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Abstract We study the scattering of kink and antikink of
the double sine-Gordon model. There is a critical value of the
initial velocity vcr of the colliding kinks, which separates dif-
ferent regimes of the collision. At vin > vcr we observe kinks
reflection, while at vin < vcr their interaction is complicated
with capture and escape windows. We obtain the dependence
of vcr on the parameter of the model. This dependence pos-
sesses a series of local maxima, which has not been reported
by other authors. At some initial velocities below the crit-
ical value we observe a new phenomenon – the escape of
two oscillons in the final state. Besides that, at vin < vcr we
found the initial kinks’ velocities at which the oscillons do
not escape, and the final configuration looks like a bound
state of two oscillons.

1 Introduction

The (1 + 1)-dimensional field-theoretical models possess-
ing the topologically non-trivial solutions – kinks – are of
special interest for modern physics. They arise in a vast vari-
ety of models in quantum and classical field theory, high
energy physics, cosmology, condensed matter physics, and
so on, [1–4]. Firstly, the (1 + 1)-dimensional models can be
investigated analytically and numerically much easier than
(2+1) or (3+1)-dimensional. Because of that, some general
properties of topological defects can be studied within the
(1 + 1)-dimensional setups. Secondly, many physical sys-
tems can be effectively described by the one-dimensional
structures. For example, a plane domain wall – a wall, which
separates regions with different vacuum states – in the direc-
tion orthogonal to it, presents a kink. Surely, the topological
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defects arise and in more complex models with two, three or
more fields. For example, in [5–11] the kink-like structures
were studied in models with two interacting real scalar fields,
for further information see also [12–20].

Kink–antikink collisions, as well as interactions of kinks
with impurities (spatial inhomogeneities), are of growing
interest since 1970s [21,22]. Nevertheless, today it is a very
fast developing area of research. For investigating of the
kink–antikink interactions various approximate methods are
widely used. Among them, the collective coordinate approxi-
mation [23–31]. Withing this method a real field system “kink
+ antikink” is approximately described as a system with one
or several degrees of freedom. For instance, the kink-antikink
separation can be used as the only (translational) degree of
freedom. The more complicated modifications of the method
have also been elaborated, which include other degrees of
freedom (in particular, vibrational), see, e.g., [24–26].

Another approximate method for investigating the kinks
interactions is Manton’s method [3, Ch. 5], [32–35]. This
method is based on using of the kinks asymptotics, it enables
to estimate the force between the kink and the antikink at
large separations.

On the other hand, recently the numerical simulation
has become a powerful tool for studying the dynamics of
the one-dimensional field systems. Using various numeri-
cal methods, many important results were obtained. In par-
ticular, the resonance phenomena – escape windows and
quasi-resonances – have been found and investigated in the
kinks’ scattering [23,36–48]. Many important results have
been obtained for the models with polynomial potentials
of fourth, sixth, eighth, and higher degree self-interaction
[23,37–42,44,45,49–56]. One should note interesting results
on the long-range interaction between kink and antikink
[40,44,45,57–60]. The models with non-polynomial poten-
tials are also widely discussed in the literature, for exam-
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ple, the modified sine-Gordon [61], the multi-frequency sine-
Gordon [62], the double sine-Gordon [36,63–66], and a num-
ber of models, which can be obtained by using the deforma-
tion procedure [46,47,54,67,68].

The impressive progress is achieved in the investigation
of domain walls, bubbles, vortices, strings [69–77], as well
as the embedded topological defects, e.g., a Q-lump on a
domain wall, a skyrmion on a domain wall, etc. [78–88].
Besides that, we have to mention various configurations of
the type of Q-balls [89–96]. Topologically non-trivial field
configurations could also lead to a variety of phenomena in
the early Universe [97,98].

In this paper we study the kink-antikink collisions within
the double sine-Gordon model [36], [64–66]. There is a
critical value of the initial velocity of the colliding kinks,
vcr, which separates different regimes of the collision. At
vin > vcr the kinks pass through each other and escape to
infinities, while at vin < vcr the kinks’ capture and a complex
picture of the so-called escape windows are observed, see,
e.g., [21,22,64]. We performed a detailed study of the kink-
antikink scattering at various values of the model parameter
R. We have found a series of local maxima of the depen-
dence of vcr on R, which has not been reported up to now.
Besides that, at some initial velocities of the colliding kinks
we observed final configuration of the type of two oscillons,
which form a bound state or could escape to spatial infinities
with some final velocities.

Our paper is organized as follows. In Sect. 2 we give some
general information about the (1 + 1)-dimensional models
with one real scalar field. Section 3 introduces the double
sine-Gordon model, describes its potential, kinks, and their
main properties. In Sect. 4 we study the scattering of the
kink and antikink. In this section we present our main results
related to the kink–antikink collisions. Finally, we summa-
rize and formulate prospects for future works in Sect. 5.

2 Topological defects in (1+ 1) dimensions

Consider a field-theoretical model in (1 + 1)-dimensional
space-time with a real scalar field φ(x, t). The dynamics of
the field φ is described by the Lagrangian density

L = 1

2

(
∂φ

∂t

)2

− 1

2

(
∂φ

∂x

)2

− V (φ), (1)

where the potential V (φ) defines self-interaction of the field
φ. We assume that the potential is a non-negative function of
φ, which has a set of minima

V =
{
φ

(vac)
1 , φ

(vac)
2 , φ

(vac)
3 , . . .

}
, (2)

which is a vacuum manifold of the model, and V (φ) = 0
for all φ ∈ V . The energy functional corresponding to the
Lagrangian (1) is

E[φ] =
∞∫

−∞

[
1

2

(
∂φ

∂t

)2

+ 1

2

(
∂φ

∂x

)2

+ V (φ)

]
dx . (3)

The Lagrangian (1) yields the equation of motion for the field
φ(x, t):

∂2φ

∂t2 − ∂2φ

∂x2 + dV

dφ
= 0. (4)

In the static case φ = φ(x),
∂φ

∂t
= 0, and we obtain

d2φ

dx2 = dV

dφ
. (5)

This equation can be reduced to the first order ordinary dif-
ferential equation

dφ

dx
= ±√

2V (φ). (6)

In order for the energy of the static configuration to be finite,
it is necessary that

φ(−∞) = lim
x→−∞ φ(x) = φ

(vac)
i (7)

and

φ(+∞) = lim
x→+∞ φ(x) = φ

(vac)
j , (8)

where φ
(vac)
i , φ

(vac)
j ∈ V . If these two equalities hold, the

second and the third terms in square brackets in Eq. (3) fall
off at x → ±∞ (the first term turns to zero for all static
configurations), and the integral in Eq. (3) can be convergent.

If the vacuum manifold V consists of more than one point,
i.e the potential V (φ) possesses two or more degenerate min-
ima, the set of all static configurations with finite energy can
be split into disjoint equivalence classes (or topological sec-
tors) according to the asymptotic behaviour of the config-
uration at x → ±∞. Configurations with φ

(vac)
i �= φ

(vac)
j

in Eqs. (7) and (8) are called topological, while those with
φ

(vac)
i = φ

(vac)
j – non-topological. A configuration belong-

ing to one equivalence class (topological sector) can not be
transformed into a configuration from another class (topo-
logical sector) through a continuous deformation, that is via
a sequence of configurations with finite energies.

To describe the topological properties of the configura-
tions, one can introduce a conserved topological current, e.g.,
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jμtop = 1

2
εμν∂νφ, (9)

here εμν stands for the Levi-Civita symbol, the indices μ and
ν take values 0 and 1 for a (1+1)-dimensional configuration,

and ∂0φ ≡ ∂φ

∂t
, ∂1φ ≡ ∂φ

∂x
. The corresponding topological

charge does not depend on the behaviour of the field at finite
x ,

Qtop =
∞∫

−∞
j0
topdx = 1

2
[φ(+∞) − φ(−∞)] . (10)

The value of Qtop is determined only by the asymptotics
(7), (8) of the field. The topological charge (10) is conserved
during the evolution of the configuration. Nevertheless, con-
figurations from different topological sectors may have the
same topological charge. At the same time, configurations
with different topological charges necessarily belong to dif-
ferent topological sectors.

Further, for the non-negative potential V (φ) we can intro-
duce the superpotential – a smooth (continuously differen-
tiable) function W (φ) of the field φ:

V (φ) = 1

2

(
dW

dφ

)2

. (11)

Using this representation of the potential, the energy of a
static configuration can be written as

E = EBPS + 1

2

∞∫
−∞

(
dφ

dx
± dW

dφ

)2

dx, (12)

where

EBPS = ∣∣W [φ(+∞)] − W [φ(−∞)]∣∣. (13)

Here the subscript “BPS” stands for Bogomolny, Prasad,
and Sommerfield [99–101]. From Eq. (12) one can see that,
firstly, the energy of any static configuration is bounded from
below by EBPS,

E ≥ EBPS, (14)

and, secondly, the static configuration, which satisfies the
equation

dφ

dx
= ±dW

dφ
, (15)

saturates the inequality (14), i.e has the minimal energy (13)
among all the configurations within a given topological sec-
tor. The solutions of Eq. (15) are called BPS (or BPS sat-

urated) configurations. Note that Eq. (15) coincides with
Eq. (6).

A kink is a BPS saturated topological solution φk(x) of
Eq. (6), which connects two neighboring vacua of the model,
i.e. for the kink solution the values φ

(vac)
i and φ

(vac)
j in Eqs.

(7), (8) are adjacent minima of the potential V (φ). Below
we use the terms “kink” and “antikink” for solutions with
φ

(vac)
j > φ

(vac)
i and φ

(vac)
j < φ

(vac)
i , respectively. Neverthe-

less, in some cases we use “kink” for both solutions, just to
be brief.

3 The double sine-Gordon model

Consider the double sine-Gordon (DSG) model. The poten-
tial of the DSG model can be written in several different
forms. Below in this section we briefly recall two of them,
and after that we give a detailed introduction to the properties
of the DSG model employed by us.

3.1 The η-parameterized potential

Recall that, e.g., in papers [36,64] the following parameter-
ization has been used:

Vη(φ) = 4

1 + 4|η|
(

η (1 − cos φ) + 1 + cos
φ

2

)
, (16)

where η is a real parameter, −∞ < η < +∞. It is easy to
see that

Vη(φ) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

cos φ − 1 for η → −∞,

1 − cos φ for η → +∞,

4

(
1 + cos

φ

2

)
for η = 0,

(17)

i.e. the potential V (φ) reduces to a sine-Gordon form for the
field φ at η → ±∞, and for the field φ/2 at η = 0.

The shape of the potential (16) crucially depends on the
parameter η. Following [64], we can split all values of η into

four regions: η < −1

4
, −1

4
< η < 0, 0 < η <

1

4
, and

η >
1

4
.

1. At η < −1

4
the potential (16) has two distinct types of

minima, φ
(vac)
n = 4πn + arccos

1

4η
and φ

(vac)
m = 4πm −

arccos
1

4η
, n,m = 0,±1,±2, . . ., degenerate in energy,

V (φ
(vac)
n ) = V (φ

(vac)
m ) = 0, which are separated by inequiv-

alent barriers.

2. At −1

4
< η < 0 the potential (16) has a single type of

minima at φ
(vac)
n = (2n + 1)2π with V (φ

(vac)
n ) = 0.
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Fig. 1 The potential (19) as a function of φ for various R

3. At 0 < η <
1

4
the potential (16) is structurally similar

to the previous region, with the same set of minima.

4. At η >
1

4
the minima of the potential (16) are φn = 4nπ

with V (φn) = 8

1 + 4|η| , and φ
(vac)
m = (2m + 1)2π with

V (φ
(vac)
m ) = 0, n,m = 0,± 1,± 2, . . ..

This our paper deals with the DSG model with the positive
values of η. In this case, as we show below, it is convenient
to introduce another positive parameter.

3.2 The R-parameterized potential

For positive values of η, it is convenient to introduce another
positive parameter, R, such that

η = 1

4
sinh2 R. (18)

In terms of the parameter R the potential (16) of the DSG
model reads:

VR(φ) = tanh2 R (1 − cos φ) + 4

cosh2 R

(
1 + cos

φ

2

)
.

(19)

Depending on the parameter R the shape of the potential (19)
looks different, see Fig. 1. At R = 0 we have a sine-Gordon
potential for the field φ/2, while at R → +∞ the potential
(19) reduces to a sine-Gordon form for the field φ:

VR(φ) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

4

(
1 + cos

φ

2

)
for R = 0,

4 −
(

1 − cos
φ

2

)2

for R = arcsinh 1,

1 − cos φ for R → +∞.

(20)

3.3 The double sine-Gordon kinks

In terms of the parameter R the static kink (+) and antikink
(−) solutions can be written in a simple form,

φk(k̄)(x) = 4πn ± 4 arctan
sinh x

cosh R
. (21)

The DSG kink (antikink) can also be expressed as a super-
position of two sine-Gordon solitons,

φ
k(k̄)

(x) = 4πn ± [
φSGK(x + R) − φSGK(R − x)

]
, (22)

or

φk(x) = 2π(2n − 1) + [
φSGK(x + R) + φSGK(x − R)

]
(23)

and

φ
k̄
(x) = 2π(2n + 1) − [

φSGK(x + R) + φSGK(x − R)
]
,

(24)

where φSGK(x) = 4 arctan exp(x) is the sine-Gordon soliton.
According to Eqs. (22)–(24), the DSG kink can be viewed
as the superposition of two sine-Gordon solitons, which are
separated by the distance 2R and centered at x = ±R, see
Fig. 2. The energy of the static DSG kink (antikink) is a
function of the parameter R,

E(R) = 16

(
1 + 2R

sinh 2R

)
, (25)

this dependence is shown in Fig. 3. Below we study the colli-
sions of the DSG kinks. In such processes the kink’s internal
modes may be very important. Therefore, now we investigate
the spectrum of small localized excitations of the DSG kink
(antikink) using a standard method. Namely, we add a small
perturbation δφ(x, t) to the static DSG kink φk(x):

φ(x, t) = φk(x) + δφ(x, t), |δφ| � |φk|. (26)

Substituting this φ(x, t) into the equation of motion (4), and
linearizing in δφ, we obtain the partial differential equation
for δφ(x, t):

∂2δφ

∂t2 − ∂2δφ

∂x2 + d2V

dφ2

∣∣∣∣
φk(x)

· δφ = 0. (27)

Looking for δφ in the form

δφ(x, t) =
∑
n

ηn(x) cos ωnt, (28)
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(a) (b)

Fig. 2 Kinks and antikinks (21) for n = 0 and various R’s

Fig. 3 The energy of the static DSG kink (antikink) as a function of
the parameter R

we obtain the Schrödinger-like eigenvalue problem

Ĥηn(x) = ω2
nηn(x) (29)

with the operator Ĥ (the Hamiltonian)

Ĥ = − d2

dx2 +U (x). (30)

Here the quantum-mechanical potential is

U (x) = d2V

dφ2

∣∣∣∣
φk(x)

. (31)

It can be easily shown that the discrete spectrum in the poten-
tial (31) always possesses a zero mode ω0 = 0. Differenti-
ating Eq. (5) with respect to x , and taking into account that
φk(x) is a solution of Eq. (5), we see that

− d2

dx2

dφk

dx
+ d2V

dφ2

∣∣∣∣
φk(x)

· dφk

dx
= 0, (32)

or, in other words,

Ĥ · dφk

dx
= 0 · dφk

dx
. (33)

So
dφk

dx
is really an eigenfunction of the Hamiltonian (30)

associated with the zero frequency.
The potential U (x) for the double sine-Gordon kink

(antikink) can be obtained by substituting Eqs. (19) and (21)
in (31),

U (x) = 8 tanh2 R

(1 + sech2R sinh2 x)2

+2(3 − 4 cosh2 R)

cosh2 R

1

1 + sech2R sinh2 x
+ 1. (34)

The shape of the potential crucially depends on the parameter
R, see Fig. 4a. For R = 0 Eq. (34) gives the Pöschl-Teller
potential,

U0(x) = 1 − 2

cosh2 x
, (35)

which corresponds to the case of the sine-Gordon model. On
the other hand, for R 	 1 from Eq. (34) we obtain

U∞(x) ≈
⎧⎨
⎩

1 − 2

cosh2(x − R)
for ||x | − R| � 1,

1 for ||x | − R| 	 1.

(36)

The discrete spectrum in the potential well (34) for arbi-
trary value of R can be obtained numerically by using a modi-
fication of the shooting method, see, e.g., [38,44,45]. First of
all, for all R there is the zero mode ω0 = 0. Apart from that,
we have found the vibrational mode ω1 with the frequency
that depends on R, see Fig. 4b.

At R → 0 the frequency ω1 goes to the boundary of the
continuum, which corresponds to the sine-Gordon case. With
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(a) (b)

Fig. 4 a The quantum-mechanical potential (34), and b R-dependence of the vibrational mode’s frequency

increasing R the frequency ω1 decreases to zero. At large R’s
the levels ω0 and ω1 are the result of splitting of the zero mode
of each of the two potential wells (36).

4 Collisions of the double sine-Gordon kinks

We studied the collision of the DSG kink and antikink. In
order to do this, we used the initial configuration in the form
of the DSG kink and the DSG antikink, centered at x = −ξ

and x = ξ , respectively, and moving towards each other
with the initial velocities vin. We solved the partial differ-
ential equation (4) with the R-parameterized potential (19)

numerically, extracting the values of φ(x, 0) and
∂φ(x, 0)

∂t
from the following initial configuration:

φ(x, t) = φk

⎛
⎝ x + ξ − vint√

1 − v2
in

⎞
⎠ + φNk

⎛
⎝ x − ξ + vint√

1 − v2
in

⎞
⎠ − 2π

= 4 arctan

⎡
⎣ 1

cosh R
sinh

⎛
⎝ x + ξ − vint√

1 − v2
in

⎞
⎠

⎤
⎦

−4 arctan

⎡
⎣ 1

cosh R
sinh

⎛
⎝ x − ξ + vint√

1 − v2
in

⎞
⎠

⎤
⎦ − 2π.

(37)

We discretized space and time using a grid with the spatial
step h, and the time step τ . We used the following discrete
expressions for the second derivatives of the field:

∂2φ

∂t2 = 11φn, j+1 − 20φn, j + 6φn, j−1 + 4φn, j−2 − φn, j−3

12τ 2 ,

(38)
∂2φ

∂x2 = −φn−2, j + 16φn−1, j − 30φn, j + 16φn+1, j − φn+2, j

12h2 ,

(39)

where φn, j = φ(nh, jτ), n = 0,±1,±2, . . ., and j =
−3,−2,−1, 0, 1, 2, . . ..

We performed the numerical simulations for the steps h =
0.025 and τ = 0.005, respectively, and for two different ξ : 10
and 20. We have also checked the stability of the results with
respect to decrease of the steps. Fixed boundary conditions
were used.

In the kink-antikink collisions there is a critical value of the
initial velocity, vcr, which separates two different regimes of
the collisions. At the initial velocities above the critical value,
vin > vcr, the DSG kinks pass through each other and escape
to infinities after one collision, see Fig. 5a. At vin < vcr one
observes the kinks’ capture and formation of their long-living
bound state – a bion, see Fig. 5b. At the same time, in the
range vin < vcr the so-called “escape windows” have been
found. An escape window is a narrow interval of the initial
velocities, at which the kink and the antikink escape after
two, three, or more collisions, see Fig. 5c, d.

4.1 The R-dependence of the critical velocity

First of all, we found the dependence of the critical velocity
vcr on the parameter R. Our results are shown in Fig. 6. One
can see a series of peaks on the curve vcr(R), see also Table
1. Note that at this point we have some discrepancy with the
results of [64]. The authors of [64] report only one maximum
of the dependence vcr(R) at R ≈ 1. Probably it can be a
consequence of small amount of experimental points in [64].

From Fig. 6 one can see that the critical velocity turns
to zero at R = 0, which corresponds to the integrable sine-
Gordon model, see Eq. (20). Besides that, vcr decreases to
zero with increasing R at large R. Remind here, that the limit
R → +∞ also corresponds to the case of the integrable
sine-Gordon model, as one can see from Eq. (20). Therefore
it is quite natural that the critical velocity has a maximum at
some R and tends to zero at R → 0 and R → +∞. The
presence of a series of local maxima on the curve is an inter-
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Fig. 5 The space–time picture of the kink–antikink collisions at various initial velocities for R = 1. (The initial half-separation is ξ = 10 in these
simulations)

esting fact that is observed for the first time. Apparently we
can assume that one of the maxima is the main [probably,
R(max)

1 ], while the other ones appear due to some change of
the kink–antikink interaction in the collision process with
increasing R. At large values of R the DSG kink splits into
two sine-Gordon solitons. Therefore, we can assume that in
the DSG kink–antikink collision the four sine-Gordon soli-
tons interact pairwise. This transition from the simple colli-
sion of the DSG kinks to more complicated pairwise interac-
tion of the sine-Gordon solitons can lead, in particular, to the
non-monotonicity of the dependence vcr(R) at R > R(max)

1 .

4.2 Two oscillons in the final state

In the kink–antikink collisions below the critical velocity
we observed a phenomenon, which, to the best of our knowl-
edge, has not been reported for the double sine-Gordon model

before. At some initial velocities of the colliding kinks we
observed final configuration in the form of two escaping
oscillons. At the same time, at some initial velocities we
found formation of the configuration, which we can classify
as a bound state of two oscillons. In Fig. 7 we show some
typical scenarios of that kind.

For example, at the initial velocity vin = 0.1847 we
observe formation of a bound state of the kink and the
antikink (a bion), which then evolves into two oscillons.
These two oscillons are moving from each other, then stop,
and start moving back to the collision point. This repeats
several times, and after that the oscillons escape to infinities
with the final velocity vf ≈ 0.10, see Fig. 7a.

Formation of the bound state of oscillons and the escape
of oscillons are extremely sensitive to changes of the initial
velocity of the colliding kinks. For example, at the initial
velocity vin = 0.18467 the oscillons escape to infinities after
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0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5
0.00

0.04

0.08

0.12

0.16

0.20

0.24

vcr

R

Fig. 6 The critical velocity vcr as a function of the parameter R. (The
initial half-separation is ξ = 20 in these calculations)

Table 1 Positions of the local
maxima of the dependence
vcr(R), which is shown in Fig. 6

n R(max)
n vcr(R

(max)
n )

1 1.0 0.2409

2 2.1 0.1743

3 3.0 0.0296

4 3.5 0.0135

5 3.8 0.0081

6 4.0 0.0061

7 4.2 0.0047

fewer number of collisions, see Fig. 7b. The final velocity
of the escaping oscillons also differs substantially: at vin =
0.1847 we obtain vf ≈ 0.10 (Fig. 7a), while at vin = 0.18467
we have vf ≈ 0.03 (Fig. 7b), and at vin = 0.18470001 we
obtain vf ≈ 0.15 (Fig. 7c). At the initial velocity of the
colliding kinks vin = 0.18470003, Fig. 7d, the final velocity
of the escaping oscillons is vf ≈ 0.19.

In the kink–antikink collision at the initial velocity vin =
0.18472, Fig. 7e, we observe formation of two oscillons,
which are moving apart from each other, then approach and
collide. After that we have final configuration in the form of
the oscillating configuration of the type of bion at the origin.
Apparently this final configuration can be viewed as a bound
state of two oscillons, which oscillate around each other with
small amplitude.

At the initial velocity vin = 0.18473, Fig. 7f, we observe
even more complicated picture. The kinks collide, form a
bion, which, in turn, decays into two oscillons. These oscil-
lons escape at some distance and then collide again. After
that, for some time we observe the bound state of oscillons –
small amplitude oscillations of oscillons around each other.

Finally, the oscillons escape at some valuable distance, col-
lide for the last time, and escape to infinities with the final
velocities vf ≈ 0.07.

The obtained results show that in the DSG kink–antikink
scattering we found new phenomenon – formation of the pair
of oscillons, which can form a bound state or escape to spa-
tial infinities. Note that similar behaviour has been observed
recently in the collisions of kinks of another model with non-
polynomial potential [46,47].

5 Conclusion

We have studied the scattering of kinks of the double sine-
Gordon model. Several different parameterizations of this
model are known in the literature. We used the so-called R-
parameterization, in which the potential of the model depends
on the positive parameter R, see Eq. (19).

The scattering of the DSG kink and antikink looks as fol-
lows. There is a critical value of the initial velocity vcr such
that at vin > vcr the kinks pass through each other and then
escape to infinities. At vin < vcr one observes formation of a
bound state of the kinks – a bion. Besides that, at some narrow
intervals of the initial velocity (which are called “escape win-
dows”) from the range vin < vcr the kinks escape to infinities
after two or more collisions.

We have obtained the dependence of the critical velocity
vcr on the parameter R. The curve vcr(R) has several well-
seen local maxima, see Fig. 6 and Table 1. Note some discrep-
ancy between our results and the results of [64]. The authors
of [64] reported only one maximum of the curve vcr(R). This
could be a consequence of small number of experimental
points between R = 1.8 and R = 2.4 presented in [64].

Apart from the previously known bions and escape win-
dows, in the range vin < vcr in our numerical experiments
we observed a new phenomenon, which could be classified
as formation of a bound state of two oscillons, and their
escape in some cases. So at some initial velocities of the
colliding kinks, in the final state we observed two oscillons
escaping from the collision point. The time between the first
kinks impact and the beginning of the oscillons escaping can
be rather big. The field evolution during this time is quite
complicated. First, we observe formation of a bion. After
a short time, this bion evolves into a configuration, which
can be identified as a bound state of two oscillons oscillat-
ing around each other. The amplitude of these oscillations
can vary substantially. After that the oscillons either remain
bound or escape to spatial infinities, depending on the initial
velocity of the colliding kinks. It is interesting that forma-
tion of a bound state of two oscillons, as well as escape of
oscillons, has been found recently in the collisions of kinks
of the sinh-deformed ϕ4 model [46,47]. We think that this
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Fig. 7 Kink–antikink collisions at various initial velocities (R = 1, ξ = 10) and escape of oscillons
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new phenomenon can be a part of new interesting physics
within a wide class of non-linear models.

We can assume that the escape of oscillons is a kind of
resonance phenomena, i.e. it is a consequence of the resonant
energy exchange between oscillon’s kinetic energy and its
internal vibrational degree(s) of freedom. A detailed study
of such exchange could be a subject of future work.

In conclusion, we would like to mention several issues
that we think could become a subject of future study.

– First, it would be interesting to explain the behaviour of
the dependence vcr(R) with a series of local maxima.
This non-monotonicity could be a consequence of the
kink’s shape changing with increasing of the parame-
ter R. So at large R’s the interaction of the DSG kinks
could be reduced to pairwise interaction of the subkinks,
which are the sine-Gordon solitons separated by the dis-
tance 2R. Note that the authors of [26] observed the
non-monotonic dependence of vcr on the model parame-
ter in the parametrically modified ϕ6 model. In order to
explain the phenomenon, they applied the collective coor-
dinate approach. We believe that similar analysis could be
applied to the double sine-Gordon kink-antikink system.

– Second, the oscillons escape in the final state, as well
as formation of a bound state of two oscillons, are new
interesting phenomena, which have to be explained qual-
itatively and probably quantitatively.

– Third, it would be very interesting to study multikink
collisions within the DSG model in the spirit of [42].
Due to complex internal structure of the DSG kinks, the
multikink collisions could result in a rich variety of new
phenomena.

Answers to these questions would substantially improve
our understanding of the DSG kinks dynamics.
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