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Abstract The aim of this work is to study the thermody-
namics and spin current of a system corresponding to a black
hole containing a global monopole in the context of Poincaré
gravity theory which is an extension of general relativity, in
the sense that the intrinsic angular momentum of matter is
also a source of gravitational interaction. Thus, in this work
we find the solution corresponding to the spacetime under
consideration by taking into account that the action which
describes this system contains terms corresponding to the
curvature and torsion. The metric obtained is a function of
mass, solid angle deficit and the coupling constants of the
quadratic terms of the curvature and torsion. In this model,
the stability of the system is studied through the analysis of
the Hawking temperature and the specific heat. In this con-
text it was also studied the critical temperatures of the sys-
tem considering positive or negative cosmological constant.
In the vicinity of the black hole with a global monopole,
where there is a logarithmic correction due to the relation-
ship between the torsion and curvature fields, some analysis
were done. We also study the AdS/dS limit where the black
hole is analyzed from the topological point of view. Although
the effect of spin current density at low energies is negligible,
in the vicinity of strong gravitational fields it can generate an
appreciable effect due to spin gravity coupling.

1 Introduction

One of the most intriguing phenomena that can be observed in
the universe concerns to the fact that it experiences an accel-
erated expansion, a phenomenon confirmed recently from the
observations of supernova explosions. Due to these observa-
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tions with supernovae it has been concluded that the uni-
verse nowadays is expanding rapidly. One idea to explain
this acceleration is that the universe is dominated by dark
energy that seems to be more abundant than the usual energy
[1,2].

A similar scenario with respect to the occurrence of accel-
eration also appears in the primordial stages of the universe.
At that period, it experienced a great acceleration called infla-
tion [3,4], but in those times the universe was very hot and
dense and only at the end of this inflationary period, the struc-
tures began to be formed [5,6].

Although the general relativity is undoubtedly the most
promising theory to explain most of the events occurring
in the universe, many questions still seem inexplicable, as
for example the accelerated expansion. Another theoretical
point is the fact that there is no a theory of quantum gravity
based on general relativity. Thus, some theories were pro-
posed to unify the formalism of the quantum field theory
with gravitational formalism, as for example, the Einstein–
Cartan theory. This theory, extends the theory of general rel-
ativity by including a connection that takes into account its
antisymmetric part. It was in this period that the concept of
torsion in general relativity was born.The great achievement
of Poincar’s gravity gauge theory is that besides the source
of gravity corresponding to energy–momentum, the intrinsic
angular momentum or the spin of matter is also a source of
gravitational interactions. In this way, the resulting space-
time geometry is endowed with curvature and torsion [7].
Although the effects of spin are negligible at low energies,
certainly, it was very important in the primordial universe
when spin density was very high [8].

We also know that local or global change of the universe
implies in phase transitions that can originate from breaks
of symmetry, in analogy to what occurs in thermodynamic
systems. One of the most important laboratories for physics
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is the universe and one of the most intriguing objects inves-
tigated are the black holes [9].

It can carry mass, charge, angular momentum and can be
described by thermodynamic laws [10–13]. The implications
of the studies related to this object can undoubtedly help us to
understand a greater number of issues. However, so far black
hole physics has been dependent on the models, the obser-
vations can provide data that discards certain models and
reinforces others. For this reason the study of black holes in
various contexts is of paramount importance [14–16]. In spe-
cial, we will consider a black hole with a topological defect,
namely, global monopole. This topological has been formed
at phase transitions in the very early universe. The gravita-
tional field of a global monopole possesses a deficit solid
angle which is proportional to the energy scale of symmetry
breaking [17].

Today it is believed that the universe is de-Sitter (dS)
with a small positive cosmological constant. Many inves-
tigations have appeared in the literature considering the cos-
mological constant to be the negative pressure necessary to
make the universe to expand in accelerated way [18]. Tak-
ing into account the presence of a cosmological constant,
some other studies consider the black hole in Anti- de-Sitter
(AdS) spaces. Despite that for this space-time, the cosmo-
logical constant is negative, it can be included from the point
of view of the relation between an alien world with a border
according to which it could represent our particle physics
[19]. This mechanism became known as AdS/CFT corre-
spondence [20–22]. From the point of view of physics of a
black hole physics with AdS spacetime, we can relate the
entropy with the area of the black hole surface [13]. In this
formalism, the Hawking–Page phase transitions can be stud-
ied [23]. The black hole in an AdS spacetime give us the
correct relation between temperature and the specific heat
which is important to understand the black hole thermody-
namics.

In this work a different context will be proposed to study
black hole thermodynamics, in such a way that it will taken
into account that the space time besides curvature has also
torsion. The theory is called Poincaré, gravity because the
connections that make up the Riemann tensor are consid-
ered as gauge fields and contain information arising from
the metric as well as from the torsion. For consistency of
the equations, in order to have a torsion that can propagate,
we will use the formalism where two quadratic terms are
introduced, one for the Riemann tensor and another pair for
the torsion tensor [24,25]. One of the advantages of working
with this model is the appearance of spin chains. These spin
currents come from the conception that the derivative of the
action in relation to torsion can give us spin chains. Thus,
it should be important to study the coherence of this system
[26]. Another advantage of this model is to better understand
the de-Sitter space, through a correct relation between tem-

perature and specific heat, analogous to what happens in the
Anti-de-Sitter case. In fact, in this model, one can consider
de-Sitter and Anti-Sitter as experiencing a Hawking–Page
type phase transitions.

This paper is organized as follows. In Sect. 2, we present
more global aspects Poincar gravity. In Sect. 3, we perform
an analysis of thermodynamics of the system under consid-
eration. In Sect. 4, we discuss the spin current. Finally, in
Sect. 5, we present the conclusions.

2 Description of the Poincaré-gravity framework

In this section we present the basic ingredients of the Poincaré
gravity, including two quadratic terms, one of these is the
torsion and the other is the curvature. The full action that
contains both gauge fields are given by

S = Sg + Sε, (1)

where the Poincaré gravity action is written as

Sg = 1

κ

∫√−g d4x

[
R − α

4
R ab

μν R
μν
ab−

β

4
Qa

μνQ μν
a

]
, (2)

with α and β being constants and μ, ν = 0, 1, 2, 3 and a,
b = 0, 1, 2, 3 being spacetime indices and tetrad indices,
respectively. The quantities R ab

μν eμ
b e

ν
a and gμν = eaμe

b
νηab

are, respectively, the curvature scalar and the metric associ-
ated with the gravitational field. The Riemann and the torsion
tensor field are given by

R ab
μν = ∂[μ	 ab

ν] + 	 a
μ c	

c b
ν , (3)

Qa
μν = ∂[μeaν] + 	 a

μ be
b
ν . (4)

In the approach considered, these fields are gauge field
strengths related with the connection 	 ab

ν and the vierbein
eaμ, as explicitly shown in Eqs. (3) and (4).

The general form of the time independent metric with
spherical symmetry in (3 + 1) dimensions is given by

ds2 = −e2μdt2 + e2νdr2 + r2(dθ2 + sin θ2dφ2), (5)

where μ = μ(r) and ν = ν(r), which means that these
functions depend only on the radial coordinate.

In this case, the non-vanishing independent components
of torsion tensor are given by

Q0
01 = f (r), Q2

20 = Q3
30 = k(r),

Q1
10 = h(r), Q2

21 = Q3
31 = −g(r), (6)

where f (r), g(r) h(r) and k(r) are function to be determined
and the Riemann-Cartan affine connection, 	̃, is given by
2	̃ k

i j = −	 k
i j + Q k

i j , where 	 k
i j corresponds to the

Riemann part and Q k
i j to the contribution of the torsion.
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The nonvanishing independent curvature components
Ri

jkl are given by

R0
110 = (μ′eμ−ν + eμ f )′e−μ−ν ≡ A(r), (7)

R2
323 = 1

r2 + k2 −
(

1

r
e−ν − g

)2

≡ B(r), (8)

R0
202 = R0

303 = −( f + μ′e−ν)

(
e−ν

r
− g

)
≡ C(r), (9)

R1
212 = R1

313 = 1

r
e−ν(rg − e−μ)′ + hk ≡ D(r), (10)

R1
202 = R1

303 = (ν′e−ν + f )k ≡ E(r), (11)

R0
212 = R0

313 = (rk)′ e
−ν

r
− h

(
1

r
e−ν− g

)
≡ −F(r).

(12)

In order to write equations in a simplest way, we are iden-
tifying the components of the Riemann tensor with the func-
tions A(r), B(r), ….

The equations of the motion written in terms of the vier-
bein, are given by

Gi j = Ri j − 1

2
ηi j R = −κTi j − αTi j − βQi j , (13)

where

Ti j = −1

2
R n
ilm R lm

j n + 1

8
ηi j R

n
ilm Rilm

n, (14)

Qi j = −1

2
Q n

im Q m
j n + 1

8
ηi jQ n

im Qim
n . (15)

The action of matter corresponding to the defect is Sε . An
interesting type of defect that can be related with the black
hole is the global monopole with a O(3) symmetry broken.
The action associated to the matter field coupled with gravity
that represents the global monopole is

Sε = 1

2

∫
d4x

√−g

[
(∂μφa)(∂μφa) − 1

2
λ(φaφa − η2)2

]
,

(16)

where λ is the self-interaction constant, η is the scale of
a gauge-symmetry breaking and the triplet field that will
result in a monopole configuration can be described by
φa = η

ϕ(r)
r2 xa , with a = 1, 2, 3 and xaxa = r2. The func-

tion ϕ(r) is dimensionless and constrained by the condition
ϕ(0) = 0 and ϕ(r > η) ∼ 1.

The energy momentum tensor is given by

T i
μ = 1

2
√−g

δSε

δeμ
i

. (17)

Considering that the monopole is formed in the black hole
background, we have that the energy momentum tensor is
given by

T00 = −T11 ∼ η2

r2 = ε

κr2 ,

T22 = T33 = 0. (18)

We are considering that the Einstein tensor components
are function of the metric and torsion. The contribution of
the torsion can be understood if we analyze the Riemann
tensor given by Eq. (4). The connection 	 ab

ν has two parts:
one related to the metric and the other to the torsion. The
non-vanishing components of the Einstein tensor are G00,
G11, G22 = G33, in which case there are off-diagonal terms
due to the presence of the torsion. This fact implies that
in energy–momentum tensor has also off-diagonal compo-
nentes, namely, G01 and G10.

If we analyze these components we can observe that when
the torsion components are zero, then, the off-diagonal com-
ponents of the Einstein tensor are zero, and as a consequence,
the components of the Einstein tensor become the ones corre-
sponding to the usual global monopole in a black hole back-
ground. The non-vanishing quadratic terms of the energy–
momentum tensor associate to the curvature are T00, T11,
T22.

With torsion fields the off-diagonal components of the
energy–momentum tensor are not zero, even when the met-
ric is diagonal. This fact produces important consequences
on the geodesics of the test particles in the spacetime gener-
ated by the system formed by the black hole and the defect,
specially when the torsion is taken into account. The off-
diagonal components of the energy–momentum tensor are
T10 = T01 when k = h = 0 and the off-diagonal compo-
nents of the energy–momentum tensor become zero.

The Einstein equations in weak field approximation are
given by

G00 = −2D(r) − B(r) = −α(2 xy + uv)

− 1

2
β[ f 2 − h2 − 2(k2 + g2)] − ε

r2 , (19)

G11 = B(r) − 2C(r) = −α(2 xy − uv)

−β(k2 + g2) + ε

r2 , (20)

G22 = G33 = A − y = −α uv + 1

2
β( f 2 − h2), (21)

G01 = G10 = 4αEy − 2βk, (22)

with E(r) = −F(r), x = C(r) + D(r), y = C(r) − D(r),
u = A(r) + B(r) and v = A(r) − B(r), where A(r), B(r),
C(r), D(r), E(r), F(r) are given by Eqs. (7)–(12).

In this work we assume that the functions which appear in
Eq. (6) are such that g = k, h = − f , and the metric param-
eters, μ obey the usual relation ν μ = −ν. The condition
y = − 1

4α
in the Eq. (22) gives us

μ′e2μ − heμ = −2

3
βkeμ, (23)
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and using the relation E = −F , we have

−k

r
− k′ + h

r
= μ′k. (24)

Using these assumptions and results together with Ein-
stein’s equations given by Eqs. (19) and (20), we get

u = 4y + ε

r2 = 0, (25)

which supplies the following relation

(μ′e2μ)′+2( f eμ)′+4keμ

r
−2

e2μ

r2 +2
(1 − ε)

r2 = − 1

2α
. (26)

The solution of these equations are

e2μ = 1 − ε − 2GM

r
+ r2

L2 + Nr2 ln r, (27)

k =
[
C1r + C2

r2 + r

2αβ
ln r

]
e−μ, (28)

h =
[(

2C1 + 1

2αβ

)
r + C2

r2 + r ln r

αβ

]
e−μ, (29)

where

2GM = 2

(
2

3
β + 1

)
C2, N =

(
1

αβ
− 1

3α

)
,

± 1

L2 =
[

6

(
1 − β

3

)
C1 + 1

2α

]
, (30)

with C1 and C2 being integration constants. For simplicity,
we will work with the metric in the form

ds2 = −B(r)dt2 +B(r)−1dr2 +r2(dθ2 +sin θ2dφ2), (31)

where

B(r) = 1 − ε − 2GM

r
+ �

r2

3
+ Nr2 ln r. (32)

GM is the energy of the system, � = ± 3
L2 is the cosmolog-

ical constant and the term with metric constant parameter N
is the new contribution arising from the torsion. This met-
ric represents the spacetime generated by the system we are
considering, which is formed by a black hole with a global
monopole in a scenario in which the torsion field is present.

3 Thermodynamics analysis

In this section, we analyze the behavior of the energy of the
system corresponding the source we are considering, formed
by a black hole and a global monopole, as a function of those
parameters presented in the last section. The dependence of
the energy, GM, as a function of the horizon rH , is given by

Fig. 1 Graphs for GM(S)× S. In the upper panel, � > 0 is taken into
account, while in the lower panel, � < 0, with ε = 0.5

GM = 1

2
rH

[
1 − ε ∓ r2

H

L2 + Nr2
H ln rH

]
, (33)

where the minus sign in the third term represents the case with
positive cosmological constant, which becomes asymptoti-
cally de Sitter (dS) when r → 1 or β = 3. In the case where
this sign is positive, the cosmological constant is negative,
and thus when r → 1 or β = 3, we have the Anti-de-Sitter
case.

The behavior of GM, for different N’s, as a function of
the entropy is shown in Fig. 1, where the entropy is given by
S = πr2

H .
The torsion is codified by the parameters N and β. When

N = 0, the metric is, locally dS (up panel) and AdS (down
panel), both represented by the dotted curve. In the upper
panel, we can verify that the curve grows with the entropy up
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to a certain value and then decreases. This behavior is very
different from the lower panel, in which case the entropy
always grows. To analyze the stability of the black hole we
need to study the behavior of temperature, specific heat and
free energy, which can be done simply by verifying how these
magnitudes evolve with the radius of the horizon.

It can be seen that the tangent lines to these curves give
us the temperature that satisfies the second law of thermo-
dynamics. From now on we can calculate the Hawking tem-
perature, TH , of the system by taking the derivative of the
energy with respect to the entropy of the black hole. From
the second law of thermodynamics we have that the Hawking
temperature is obtained from dGM = THdS, and then we
find that

TH =
(

dS

drH

)−1 dGM

drH

=rH
4π

[
1 − ε

r2
H

∓ 3

L2 +N+3N ln(rH )

]
. (34)

In the case where the cosmological constant is negative
we still have the possibility of obtaining a black hole either
for N = 0 or with N �= 0. However, for the positive cosmo-
logical constant we have the possibility of the existence of
stable black hole only when N �= 0. This is the most impor-
tant feature of this model. We will study in the next sections,
in details, both cases, namely, for negative and positive cos-
mological constants.

In Fig. 2, the behavior of the temperature with the radius
of the horizon is showed, when the cosmological constant is
positive � = 3

L2 . In the panel on the upper part two black
holes appear when torsion is taken into account. The Hawk-
ing temperature decreases as the horizon radius increases,
until reaching a minimum value, and than, starts to increase
with the radius of the horizon, for ε = 0 and ε = 0.5. In
the cases where ε = 1.0 and ε = 1.5, the Hawking tempera-
ture increases with the radius of the horizon. When the black
hole is in the presence of a global monopole there appears
the phase transition for 0 ≤ ε ≤ 1.5. It can be visualized that
the behavior of the temperature as a function of the horizon is
sensible to the variation of the parameter of the deficit solid
angle associated with of the global monopole.

Analyzing this behavior we find that the deficit solid angle
has to be less than one. At these limits the temperature
decreases to a minimum, showing in this analysis the compat-
ibility of the system. When ε ≥ 1, the Hawking temperature
is negative, which is incompatible with any thermodynamic
system. In the lower panel one has the graph of the temper-
ature as a function of the radius of the horizon for the case
without torsion, N = 0. It shows that for small values of
the deficit solid angle, the Hawking temperature is positive
in a certain region and decreases as the horizon radius rH

Fig. 2 Graphs for T × rH . In the upper panel, N = 0.5 and in the
lower panel, N = 0

increases. However, it does not present a minimum value,
and thus the black hole is not stable.

Initially we will analyze the critical points of the system,
by calculating the minimum of the Hawking temperature,

namely, by solving the equation
[

∂TH
∂rH

]
rHmin

= 0. To do this, let

us use the following relations

THmin = 1 − ε + 3
2 N r2

Hmin

2πrHmin

,

rHmin = e− 1
6

−3NLambertW

(
2
3 (1−ε)e

2
3

∓�+4N
N

)
∓2�+8N

N , (35)

where the minimum temperature is such that THmin =
TH (rHmin ) and indicates the existence of a thermal phase tran-
sitions between the black holes with the same temperature.

123



445 Page 6 of 11 Eur. Phys. J. C (2018) 78 :445

The interesting effects occur when N �= 0 which is given
by ln(rH ). For temperatures T < Tmin , there are no black
holes, but only radiation. For T > Tmin there are multiply
black holes, whose horizon, rH , associated to them, can be
determined by Eq. (34), which gives us the following result

[
N − 3

L2 + 3N ln(rH )

]
r2
H − 4πTHrH + 1 − ε = 0. (36)

The general expression for the temperature is given by Eq.
(34) and the expression for the heat capacity by

C =
(
dGM

dTH

)
=

[
dGM

drH
·
(
dT

drH

)−1
]

, (37)

where

d(GM)

drH
= 1

2

[
1 − ε+

(
N∓ 3

L2 + 3N ln(rH )

)
r2
H

]
,

dT

drH
= 1

4πr2
H

[
ε − 1 +

(
4N ∓ 3

L2 + 3N ln(rH )

)
r2
H

]
.

(38)

This result was obtained using the second law of thermo-
dynamics d(GM) = TdS. In the general case, the positive sign
corresponds to the positive cosmological constant, while the
negative sign corresponds to the negative cosmological con-
stant. In this scenario, we find that

C = 2πr2
H

⎡
⎣ 1 − ε +

(
N ∓ 3

L2 + 3N ln(rH )
)
r2
H

ε − 1 +
(

4N ∓ 3
L2 + 3N ln(rH )

)
r2
H

⎤
⎦ . (39)

Figure 3 shows the heat capacity for different values of
ε = κη2. It can be seen that for 0 ≤ κη2 < 1 the black
hole is stable because the condition T > 0 and C > 0, are
satisfied.

Note that we have T > Tmin , when rH > rmin
H , and thus

the temperature and the heat capacity are positive and we
say that the black hole is stable. In the case where rH <

rHmin there is a region where the temperature is positive and
the heat capacity is also positive, but in this case the black
hole experiences a transition for the equilibrium point. In
this region there is a small black hole. The region with the
negative heat capacity is the forbidden region.

Then we have an interesting black hole with positive
cosmological constant when the torsion is present which is
analogue to the AdS black hole. The stable black hole has
the temperature increasing with the horizon radius rH . This
behavior is interesting and means that when the black hole
gains energy, as the radius of the horizon rH increases, the
temperature also increases.

Another point that can be analyzed, in the graphs of Fig. 3,
is the behavior of the curves of heat capacity for different

Fig. 3 The Graphs represent C × rH considering the positive cosmo-
logical constant. In the upper panel N = 0.5 and in the lower panel
shows the heat capacity for ε = 0.5

values of the deficit solid angle. Comparing the heat capacity
of the upper and lower panels we can see that it is possible to
obtain the same behavior by varying the values of the deficit
solid angle or the contribution due to the torsion.

We can verify that the curve N = 0 behaves similarly to
ε = 1.5, while N = 2 is similar to ε = 1 and N = 0.5 and 1
are similar to ε = 0 and 0.5, respectively.

3.1 The Hawking–Page phase transitions

Another important quantity to analyze the stability of the
black hole is the Hawking–Page phase transition. This tran-
sition, at a constant volume, occurs at a point where the
Helmholtz free energy, given by F = GM − T S, is exactly
equal to zero.

123



Eur. Phys. J. C (2018) 78 :445 Page 7 of 11 445

Fig. 4 Graphs of F × rH in the case of the positive cosmological
constant with THP = 0.049474913904. The solid curve are for ε = 0
with N = 4.2910, the dot-dashed curve for ε = 0.5 with N = 1.5, and
the dotted curve for ε = 0.6448 and N = 0.5

Fig. 5 Graphs of F × rH for positive cosmological constant with
THmin = 0.00909823501, THP = 0.049474913904, TSH =
0.42359355918 considering ε = 0.5 and N = 1.5

This transition can be studied by keeping the temperature
constant for different values of ε. With this methodology we
obtained the curves of Fig. 4, for several values of ε.

Performing the same procedure of the last section by cal-
culating the roots of the Helmholtz free energy equation and
solving numerically the problem of finding one of this energy
that is unique and that touches the rH axis, we construct the
graph of the Fig. 5.

In Fig. 6 it can be seen that in the absence of the global
monopole, we obtain that the specific heat C > 0 and the
temperature T > 0, and therefore, exists a stable black hole

Fig. 6 Graphs of C × rH (up panel) and of T × rH (down panel) for
positive cosmological constant, with Tmin = 0.00910104338, THP =
0.049474913904 and TSH = 0.42359355918. The curve gives us ε =
0.5 and N = 1.5

This behavior is consistent with the case when the energy
increases more rapidly than the temperature, so that the spe-
cific heat increases. In this situation, a new phase transition
appears, even in the case of the temperature T > Tmin , at
rH = rHc . For rHmin < rH ≤ rHc , the specific heat decreases
with rH , as the temperature increases.

These results are similar in both cases, namely, with posi-
tive or negative cosmological constant. These are no asymp-
totically neither dS nor AdS, due to the presence of the loga-
rithm term.or equivalently, due to the presence of the torsion.

3.2 The AdS limit for black holes

In order to better understand the phase transitions in black
holes systems, we initially worked with the case where we
have a locally AdS geometry. We will study now, besides the
phase transitions, the role of the global monopole. We can
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easily see in metric (31) that the existence of the torsion can
break the AdS geometry when β �= 3, due to the presence of
the logarithm. For this reason, to study the locally AdS case
with torsion, we will initially consider β = 3. In this case
N = 0 in the metric (31).

The dependence of the energy (GM) in function of the
horizon radius rH , is

GM = 1

2
rH

[
1 − ε + r2

H

L2

]
. (40)

The Hawking temperature is, therefore, the derivative of
the energy with respect to the entropy of the black hole. From
the first law of thermodynamics we have that the Hawking
temperature is given by dGM = TdS and then we find

T = 1

4πrH

[
1 − ε + 3r2

H

L2

]
. (41)

We will now examine the heat capacity, which can be calcu-
lated from the energy by using Eq. (37), resulting the follow-
ing expression

C = 2πr2
H

[
1 − ε + 3

L2 r
2
H

ε − 1 + 3
L2 r

2
H

]
. (42)

Now let us consider the energy of the Hawking–Page
phase transition that occurs when the Helmholtz free energy
is zero. Giving that this e-energy is

F = GM − T S

= 1

2
rH

(
1 − ε + 1

L2 r
2
H

)
− πTr2

H , (43)

thus, the Hawking–Page temperature and the horizon radius
are expressed as

THP = 1

Lπ

√
1 − ε,

rH P = √
1 − εL . (44)

If we use the Eq. (34), we find

3

L2 r
2+ − 4πT r+ + 1 − ε = 0. (45)

This result gives us a pair of BH’s (large/small) with the radii
given by

rLarge/Small = 2

3
πT L ± 1

3

√
4L2π2 + 3ε − 3L . (46)

The corresponding Hawking temperature TH is given by the
derivative of Hawking temperature as a function of rH . Their
minimum values are thus obtained from

Fig. 7 Graphs of the temperature T × rH upper panel and the specific
heat capacity (lower panel) considering the AdS4 case. In the upper for
N = 0 and L= 5

rmin =
√

1 − ε√
3

L ,

Tmin = √
3

1 − ε

2π
√

1 − εL
. (47)

In Fig. 7 we analyze all the important points in the graphs of
the temperature as a function of the horizon radius.

In general, in the case of a negative cosmological constant,
a black hole in an asymptotically flat space has a spherical
event horizon. If the cosmological constant is negative, the
black hole has no longer a spherical horizon. This type of
black hole is called a topological black hole.

In Fig. 7, we show the temperature as a function of the
horizon (upper panel). For a temperature T < Tmin there are
no black holes. It is a pass of pure radiation. For T > Tmin

there are two black holes with rH given by Eq. (46).
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Note that, we have T > Tmin when rH < rH min . Thus,
the temperature is always positive, as we can see in lower
panel of Fig. 1, The heat capacity is negative, C < 0, and we
have an unstable black hole that we call small black hole. In
the case where rH > rH min the temperature is positive and
according to Fig. 4 (lower panel) corresponds to the positive
heat capacity, C > 0. In this case we have a stable black hole
that we call big black hole.

The importance of working with a topological defect in
the AdS geometry is that the existence of a topological defect
in the AdS bulk is an amount conserved at the boundary.
Although the defect remains at the border, this does not break
the CFT locally, because only the deficit solid angle is felt
when we have a velocity relative to the defect [27]. This fact
can bring us many applications of this metric to systems of
condensed matter, where the vortex has an important role
for the determination of the properties of the system and the
fact that the vortex introduces a mass gap, responsible for the
mass of the fermionic fields. As in the case of the AdS frontier
being a conformal field theory, the presence of vortices can
provide a mechanism to generate mass.

4 The spin current

The discovery of new materials such as graphene and topo-
logical insulators present to us new behaviors emerged in
relation to the role played by the spin, dynamizing the area
called spintronics. The theory developed in this paper permit
us to get conclusions about how is the spin current behavior
induced by torsion and curvature. The spin current tensor is
given by

Sμ
i j = 1√−g

δSM

δ	
i j

μ

. (48)

Thus, considering the part of the quadratic terms of the
curvature and torsion, the spin current can be written as

κSμ
i j = −

[
T̄μ

i j + αRμν
i j ||ν

]
, (49)

where T̄μ
i j and Rμν

i j ||ν are given by

T̄μ
i j = Kμ

i j − βQμ
i j

= (1 − β)Qμ
i j −Qm

miδ
μ
j −Qm

jmδ
μ
i , (50)

Rμν
i j ||ν = Rμν

i j;ν − 	k
νi R

μν
k j − 	k

ν j R
μν
ik

− {
λ
λσ

}
Rμσ

i j − {
μ

σν

}
Rμσ

i j . (51)

By performing these calculations we can find that the compo-
nents of the spin current density are S0

01, S1
01, S2

02 = S3
03

and S2
12 = S3

13. The contribution of the torsion to the spin
current is given by the following components of T̄μ

i j

T̄ 0
01 = T̄ 1

01 = (β − 2)h − 2k,

T̄ 2
12 = T̄ 3

13 = −T̄ 2
02,

= −T̄ 3
03 = (3 − β)k + h. (52)

We will focus on the case β = 3, where we have: ± 1
L2 =

1
2α

, with α being positive or negative. In the negative case
we have de-Sitter space with cosmological constant � =

3
2|α| and in the positive case the Anti-de-Sitter, with negative

cosmological constant � = − 3
2|α| , where a = (1 − κη2 −

2GM
r + r2

L2 )1/2 and the quantities k and h are given by

k = 1

3

(
GM

r2 + r

2α
ln(r)

)
a, (53)

h = 1

3

(
GM

r2 + r

2α
+ r ln r

α

)
a. (54)

In this way, using Eqs. (49) and (52) for β = 3, we obtain
the graphs of Fig. 8 with s1t (r) = κ(S0

01)t = −κ(S1
01)t =

−h + 2k, s2t (r) = κ(S2
12)t = κ(S3

03)t = −h, s3t (r) =
κ(S2

02)t = κ(S3
03)t = h.

In Fig. 8 the behavior of the components of the spin current
density can be analyzed taken into account the torsion. This
figure shows that the spin current falls to zero when r → ∞
and as the test particles approach the black hole, the spin
current density increases. The contribution of the monopole
can act as a fine regulator of the spin current, which has the
role of attenuating its density. The twist contributes weakly
to the spin current if we compare it with the contribution of
the curvature, as can be seen in Fig. 9. Note that close to
the BH this contribution may be relevant. The importance of
calculating in the Anti-Sitter case is that it may be relevant
to understanding the quantum nature of gravitation at the
boundary of that space via the correspondence AdS4/CFT3.
The contributions coming from the curvature are given by the
expression (51), or more explicitly,

κS1
01 = −α

[
R′

1−(a′−h)R1+2kR2

(a
r

−k
)
R3

− 2

(
2a′ + 2

a

r
− 3

R1

r

)]
, (55)

κS2
12 = κS3

03 = −α

[
2kR5 + 2

(a
r

− k
)
R4

+h R1)

]
, (56)

κS2
02 = κS3

03 = −α

[
R′

5 −
(
a′ + 2

a

r
− h

)
R3

− h R2 −
(a
r

− k
)

(R6 + R4) − k R2

−
(

2 a′ + 2
a

r
− 3

r

)
R5

]
, (57)
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r

κS
j ik

-1.0

0.0

1.0

2.0

3.0

0 4 8 12 16 20

ε 
ε = 0.4

= 0.3

01 x
3 -

S1t

Fig. 8 These Graphs show the contribution of the torsion to the com-
ponents of the spin current density on the upper panel, s1t is shown. The
lower panel, shows s2t and s3t , with κη2 = 0.3 e 0.4 and L = 103

κS2
12 = κS3

13 = −α

[
R′

4 + (a′ − h) R4 + h R5

− kR6 +
(a
r

− k
)
R4 + k R3

+
(

2 a′ + 2
a

r
− 3

r

)
R4

]
, (58)

with R1 = a a′ h − a h′, R2 = −a k′ − a k/r + a h/r − h k,
R3 = −(−h + a′)(a/r − k), R4 = −(a′ + h) k, R5 =
a′/r (k + rk′ − a′) + hk and R6 = 1/r2 + k2 (1/r a − k)2.

It can be seen in Fig. 9 that the contribution to the spin
current due to the curvature is greater if we consider a smaller
negative cosmological constant. This result is compatible
with what we find today in the universe, but in the primor-
dial universe at high densities, this contribution may be of
the order of the components arising from the twist. The con-
tribution of the defect in this case can change its behavior,
attenuating the current in certain regions and amplifying in
others.

The obtained components of the spin current density with-
out torsion is proportional to the inverse of the powers of the
radius. In this way, when r → ∞, that is, for regions far from
the black hole, the spin current is too small to be observed.

κS
j ik

01 x
5

2

8

12

16

0

4

6

10

14

20 4 6 8

S1t ε = 0.3
ε = 0.4

= 0.5
= 0.6

ε 
ε 

r

-12

0

8

16

-16

-8

-4

4

12

0 10 20 30 40 50

κS
j ik

r

S2t

S3t

S4t
ε = 0.5

Fig. 9 The AdS contribution of the curvature to the components of the
spin current one shown. In the upper panel κη2 = 0.3 . . . 0.6 for the
component s1c(r), and in the lower panel the components s2c(r), s3c(r)
and s4c(r) are shown for the same values of κη2

The study of the spin chains in an AdS gravitation together
with the holographic principle is important to understand
this quantity in new materials that are governed by the Dirac
equation as topological insulators and graphene.

5 Conclusions

In this work we obtained the solution of a system correspond-
ing to a black hole with a global monopole in the frame-
work of the Poincaré gravity gauge theory. The topological
defect induces the existence of a deficit solid angle that is
responsible for several interesting effects, and these could
be investigated in the future. The resulting metric presents a
logarithmic correction which is important in the vicinity of
the system.

Both terms, r2 and r2 ln(r), can be interpreted as con-
finement terms mediated by the connection coefficients. The
confinement potential may play an important role for strong
gravitational fields and also in the strong interaction regime.

The thermodynamics behavior was studied considering
different cases. Firstly,the Hawking temperature and the spe-
cific heat were studied in the general case containing loga-
rithmic corrections in the metric. Although in this case we do
not have a de-Sitter or Anti-de-Sitter geometry, these correc-
tions cause the stability of the black hole in the case where
the cosmological constant is positive. This stability was stud-
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ied using the comparison between specific heat and Hawking
temperature and the Hawking–Page phase transition was also
analyzed. In this analysis some critical points were found.
One of those is the minimum temperature, Tmin , that sepa-
rates the regions were the black hole is stable from that were
it is unstable.

Both phases have temperature and heat capacity positives.
For rH < rmin , there is a region where the temperature drops
rapidly to Tmin . This we have a small black hole. Otherwise
when rH > rmin we have a big black hole. There are another
phase transition, to heat capacity, when for r > rmin that
passes for two regimes, in one decrease while the temperature
increase and in the other the heat capacity increase while the
temperature increase. The behavior of the spin current density
in the presence of strong gravitational fields was also studied.
Due to the asymptotic behavior, these currents were studied
in the AdS and dS spacetimes which are conceptualized with
the holographic formalism.

It was found the coupling constant of the square curva-
ture represented by the Riemann tensor R ab

μν with the cos-
mological constant. This shows that for small values of the
cosmological constant there is a contribution of spin current
density due to the curvature, which is more relevant than the
contribution arising from the twist, in the neighborhood of
the black hole. In spite of this behavior if we consider that
the cosmological constant may have a different value in the
primordial universe, we have that both the contribution from
the torsion and from the curvature are of the same order of
magnitude. Although spin content is negligible at low ener-
gies, in the vicinity of high gravitational fields where the spin
current density is relevant or in the primordial universe, when
spin current density, certainly, played a very important role,
such spin content may be crucial for understanding the quan-
tum properties of these systems. In this sense, the theory used,
which extends the geometrical scheme to inclusion the intrin-
sic angular momentum, is very interesting because it unifies
spin and gravitation through the antisymmetric connection
that is related to the torsion, defined within the framework of
a Riemann–Cartan manifold.

In a near future, we plan to study the holographic content
of high spin densities due to its importance to understand the
quantum nature of systems subject to strong gravitational
fields.
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