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Abstract We study the thermodynamical features and
dynamical evolutions of various apparent horizons associated
with the Vaidya evaporating black hole surrounded by the
cosmological fields of dust, radiation, quintessence, cosmo-
logical constant-like and phantom. In this regard, we address
in detail how do these surrounding fields contribute to the
characteristic features of a surrounded dynamical black hole
in comparison to a dynamical black hole in an empty back-
ground.

1 Introduction

The Vaidya solution [1–3] is one of the non-static solutions
of Einstein field equations. This solution can be regarded as
a dynamical generalization of the static Schwarzschild black
hole solution. This solution is characterized by a dynami-
cal mass function, i.e m = m(u) where u is the advanced
time coordinate, and an outgoing null radiation flow. One
can interpret this null radiation as high frequency electro-
magnetic or gravitational waves, massless scalar particles or
neutrinos. Based on these properties, this solution has been
used for studying the spherical symmetric gravitational col-
lapse and for exploring the validity of the cosmic censor-
ship conjecture [4–7], as a model for studying evaporating
black holes as well as Hawking radiation [8–14], among the
other applications. This solution has been generalized to the
Vaidya-de Sitter solution [15], Bonnor–Vaidya solution [16],
Bonnor–Vaidya–de Sitter solution [17–21], radiating dyon
solution [22], and the surrounded Vaidya and Bonnor–Vaidya
solutions [23,24], see also [25,26] for the other similar gen-
eralizations.

The connections between black holes and thermodynam-
ics were initially discovered by Hawking [27–30] and Beken-
stein [31]. Black holes behave as thermodynamic objects
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emitting radiation, the well-known Hawking radiation, from
their event horizons which is described in the context of quan-
tum field theory in curved spacetime. From thermodynamical
point of view, there are (i) a characteristic temperature for a
black hole which is proportional to the surface gravity asso-
ciated with its event horizon (EH), and (ii) an entropy equal
to one quarter of the area of the EH. Interestingly, the appar-
ent horizon (AH) and the event horizon EH coincide for the
static or stationary black holes. Then, one cannot distinguish
exactly where is the actual emission surface for the Hawking
radiation; AH or EH? For the case of Vaidya black hole, it is
found in [32] that the Hawking radiation originates always
in regions having geometry near to the geometry in a close
neighborhood of AH. Then, EH appears as radiating surface
only if it passes through such regions, similar to what happens
for the case of static Schwarzschild black hole. Considering
the collapse of a spherical shell leading to a black hole with
the Vaidya solution [33], it is suggested that in order to main-
tain a local thermodynamics, the entropy of the black hole
should be identified as AAH/4 where AAH is the area of
the black hole’s AH. Also, the fact that thermodynamics of
a dynamical black hole can be built successfully on the AH
is verified in [34,35].

In this paper, we aim to study the properties of the var-
ious horizons, mainly the AH, associated with the Vaidya
evaporating black hole solution surrounded by the cosmo-
logical fields of dust, radiation, quintessence, cosmological
constant-like and phantom. In this regard, we explore the
surrounded Vaidya solutions introduced in [23] using the
approach used in [36,37]. The organization of the paper is as
follows. In Sect. 2, we review briefly the surrounded Vaidya
black hole solutions introduced in [23]. In Sect. 3, we dis-
cuss on the proprieties of these solutions in a general form.
In Sect. 4, we study in detail the properties of these solutions
for the surrounding fields of dust, radiation, quintessence,
cosmological constant-like and phantom. In Sect. 5, we give
our concluding remarks with introducing our two new works.
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2 The surrounded evaporating Vaidya black holes

The Vaidya black hole surrounded by generic fields in the
advanced time coordinate u is obtained in [23] as

dS2 = −
(

1 − 2M(u)

r
− Ns(u)

r3ωs+1

)
du2 + 2dudr + r2d�2

2,

(1)

where M(u), Ns(u) and ωs are the time dependant decreasing
mass of the evaporating Vaidya black hole, the normalization
parameter and the equation of state parameter of the sur-
rounding field, respectively. The corresponding total energy-
momentum tensor Tμ

ν is given by [23,24,38,39]

Tμ
ν = τμ

ν + T μ
ν, (2)

where τμ
ν is the energy-momentum tensor associated to the

Vaidya null radiation as

τμ
ν = σkμkν, (3)

such that σ = σ(u, r) is the density of the “outgoing radi-
ation flow” and kμ is a null vector field directed radially
outward, and T μ

ν is the energy-momentum tensor of the
surrounding dynamical field as

T 0
0 = T 1

1 = −ρs(u, r),

T 2
2 = T 3

3 = 1

2
(1 + 3ωs) ρs(u, r), (4)

where the energy density ρs(u, r) of the surrounding field is
given by

ρs(u, r) = −3ωs Ns(u)

r3(ωs+1)
. (5)

The weak energy condition on the energy density (5) of the
surrounding field requires

ωs Ns(u) ≤ 0, (6)

implying that for the surrounding fields with ωs ≥ 0 and
ωs ≤ 0, we need Ns(u) ≤ 0 and Ns(u) ≥ 0, respectively.
Regarding (1) and (2), the original Vaidya evaporating black
hole solution can be recovered by turning off the background
field, i.e setting ρs(u, r) = 0.

Following [36,41,42], we can rewrite the metric of our
surrounded Vaidya black hole spacetime (1), using the null-
vector decomposition, in the following form

gμν = −nμlν − lμnν + hμν, (7)

where nμ and lμ are ingoing and outgoing null vectors,
respectively, given by

nμ = −δuμ,

lμ = −1

2

(
1 − 2M(u)

r
− Ns(u)

r3ωs+1

)
δuμ + δrμ, (8)

and

hμν = r2δθ
μδθ

μ + r2sin2θδφ
μδφ

μ, (9)

is the two dimensional metric for u = constant and r =
constant surfaces such that nμ, lμ and hμν satisfy the fol-
lowing normalization conditions

nμn
μ = lμl

μ = 0,

lμn
μ = −1,

lμhμν = nμhμν = 0. (10)

As we will see in the following section, the null vector
decomposition of the spacetime metric is more appropriate
for studying its various geometric properties.

3 The location and properties of the horizons

It is a well known fact that the black holes in general have
not single horizons to characterize completely their local and
global structures, see [36,40] as instances. They possess three
important loci: (i) the future EH which is a null three-surface
describing the locus of outgoing future-directed null geodesic
rays that never reach arbitrarily large distances from the black
hole, (ii) the AH which is the outermost marginally trapped
three-surface for the outgoing photons. Classically, the AH
can be either null or spacelike surfaces, and consequently
it can move causally or non-causally. Considering the black
hole quantum radiance, the AH can also be a timelike sur-
face, and (iii) the timelike limit surface (TLS) which is a
horizon-like locus. For the black holes possessing an exact
timelike Killing vector field ∂/∂t in their exterior regions,
TLS is the surface given by g(∂t , ∂t ) = gtt = 0. For black
holes with a small dimensionless accretion or luminosity
L = − dM

du = −Ṁ(u), one can define the TLS (or quasi-static
limit) as the locus where g(∂u, ∂u) = guu = 0, ∂/∂u being
the timelike vector field for an observer sitting at rest at the far
distance from the black hole. Generally, the TLS can be a null,
timelike, or a spacelike three-surface. We note that when L
refers to the quantum radiance, i.e given by the Hawking rela-
tion L = LH ∝ �/M2, it is usually very small. In this case,
it represents a black hole radiating an small amount of quanta
in any reasonable time interval. However, the fluctuations in
the radiation could be very large, at least comparable to L
itself. Thus, we consider L as an average value such that the
terms withO(L2) are negligible. We also mention that for the
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spherical symmetric solutions of Rμν = 0, there is a degener-
acy for the horizons which means that all these three horizons
coincide at r = 2M , known as the Schwarzschild radius. In
general, such a coincidence of various horizons happens for
the stationary situations. However, in the case of small accre-
tion or luminosity, i.e for Rμν = O(L), this degeneracy is
partially lifted even for the spherical symmetric spacetimes.
For the case of Rμν = O(L), we have AH = T LS but
EH �= AH . For the case of Rμν = 0 and without spherical
symmetry but preserving stationarity, as for a Kerr hole, we
have EH = AH but EH �= T LS. So, we see that these
three horizons do not coincide generally and they are very
sensitive to small perturbations. Moreover, by including the
generic background fields in our solution (1), we will con-
sider Ṅs(u) here also as an average value and the terms with
O(Ṅ 2

s ) are negligible.
In general, the structure and dynamics of various hori-

zons for dynamical spacetimes can be understood using the
behavior of null geodesic congruences, governed by the Ray-
chaudhuri equation [42]

d�

du
= K� − 1

2
�2 − σ 2 + ω2 − Rμνl

μlν, (11)

where K, �, σ 2 = σμνσ
μν , ω2 = ωμνω

μν and Rμν are
the surface gravity, expansion scalar, shear scalar, vorticity
scalar, and Ricci tensor, respectively. The expansion scalar
for the null rays parameterized by the parameter u is given
by [36,43]

� = ∇μl
μ − K, (12)

where ∇μ is the covariant derivative operator correspond-
ing to the metric (1). The surface gravity is given by the
non-affinely parameterized geodesic equation with the null
tangent vector lμ as [40,43–45]

lμ∇μl
ν = Klν . (13)

Using the normalization conditions (10) on the null vectors
nμ and lμ, one can obtain the surface gravity in (13) in the
following form

K = −nνlμ∇μlν. (14)

Spherically symmetric non-rotational spacetimes, such as
our metric (1), are vorticity and shear free, i.e σμν = 0 =
ωμν . Then, for these spacetimes, the location, structure and
dynamics of the various horizons depend on the surface grav-
ity K, the expansion scalar � and the Ricci tensor Rμν . One
can follow York [36] and obtain the location of the AH and
EH for a dynamical radiating black hole up to O(L) as

• AH is defined at the surface such that � � 0,

• EH is the null surface such that d�
du � 0.

Thus, one realizes that the EH can be obtained using the
Raychaudhuri equation (11), and the AH can be determined
by the Eq. (12).

Using the Eqs. (8) and (14), one can obtain the general
dynamical surface gravity associated to our metric (1) as

K = 1

2

(
2M(u)

r2 + (3ωs + 1)Ns(u)

r3ωs+2

)
. (15)

Then, by using the Eqs. (8), (12), and (15), the expansion
scalar can be obtained as

� = 1

r

(
1 − 2M(u)

r
− Ns(u)

r3ωs+1

)
. (16)

Regarding (1) and (16), we see that the solution to g(∂u, ∂u) =
guu = 0 representing the TLS is the same as the solution to
� = 0 representing the AH location except the trivial solu-
tion r = ∞ for the latter. Then, the AH and the TLS coincide
for our spacetime (1).

The Hawking temperature on the horizon (apparent or
event) of black hole can be determined using its correspond-
ing surface gravity as

TH = K
2π

. (17)

Then, regarding (15), we see that temperature is also a
dynamical quantity with respect to the time coordinate u.
Also, the semiclassical Bekenstein-Hawking entropy at the
horizon is given by [31]

SH = AH

4
, (18)

where AH is the area of the horizon given by

AH =
∫ 2π

0

∫ π

0

√
gθθgφφdθdφ = 4πr2

H . (19)

In the following of this section, we show that the condition
d�
du � 0 determining the location of the EH up to O(L)

is equivalent to the requirement that the acceleration of the
congruences of null geodesics vanishes at the EH, i.e

r̈EH (u) = d2r

du2 |r=rEH � 0. (20)

To prove this, using the metric (1), for a radial null geodesic
parametrized by the parameter u, we have

ṙ(u) = dr

du
= 1

2

[
1 − 2M(u)

r
− Ns(u)

r3ωs+1

]
, (21)
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and consequently, we find

r̈(u) = 1

2

[
2L

r
− Ṅs(u)

r3ωs+1 + ṙ(u)

(
2M(u)

r2 + (3ωs + 1)Ns(u)

r3ωs+2

)]
.

(22)

Then, using the Eqs. (15), (16) and (22), we can rewrite the
Eq. (20) as

K� |r=rEH = − 2L

r2
EH

+ Ṅs(u)

r3ωs+2
EH

. (23)

On the other hand, using the metric (1) and the null vector
lμ defined in (8), we find

Rμνl
μlν |r=rEH = − 2L

r2
EH

+ Ṅs(u)

r3ωs+2
EH

. (24)

Thus, by using the Eqs. (23) and (24) and neglecting �2 =
O(L2, Ṅ 2

s , L Ṅs) in the Raychaudhuri equation (11), we
arrive at

d�

du
|rEH � 0. (25)

Hence, the condition (25) determining the location of the
event horizon becomes equivalent to solving the Eq. (23) in
O(L , Ṅs) resulting from the vanishing acceleration of the
congruences of null geodesics at EH. Then, the discussion in
[36] for the EH location is also valid and verified here for the
surrounded evaporating black holes.

As mentioned previously, in contrast to the stationary
spacetimes, the local definitions of the various horizons do
not necessarily coincide with the location of the EH for
dynamical black holes [40]. For such dynamical spacetimes,
one is left with the question: “For which surface should one
define the black hole area, surface gravity, temperature or
entropy?” The canonical choice is to use the EH. However,
as mentioned in the introduction, there are some evidences
that it is the AH, and not the EH, that plays the key role in the
Hawking radiation [32–35], see also [46–48]. This finding
has became a key point in hopes to demonstrate the Hawk-
ing radiation in the laboratory using the models of analogue
gravity [49]. Thus, regarding the importance of AH, we first
introduce some specific subclasses of our general surrounded
Vaidya black hole solution (1) and then, we investigate in
detail the AH properties of these solutions including the AH
location and dynamics as well as their associated Hawking
temperature and Bekenstein-Hawking entropy. We consider
the detailed study of EHs as our next work.

4 Apparent horizon properties for the evaporating
Vaidya black hole in generic backgrounds

4.1 Evaporating Vaidya black hole in an empty background

In this section, we first explore the AH properties of the
Vaidya black hole in empty background. This provides us
with the possibility of comparing the properties of this black
hole in the various backgrounds with its original form in an
empty space.

The case of Vaidya black hole in an empty space corre-
sponds to Ns(u) = 0. Then, the metric (1) takes the original
Vaidya solution form as

dS2 = −
(

1 − 2M(u)

r

)
du2 + 2dudr + r2d�2

2. (26)

The surface gravity associated to the metric (26) is given by

K = M(u)

r2 , (27)

where the expansion scalar for the outgoing null geodesics
reads as

� = 1

r

(
1 − 2M(u)

r

)
. (28)

Neglecting the trivial solution of � = 0 at r = ∞, the
location of the AH is given by

rAH (u) = 2M(u). (29)

Then, the dynamics of the single AH (29) is governed by the
relation

ṙAH (u) = −2L . (30)

This shows that the single AH is moving inward during the
evaporation, i.e it is shrinking. For this case, the nature of the
AH (29) can be determined by looking at the induced metric
on the horizon as

dS2
AH = −4 L du2 + 4M2(u)d�2

2, (31)

showing that AH is a timelike surface for an evaporating BH.
The Hawking temperature on the AH (29) can be determined
using the surface gravity as

TAH = 1

2π

M(u)

r2
AH

= 1

8π

1

M(u)
. (32)

This relation implies that the temperature associated with
the AH (29) rises up by decreasing the mass of black hole

123



Eur. Phys. J. C (2018) 78 :342 Page 5 of 18 342

during the evaporation. Finally, the semiclassical Bekenstein-
Hawking entropy at AH (29) is given by

SAH = πr2
AH = 4πM2(u). (33)

4.2 Evaporating Vaidya black hole surrounded by the dust
field

For the case of Vaidya black hole surrounded by the dust
field with the equation of state parameter ωd = 0 [38,50],
the metric (1) takes the following form

dS2 = −
(

1 − 2M(u)

r
− Nd(u)

r

)
du2 + 2dudr + r2d�2

2,

(34)

where Nd(u) is the normalization parameter for the dust field
surrounding the back hole, with the dimension of [Nd ] = l
where l denotes the length. Regarding (34), the black hole in
the dust background appears as a black hole with an effective
dynamical mass 2Mef f (u) = 2M(u) + Nd(u). In the fol-
lowing, we see that how the presence of this effective mass
modifies the thermodynamics, causal structure and Penrose
diagrams of the original Vaidya black hole.

The surface gravity associated to the metric (34) is given
by

K = 1

2

(
2M(u)

r2 + Nd(u)

r2

)
. (35)

We see that the dust background appears with a positive sur-
face gravity which increases the gravitational attraction of
the black hole. The expansion scalar for the outgoing null
geodesics reads as

� = 1

r

(
1 − 2M(u)

r
− Nd(u)

r

)
. (36)

Then, we find the solution to � = 0 determining the location
of the single physical AH as

rAH (u) = 2Mef f (u), (37)

where rAH (u) corresponds to a modified larger AH com-
pared with the case of black hole in an empty space given
by (29). Then, the surrounding background dust field con-
tributes positively to the black hole mass and size of AH .
The dynamics of the AH (37) is governed by the relation

ṙAH (u) = 2Ṁe f f (u) = −2L + Ṅd(u). (38)

Then, the AH behaviours for the cases of evaporating black
hole in a static and dynamical dust backgrounds are different.
For this case, we have the following possibilities:

• For Ṅd(u) = 0, representing the static surrounding dust
field, the AH (37) is shrinking. Regarding (29), this case
also shows that the dynamics of AH for an evaporating
black hole surrounded by a static dust field is the same
as the black hole in the empty space.

• For Ṅd(u) = 2L , the AH (37) is frozen. This case shows
that the black hole input by the surrounding field is equal
to its output radiation.

• For −2L + Ṅd(u) > 0, the AH (37) is expanding. This
case requires Ṅd(u) > 2L > 0 which shows an evapo-
rating black hole in a collapsing dust field.

• For −2L + Ṅd(u) < 0, the AH (37) is shrinking. This
case requires 0 < Ṅd(u) < 2L or Ṅd(u) < 0 showing
an evaporating black hole in a slowly collapsing or a
decaying dust field, respectively. The AH (37) with 0 <

Ṅd(u) < 2L or Ṅd(u) < 0, shrinks slower or faster than
the AH of black hole in a static dust background.

The nature of AH (37) can be determined by looking at the
induced metric on it as

dS2
AH = 2

(−2L + Ṅd(u)
)
du2 + 4M2

e f f d�2
2, (39)

which implies that the AH (37) is a timelike surface for an
evaporating black hole in the static dust field and for a dust
field with −2L+ Ṅd(u) < 0, whereas it is a spacelike surface
for a dust field with −2L + Ṅd(u) > 0. For the specific case
of Ṅd(u) = 2L , AH (37) is a null surface.

The Hawking temperature of the AH (37) of black hole is
given by

TAH = 1

2π

Mef f (u)

r2
AH

= 1

8π

1

Mef f (u)
. (40)

Then, we observe that the temperature associated with the
AH (37) for the black hole in dust field is lower than the
temperature of AH (29) of the black hole in an empty space.
Finally, the semiclassical Bekenstein-Hawking entropy at the
AH (37) is given by

SAH = πr2
AH = 4πM2

e f f (u), (41)

which implies that the entropy associated with the AH (37)
in a dust field background is higher than the case of the black
hole in an empty space.

4.3 Evaporating Vaidya black hole surrounded by the
radiation field

For the case of Vaidya black hole surrounded by a radiation
field with the equation of state parameter ωr = 1

3 [38,50],
the metric (1) takes the following form
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dS2 = −
(

1 − 2M(u)

r
− Nr (u)

r2

)
du2 + 2dudr + r2d�2

2,

(42)

where Nr (u) denotes the normalization parameter for the
radiation field surrounding the black hole, with the dimen-
sion of [Nr ] = l2. Regarding the positive energy condition
on the surrounding radiation field, represented by the relation
(6), it is required that Nr (u) < 0. Then, by defining the pos-
itive parameter Nr (u) = −Nr (u), we arrive at the following
metric

dS2 = −
(

1 − 2M(u)

r
+ Nr (u)

r2

)
du2 + 2dudr + r2d�2.

(43)

This metric looks like a radiating charged Vaidya black hole
with the dynamical charge Q2(u) = Nr (u). Then, this result
can be interpreted as the positive contribution of the char-
acteristic feature of the surrounding radiation field as the
effective charge-like term for the Vaidya black hole, see
the Bonnor–Vaidya solution [16]. The appearance of such
a charge-like term in the metric changes the causal struc-
ture and Penrose diagrams of this solution in comparison
to the original Vaidya black hole. A similar effect in the
causal structure of spacetime happens when one adds charge
to the static Schwarzschild black hole leading to Reissner–
Nordström black hole. Then, turning off the background
radiation field which surrounds the dynamical Vaidya black
hole is equal to turning off the charge in the static Reissner–
Nordström case.

The surface gravity associated to the metric (43) is given
by

K = 1

2

(
2M(u)

r2 − 2Nr (u)

r3

)
. (44)

Then, we see that the radiation background appears with a
negative surface gravity which decreases the gravitational
attraction of the black hole, exactly the same as the charge
effect in Reissner–Nordström black hole. The expansion
scalar for the outgoing null geodesics can be obtained as

� = 1

r

(
1 − 2M(u)

r
+ Nr (u)

r2

)
. (45)

We can find the solutions to � = 0 determining the locations
of the AH as

r1(u) = M(u) −
√
M2(u) − Nr (u), (46)

and

r2(u) = M(u) +
√
M2(u) − Nr (u). (47)

Then, depending on the sign of the discriminant �(u) =
M2(u) − Nr (u), we have the following three situations.

• For �(u) < 0, we have no real solutions. Then, there is
no physical AH.

• For the extremal case of �(u) = 0, equivalent to
Nr (u) = M2(u), the solutions (47) and (47) coincide
with a single extremal AH, i.e r1(u) = r2(u) = M(u).

• For �(u) > 0, there are two real physical AHs as
rAH−(u) = r1(u) and rAH+(u) = r2(u) for the black
hole in the radiation background in contrast to the black
hole in the empty space and in the dust field background
having a single AH.

For the extremal case of �(u) = 0, there is only one single
extremal AH given by

rAHext (u) = r1(u) = r2(u) = M(u), (48)

which is half of the dynamical Schwarzschild radius. Then,
the dynamics of the single extremal AH (48) is governed by
the relation

ṙAHext (u) = −L . (49)

This shows that the single extremal AH (48) for the black
hole in the radiation background is moving inward during
the evaporation, i.e it is shrinking. For this case, the nature
of extremal AH (48) can be determined by looking at the
induced metric on it as

dS2
AHext = −2L du2 + M2(u)d�2

2, (50)

showing that the extremal AH (48) is a timelike surface for an
evaporating BH in the radiation background. The Hawking
temperature on the extremal AH (48) can be determined using
the surface gravity as

TAHext = 1

4π

(
2M(u)

r2
AHext

− 2M2(u)

r3
AHext

)
= 0, (51)

showing that the extremal AH (48) is a zero temperature
surface. One may interpret this zero temperature as the sup-
pressed or zero Hawking radiation for the extremal black
hole in the radiation background. Finally, the semiclassical
Bekenstein-Hawking entropy at AH (48) is given by

SAHext = πr2
AHext = πM2(u). (52)

Then, the entropy of the extremal AH (48) is a quarter of the
entropy associated to the single AH of the black hole in an
empty space.
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For the case of �(u) > 0, the location of the AHs (47) and
(47) for the dilute radiation background, i.e.Nr (u) 
 M(u),
are given by

rAH−(u) = Nr (u)

2M(u)
+ O(N 2

r ), (53)

and

rAH+(u) = 2M(u) − Nr (u)

2M(u)
+ O(N 2

r ). (54)

It is seen that the contribution of the surrounding background
radiation field leads to (i) the existence of a small inner AH
(53) vanishing with Nr (u) → 0, and (i i) an smaller outer
AH (54) in comparison to the case of the AH (29) for the
black hole in an empty background in which at the limit of
Nr (u) → 0 we recover the dynamical Schwarzschild radius
r(u) = 2M(u). The dynamics of the AHs (53) and (54) are
given by

ṙAH−(u) = LNr (u)

2M2(u)
+ Ṅr (u)

2M(u)
+ O(N 2

r ), (55)

and

ṙAH+(u) = −2L − LNr (u)

2M2(u)
− Ṅr (u)

2M(u)
+ O(N 2

r ). (56)

Then, the AH behaviours for the cases of evaporating black
hole in a static and dynamical radiation backgrounds are dif-
ferent. For this case, we have the following possibilities:

• For Ṅr (u) = 0, representing the static surrounding radi-
ation field, the inner AH (53) is moving outward (is
expanding) while the outer AH (54) is moving inward (is
shrinking) during the evaporation. By stopping the evap-
oration, if possible, both of the horizons will be frozen,
i.e ṙAH−(u) = ṙAH+(u) = 0. Another interesting result
is that regarding (29) and (56), one realizes that the outer
AH of the black hole in the static radiation field (54) is
shrinking faster than the case of black hole in an empty
background.

• For Ṅr (u) > 0, the inner and outer AHs (53) and (54)
are moving outward and inward, respectively, but both
moving faster than the AH of the black hole in the static
radiation background. This case represents an evaporat-
ing black hole in a collapsing radiation field.

• For Ṅr (u) < 0, it is possible that the inner and outer
AHs (53) and (54) move again outward and inward,
respectively, but both will be slower than the AH of the
black hole in the radiation backgrounds with Ṅr (u) = 0
and Ṅr (u) > 0. In the particular case of LNr (u) =
−Ṅr (u)M(u), the inner AH (53) will be frozen while

the outer AH (54) will move inward exactly the same
as AH (29) of the black hole in an empty background.

Reversely, if the term Ṅr (u)
2M(u)

overcomes the other terms
in (56) and (56), the inner and outer AHs (53) and (54)
will move inward and outward, respectively.

The nature of AHs (53) and (54) can be determined by
looking at the induced metrics on them up to O(Nr ) as

dS2
AH− = 2

(
LNr

2M2(u)
+ Ṅr (u)

2M(u)

)
du2 + r2

AH−d�2
2, (57)

and

dS2
AH+ = 2

(
−2L − LNr

2M2(u)
− Ṅr (u)

2M(u)

)
du2+r2

AH+d�2
2.

(58)

Then, for Ṅr (u) ≥ 0 the inner and outer AHs (53) and (54)
are spacelike and timelike respectively while for Ṅr (u) < 0,
we see that the natures of AHs (53) and (54) depend on the

value of Ṅr (u)
2M(u)

term relative to the other terms in the above
parentheses. For the totally positive parentheses, AHs (53)
and (54) are spacelike whereas they are timelike for the totally
negative parentheses. For the specific case of LNr (u) =
−Ṅr (u)M(u), the inner AH (53) will be null, whereas the
outer AH (54) will be timelike.

The Hawking temperature on the AHs (53) and (54) of the
black hole can be determined as

TAH− = 1

2π

(
M(u)

(M(u) −
√
M2(u) − Nr (u))2

− Nr (u)

(M(u) −
√
M2(u) − Nr (u))3

)

= 1

2π

(
−4

M3(u)

N 2
r (u)

+ 4
M(u)

Nr (u)
− 1

4M(u)

)
+ O(N 2

r (u)),

(59)

and

TAH+ = 1

2π

(
M(u)

(M(u) + √
M2(u) − Nr (u))2

− Nr (u)

(M(u) + √
M2(u) − Nr (u))3

)

= 1

2π

(
1

4M(u)
− 1

64

N 2
r (u)

M5(u)

)
+ O(N 3

r (u)). (60)

Regarding (60) and (60), one realizes that the temperature
of the inner AH (53) is always negative whereas the tem-
perature of the outer AH (54) is positive. This situation for
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the temperatures of the AHs is exactly similar to what hap-
pens for the Reissner–Nordström black hole where for the
region rAH− < r < rAH+ , the radial coordinate r is time-
like and time coordinate t is spacelike. One may write the
geodesic equation and see that the gravity force is repul-
sive at r = r−

AH for the Reissner–Nordström black hole.
That is, the inner horizon is repelling stuff while outer hori-
zon is attracting them. In fact, the horizon temperature is
related to surface gravity which is the gravitational accelera-
tion of an object falling to the black hole (as measured by the
asymptotic observer). Positivity of temperature then means
that gravity force is attractive and vice versa. In our case, this
point can be realized by the surface gravity given by (44).
Here, the negative contribution of the background radiation
field, playing the same role as the charge in the Reissner–
Nordström black hole, leads to a negative surface gravity for
small r values where the inner AH (53) lies there. This neg-
ative surface gravity yields the gravitational repulsion and
the negative temperature (60) for the inner AH (53). One can
also discuss about the gravitational repulsion of the inner AH
(53), preventing anything to reach it, and its spacelike nature
obtained in (57). Also regarding (32) and (60), we see that
the temperature of the outer AH (54) of the black hole in the
radiation background is lower than the temperature of the
AH (29) in an empty background.

The semiclassical Bekenstein-Hawking entropy at the
AHs (53) and (54) are given by

SAH− = πr2
AH− = π

( N 2
r (u)

4M2(u)

)
+ O

(
N 3

r (u)
)

, (61)

and

SAH+ = πr2
AH+ = π

(
4M2(u) − 2Nr (u)

)
+ O

(
N 2

r (u)
)

.

(62)

Comparing (62) and (62), the inner AH (53) has a negligible
entropy relative to the entropy associated with the outer AH
(54) in a dilute radiation background. Also regrading (62), we
see that the background radiation field contributes negatively
in the entropy of the outer AH leading to a lower entropy
compared to the entropy (33) of the single AH (29) in an
empty background. In the limit of Nr (u) → 0, the entropy
of the inner AH (53) vanishes as the horizon itself vanishes,
while the entropy (62) of the outer AH (54) reduces to the
entropy (33) of the evaporating black hole in an empty space.

4.4 Evaporating Vaidya black hole surrounded by the
quintessence field

For the case of Vaidya black hole surrounded by the
quintessence field with the equation of state parameter ωq =

− 2
3 [38,50], the metric (1) takes the following form

dS2 = −
(

1 − 2M(u)

r
− Nq(u)r

)
du2 + 2dudr + r2d�2

2,

(63)

where Nq(u) is the normalization parameter for the
quintessence field surrounding the black hole, with the
dimension of [Nq ] = l−1. Regarding the positive energy
condition on the surrounding quintessence field, represented
by the relation (6), it is required that Nq(u) > 0. Regard-
ing the metric (63), one realizes the non-trivial contribution
of the characteristic feature of the surrounding quintessence
field to the metric of the Vaidya black hole. In this case, the
background quintessence filed changes the causal structure of
this black hole solution in comparison to the original Vaidya
black hole in an empty background. A rather similar effect
happens when one immerses a Vaidya black hole in a de Sitter
background [15] with the difference that here our spacetime
tends asymptotically to the quintessence rather than the de
Sitter asymptotics.

The surface gravity associated to the metric (63) is given
by

K = 1

2

(
2M(u)

r2 − Nq(u)

)
. (64)

Then, we see that the quintessence background appears with
a negative surface gravity contribution which decreases the
gravitational attraction of the black hole. This characteristic
feature of the quintessence field, namely the gravitational
repulsion, is favored by its cosmological application as one
of the candidates for the dark energy which is responsible for
the current accelerating expansion of the universe [50].

The expansion scalar for the outgoing null geodesics reads
as

� = 1

r

(
1 − 2M(u)

r
− Nq(u)r

)
. (65)

Then, one can find the solutions to � = 0 determining the
locations of the AH as

r1(u) = 1 − √
1 − 8M(u)Nq(u)

2Nq(u)
, (66)

and

r2(u) = 1 + √
1 − 8M(u)Nq(u)

2Nq(u)
. (67)

Then, depending on the sign of the discriminant �(u) =
1 − 8M(u)Nq(u), we have the following three situations.
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• For �(u) < 0, we have no real solutions. Then, there is
no physical AH.

• For the extremal case of �(u) = 0, equivalent to
Nq(u) = 1

8M(u)
, the solutions (66) and (67) coincide

to a single extremal AH, i.e r1(u) = r2(u) = 4M(u).
• For �(u) > 0, there are two real physical AHs as
rAH−(u) = r1(u) and rAH+(u) = r2(u) for the black
hole in the quintessence background in contrast to the
black hole in the empty space and in the dust field back-
ground having a single AH.

For the extremal case of �(u) = 0, there is only one single
extremal AH given by

rAHext (u) = r1(u) = r2(u) = 4M(u), (68)

which is twice of the dynamical Schwarzschild radius. Then,
the dynamics of the single extremal AH (68) is governed by
the relation

ṙAHext (u) = −4L . (69)

This shows that the single extremal AH (68) for the black hole
in the quintessence background is moving inward during the
evaporation, i.e it is shrinking. For this case, the nature of
the extremal AH (68) can be determined by looking at the
induced metric on it as

dS2
AHext = −8L du2 + 16M2(u)d�2

2, (70)

showing that the extremal AH (68) is a timelike surface for an
evaporating BH in the quintessence background. The Hawk-
ing temperature on the extremal AH (68) can be determined
using the surface gravity as

TAHext = 1

4π

(
2M(u)

r2
AHext

− 1

8M(u)

)
= 0, (71)

indicating that the extremal AH (68) is a zero temperature
surface. One may interpret this zero temperature as the sup-
pressed or zero Hawking radiation for the extremal black
hole in the quintessence background. Finally, the semiclas-
sical Bekenstein-Hawking entropy at AH (68) is given by

SAHext = πr2
AHext = 16πM2(u). (72)

Then, the entropy of the extremal AH (68) is four times the
entropy (33) associated to the single AH (29) of the black
hole in an empty space.

The location of two AHs (66) and (67) for the case �(u) >

0 with a small quintessence parameter, i.e Nq(u) 
 M(u),
are given by

rAH−(u) = 2M(u) + 4M2(u)Nq(u) + O
(
N 2
q (u)

)
, (73)

and

rAH+(u) = 1

Nq(u)
−2M(u)−4M2(u)Nq(u)+O

(
N 2
q (u)

)
.

(74)

It is seen that the contribution of the surrounding background
quintessence field leads to (i) the existence of an inner AH
(73) larger than the dynamical Schwarzschild radius r(u) =
2M(u), and (i i) a large outer (cosmological) AH (74) tending
to infinity for Nq(u) ≪ 1. Regarding (73) and (74), the
quintessence field has a positive contribution to the inner
AH while the black hole mass has a negative contribution to
the outer AH. Then, as the black hole evaporation continues,
the inner AH (73) shrinks to vanish while the outer AH (74)
expands toward its asymptotic value of N−1

q (u).
For this case, the dynamics of the AHs (73) and (74) are

given by

ṙAH−(u) = −2L−8LM(u)Nq (u)+4M2(u)Ṅq (u)+O
(
N2
q (u)

)
,

(75)

and

ṙAH+ (u) = 2L+8LM(u)Nq− Ṅq (u)

N 2
q (u)

−4M2(u)Ṅq (u)+O
(
N 2
q (u)

)
,

(76)

respectively. Then one realizes the following points:

• For Ṅq(u) = 0 representing the static surrounding
quintessence field, the inner and outer AHs (73) and (74)
have equal velocities but with opposite signs. Then, the
inner AH (73) shrinks while the outer (74) expands dur-
ing the evaporation. Also, we observe that both of these
AHs are moving faster than the case of single AH (29)
for the black hole in an empty space.

• For Ṅq(u) < 0, the inner AH (73) shrinks while the outer
(74) expands, and these are faster than the cases in static
quintessence background and in empty spaces.

• For Ṅq(u) > 0, the behaviour of the AHs (73) and (74)
depend on the M(u), L , Nq(u) and Ṅq(u) values. For the
specific case of 4M2(u)Ṅq(u) = 2L + 8LM(u)Nq(u),
the inner AH (73) is frozen while the outer AH (74) is
moving inward.

The nature of the AHs (73) and (74) can be determined by
looking at the induced metrics on them up to O(Nq) as

dS2
AH− = 2

(
−2L − 8LM(u)Nq (u) + 4M2(u)Ṅq (u)

)
du2

+ r2
AH−d�2

2, (77)
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and

dS2
AH+ = 2

(
2L + 8LM(u)Nq − Ṅq (u)

N 2
q (u)

− 4M2(u)Ṅq (u)

)
du2

+ r2
AH+d�2

2. (78)

These show that for Ṅq(u) ≤ 0, the inner AH (73) is a time-
like surface while the outer AH (73) is an spacelike sur-
face. For Ṅq(u) > 0, the nature of these AHs depend on the
M(u), L , Nq(u) and Ṅq(u) values. For the specific case of
4M2(u)Ṅq(u) = 2L + 8LM(u)Nq(u), the inner AH (73) is
null while the outer (74) is timelike.

The Hawking temperature on the AHs (73) and (74) of the
black hole are

TAH− = 1

4π

(
8M(u)N 2

q (u)(
1 − √

1 − 8M(u)Nq(u)
)2 − Nq(u)

)

= 1

4π

(
1

2M(u)
− 3Nq(u)

)
+ O

(
N 2
q (u)

)
, (79)

and

TAH+ = 1

4π

(
8M(u)N 2

q (u)(
1 + √

1 − 8M(u)Nq(u)
)2 − Nq(u)

)

= 1

4π

(
−Nq(u) + 2M(u)N 2

q (u)
)

+ O
(
N 3
q (u)

)
.

(80)

Then, regarding the condition 8M(u)Nq(u) < 1, one real-
izes that the temperature of the inner AH (73) is always pos-
itive while the temperature of the outer AH (74) is negative.
For the inner AH (73), the background quintessence field
decreases the temperature of the AH relative to the case of
black hole in empty space. Here, regarding (64), the negative
temperature of the outer AH (74) is resulting from the fact
that the quintessence background field effect dominates at
large distances which leads to the negative surface gravity,
namely the gravitational repulsion.

Finally, the semiclassical Bekenstein-Hawking entropy at
the horizons (73) and (74) are given by

SAH− = πr2
AH− = π

(
1 − √

1 − 8Nq(u)M(u)

2Nq(u)

)2

= π
(

4M2(u) + 16M3(u)Nq(u)
)

+ O
(
N 2
q (u)

)
,

(81)

and

SAH+ = πr2
AH+ = π

(
1 + √

1 − 8Nq (u)M(u)

2Nq (u)

)2

= π

(
1

N2
q (u)

− 4M(u)

Nq (u)
− 4M2(u) − 16M3(u)Nq (u)

)

+O
(
N2
q (u)

)
. (82)

Then, for the quintessence background with Nq(u) 
 1,
the inner AH (73) has a negligible entropy in comparison to
the entropy (74) associated with the outer AH. Also regrad-
ing (81), we see that the background quintessence field con-
tributes positively in the entropy of the inner AH (73), which
leads to a higher entropy relative to the single AH (29)
of the black hole in an empty background. In the limit of
Nq(u) → 0, the entropy (81) of the inner AH (73) tends to
the entropy (33) of AH (29) of the black hole in an empty
background while the entropy of the outer AH blows up to
infinity, as the horizon itself goes to infinity. Also regarding
(82), one realizes that since the entropy is a non-negative
quantity, then it is required that the first term overcomes
to all of the next negative terms. This requires the value of
quintessence normalizing parameter Nq(u) to be very small.
In fact, this entropy consideration on the cosmological AH
(74) gives a direct restriction on the quintessence field nor-
malization parameter Nq(u).

4.5 Evaporating Vaidya black hole surrounded by the
cosmological constant-like field

For the case of Vaidya black hole surrounded by the cosmo-
logical constant-like field with the equation of state parameter
ωc = −1 [38,50], which we call it in the following as the
cosmological field in short, the metric (1) takes the following
form

dS2 = −
(

1 − 2M(u)

r
− Nc(u)r2

)
du2 +2dudr+r2d�2

2,

(83)

where Nc(u) is the normalization parameter for the cosmo-
logical field surrounding the black hole, with the dimension
of [Nc(u)] = l−2. Regarding the positive energy condi-
tion on the surrounding cosmological field, represented by
the relation (6), it is required that Nc(u) > 0. Regarding
the metric (83), one realizes the non-trivial contribution of
the characteristic feature of the surrounding cosmological
field to the metric of the Vaidya black hole. In this case, the
background cosmological field changes the causal structure
of the original Vaidya black hole in an empty background
to the Vaidya-de Sitter space [15], similar to the case of
Schwarzschild to Schwarzschild-de Sitter case. Notice to the
difference between our more general solution here and that
of obtained in [15] having a constant cosmological field.

The surface gravity associated with the metric (83) is given
by

K = M(u)

r2 − Nc(u)r. (84)

Then, we see that the cosmological background appears with
a negative surface gravity contribution which decreases the
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gravitational attraction of the black hole. This characteristic
feature of the cosmological field, namely the gravitational
repulsion, is evidenced by its application as the most favored
candidates for the dark energy as the field responsible for the
current accelerating expansion of the universe [50].

The expansion scalar for the outgoing null geodesics reads
as

� = 1

r

(
1 − 2M(u)

r
− Nc(u) r2

)
. (85)

Then, one can find the solutions to � = 0 determining the
locations of the AHs as

r1(u) = − 1

3
1
3

(
9M(u)N2

c (u) +
√

−3N3
c (u)�(u)

) 1
3

−

(
9M(u)N2

c (u) +
√

−3N3
c (u)�(u)

) 1
3

3
2
3 Nc(u)

,

r2(u) = 1 − i
√

3

2 × 3
1
3

(
9M(u)N2

c (u) +
√

−3N3
c (u)�(u)

) 1
3

+

(
1 + i

√
3
) (

9M(u)N2
c (u) +

√
−3N3

c (u)�(u)

) 1
3

2 × 3
2
3 Nc(u)

,

r3(u) = 1 + i
√

3

2 × 3
1
3

(
9M(u)N2

c (u) +
√

−3N3
c (u)�(u)

) 1
3

+

(
1 − i

√
3
) (

9M(u)N2
c (u) +

√
−3N3

c (u)�(u)

) 1
3

2 × 3
2
3 Nc(u)

,

(86)

where �(u) = 1 − 27M2(u)Nc(u). Then, depending on the
sign of the discriminant �(u) we have the following three
situations:

• For �(u) < 0, the first solution is negative while the
second and third solutions are imaginary and complex
conjugate. Then, there is no physical AH.

• For the extremal case �(u) = 0, equivalent to Nc(u) =
1

27M2(u)
, the first solution will be negative as r1 =

− 2√
3Nc(u)

and the second and third solutions coincide

to a single extremal AH as r2(u) = r3(u) = 1√
3Nc(u)

=
3M(u). Then, the first solution is not a physical hori-
zon while the coinciding second and third solutions are
representing a physical extremal AH.

• For �(u) > 0, the first solution will be negative, and
gives no physical AH while the second and third solutions
give two physical inner and outer AHs.

For the extremal case of �(u) = 0, there is only one single
extremal AH given by

rAHext (u) = rAH−(u) = rAH+(u) = 3M(u), (87)

which is one and a half times of the dynamical Schwarzschild
radius. Then, the dynamics of the single extremal AH (87) is
governed by the relation

ṙAHext (u) = −3L . (88)

This shows that the single extremal AH (87) for the black hole
in the cosmological background is moving inward during the
evaporation, i.e it is shrinking. For this case, the nature of
the extremal AH (87) can be determined by looking at the
induced metric on it as

dS2
AHext = −6L du2 + 16M2(u)d�2

2, (89)

indicating that the extremal AH (87) is a timelike surface
for an evaporating BH in the cosmological background. The
Hawking temperature on the extremal AH (87) can be deter-
mined using the surface gravity as

TAHext = 1

2π

(
M(u)

r2
AHext

− 3M(u)rAHext

)
= 0, (90)

indicating that the extremal AH (87) is a zero temperature
surface. One may interpret this zero temperature as the sup-
pressed or zero Hawking radiation for the extremal black
hole in the cosmological background. Finally, the semiclas-
sical Bekenstein-Hawking entropy at extremal AH (87) is
given by

SAHext = πr2
AHext = 9πM2(u). (91)

Then, the entropy of the extremal AH (87) is 9
4 the entropy

(33) associated to the single AH (29) of the black hole in an
empty space.

For the case of �(u) > 0, we have the following solutions

rAH−(u) = r2(u) = 2M(u) + 8M3(u)Nc(u) + O
(
N2
c (u)

)
,

(92)

rAH+(u) = r3(u) = 1√
Nc(u)

− M(u) − 3

2
M2(u)

√
Nc(u)

−4M3(u)Nc(u) + O
(
N

3
2
c (u)

)
, (93)

representing the inner and outer AH, respectively. It is seen
that the contribution of the surrounding background cos-
mological field leads to (i) the existence of an inner AH
(92) larger than the dynamical Schwarzschild radius r(u) =
2M(u), and (i i) a large outer (cosmological) AH (93) tending
to infinity for Nc(u) ≪ 1. Regarding (92) and (93), similar
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to the quintessence case, the cosmological field has a positive
contribution to the inner AH while the black hole mass has a
negative contribution to the outer AH. Then, as the black hole
evaporation continues, the inner AH (92) shrinks to vanish
while the outer AH (93) expands toward its asymptotic value

of N
− 1

2
c (u).

For this case, the dynamics of the AHs (92) and (93) are
given by

ṙAH−(u) = −2L − 24LM2(u)Nc(u) + 8M3(u)Ṅc(u) +O(N2
c ),

(94)

and

ṙAH+(u) = L + 3LM(u)
√
Nc + 12LM2(u)Nc − Ṅc(u)

2N
3
2
c

− 3

4
M2(u)

Ṅc(u)√
Nc(u)

− 4M3(u)Ṅc(u) + O(N
3
2
c ),

(95)

respectively. Then, one realizes the following points:

• For Ṅc(u) = 0, showing the static surrounding cosmo-
logical field, the inner AH (92) shrinks while the outer
AH (93) expands. Also, we observe that the inner AH
(92) is moving inward faster than the case of AH (29) for
the black hole in an empty space.

• For Ṅc(u) < 0, the inner AH (92) shrinks while the outer
AH (93) expands, and these are faster than the cases in
static cosmological field background and in empty space.

• For Ṅc(u) > 0, the behaviour of these AHs (92) and (93)
depend on the M(u), L , Nc(u) and Ṅc(u) values. For the
specific case of 8M3(u)Ṅc(u) = 2L+24LM2(u)Nc(u),
the inner AH (92) is frozen while the outer AH (93)
dynamics depends on the total value of the remaining
terms in (95).

The nature of AHs (92) and (93) can be determined by
looking at the induced metrics on them up to O(Nc) as

dS2
AH− = 2

(
−2L − 24LM2(u)Nc + 8M3(u)Ṅc(u)

)
du2

+ r2
AH−d�2

2, (96)

and

dS2
AH+ = 2

⎛
⎝L + 3LM(u)

√
Nc + 12LM2(u)Nc − Ṅc(u)

2N
3
2
c

−3

4
M2(u)

Ṅc(u)√
Nc(u)

− 4M3(u)Ṅc(u)

⎞
⎠ du2

+ r2
AH+d�2

2. (97)

These show that for Ṅc(u) ≤ 0, the inner AH (92) is a time-
like surface while the outer AH (93) is spacelike surface.
For Ṅc(u) > 0, the nature of these AHs depends on the
M(u), L , Nc(u) and Ṅc(u) values. For the specific case of
8M3(u)Ṅc(u) = 2L + 24LM2(u)Nc(u), the inner AH (92)
is null while the nature of the outer AH (93) depends on the
total value of the remaining terms in the parenthesis in (97).

The Hawking temperature on the inner and outer AHs (92)
and (93) of black hole can be determined using the surface
gravity as

TAH− = 1

2π

(
M(u)(

2M(u) + 8M3(u)Nc(u) + O
(
N 2
c (u)

))2

− Nc(u)
(

2M(u) + 8M2(u)Nc(u) + O
(
N 2
c (u)

)))

= 1

2π

(
1

4

1

M(u)
− 4 M(u)Nc(u)

)
+ O

(
N 2
c (u)

)
, (98)

and

TAH+ = 1

2π

⎛
⎜⎜⎜⎝

M(u)(
1√

Nc(u)
− M(u) − 3

2 M
2(u)

√
Nc(u) − 4M3(u)Nc(u) + O

(
N

3
2
c (u)

))2

⎞
⎟⎟⎟⎠

− 1

2π

(
Nc(u)

(
1√
Nc(u)

− M(u) − 3

2
M2(u)

√
Nc(u) + O(Nc(u))

))
= 1

2π

(
−√

Nc(u) + 2 M(u)Nc(u)
)

+O
(
N

3
2
c (u)

)
, (99)

respectively. One realizes that the temperature of the inner
AH (92) is always positive while the temperature of the outer
AH (93) is negative. For the inner AH (92), the background
cosmological field decreases the temperature of the AH rel-
ative to the AH (29) of black hole in empty space. Here,
regarding (84), the negative temperature of the outer AH
(93) is resulting from the fact that the cosmological back-
ground field effect dominates at large distances which leads
to the negative surface gravity, equivalently to the gravita-
tional repulsion.

123



Eur. Phys. J. C (2018) 78 :342 Page 13 of 18 342

Finally, the semiclassical Bekenstein-Hawking entropy at
the AHs (92) and (93) are given by

SAH− = πr2
AH− = π

(
4M2(u) + 32M4(u)Nc(u)

)
+O

(
N 2
c (u)

)
,

(100)

and

SAH+ = πr2
AH+

= π

(
1

Nc(u)
− 2

M(u)√
Nc(u)

− 2 M2(u) − 5 M3(u)

×√
Nc(u) − 16 M4(u)Nc(u)

)
+ O

(
N

3
2
c (u)

)
.

(101)

Then, for the cosmological field background with Nc(u) ≪
1, the inner AH (92) has a negligible entropy (100) in com-
parison to the entropy (101) associated with the outer AH
(93). Also regrading (100), we see that the background cos-
mological field contributes positively to the entropy of the
inner AH (92), which leads to a higher entropy relative to the
single AH (29) of the black hole in an empty background.
In the limit of Nc(u) → 0, the entropy (100) of the inner
AH (92) tends to the entropy (33) of AH (29) of the black
hole in an empty background while the entropy (100) of the
outer AH (93) blows up to infinity. Also regarding (101), one
realizes that since the entropy is a non-negative quantity, then
this relation requires that the first term overcomes to all of
the next negative terms. This requires the value of cosmolog-
ical field normalizing parameter Nc(u) to be very small. In
fact, this entropy consideration on the cosmological AH (93)
gives a restriction on the cosmological field normalization
parameter Nc(u).

4.6 Evaporating Vaidya black hole surrounded by the
phantom field

For the case of Vaidya black hole surrounded by the phantom
field with the equation of state parameter ωp = − 4

3 [38,50],
the metric (1) takes the following form

dS2 = −
(

1 − 2M(u)

r
− Np(u)r3

)
du2+2dudr+r2d�2

2,

(102)

where Np(u) is the normalization parameter for the phan-
tom field surrounding the black hole, with the dimension
of [Np(u)] = l−3. Regarding the positive energy condition
on the surrounding phantom field, represented by the rela-
tion (6), it is required that Np(u) > 0. Regarding the metric
(102), one realizes the non-trivial contribution of the charac-
teristic feature of the surrounding phantom field to the metric

of the Vaidya black hole. In this case, the background phan-
tom filed changes the causal structure of the original Vaidya
black hole in an empty background to the case with a phan-
tom asymptotic.

The surface gravity associated with the metric (102) is
given by

K = 1

2

(
2M(u)

r2 − 3Np(u)r2
)

. (103)

Then, we see that the phantom background appears with a
negative surface gravity contribution which decreases the
gravitational attraction of the black hole. This characteristic
feature of the phantom field, namely the gravitational repul-
sion, is favored by its cosmological application as one of the
candidates for the dark energy [50].

The expansion scalar for the outgoing null geodesics reads
as

� = 1

r

(
1 − 2M(u)

r
− Np(u) r3

)
. (104)

Then, we find the solutions of � = 0 determining the loca-
tions of the AH as

r1(u) = −1

2

√
�(u) − 1

2

√
−�(u) − 2

Np(u)
√

�(u)
,

r2(u) = −1

2

√
�(u) + 1

2

√
−�(u) − 2

Np(u)
√

�(u)
,

r3(u) = 1

2

√
�(u) − 1

2

√
−�(u) + 2

Np(u)
√

�(u)
,

r4(u) = 1

2

√
�(u) + 1

2

√
−�(u) + 2

Np(u)
√

�(u)
, (105)

where

�(u) = 8
( 2

3

) 1
3 M(u)(

9Np(u) −
√

81N 2
p(u)�(u)

) 1
3

+
(

9Np(u) −
√

81N 2
p(u)�(u)

) 1
3

2
1
3 3

2
3 Np(u)

, (106)

and �(u) = 1 − 2048
27 M3(u)Np(u). Then, depending on the

sign of the discriminant �(u) we have the following three
situations.

• For �(u) < 0, the first and second solutions are negative
while the third and fourth solutions are imaginary. Then,
there is no physical AH.

• For the extremal case �(u) = 0, equivalent to Np(u) =
27

2048M3(u)
, the first and second solutions coincide as
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r1(u) = r2(u) = 8
3

(
27

2048Np(u)

) 1
3

while the third

and fourth solutions read as r3(u) = −r4(u) =
8
3 i

(√
2 + i

)
M(u). Then, the first and second coincid-

ing solutions are physical AH while the third and fourth
coinciding solutions are not physical.

• For �(u) > 0, the first and second solutions are imagi-
nary and complex conjugate to each other and gives no
physical AH, while the third and fourth solutions give
two physical inner and outer AH.

For the extremal case of �(u) = 0, there is only one single
extremal AH given by

rAHext (u) = r1(u) = r2(u) = 8

3
M(u), (107)

which is 4/3 of the dynamical Schwarzschild radius. Then,
the dynamics of the single extremal AH (107) is governed
by the relation

ṙAHext (u) = −8

3
L . (108)

This shows that the single extremal AH (107) for the black
hole in the quintessence background is moving inward during
the evaporation, i.e it is shrinking. For this case, the nature
of the extremal AH (107) can be determined by looking at
the induced metric on it as

dS2
AHext = −16

3
L du2 + 16M2(u)d�2

2, (109)

indicating that the extremal AH (107) is a timelike surface for
an evaporating BH in the phantom background. The Hawking
temperature on the extremal AH (107) can be determined
using the surface gravity as

TAHext = 1

4π

(
2M(u)

r2
AHext

− 3

(
27

2048M3(u)

)
r2
AHext

)
= 0,

(110)

indicating that the extremal AH (107) is a zero temperature
surface. One may interpret this zero temperature as the sup-
pressed or zero Hawking radiation for the extremal black hole
in the phantom background. The semiclassical Bekenstein-
Hawking entropy at AH (107) is given by

SAHext = πr2
AHext = 64π

9
M2(u). (111)

Then, the entropy of the extremal AH (107) is 16
9 the entropy

(33) associated to the single AH (29) of the black hole in an
empty space.

For the case of �(u) > 0, we have the following solutions

rAH−(u) = r3(u) = 2M(u) + 16M4(u)Np(u) + O(N 2
p),

(112)

rAH+(u) = r4(u) = 1

N
1
3
p (u)

− 2

3
M(u) − 8

9
M2(u)N

1
3
p (u)

−160

81
M3(u)N

2
3
p (u) − 16

3
M4(u)Np(u) + O

(
N

4
3
p (u)

)
,

(113)

representing the inner and outer AHs, respectively. It is seen
that the contribution of the background phantom field leads
to (i) the existence of an inner AH (112) larger than the
dynamical Schwarzschild radius r(u) = 2M(u), and (i i)
a large outer (cosmological) AH (113) tending to infinity
for Np ≪ 1. Regarding (112) and (113), similar to the
quintessence and cosmological field cases, the phantom field
has a positive contribution to the inner AH (112) while the
black hole mass has a negative contribution to the outer AH.
Then, as the black hole evaporation continues, the inner AH
(112) shrinks to vanish while the outer AH (113) expands

toward its asymptotic value of N
− 1

3
p (u). For this case, the

dynamics of the AHs (112) and (113) are given by

ṙAH−(u) = −2L − 64LM2(u)Np(u) + 16M4(u)Ṅp(u)

+O
(
N 2

p(u)
)

, (114)

and

ṙAH+(u) = 2

3
L + 16

9
LM(u)N

1
3
p (u) + 160

27
LM2(u)N

2
3
p (u)

+64

3
LM3(u)Np(u)

− Ṅp(u)

3N
4
3
p (u)

− 8

27

Ṅp(u)

N
2
3
p (u)

M2(u) − 320

243

Ṅp(u)

N
1
3
p (u)

M3(u)

−16

3
M4(u)Ṅp(u) + O

(
N

4
3
p (u)

)
, (115)

respectively. Then one realizes the following points:

• For Ṅp(u) = 0 representing the static surrounding phan-
tom field, the inner AH (112) shrinks while the outer AH
(113) expands. Also, we observe that the inner AH (112)
is moving inward faster than the case of AH (29) for the
black hole in an empty space.

• For Ṅp(u) < 0, the inner AH (112) shrinks while the
outer AH (112) expands, and these are faster than the
cases in static phantom field background and in empty
space.

• For Ṅp(u) > 0, the behaviour of the AHs (112) and
(113) depend on the M(u), L , Np(u) and Ṅp(u) val-
ues. For the specific case of 16M4(u)Ṅp(u) = 2L +
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64LM2(u)Np(u), the inner AH (112) is frozen while
the outer’s behaviour depends on the total value of the
remaining terms in (115).

The nature of the AHs (112) and (113) can be determined by
looking at the induced metric on them up to O

(
Np(u)

)
as

dS2
AH− = 2

(
−2L − 8LM(u)Nq (u) + 4M2(u)Ṅq (u)

)
du2

+ r2
AH−d�2

2, (116)

and

dS2
AH+ = 2

(
2

3
L + 16

9
LM(u)N

1
3
p (u) + 160

27
LM2(u)N

2
3
p (u)

+64

3
LM3(u)Np(u)

− Ṅp(u)

3N
4
3
p (u)

− 8

27

Ṅp(u)

N
2
3
p (u)

M2(u) − 320

243

Ṅp(u)

N
1
3
p (u)

M3(u)

−16

3
M4(u)Ṅp(u)

)
du2 + r2

AH+d�2
2. (117)

These indicate that for Ṅp(u) ≤ 0, the inner AH (112) is a
timelike surface while the outer AH (113) is spacelike sur-
face. For Ṅp(u) > 0, the nature of these AH depend on
the M(u), L , Np(u) and Ṅp(u) values. For the specific case
of 16M4(u)Ṅp(u) = 2L + 64LM2(u)Np(u), the inner AH
(112) is null while the nature of the outer AH (113) depends
on the total value of the remaining terms in (117).

The Hawking temperature on the inner and outer AHs
(112), (113) of black hole can be determined using the surface
gravity as

TAH− = 1

2π

⎛
⎜⎝ M(u)(

2M(u) + 16M4(u)Np(u) + O
(
N2
p(u)

))2

−Np(u)
(

2M(u) + 16M4(u)Np(u) + O
(
N2
p(u)

))2

⎞
⎟⎠

= 1

2π

(
1

4

1

M(u)
− 10M2(u)Np(u)

)
+ O

(
N2
p(u)

)
,

(118)

and

TAH+ = 1

2π

M(u)(
1

N
1
3
c (u)

− 2
3 M(u) − 8

9 M
2(u)N

1
3
p (u) − 160

81 M3(u)N
2
3
p (u) − 16

3 M4(u)Np(u) + O
(
N

4
3
p (u)

))2

− 3

2π
Nc(u)

⎛
⎝ 1

N
1
3
c (u)

− 2

3
M(u) − 8

9
M2(u)N

1
3
p (u) − 160

81
M3(u)N

2
3
p (u) − 16

3
M4(u)Np(u) + O

(
N

4
3
p (u)

)⎞
⎠

2

= 1

2π

(
−3

2
N

1
3
p (u) + 3M(u)N

2
3
p (u) + 10

3
M2(u)Np(u))

)
+ O

(
N

4
3
p (u)

)
. (119)

respectively. One realizes that the temperature of the inner
AH (112) is always positive while the temperature of the outer
AH (113) is negative. For the inner AH (112), the background
phantom field decreases the temperature of the AH relative to
the case of black hole in empty space. Here, regarding (103),
the negative temperature of the outer AH (113) is resulting
from the fact that the phantom background field effect dom-
inates at large distances which leads to the negative surface
gravity, namely the gravitational repulsion.

Also, the semiclassical Bekenstein-Hawking entropy at
the AHs (112) and (113) are given by

SAH− = πr2
AH− = π

(
4M2(u) + 64M5(u)Np(u)

)
+O

(
N 2

p(u)
)

,

(120)

and

SAH+ = πr2
AH+

= π

⎛
⎝ 1

N
2
3
p (u)

− 4

3

M(u)

N
1
3
p (u)

− 4

3
M2(u) − 224

81
M3(u)N

1
3
p (u)

−1760

243
M4(u)N

2
3
p (u) − 64

3
M5(u)Np(u)

⎞
⎠

+O
(
N

4
3
p (u)

)
. (121)

Then, for the phantom background with Np(u) 
 1, the
inner AH (112) has a negligible entropy in comparison to the
entropy associated with the outer AH (113). Also regrading
(121), we see that the background phantom field contributes
positively in the entropy of the inner AH (112), which leads
to a higher entropy relative to the single AH (29) of the black
hole in an empty background. In the limit of Np(u) → 0, the
entropy (121) of the inner AH (112) tends to the entropy (33)
of AH (29) of the black hole in an empty background while
the entropy of the outer AH (113) blows up to infinity. Also
regarding (121), one realizes that since the entropy is a non-
negative quantity, then this relation requires that the first term
overcomes to all of the next terms. This requires the value of
phantom field normalizing parameter Np(u) to be very small.

123



342 Page 16 of 18 Eur. Phys. J. C (2018) 78 :342

In fact, this entropy consideration on the cosmological AH
(113) gives a restriction on the phantom field normalization
parameter Np(u).

5 Conclusion

In this work, we have studied the thermodynamical fea-
tures and dynamical evolutions of the various apparent hori-
zons associated with the Vaidya evaporating black hole
surrounded by the cosmological fields of dust, radiation,
quintessence, cosmological constant-like and phantom. We
have explored in detail how do these surrounding fields con-
tribute to the characteristic features of a surrounded dynam-
ical black hole. To this aim, using the null vector decom-
position of the spacetime metric and following York [36],
we have obtained the geometric properties of the solution
in its general form. We have found that the solution to
g(∂u, ∂u) = guu = 0 representing the TLS is the same as
the solution to � = 0 representing the AH location, except
the trivial solution r = ∞, for the latter. Then, the AH and the
TLS coincide for our spacetime (1). Also, for the surrounded
evaporating black hole solutions here, we have verified that
the condition d�

du � 0 determining the location of EH is
equal to the vanishing acceleration of the congruences of
null geodesics at EH. In the following, we summarize some
of our results for the AH properties of the evaporating black
hole in various backgrounds.

• For the black hole with surrounding dust field, the
dust background appears with a positive surface gravity
increasing the gravitational attraction of the black hole.
For this case, the size of AH is larger than that of black
hole in an empty space. For the black hole surrounded
by a static dust field, i.e Ṅd(u) = 0, AH is timelike sur-
face and its dynamics is the same as the dynamics of AH
in black hole in the empty space in which it is shrink-
ing during the evaporation. For a dynamical background
with Ṅd(u) = 2L , the AH is a frozen null surface. For
the background with −2L + Ṅd(u) > 0, AH is space-
like surface and expands during the evaporation while for
−2L + Ṅd(u) < 0, it is a timelike surface and shrinks
during the evaporation. The temperature of AH for the
black hole in dust field is lower than the temperature
of AH of the black hole in an empty space. Finally, the
entropy associated with the AH in a dust field background
is higher than that of the black hole in an empty space.

• For the black hole with surrounding radiation field, the
surrounding radiation field contributes as the effective
charge-like term for the Vaidya black hole. For this case,
the radiation background appears with a negative sur-
face gravity decreasing the gravitational attraction of
the black hole, exactly the same as the charge effect in

Reissner–Nordström black hole. For the extremal case of
�(u) = 0, there is only one single AH equal to half of the
dynamical Schwarzschild radius which is a timelike and
zero temperature surface, and shrinks during the evapo-
ration. The entropy of the extremal AH is a quarter of the
entropy associated to the single AH of the black hole in
an empty space. For �(u) < 0, we have no real solutions
while for �(u) > 0, there are two real physical AHs. For
the latter case, the contribution of the background radia-
tion field leads to (i) the existence of a small inner AH
and (i i) an smaller outer AH in comparison to the case of
the AH for the black hole in an empty background. For
the static surrounding radiation field, i.e Ṅr (u) = 0, the
inner AH is expanding while the outer AH is shrinking
during the evaporation, faster than the case of black hole
in an empty background. For Ṅr (u) > 0, the inner and
outer AH are expanding and shrinking, respectively, but
both moving faster than the AH of the black hole in the
static radiation background. For Ṅr (u) < 0, it is pos-
sible that the inner and outer AH move again outward
and inward, respectively, but both will be slower than the
AH of the black hole in the radiation backgrounds with
Ṅr (u) = 0 and Ṅr (u) > 0. In the particular case of
LNr (u) = −Ṅr (u)M(u), the inner AH will be frozen
while the outer AH will move inward exactly the same
as AH of the black hole in an empty background. For
Ṅr (u) ≥ 0 the inner and outer AH are spacelike and
timelike respectively, while for Ṅr (u) < 0, we see that

the nature of AH depends on the value of Ṅr (u)
2M(u)

. For the

specific case of LNr (u) = −Ṅr (u)M(u), the inner AH
will be null while the outer AH will be timelike. The
temperature of the inner AH is always negative while the
temperature of the outer AH is positive, exactly the same
as in the Reissner–Nordström black hole. The inner AH
has a negligible entropy relative to the entropy associ-
ated with the outer AH in a dilute radiation background.
The background radiation field contributes negatively in
the entropy of the outer AH leading to a lower entropy
relative to the entropy of the single AH in an empty back-
ground.

• For the black hole with surrounding quintessence field,
the quintessence background contributes negatively to
the surface gravity which decreases the gravitational
attraction of the black hole. This characteristic feature
of the quintessence field is favored by its cosmological
application as one of the candidates for the dark energy.
For the extremal case of �(u) = 0, there is only one sin-
gle extremal AH twice of the dynamical Schwarzschild
radius which is a timelike and zero temperature sur-
face and shrinks during the black hole evaporation. The
entropy of the extremal AH is four times the entropy
associated to the single AH of the black hole in an empty
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space. For �(u) < 0, we have no real solutions while for
�(u) > 0, there are two real physical AHs. For the lat-
ter case, the contribution of the background quintessence
field leads to (i) the existence of an inner AH larger than
the dynamical Schwarzschild radius r(u) = 2M(u), and
(i i) a large outer cosmological AH tending to infinity
for Nq(u) ≪ 1. For the static surrounding quintessence
field, i.e Ṅq(u) = 0, the inner and outer AH have equal
velocities but with opposite signs. Then, the inner AH
is a timelike surface and shrinks while the outer is an
spacelike surface and expands during the evaporation
in which both of these AH are moving faster than the
case of the single AH for the black hole in an empty
space. For Ṅq(u) < 0, the inner AH is a timelike sur-
face and shrinks while the outer is an spacelike surface
and expands in which these are faster than the cases in
static quintessence background and in empty spaces. For
Ṅq(u) > 0, the behaviour and nature of the AH depend
on the M(u), L , Nq(u) and Ṅq(u) values. For the spe-
cific case of 4M2(u)Ṅq(u) = 2L + 8LM(u)Nq(u), the
inner AH is a frozen null surface while the outer AH
is shrinking timelike surface. The temperature of the
inner AH is always positive while the temperature of
the outer AH is negative. For the inner AH, the back-
ground quintessence field decreases the temperature of
the AH relative to the case of black hole in empty space.
Finally, the inner AH has a negligible entropy in compar-
ison to the entropy associated with the outer AH. Also,
the background quintessence field contributes positively
in the entropy of the inner AH, which leads to a higher
entropy relative to the single AH of the black hole in an
empty background.

• For the black hole with surrounding cosmological field,
the cosmological filed contributes negatively to the sur-
face gravity decreasing the gravitational attraction of the
black hole. This characteristic feature of the cosmological
field is evidenced by its application as the most favored
candidates for the dark energy. For the extremal case of
�(u) = 0, there is only one single extremal AH, 3/2
times the dynamical Schwarzschild radius, which is a
timelike and zero temperature surface and shrinks during
the black hole evaporation. The entropy of the extremal
AH is 9

4 times the entropy associated to the single AH of
the black hole in an empty space. For �(u) < 0, we have
no real solutions while for �(u) > 0, there are two real
physical AHs. For the latter case, the contribution of the
background cosmological field leads to (i) the existence
of an inner AH larger than the dynamical Schwarzschild
radius r(u) = 2M(u), and (i i) a large outer cosmological
AH tending to infinity for Nc(u) ≪ 1. For the static sur-
rounding cosmological field, i.e Ṅc(u) = 0, the inner AH
is a timelike surface and shrinks faster than the case of
the single AH for the black hole in an empty space while

the outer is an spacelike surface and expands during the
evaporation. For Ṅc(u) < 0, the inner AH is a timelike
surface and shrinks while the outer is an spacelike surface
and expands in which these are faster than the cases in
static cosmological background and in empty spaces. For
Ṅc(u) > 0, the behaviour and nature of the AH depend
on the M(u), L , Nc(u) and Ṅc(u) values. For the spe-
cific case of 8M3(u)Ṅc(u) = 2L + 24LM2(u)Nc(u),
the inner AH is a frozen null surface while the outer
AH is shrinking timelike surface. The temperature of the
inner AH is always positive while the temperature of the
outer AH is negative. For the inner AH, the background
cosmological field decreases the temperature of the AH
relative to the case of black hole in empty space. Finally,
the inner AH has a negligible entropy in comparison to
the entropy associated with the outer AH. Also, we find
that the background cosmological field contributes pos-
itively in the entropy of the inner AH, which leads to a
higher entropy relative to the single AH of the black hole
in an empty background.

• For the black hole with surrounding phantom field, the
phantom filed contributes negatively to the surface grav-
ity which decreases the gravitational attraction of the
black hole. This characteristic feature of the phantom
field is evidenced by its application as one of the can-
didates for the dark energy. For the extremal case of
�(u) = 0, there is only one single extremal AH, 4/3
times the dynamical Schwarzschild radius, which is a
timelike and zero temperature surface and shrinks during
the black hole evaporation. The entropy of the extremal
AH is 16

9 times the entropy associated to the single AH
of the black hole in an empty space. For �(u) < 0, we
have no real solutions while for �(u) > 0, there are two
real physical AHs. For the latter case, the contribution of
the background phantom field leads to (i) the existence
of an inner AH larger than the dynamical Schwarzschild
radius r(u) = 2M(u), and (i i) a large outer cosmologi-
cal AH tending to infinity for Np(u) ≪ 1. For the static
surrounding phantom field, i.e Ṅp(u) = 0, the inner AH
is a timelike surface and shrinks faster than the case of
the single AH for the black hole in an empty space while
the outer is an spacelike surface and expands during the
evaporation. For Ṅp(u) < 0, the inner AH is a timelike
surface and shrinks while the outer is an spacelike surface
and expands in which these are faster than the cases in
static cosmological background and in empty spaces. For
Ṅp(u) > 0, the behaviour and nature of the AHs depend
on the M(u), L , Np(u) and Ṅp(u) values. For the spe-
cific case of 16M4(u)Ṅp(u) = 2L + 64LM2(u)Np(u),
the inner AH is a frozen null surface while the outer
AH is shrinking timelike surface. The temperature of the
inner AH is always positive while the temperature of the
outer AH is negative. For the inner AH, the background
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phantom field decreases the temperature of the AH rel-
ative to the case of black hole in empty space. Finally,
the inner AH has a negligible entropy in comparison to
the entropy associated with the outer AH. Also, we find
that the background phantom field contributes positively
in the entropy of the inner AH, which leads to a higher
entropy relative to the single AH of the black hole in an
empty background.

We aim to report elsewhere the detailed study of EH prop-
erties together with the back-reaction and metric fluctuation
for the surrounded Vaidya black holes.

Open Access This article is distributed under the terms of the Creative
Commons Attribution 4.0 International License (http://creativecomm
ons.org/licenses/by/4.0/), which permits unrestricted use, distribution,
and reproduction in any medium, provided you give appropriate credit
to the original author(s) and the source, provide a link to the Creative
Commons license, and indicate if changes were made.
Funded by SCOAP3.

References

1. P.C. Vaidya, Proc. Indian Acad. Sci. A 33, 264 (1951)
2. P.C. Vaidya, Gen. Relativ. Gravity 31, 119 (1999)
3. P.C. Vaidya, Curr. Sci. 12, 183 (1943)
4. R. Penrose, Riv. Nuovo Cimento 1, 252 (1969)
5. S.G. Ghosh, N. Dadhich, Phys. Rev. D 64, 047501 (2001)
6. T. Harko, Phys. Rev. D 68, 064005 (2003)
7. I.H. Dwivedi, P.S. Joshi, Class. Quantum Gravity 6.11, 1599 (1989)
8. W.A. Hiscock, Phys. Rev. D 23, 2813 (1981)
9. W.A. Hiscock, Phys. Rev. D 23, 2823 (1981)

10. W.A. Hiscock, L.G. Williams, D.M. Eardley, Phys. Rev. D 26, 751
(1982)

11. Y. Kuroda, Prog. Theor. Phys. 71, 100 (1984)
12. Y. Kuroda, Prog. Theor. Phys. 71, 1422 (1984)
13. R. Parentani, Phys. Rev. D 63, 041503 (2001)
14. M.K. Parikh, F. Wilczek, Phys. Lett. B 449, 1 (1999)
15. R.L. Mallet, Phys. Rev. D 31(2), 416 (1985)

16. W.B. Bonnor, P.C. Vaidya, Gen. Relativ. Gravity I 2, 127 (1970)
17. R.L. Mallett, Phys. Lett. A 126(4), 226 (1988)
18. A. Patino, H. Rago, Phys. Lett. A 121, 329 (1987)
19. R.L. Mallet, Phys. Lett. A 126, 226 (1988)
20. B. Koberlein, R.L. Mallet, Phys. Rev. D 49, 5111 (1994)
21. H. Saida, T. Harada, H. Maeda, Class. Quantum Gravity 24, 4711

(2007)
22. A. Chamorro, K.S. Virbhadra, Pramana 45(2), 181 (1995)
23. Y. Heydarzade, F. Darabi, arXiv:1710.04485
24. Y. Heydarzade, F. Darabi, Eur. Phys. J. C (under review)
25. V. Husain, Phys. Rev. D 53, 1759 (1996)
26. A. Wang, Y. Wu, Gen. Relativ. Gravity 31(1), 107 (1999)
27. J.M. Bardeen, B. Carter, S.W. Hawking, Commun. Math. Phys. 31,

161 (1973)
28. S.W. Hawking, Nature 248, 30 (1974)
29. S.W. Hawking, Commun. Math. Phys. 43, 199 (1975)
30. S.W. Hawking, Phys. Rev. D 13, 2 (1976)
31. J.D. Bekenstein, Phys. Rev. D 7, 2333 (1973)
32. P. Hajicek, Phys. Rev. D 36, 1065 (1987)
33. W.A. Hiscock, Phys. Rev. D 40, 1336 (1989)
34. X. Liou, W. Liou, Int. J. Theor. Phys. 49(5), 1088 (2010)
35. S. Zhou, W. Liu, Mod. Phys. Lett. A 24(26), 2099 (2009)
36. J. W. York, Jr., In Quantum Theory of Gravity: Essays in Honor of

the Sixtieth Birthday of Bryce S. DeWitt, edited by S. Christensen
(Hilger, Bristol 1984), page 135

37. R.L. Mallet, Phys. Rev. D 33(8), 2201 (1986)
38. V.V. Kiselev, Class. Quantum Gravity 20, 1187 (2003)
39. Y. Heydarzade, F. Darabi, Phys. Lett. B 771, 365 (2017)
40. A.B. Nielsen, arXiv:0711.0313 (2007)
41. B. Carter, in General Relativity, ed. by S.W. Hawking, W. Israel

(Cambridge University Press, Cambridge, 1979)
42. E. Poisson, A Relativistic Toolkit: The Mathematics of Black-Hole

Mechanics (Cambridge University Press, Cambridge, 2004)
43. V. Faraoni, Galaxies 1(3), 114 (2013)
44. A.B. Nielsen, J.H. Yoon, Class. Quantum Gravity 25, 085010

(2008)
45. M. Pielahn, G. Kunstatter, A.B. Nielsen, Phys. Rev. D 84, 104008

(2011)
46. M. Visser, Int. J. Mod. Phys. D 12, 649 (2003)
47. S.A. Hayward, Phys. Rev. D 49, 6467 (1994)
48. A. Ashtekar, B. Krishnan, Living Rev. Relativ. 7, 10 (2004)
49. C. Barcelo, S. Liberati, M. Visser, Living Rev. Relativ. 8, 12 (2005)
50. A. Vikman, Phys. Rev. D 71, 023515 (2005)

123

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/1710.04485
http://arxiv.org/abs/0711.0313

	Surrounded Vaidya black holes: apparent horizon properties
	Abstract 
	1 Introduction
	2 The surrounded evaporating Vaidya black holes
	3 The location and properties of the horizons
	4 Apparent horizon properties for the evaporating Vaidya black hole in generic backgrounds
	4.1 Evaporating Vaidya black hole in an empty background
	4.2 Evaporating Vaidya black hole surrounded by the dust field
	4.3 Evaporating Vaidya black hole surrounded by the radiation field
	4.4 Evaporating Vaidya black hole surrounded by the quintessence field
	4.5 Evaporating Vaidya black hole surrounded by the cosmological constant-like field 
	4.6 Evaporating Vaidya black hole surrounded by the phantom field

	5 Conclusion
	References




