordinate normalized by the location of the
wormhole throat r0. The observer inclination angle is θ0 = 90◦

(
1 − r0

r
− 2r2

0

r2

)
N = 6a

r2
0

r2 . (14)

In the spin parameter range which we consider, the equa-
tion possesses a single root r > r0, which determines the
impact parameter αR at the right edge. The two branches
intersect at negative values of α closing the shadow rim.
Increasing the angular momentum, the values of αL and αR

increase, and the two shadow edges move to the right. At the
same time the intersection points between the two shadow
branches approach the value α = 0. As a result, for high spins
the curve determined by the spherical orbits at the wormhole
throat tends to a straight line coinciding with the β-axis.

Contrary to the previous wormhole solution with the red-
shift function N = exp

(− r0
r

)
, the intersection point between

the two shadow branches occurs for different values of the
radial coordinate along the two curves. The whole left branch
is located at r = r0, which corresponds to the wormhole
throat, while the radial distance on the right branch obeys
rA > r0 at the intersection point. This behavior leads to the
formation of cusps in the shadow boundary. The phenomenon
is previously observed for numerical solutions describing
Kerr black hole with Proca hair [42], and in the shadow of
the black holes investigated in [43]. In a similar way for these
solutions the cusps arise due to the interplay between differ-
ent spherical orbits.

The behavior of the curves representing the spherical pho-
ton orbits in the vicinity of the cusp is presented in Fig. 5.
After the intersection point, denoted by A, the branch asso-
ciated with the outer light ring reaches the point B, where
the spherical orbits turn stable. This corresponds to the con-
dition R′′(r) = 0 at r = rB . At the same point the curve

β = β(α) is not smooth, leading to the formation of another
cusp. Decreasing further the radial distance, the stable branch
for r = r0 reaches the curve representing the spherical photon
orbits at the wormhole throat at the point C . The intersection
point C corresponds also to the point in which the spherical
orbits at the throat turn stable, i.e. the condition R′(α) = 0
is satisfied at α = αC .

We can further show that the stability turning point B is
located at a constant radial distance for any spin parameter of
the wormhole in the range a ≥ a(1)

crit ≈ 0.07. The condition
R′′(r) = 0 on the spherical orbits reduces to the equation

− �
ω′′

ω′ + �2 + �′ = 0, (15)

where the function � is defined in (8). It has a single real
solution such that r > r0 equal to rB ≈ 1.398. Nevertheless,
the location of the point B in the impact parameter space
depends on the spin parameter through Eqs. (7) and (8) for
the celestial coordinates α and β. The location of the stability
turning point C for the spherical orbits on the wormhole
throat can be obtained from the condition R′(α) = 0. It leads
to the value of the impact parameter αC = −r0/5a, while
the corresponding value of β is given by

β2
C = r2

0

25

(
9e4 − 1

a2

)
. (16)

Decreasing the angular momentum the three characteris-
tic points A, B, and C move towards the equatorial plane.
During this process the contribution of the curve associated
with the spherical orbits at the throat to the shadow boundary
diminishes, and the shadow becomes predominantly deter-
mined by the family of spherical orbits connected with the
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Fig. 4 Wormhole shadow for the redshift function N = exp(− r0
r −

r2
0
r2 ), and observer inclination angle θ0 = 90◦. The curves associated
with the light ring at the throat, and the outer light ring are depicted
in blue and orange, respectively. The dots denote the left- and right-

most edges of the shadow, evaluated analytically according to Eqs. (13)
and (14), and the intersection points with the axis α = 0. The shadow
boundary of the Kerr black hole is presented for comparison (black
dashed line). The mass of the solutions is set equal to 1

Fig. 5 Behavior of the
spherical orbits in the vicinity of
the shadow cusp for spin
parameter a ≥ a(1)

crit ≈ 0.07. The
blue and orange lines represent
the unstable spherical orbits
associated with the two light
rings, while their intersection
point is denoted by A. The
spherical orbits corresponding
to the outer black ring become
stable at the point B, and the
stable branch is depicted with a
red line. Point C is the stability
turning point of the other family
of spherical orbits associated
with the wormhole throat. The
observer inclination angle is
θ0 = 90◦
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Fig. 6 Dependence of the impact parameter β on the radial distance for
different spin parameters. Three representative behaviors are denoted by
numbers. For spin parameters a > a(1)

crit ≈ 0.07 the function β(r) has a

single real root, and a minimum at R′′(r) = 0 (curve 3). For a = a(1)
crit an

additional double root arises at R′′(r) = 0 (curve 2). For a < a(1)
crit three

real roots exist corresponding to the location of unstable/stable light
rings (curve 1). The unstable spherical orbits are depicted in orange,
while the stable ones are in red

outer light ring. The point B reaches the α-axes at the highest
value of the spin parameter. It can be determined by solving
the system

R′′(r) = 0, β(r) = 0, (17)

which gives the critical value a = a(1)
crit ≈ 0.07. It can be

shown that this critical value can be obtained equivalently
from the system

β ′(r) = 0, β(r) = 0. (18)

For the spin parameters a > a(1)
crit the function β(r) has a

single real root r = rR in the range r > r0, which determines
the rightmost edge of the shadow αR. Furthermore, it has a
minimum at the radial distance satisfying R′′(r) = 0 (see
Fig. 6). At the critical value a(1)

crit ≈ 0.07 an additional dou-
ble root r = rB arises, which coincides with the minimum
R′′(r) = 0. For spin parameters a < a(1)

crit the function β(r)
possesses three real roots in the range r > r0. The smallest
one, r = rB′ , determines the intersection point of the stable
branch of the outer spherical orbits with the equatorial plane,
corresponding to a stable light ring. The two larger ones, rL

and rR, determine two unstable light rings, which correspond
to the left- and rightmost edges of the shadow, αL and αR for
a ≤ 0.06.

The point A reaches the equatorial plane at a second crit-
ical value a = a(2)

crit ≈ 0.06 obtained by the equations

βL(α) = βR(α), βL(α) = 0, (19)

where βL is the impact parameter β on the curve associated
with the spherical orbits at the throat, while βR is restricted
to the spherical orbits connected with the outer light ring.
For an equatorial observer the point C coincides with the α-
axis for the lowest spin parameter a(3)

crit = 1/3e2 ≈ 0.0451,

Fig. 7 Dependence of the impact parameter α on the radial distance
along the shadow boundary for spin parameter a ≥ a(1)

crit ≈ 0.07. The
observer’s inclination angle is θ0 = 90◦. The impact parameters of the
left- and rightmost shadow edges are denoted by αL and αR, respec-
tively, while the intersection point between the two shadow boundary

branches is denoted by A. The same color conventions are used as in
Fig. 5. The points B and C are the stability turning points of the two
families of spherical orbits. Only the unstable spherical orbits located
prior to the intersection point A, given by solid lines, contribute to the
shadow boundary (see main text)
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Fig. 8 Behavior of the spherical orbits in the vicinity of the shadow
cusp for spin parametera > a(1)

crit ≈ 0.07. Geodesics with impact param-
eters (α1, β1) and (α2, β2) scatter away to infinity, and do not give a
contribution to the shadow

which is determined by Eq. (16) for β = 0. These critical
values of the spin parameter delimit rotation rate ranges with
qualitatively different features of the spherical photon orbits.

The dependence of the impact parameter α on the radial
distance, restricted to the spherical photon orbits, is presented
in Fig. 7. We denote by rperi the radial coordinate normalized
by the location of the wormhole throat r = r0. We observe
that the radial coordinate undergoes a jump at the intersection
point A between the two shadow branches. As illustrated in

Fig. 5, only the unstable spherical orbits located prior to the
intersection point A contribute to the shadow boundary. This
can be explained in the following way.

The curve connected with the outer light ring separates in
the impact parameter space the geodesics which scatter away
from the corresponding maximum in the effective potential
from those that pass through it. Similarly, the other curve
in the shadow boundary differentiates between geodesics
which scatter away or pass through the maximum located
at the wormhole throat. Then a geodesic with impact param-
eters (α2, β2) located as demonstrated in Fig. 8 will pass
through the outer maximum but scatter away from the inner
maximum at the wormhole throat, and escape to infinity. On
the other hand, a geodesic with impact parameters (α1, β1)

according to the same figure will scatter away already from
the outer maximum without reaching the maximum at the
throat. Therefore, geodesics with such impact parameters do
not contribute to the wormhole shadow. The unstable spher-
ical orbits located in the impact parameter space after the
intersection point A do not influence the shadow. Yet, they
have impact on the lensing properties of the spacetime, as
observed in [42].

2. Wormhole spin a(1)
crit ≈ 0.07 > a ≥ a(2)

crit ≈ 0.06

After the critical value a = a(1)
crit ≈ 0.07 the curve associated

with the outer light ring closes, but the shadow boundary
is still determined by the two families of unstable photon
orbits. At the same time the stable branch of the photon orbits
associated with the outer light ring gets disconnected from
the unstable one. This feature can be seen in the behavior of

Fig. 9 Behavior of the
spherical orbits in the vicinity of
the shadow cusp for spin
parameter a(2)

crit ≈ 0.06 ≤
a < a(1)

crit ≈ 0.07. The observer
inclination angle is θ0 = 90◦.
The stable spherical orbits
associated with the outer light
ring (red line) get disconnected
from the unstable ones (orange
line). Their intersection point
with the equatorial plane,
corresponding to a stable light
ring, is denoted by B ′
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Fig. 10 Dependence of the
impact parameter α on the radial
distance at the shadow boundary
for spin parameter
a(2)

crit ≈ 0.06 ≤ a < a(1)
crit ≈ 0.07.

The observer inclination angle is
θ0 = 90◦. The same conventions
are used as in Fig. 9. The stable
and unstable branches of the
spherical orbits associated with
the outer light ring get
disconnected, and we observe a
gap

Fig. 11 Behavior of the
spherical orbits in the vicinity of
the shadow cusp for spin
parameter a < a(2)

crit ≈ 0.06. The
observer inclination angle is
θ0 = 90◦. The curves denoting
unstable spherical orbits at the
throat (blue line) and the stable
spherical orbits associated with
the outer light ring (red line) are
too close to each other to be
distinguished

Fig. 12 Dependence of the
impact parameter α on the radial
distance at the shadow boundary
for spin parameter
a < a(2)

crit ≈ 0.06
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the impact parameter α as a function of the radial distance
illustrated in Fig. 7, where we observe a gap. In this regime
the point B ′ is not connected to a stability turning point, but
it denotes the intersection of the stable branch with the α-
axis, corresponding to a stable light ring. It coincides with
the smallest root of the function β(r) = 0 in the range r > r0

(see Fig. 6).
When the spin parameter decreases, the stable branch

shifts to the left, so that the intersection point B ′ occurs
at smaller values of α = αB′ . At the same time the inter-
section point A moves towards the α-axis reaching it at
a = a(2)

crit ≈ 0.06 for αA > αB′ .

3. Wormhole spin a < a(2)
crit ≈ 0.06

At the critical value a = a(2)
crit ≈ 0.06 the curve determined

by the unstable spherical orbits at the throat gets tangent to
the curve associated with the outer light ring. They touch at
the point A, which is now located at the equatorial plane.
For values of the spin parameter lower than a(2)

crit , the two
families of unstable spherical orbits get disconnected, and
the spherical orbits at the throat stop giving a contribution
to the wormhole shadow. The shadow is completely deter-
mined by the closed curve associated with the outer unstable
spherical orbits. In this regime we denote by A′ the intersec-
tion point of the curve connected with the unstable spherical
orbits at the throat with the equatorial plane. Decreasing the
angular momentum, the stable branch connected with the
outer spherical orbits and the unstable branch at the throat
shift to lower values of α; however, at a different rate. The
point A′ moves faster than the point B ′, and the two curves
approach each other. At the same time they stay connected
at the point C , and their length simultaneously reduces while
the point C approaches the equatorial plane. At the critical
value of the spin parameter a = a(3)

crit ≈ 0.0451 the point
C reaches the equatorial plane, and the point A′ reaches the
point B ′, all three points coinciding at αC = αA′ = αB′
(see Figs. 10, 11, and 12). The coordinate of the leftmost
edge of the shadow αL also decreases approaching in the
limit a → 0 the location of the photon sphere of the static

wormhole αst
L = −2r0e

3
4 ≈ −4.234.

4 Conclusion

In this paper we consider the shadow of a class of rotat-
ing traversable wormholes. The null geodesic equations are
separable in the corresponding spacetime, and the shadow
boundary can be obtained analytically. It is constructed as a
superposition of two families of unstable spherical orbits,
associated with two light rings. For some of the worm-
hole solutions the two shadow branches merge continuously,

while for others the radial coordinate undergoes a jump at
the junction, leading to the formation of cusps in the shadow
edge. Such cuspy shadows were observed previously for Kerr
black holes with Proca hair, and for certain phenomenolog-
ical black holes in the alternative theories of gravity. In our
work we provide an example for a horizonless compact object
with a similar shadow structure.

We investigate the structure of the stable spherical photon
orbits in the vicinity of the cusps, and the cusp dynamics
with the variation of the angular momentum for an equa-
torial observer. For high wormhole spins stable spherical
orbits exist, which are not connected with a stable light ring.
Decreasing the angular momentum a critical spin is achieved,
for which the stable branch crosses the equatorial plane, and
a stable light ring arises. At even lower spins a second critical
value is reached when the cusps disappear, and the wormhole
shadow tends to circularity.
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