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Abstract We embed μ − τ reflection symmetry into the
minimal seesaw formalism, where two right-handed neutri-
nos are added to the Standard Model of particle physics.
Assuming that both the left- and right-handed neutrino fields
transform under μ − τ reflection symmetry, we obtain the
required forms of the neutrino Dirac mass matrix and the
Majorana mass matrix for the right-handed neutrinos. To
investigate the neutrino phenomenology at low energies, we
first consider the breaking of μ − τ reflection symmetry due
to the renormalization group running, and then systemati-
cally study various breaking schemes by introducing explicit
breaking terms at high energies.

1 Introduction

Over past two decades, phenomenal neutrino oscillation
experiments have established the formalism of three fla-
vor neutrino oscillations and determined two mass squared
differences and three mixing angles. At present, unknowns
in neutrino oscillation physics are: the neutrino mass hier-
archy, i.e., whether neutrinos obey normal hierarchy (NH,
m1 < m2 < m3 with mi ’s being neutrino masses) or
inverted hierarchy (IH, m3 < m1 ∼ m2); the octant of atmo-
spheric mixing angle θ23, and the determination of Dirac
CP-violating phase δ.1 Were neutrinos the Majorana parti-
cles, there would then exist two additional Majorana phases,
which do not affect neutrino oscillation probabilities but
can be probed by the neutrinoless double beta-decay (0νββ)
experiments [4].

In the Standard Model (SM) of particle physics neutri-
nos are massless. One economical way to incorporate non-

1 Current experimental data tend to favor δ ∼ −90◦ [1–3].
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zero neutrino masses is to add two right-handed neutrinos
to the SM and allow lepton number violation,2 resulting
in the so-called minimal seesaw scenario (see Ref. [5] for
a review) within the context of the Type-I seesaw mech-
anism [6–10]. Integrating out the heavy right-handed neu-
trino fields results in the light neutrino mass matrix Mν as
Mν ≈ −MDM

−1
R MT

D . In this minimal seesaw set-up, MD is
the (3 × 2) neutrino Dirac mass matrix whereas MR is the
(2×2) Majorana mass matrix for the right-handed neutrinos.
In the basis where the charged lepton Yukawa matrix Yl is
diagonal, diagonalizing the light neutrino mass matrix Mν

then leads to the lepton mixing matrix, which is found to be
sharply different from the quark mixing matrix. Namely, the
former is highly non-diagonal while the latter almost diag-
onal. To explain the peculiar patterns in the lepton mixing
matrix, various flavor symmetry models have been consid-
ered, e.g., in Refs. [11–15].

In this work we focus on the so-called μ − τ reflection
symmetry, firstly proposed among the left-handed neutrino
fields in Ref. [16]. Specifically, one imposes the following
transformations on the left-handed neutrino fields,

νL ,e ↔ νcL ,e, νL ,μ ↔ νcL ,τ , νL ,τ ↔ νcL ,μ, (1)

where νL ,α’s (for α = e, μ, τ ) are the left-handed neutrino
fields in the flavor basis, and νcL ,α’s are the corresponding
charge-conjugated fields. Such transformations then lead to
four relations among the entries of the light neutrino mass
matrix Mν , i.e.,

(Mν)ee = (Mν)
∗
ee, (Mν)μτ = (Mν)

∗
μτ ,

(Mν)eμ = (Mν)
∗
eτ , (Mν)μμ = (Mν)

∗
ττ , (2)

and therefore yield the predictions: the maximal atmospheric
mixing angle θ23, i.e., θ23 = 45◦; the values of ±90◦ for the

2 At least two right-handed neutrinos are required to explain the
observed two mass squared differences of three active neutrinos.
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Dirac phase δ; and trivial values for the Majorana phases with
non-zero 1–3 mixing angle, θ13. As the lepton mixing angles
θ12 and θ13 are not specified by the symmetry, the μ − τ

reflection symmetry is compatible with current experimental
data, and thus recently receives a lot of attention, e.g., see
Refs. [17–33] for the latest review. We note that in the litera-
ture there exists a similar but different μ−τ flavor symmetry,
i.e., the μ−τ permutation symmetry [34–42], which predicts
zero θ13.

Other than assigning the μ − τ reflection symmetry only
to the left-handed neutrino fields, in this work we apply the
same symmetry to the right-handed neutrino fields as well.
Consequently, both the neutrino Dirac mass matrix MD and
the Majorana mass matrix MR need to satisfy certain relations
among their entries. While the resultant light neutrino mass
matrix Mν still obeys the relations given in Eq. (2), the μ−τ

reflection symmetry is now embedded in the minimal seesaw
formalism, and both the left- and right-handed neutrinos are
treated on the same footing. Similar ideas have been studied
for the μ − τ permutation symmetry [43,44], while for the
μ − τ reflection symmetry a detailed study on the scenario
as ours is still missing.3 Some recent studies on the minimal
seesaw model can be found in Refs. [48–62].

In this paper we investigate the implications of the
above embedding on neutrino phenomenology at low ener-
gies, while the possible discussions on the ultraviolet (UV)
aspects, such as explaining the baryon asymmetry via lepto-
genesis [63] deferred to the future work. For the low energy
neutrino phenomenology, since the resultant light neutrino
mass matrix Mν in Eq. (10) still preserves the usual μ − τ

reflection symmetry, one may conclude that there is no new
prediction in this seesaw embedded setup. However, we want
to point out here at least two deserving issues which need
careful scrutiny. The first one is to study the breaking of
μ − τ reflection symmetry due to the renormalization group
(RG) running. As now we impose the μ − τ reflection sym-
metry above the seesaw mass thresholds, an investigation on
the RG-running effects is then inevitable in order to confront
with the current global-fit of neutrino oscillation data [1–3]
at low energies. Secondly, although the latest experimental
data of T2K [64] and NOνA [65] are in good agreement with
the predictions of the exact μ−τ reflection symmetry,4 there
still exist large uncertainties in the measurement of θ23. For
instance, the best-fit values of θ23 for the lower and higher
octants are 43.6◦ and 48.3◦ in Ref. [65], respectively. Thus,
it is tenacious to believe the exactness of μ − τ reflection
symmetry, especially that there may exist large discrepancies

3 Recently, there also exist several works of discussing the μ − τ fla-
vor symmetry in the minimal seesaw setup [30,45–47], however, the
considered forms of MD and MR are different from ours.
4 We note that the rejection of maximal mixing in θ23 has moved from
2.6σ [66] to 0.8σ [65].

when upcoming experimental data will be included. There-
fore, it is also worthwhile to study how we can perturb such
an exact μ− τ reflection symmetry, so that remarkable devi-
ations can be observed in the lepton mixing parameters.

We organize our paper as follows. In Sect. 2, we introduce
the μ − τ reflection symmetry transformations to the left-
and right-handed neutrino fields, and discuss the required
forms of MD and MR . In Sect. 3, we proceed to discuss
the breaking of μ − τ reflection symmetry due to the RG
running, followed by the systematic investigation on all the
possible explicit breaking patterns of MD and MR in Sect. 4.
Finally, we summarize our findings in Sect. 5. Details of
derivations, explanations and numerical results are relegated
to the Appendices.

2 μ − τ reflection symmetry embedded in minimal
seesaw

In the minimal seesaw formalism, two right-handed neutri-
nos, collectively denoted as NR = (NμR, Nτ R)T in the flavor
basis, is added to the SM. The relevant Lagrangian contain-
ing the neutrino Yukawa matrix and the Majorana mass term
for the right-handed neutrinos are given by

−L ⊃ 	L YνNR ˜H + 1

2
Nc
RMRNR + h.c., (3)

where 	L is the lepton doublet in the SM, Yν stands for the
neutrino Yukawa matrix, and ˜H = iσ2H∗ with H denoting
the SM Higgs field. After the Higgs field acquiring its vacuum
expectation value, i.e., v = 〈H〉 ≈ 174 GeV, we obtain
the neutrino Dirac mass term as νLMDNR + h.c., where
MD = vYν is the neutrino Dirac mass matrix, and νL =
(νeL , νμL , ντ L)T stands for the left-handed neutrino fields in
the flavor basis.

To embed the μ− τ reflection symmetry into the minimal
seesaw formalism, we first propose the following transfor-
mations for the left- and right-handed neutrino fields,

νL → SνcL , NR → S′Nc
R (4)

where νcL = CνL
T and Nc

R = CNR
T

are the charge-
conjugated fields of νL and NR , respectively, and the trans-
formation matrices S and S′ are given by

S =
(

1 0
0 S′

)

, S′ =
(

0 1
1 0

)

. (5)

Applying the above transformations to the mass terms of
neutrinos yields
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− L = νcL SMDS
′Nc

R + Nc
RS

′M†
DSνcL

+1

2

(

NRS
′MRS

′Nc
R + Nc

RS
′M∗

RS
′NR

)

,

= νL SM
∗
DS

′NR + NRS
′MT

DSνL

+1

2

(

Nc
RS

′M∗
RS

′NR + NRS
′MRS

′Nc
R

)

. (6)

Then, if the neutrino mass terms MD and MR obey the fol-
lowing relations,

MD = SM∗
DS

′, MR = S′M∗
RS

′, (7)

we state that MD and MR are invariant under the transfor-
mations given in Eq. (4), or, μ − τ reflection symmetry is
embedded in both MD and MR .

Without loss of generality, the μ− τ reflection symmetric
limit of MD and MR can be parameterized as,

MD =
⎛

⎝

b b∗
c d
d∗ c∗

⎞

⎠ =
⎛

⎝

|b|eiφb |b|e−iφb

|c|eiφc |d|eiφd
|d|e−iφd |c|e−iφc

⎞

⎠ , (8)

MR =
(

m22 m23

m23 m∗
22

)

=
(|m22|eiφm m23

m23 |m22|e−iφm

)

, (9)

where the phases and m23 are all real. According to the see-
saw mass formula, we then obtain the mass matrix Mν for
the light neutrinos as,

− Mν = MDM
−1
R MT

D =
⎛

⎝

A B B∗
B C D
B∗ D C∗

⎞

⎠ , (10)

with the parameters A, B,C and D given by

A = 2|b|2 [−m′
23 + m′

22 cos(2φb − φm)
]

,

B = |b|
[

(|c|ei(φb+φc−φm ) + |d|ei(φd−φb+φm ))m′
22

−(|c|ei(φc−φb) + |d|ei(φb+φd ))m′
23

]

,

C =
(

|c|2ei(2φc−φm ) + |d|2ei(2φd+φm )
)

m′
22

−2|c||d|m′
23e

i(φc+φd ),

D = −(|c|2+|d|2)m′
23+2|c||d|m′

22 cos(φc−φd − φm).

(11)

Herem′
23 = m23/(|m22|2−m2

23) andm′
22 = |m22|/(|m22|2−

m2
23). We note that the parameters A and D in Mν are real,

and Mν preserves the usual μ − τ reflection symmetry in
Eq. (2).

The light neutrino mass matrix Mν can be diagonalized
as Mν = Vmd

νV
T , where md

ν = diag{m1,m2,m3} is the
diagonalized neutrino mass matrix. In the standard PDG [67]
parameterization, the unitary matrix V can be decomposed
as

V = Pl

⎛

⎝

c12c13 s12c13 s13e−iδ

−s12c23 − c12s13s23eiδ c12c23 − s12s13s23eiδ c13s23

s12s23 − c12s13c23eiδ −c12s23 − s12s13c23eiδ c13c23

⎞

⎠ Pν ,

(12)

where ci j (si j ) (for j = 12, 23, 13) stands for cos θi j (sin θi j ),
Pl = diag{eiφe , eiφμ, eiφτ } contains three unphysical phases
which can be absorbed by the rephasing of charged lepton
fields, and finally Pν = diag{eiρ, eiσ , 1} is the Majorana
phase matrix.

Given the form of Mν , there exist six predictions for the
mixing angles and phases introduced above, namely,

φe = 90◦, φμ ≡ −φτ = φ, θ23 = 45◦,
δ = ±90◦, ρ, σ = 0 or 90◦. (13)

A detailed derivation of these predictions is given in
Appendix A. Note that in the minimal seesaw framework
the lightest neutrino is always massless, and consequently
one can always remove one of the Majorana phases. Here we
take ρ to be absent.

As the μ − τ reflection symmetry does not specify the
values of θ12 and θ13, we proceed to express θ12 and θ13 as
follows,

tan θ13 = ∓ 1√
2

Im
(

C ′)

Im (B ′)
,

tan 2θ12

=

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

2
√

2 cos 2θ13Im
(

B ′)

c13
[

(Re(C ′) − D) cos 2θ13 − (Re(C ′) + D)s2
13 + Ac2

13

] ; for NH

2
√

2Im
(

B ′) s2
13

c13
[

Re(C ′)(1 + s2
13) + Dc2

13

] ; for IH

(14)

whereC ′ = Ce−2iφ, B ′ = Be−iφ and the “∓” sign in tan θ13

is for δ = ±90◦. Lastly, for the light neutrino masses we have

m1 = 0, m2e
2iσ = 2

√
2Im(B ′)

c13 sin 2θ12
,

m3 = A + 2D + 2
√

2Im(B ′)
c13 sin 2θ12

, (15)

for the NH case, while in IH the neutrino masses turn out to
be

m1 = D − A

2
−

√
2Im(B ′)

c13 sin 2θ12
,

m2e
2iσ = −D − A

2
+

√
2Im(B ′)

c13 sin 2θ12
, m3 = 0. (16)

We notice that in both NH and IH there exists a relation
among neutrino masses, i.e.,

−m1 − m2e
2iσ + m3 = A + 2D. (17)

Having introduced the μ−τ reflection symmetry in the min-
imal seesaw formalism, in the subsequent sections we study
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the breaking of such a symmetry and its impact on neutrino
oscillation parameters at low energies.

3 Breaking due to renormalization group running

We start with the investigation on the breaking of μ − τ

reflection symmetry due to the RG running. As one possible
ultraviolet extension of the SM, the minimal supersymmetric
standard model (MSSM) is taken to be our theoretical frame-
work at high energies.5 Within MSSM, the neutrino Yukawa
coupling in Eq. (3) needs to be modified toνLYνNRHu , where
Hu is the Higgs field that also couples to the up-quark sec-
tor. When Hu picking up the vacuum expectation value, i.e.,
〈Hu〉 = vu = v sin β, the neutrino Dirac mass matrix MD

becomes as MD = v sin βYν . Moreover, we take the scale
of grand unified theories (GUTs) (�GUT) as the high energy
boundary scale, at which the μ − τ reflection symmetry is
viewed to be exact in Yν (or MD) and MR .

The RG running towards low energies can then be divided
into three stages. The first stage of running starts from the
GUT scale and ends at the mass threshold of the heavier right-
handed neutrino N2, schematically, �GUT → M2. The one-
loop RG equations of relevant Yukawa and mass matrices are
given by [68–70]

dYl
dt

=
(

αl + 3YlY
†
l + YνY

†
ν

)

Yl , (18)

dYν

dt
=
(

αν + YlY
†
l + 3YνY

†
ν

)

Yν, (19)

dMR

dt
= 2

[

MR

(

Y †
ν Yν

)

+
(

Y †
ν Yν

)T
MR

]

, (20)

where t = ln(μ/�GUT)/(16π2) with μ being the renormal-
ization scale, and the flavor-independent parameters αl and
αν are defined as

αl ≡ Tr(3YdY
†
d + YlY

†
l ) −

(

9

5
g2

1 + 3g2
2

)

, (21)

αν ≡ Tr(3YuY
†
u + YνY

†
ν ) −

(

3

5
g2

1 + 3g2
2

)

. (22)

In the above Yu , Yd and Yl are the up-quark, down-quark
and charged-lepton Yukawa matrices, respectively. We note
that unlike the RG running below the seesaw threshold, the
charged-lepton Yukawa matrixYl now could be non-diagonal
due to the term of YνY †

ν , even if it were diagonal at the
high energy boundary. As a result, when extracting the lep-
ton mixing parameters above the seesaw threshold, one also
needs to take into account the corrections from Yl . The light
neutrino mass matrix at this stage of running is given by

5 We here do not consider the RG running in the SM, as in general the
running effects in the SM are weaker than those in MSSM [68].

M (2)
ν = −v2 sin2 β YνM

−1
R Y T

ν , and the RG running of M (2)
ν

is found to be [68–70]

dM (2)
ν

dt
= 2ανM

(2)
ν +

(

YlY
†
l + YνY

†
ν

)

M (2)
ν

+M (2)
ν

(

YlY
†
l + YνY

†
ν

)T
. (23)

Similar to Yl , the evolution of M (2)
ν now also involves the

contribution from the neutrino Yukawa matrix Yν .
When the renormalization scale is below the mass thresh-

old of N2, the second stage of running starts and it ends at
the mass threshold of N1, i.e., M2 → M1. At the matching
scale μ = M2, the light neutrino mass matrix is given by

M (1)
ν = −v2 sin2 β

(

̂Yν
̂M−1
R
̂Y T

ν + ˜YνM
−1
2
˜Y T

ν

)

, (24)

where ̂Yν and ̂MR are the Yν and MR with the entries corre-
sponding to N2 removed, while˜Yν is the column correspond-
ing to N2 in Yν . Specifically, ̂Yν(μ = M2) and ˜Yν(μ = M2)

are the first and second columns of Yν(μ = M2), respec-
tively, and ̂MR(μ = M2) is the (11) entry of MR(μ = M2).
Below μ = M2, the one-loop running of Yl , Yν , MR and Mν

is still formally dictated by Eqs. (18, 19, 20, 23), except that
we replace Yν and MR by ̂Yν and ̂MR .

The final stage of RG running starts from the mass thresh-
old of N1 and stops at a chosen low energy scale. Here we take
the low energy scale to be the electroweak scale �EW. This
stage of RG running is below the seesaw threshold, and its
impact on the lepton mixing parameters has been extensively
discussed in the literature, e.g., Refs. [68–71]. In particular,
the breaking of μ−τ reflection symmetry due to this stage of
RG running is investigated in Refs. [28,72]. To save space,
we then would not elaborate more on this stage of running.

With the above RG equations, in principle one can investi-
gate the breaking of μ−τ reflection symmetry due to the RG
running analytically, as was done in Ref. [73] for the littlest
seesaw scenario. However, in the current setup all entries of
Yν are non-zero, so that an analytical study turns out to be
formidable. We then choose to study this issue numerically. In
the numerical study, we set tan β = 30, and the high and low
energy boundary scales are taken to be�GUT = 2×1016 GeV
and �EW = 1 TeV, respectively. We also study the cases
considering tan β < 30, and as the modifications on mixing
parameters are quite small we do not include those results
here. The gauge couplings and various Yukawa couplings at
�GUT are taken to be the default values in the numerical RG
running package REAP [69], although MD (or Yν) and MR

are set to be the forms given in Eqs. (8) and (9), respectively.
Our numerical strategy is to scan all the parameters in Yν

and MR at high energies, and seek the allowed parameter
space that yields lepton mixing parameters compatible with
current experimental data at low energies. The varied ranges
of parameters at the high energy boundary are as follows,
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Fig. 1 Predictions of RGE running in NH under the framework of MSSM with tan β = 30

|b|, |c|, |d| ∈ [0, 1] v,

(MR)22,23 ∈ [1012, 1015] GeV, φb,c,d,M ∈ [0, 2π). (25)

To guide the parameter scan, we employ the nested sam-
pling packageMultinest [74–76], with a χ2 function built
based on the latest global fit results [3]. Details about the χ2

function can be found in Appendix B.
In Fig. 1 we show the numerical result for the NH case. The

black scatter points have χ2 < 30, and the best-fit (BF) point
that has the minimal value of χ2, denoted as χ2

min, is shown in
red. In this NH case, we obtain χ2

min = 19.34 for the BF point.
In the M2 vs. M1 plot of Fig. 1, we display the spread of two
mass thresholds M1,2 for the right-handed neutrinos. It can
be seen that M1 and M2 are quite to close each other and both
of the order of 1014 GeV. One possible explanation for such
closeness of M1 and M2 is that the entries in two columns of
Yν are related by the μ − τ reflection symmetry, particularly
due to the symmetry transformation on NR . Therefore, no
large hierarchy exists between the two columns of Yν , and
then in order to yield mild hierarchy in the light neutrino
mass matrix, the entries in MR also tend to be close to each
other, resulting in similar values of M1 and M2. Because of
the closeness of M1 and M2, the second stage of RG running
between two mass thresholds turns out to be insignificant,
and thus we focus on the first and third stages of running in
the following.

For the convenience of quantifying the RG running effects,
we introduce the quantities of �xLH, �xLT and �xTH in

the rest plots of Fig. 1. Here x stands for the lepton mix-
ing angles and phases, and we define �xLH as the differ-
ence of the mixing parameter x at the low and high energy
scales, i.e., �xLH ≡ x(�EW)−x(�GUT). Similarly, we have
�xLT ≡ x(�EW)− x(M2) and �xTH ≡ x(M2)− x(�GUT).
To compare the RG running effects between the first and third
stages of running, in the y-axis of these plots we show the
absolute values of the ratios of �xLT/�xTH. By inspecting
Fig. 1, we then observe:

• In this NH case all�xLH’s (shown as the x-axis) are rather
small, indicating the mixing angles and phases receive
small deviations from the RG running. The small devia-
tions at the third stage of RG running are expected, as it is
known that in NH the RG running of mixing angles and
phases are insignificant below the seesaw threshold [68–
70]. For the first stage of running, the corrections to M (2)

ν

are at the order of ln(�GUT/M2)/(16π2) ∼ 0.03, assum-
ing Yν to be of O(1). Therefore, in the NH case the con-
tributions from the first stage of running are also small.

• Regarding the relative contributions between the first and
third stages of running, we notice that for the Dirac phase
δ, the third stage of running tends to yield larger devia-
tions than the first stage, as |�xLT/�xTH| > 1 for most of
scatter points. However, for the three mixing angles and
the Majorana phase σ , the first stage of running turns out
to be more important than, or as important as, the first
stage. It then demonstrates that in this seesaw embedded
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Fig. 2 The detailed RGE running of mixing parameters for the best-fit
scenarios in NH (left) and IH (middle), and an alternative scenario in IH
(right). Dashed vertical lines denote the locations of the mass thresholds

of N1 and N2, and the red arrow indicates the scale where the two light
neutrino masses become degenerate. Note that the Majorana phase σ is
taken to be within [0, π) by convention

setup, the RG running effects above the seesaw threshold
can be comparable with that below the seesaw threshold.

• As for the breaking of μ − τ reflection symmetry, θ23 at
low energies tends to be always larger than 45◦, while δ

and σ can receive either positive or negative deviations
from RG running. The correlation between the positive
deviation of θ23 and NH is in agreement with the previous
RG running studies below the seesaw threshold [77,78].

To have better feeling of the RG running in this NH case, in
the left three plots of Fig. 2 we show the detailed RG running
of the mixing angles, phases and neutrino masses for the
BF point. One can easily see that the two mass thresholds,
indicated by the dashed vertical lines, are quite close to each
other, and the running of mixing angle and phases are indeed
not appreciable. However, significant running is observed for
the neutrino masses, and because there exist contributions
from Yν in αν during the first stage of running, RG running
at the first stage is more dramatic than the third stage.

We next turn to the IH case, and the corresponding numer-
ical results are shown in Fig. 3. We find that in IH it becomes

harder to search for the scatter points that have small val-
ues of χ2. Thus, here we show the scatter points that satisfy
χ2 < 80, and the BF point has χ2

min = 41.75. The detailed
RG running of mixing parameters for the BF point is shown
in the middle three plots of Fig. 2. By inspecting plots in
Fig. 3, we first observe that M1 and M2 are also close to each
other, as in the NH case. The running of the three mixing
angles is again quite mild, except that in θ12 there exists a
branch of scatter points that can have deviations as large as
30◦. To have better understanding of such large deviations in
θ12, in the right three plots of Fig. 2 we present the detailed
RG running for the scatter point that has the least value of
χ2 (χ2

min = 51.3) in that branch of scatter points. One then
identifies a sharp decline in θ12 during the first stage of run-
ning. Such a decline can be traced to the potential crossing
of neutrino masses when μ ∼ 5 × 1015 GeV (red arrow). As
interchanging the order of eigenvalues would lead to a 90◦
rotation in the mixing angle, it also explains why the sum of
the values of θ12 before and after the decline is around 90◦.
From the running plot of δ, such interchange of eigenvalues
seems to induce a 180◦ change in δ as well.
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Fig. 3 Predictions of RGE running in IH under the framework of MSSM with tan β = 30

As for the Majorana phase σ , from Fig. 3 we notice that
the running of σ is also quite mild in this IH case. Moreover,
we find that the obtained values of σ ’s for the scatter points
shown here are all around 90◦. Although σ = 0 is also pre-
dicted by the μ − τ reflection symmetry, having σ = 0 at
the high energy boundary would lead to dramatic running in
θ12. This can be seen from the following RG equation for θ12

below the seesaw threshold [68–71,79],

dθ12

dt
∝ sin 2θ12 sin2 θ23

|m1 + m2e2iσ |2
�m2

21

+ O(θ13). (26)

If σ ∼ 0, there then exists an enhancement factor of (m1 +
m2)/�m2

21. Such dramatic running of θ12 would hinder the
sampling program to map out the allowed parameter space
corresponding to σ ∼ 0 at high energies. In contrast, if σ ∼
90◦ and because m1 ∼ m2 in IH, the combination of |m1 +
m2e2iσ | becomes vanishingly small. This also explains why
even in IH the running of θ12 is still insignificant.

Lastly, we point out that in this IH case θ23 tends to be
smaller than 45◦ at low energy. As in the NH case, this
observed correlation between the negative deviation of θ23

and IH is in agreement with the previous RG running studies
below the seesaw threshold [77,78].

In Appendix D we present the numerical values of the
neutrino Yukawa matrices and the Majorana mass matrices
for the right-handed neutrinos at �GUT for the three scenarios
shown in Fig. 2. The lepton mixing parameters at various
energy scales are also shown.

4 Breaking μ − τ reflection symmetry in MD and MR

From the previous RG running study we notice that in both
NH and IH the breaking effects due to the RG running are
quite mild. For instance, the deviations in θ23 are only around
one degree. Although such small deviations are in compatible
with current experimental data, it may become necessary to
consider large deviations when more accurate data will be
included. In this section, we set out to discuss the breaking
of μ−τ reflection symmetry in the low energy neutrino mass
matrix by introducing explicit breaking terms in the neutrino
Dirac mass matrix MD and the Majorana mass matrix MR

for the right-handed neutrinos. As the RG running effects are
found to be mild, for simplicity we choose to ignore them in
the following discussion.

4.1 Breaking μ − τ reflection symmetry in MD

We start with assigning an explicit breaking term in the (12)

position of MD , so that the neutrino Dirac mass matrix M ′
D

after breaking is given by

S1 : M ′
D =

⎛

⎝

b b∗(1 + ε)

c d
d∗ c∗

⎞

⎠ , (27)

where ε is a small breaking parameter, taken to be real for
simplicity. We name this breaking scenario as S1. The above
M ′

D leads to a new mass matrix M ′
ν for the light neutrinos,

and the difference between M ′
ν and Mν is given by
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Table 1 Corrections to neutrino masses and lepton mixing angles
according to the three breaking patterns in MD . For simplicity, we
assume that all entries in �Mν are real, and only the leading order cor-

rections in terms of ε, θ13 and ζ = m2/m3 (ξ = �m2
21/m

2
2) for NH (IH)

are kept. Short-hand notations of ̂A(23) ≡ ̂A2 + ̂A3, ̂A[23] ≡ ̂A2 − ̂A3,
̂A(23φ) ≡ ̂A3 cos 2φ + ̂A2 and ̂A[23φ] ≡ ̂A3 cos 2φ − ̂A2 are adopted

NH IH

S1 : MD =
⎛

⎝

b b∗(1 + ε)

c d
d∗ c∗

⎞

⎠ �m1 0 εB12

[

2̂A1c2
12 − √

2̂A(23)s12c12 sin φ
]

�m2 εB12

[

2̂A1s2
12 + √

2̂A(23)s12c12 sin φ
]

εB12

[

2̂A1s2
12 + √

2̂A(23)s12c12 sin φ
]

�m3
√

2εθ13B12̂A(23) cos φ 0

�Mν � εB12

⎛

⎜

⎝

2̂A1 ̂A2 ̂A3

̂A2 0 0

̂A3 0 0

⎞

⎟

⎠
�θ12

εB12
2m3ζ

[

̂A1 sin 2θ12 + √
2̂A(23) cos 2θ12 sin φ

]

εB12
m2ξ

[

2̂A1 sin 2θ12 + √
2̂A(23) cos 2θ12 sin φ

]

�θ13
εB12√

2m3

̂A(23) cos φ − εB12√
2m2

̂A(23) cos φ

�θ23
εB12√

2m3
θ13̂A[23] cos φ εB12√

2m2
θ13̂A[23] cos φ

S2 : MD =
⎛

⎝

b b∗
c d(1 + ε)

d∗ c∗

⎞

⎠ �m1 0 −εB22

[

̂A[23φ]s2
12 + √

2̂A1s12c12 sin φ
]

�m2 −εB22

[

̂A[23φ]c2
12 − √

2̂A1s12c12 sin φ
]

−εB22

[

̂A[23φ]s2
12 − √

2̂A1s12c12 sin φ
]

�m3 εB22̂A(23φ) 0

�Mν � εB22

⎛

⎜

⎝

0 ̂A1 0

̂A1 2̂A3 ̂A2

0 ̂A2 0

⎞

⎟

⎠
�θ12

εB22
2m3ζ

[

̂A[23φ] sin 2θ12 + √
2̂A1 cos 2θ12 sin φ

]

εB22
m2ξ

[

̂A[23φ] sin 2θ12 + √
2̂A1 sin φ cos 2θ12

]

�θ13
εB22√

2m3

̂A1 cos φ − εB22√
2m2

̂A1 cos φ

�θ23 − εB22
m3

̂A3 cos 2φ εB22
m2

̂A3 cos 2φ

S3 : MD =
⎛

⎝

b b∗
c d
d∗ c∗(1 + ε)

⎞

⎠ �m1 0 −εB32

[

̂A[23φ]s2
12 + √

2̂A1s12c12 sin φ
]

�m2 −εB32

[

̂A[23φ]c2
12 − √

2̂A1s12c12 sin φ
]

−εB32

[

̂A[23φ]c2
12 − √

2̂A1s12c12 sin φ
]

�m3 εB32̂A(23φ) 0

�Mν � εB32

⎛

⎜

⎝

0 0 ̂A1

0 0 ̂A2

̂A1 ̂A2 2̂A3

⎞

⎟

⎠
�θ12

εB32
2m3ζ

[

̂A[23φ] sin 2θ12 + √
2̂A1 sin φ cos 2θ12

]

εB32
m2ξ

[

̂A[23φ] sin 2θ12 + √
2̂A1 sin φ cos 2θ12

]

�θ13
εB32√

2m3

̂A1 cos φ − εB32√
2m2

̂A1 cos φ

�θ23 − εB32
m3

̂A3 cos 2φ − εB32
m2

̂A3 cos 2φ

�Mν ≡ M ′
ν − Mν = εB12

⎛

⎝

2̂A1 ̂A2 ̂A3
̂A2 0 0
̂A3 0 0

⎞

⎠+ O(ε2)

(28)

where B12 = b∗/det(MR), and ̂Ai ’s are defined as

̂A1 = b∗m22 − bm23, ̂A2 = dm22 − cm23,

̂A3 = c∗m22 − d∗m23. (29)

To evaluate the impact of the above breaking on the neutrino
masses and lepton mixing angles, we diagonalize M ′

ν with the
mixing matrix V ′, which coincides with the mixing matrix
V when ε = 0. For simplicity, we consider the scenario in

which all entries of �Mν are real, and expand the deviations
of neutrino masses and lepton mixing angles in terms of small
parameters ε, θ13 and ζ = m2/m3 (ξ = �m2

21/m
2
2) for NH

(IH). In the top block of Table 1 we show the leading order
results for the deviations of neutrino masses �mi = m′

i −mi

(for i = 1, 2, 3) and the deviations of lepton mixing angles
�θi j = θ ′

i j − θi j (for i j = 12, 13, 23), where m′
i ’s and θ ′

i j ’s
are the neutrino masses and mixing angles after breaking. It
can be seen that in both NH and IH cases, because of the
factor θ13 in �θ23 and the factor 1/ζ ∼ 5 or 1/ξ ∼ 30
in �θ12, we have |�θ23| < |�θ13| < |�θ12| in general,
barring the cases that accidental cancellations exist among
̂Ai ’s. The suppression of �θ23 also indicates that even with
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the breaking term in the (12) position of MD , the predicted
θ23 after breaking is still quite close to 45◦.

Similarly, one can introduce breaking terms in the other
entries of MD . Without loss of generality, in the middle
and bottom blocks of Table 1 we show the results for the
other two breaking patterns in MD , namely, assigning break-
ing terms in the (22) and (32) positions of MD and result-
ing in the breaking scenarios of S2 and S3, respectively.
We notice that the deviations of the neutrino mass matrix
�Mν can also be expressed in terms of the parameters ̂Ai ’s,
except that the overall breaking parameters are modified to
be B22 = b/det(MR) and B32 = c∗/det(MR) for S2 and S3,
respectively. We also observe that the analytic expressions
for �θi j ’s and mi ’s in S2 and S3 are quite similar, and in
both scenarios there is no suppression factor of θ13 in �θ23.
As a result, one may expect larger deviation in θ23 in S2 and
S3 than that in S1. Thus, the last two breaking patterns may
be distinguishable from the first one via the future precision
measurement of θ23.

Having discussed some analytical results for the three
breaking patterns in MD , we next turn to the detailed numer-
ical analysis. On the one hand, the numerical analysis would
extend the analysis to the scenarios where the entries in �Mν

are not all real. On the other hand, we can also obtain the
deviations on the Dirac CP-violating phase δ and the Majo-
rana phases, which are not easy to obtain analytically. In the
numerical analysis, for each breaking pattern we treat all the
parameters in M ′

D and MR as free parameters, and vary them
within the same ranges as in the previous RG running study.
For the breaking parameter ε, we vary it as ε ∈ [−1, 1]. The
packageMultinest is again employed to guide the param-
eter scan, and the same χ2 function as before is utilized.

In Fig. 4 we show the numerical results in the case of
NH for the three breaking patterns discussed above, i.e., S1
(left), S2 (middle) and S3 (right). Black/gray points have
χ2 < 30, and the red point in each case still denotes the best-
fit scenario. For S1, S2 and S3, we obtain χ2

min = 9.75, 0.03
and 0.58, respectively. Moreover, we only show the results
that have δ′ < 0 in S2 and S3, as the results for δ′ > 0 are
quite similar except for a sign change in δ′. Lastly, we notice
that for S2 and S3 there exist two branches of predictions,
which are distinguished by black and gray points. From Fig. 4
we then observe:

• According to the top three plots, we find that �θ23 in
S1 is less than one degree, much smaller than that in
the other two breaking patterns. This numerical finding
agrees with the analytical results in Table 1, i.e., �θ23 is
suppressed by a factor of θ13 in S1.

• In all three breaking patterns we observe correlations
between θ ′

23 and δ′. For S1, a “oscillatory” pattern is
identified. In Refs. [80–82], a similar “oscillatory” cor-
relation between θ23 and δ was also obtained under the

assumption of partial μ− τ symmetry in the lepton mix-
ing matrix. However, the “oscillatory” pattern observed
here differs from that in Refs. [80–82] in �θ23, i.e., here
|�θ23| � 1◦ while |�θ23| � 5◦ in Refs. [80–82]. In
addition, in S1, �δ and �θ23 seem to have a negative
correlation when δ′ ∼ −90◦, and the deviation in δ′ is
much more dramatic than that in θ ′

23. δ′ can reach 0 or
±180◦, while θ23 only less than one degree away from
45◦. For S2 and S3, however, the differences between �δ

and �θ23 are less dramatic. In both scenarios there exist
two branches of predictions that �δ and �θ23 can have a
positive or negative correlation. In the case with positive
correlation δ′ and θ ′

23 deviate by almost the same amount,
while |�δ| is about three times larger than |�θ23| for the
case with negative correlation.

• From the plots in the second row of Fig. 4 we find that
|�θ12| is indeed larger than |�θ13| and |�θ23|, and it
can reach around 15◦ for all three breaking patterns. This
is also in agreement with the analytical results given in
Table 1. Moreover, the value of �δ12 ∼ −15◦ (5◦) indi-
cates that θ12 before breaking can be quite close to 45◦
(30◦), and this may have interesting implications in the
flavor model building with the exact μ − τ reflection
symmetry at high energies.

• Lastly, in the bottom row of Fig. 4 we show the results
for the total neutrino mass

∑

mν ≡ m1 + m2 + m3 and
mee after the breaking. Here mee is the (11) element of
M ′

ν , and it is responsible for the decay rates of neutri-
noless double beta-decay modes of various isotopes. As
expected, in NH we have m1 = 0 and then satisfying
the mass-squared differences from neutrino oscillation
experiments leads to

∑

mν ∼ 0.06 eV. Also, because of
NH and m1 = 0, the predicted mee is only a few meV’s.
Such small values of

∑

mν and mee would be hard to
probe by upcoming cosmological observations and 0νββ

experiments [83–88], respectively.

The numerical results for S1, S2 and S3 in the case of IH
are shown in Fig. 5. Because the deviation in θ12 now has an
enhancement factor of 1/ξ ∼ 30, the numerical program is
very sensitive to the initial value of θ12 before breaking, so
that locating the favored parameter space becomes challeng-
ing. The lowest values of χ2

min that we are able to obtain are
28.84, 25.75 and 26.19 for S1, S2 and S3, respectively, and
the corresponding scatter points are shown in red in Fig. 5.
Moreover, in order to show larger region of parameter space,
in this case of IH we require all scatter points (black) to sat-
isfy χ2 < 50. By inspecting the patterns in Fig. 5, we then
observe:

• In S1, θ ′
23 tends to be very close to 45◦, although the

BF point has a large deviation in θ23, which may origi-
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Fig. 4 Predictions of breaking patterns S1 (left), S2 (middle) and S3
(right) in NH. The scatter points that satisfy χ2 < 30 are presented by
black/gray points, among which the BF point is denoted in red. In S2

and S3 we only show the results that have δ′ < 0, and two branches of
predictions are distinguished by black and gray points

nate from some special combination in the input param-
eters. The obtained δ′, however, has a large spread in
[−180◦, 180◦). Regarding θ12 and θ13, the deviation in
θ13 is quite small in general, while for θ12 large deviations
of O(10◦) can be easily achieved.

• As for S2 and S3, the favored parameter space are almost
the same. Interestingly, in both scenarios it seems that δ′
and θ ′

23 exhibit similar oscillatory patterns as in the case
of S1 under NH. Unfortunately, it is analytically diffi-
cult to confirm if there indeed exist connections among
these scenarios, especially two different mass orderings
are involved. In contrast with S2 and S3 in NH, the
favored θ ′

23’s are now close to 45◦, while large spreads

are observed in δ′. On the other hand, the deviations in
θ13 are less than one degree in both scenarios, while, as
expected, θ12 can easily achieve O(10◦) deviations, due
to the enhancement factor of 1/ξ .

• Lastly, in the mee vs.
∑

mν plots we observe that for all
three breaking scenarios the obtained

∑

mν’s are close to
0.1 eV. This finding agrees with our expectation that with
m3 = 0 the other neutrino masses m1 and m2 need to be
m1,2 ∼ 0.05 eV so as to satisfy the currently measured
mass-squared differences. For mee, although there exist
some spread within [10, 50] meV, most of scatter points
are located around 15 meV. This is due to the fact that
even with breaking the favored σ ′’s after breaking are
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Fig. 5 Predictions of breaking patterns S1 (left), S2 (middle) and S3 (right) in IH. The scatter points that satisfy χ2 < 50 are presented by black
points, among which the BF point is denoted in red

also quite close to 90◦. As a result, mee can approximate
to mee ∼ m1 cos2 θ12 + e2iσm2 sin2 θ12 ∼ m1 cos2 θ12 −
m2 sin2 θ12, then with m1 ∼ m2 we have a significant
cancellation between the two terms in mee. Therefore,
comparing with the NH case, although now we can have
larger values of mee’s, the value of σ ′ ∼ 90◦ still results
in relatively small values of mee ∼ 15 meV. Such small
values of mee are close to the lower bound of mee in IH,
and thus future ton-scale 0νββ experiments are needed
in order to fully cover the favored parameter space.

So far we have focused on the breaking parameters reside
in the neutrino Dirac mass matrix MD . Next, we turn to the
breaking patterns in the Majorana mass matrix MR for the
right-handed neutrinos.

4.2 Breaking μ − τ reflection symmetry in MR

Without loss of generality, we consider two possible breaking
patterns in MR . The first breaking pattern arises when m33 =
m∗

22(1 + ε), resulting in the Majorana mass matrix M ′
R after

breaking as,

S4 : M ′
R =

(

m22 m23

m23 m∗
22(1 + ε)

)

, (30)

where we have named this breaking scenario as S4. To obtain
the other breaking pattern in MR , we exploit the fact that m23

needs to be real in the exact μ−τ reflection symmetric limit.
Assigning some non-zero phase inm23 then leads to the other
breaking scenario S5,
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Fig. 6 Predictions of breaking
patterns S4 (left) and S5 (right)
in NH. The scatter points that
satisfy χ2 < 30 are presented
by black points, among which
the BF point is denoted in red.
Note that in both scenarios only
the results that have δ′ < 0 are
shown
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S5 : M ′
R =

(

m22 m23eiεπ

m23eiεπ m∗
22

)

. (31)

Unlike the previous breaking patterns in MD , introducing
breaking effects in MR causes all entries in �Mν to be non-
zero. For example, for S4 the obtained �Mν is given by

�Mν � εBR
22

⎛

⎜

⎝

̂A2
1

̂A1̂A2 ̂A1̂A3

̂A1̂A2 ̂A2
2

̂A2̂A3

̂A1̂A3 ̂A2̂A3 ̂A2
3

⎞

⎟

⎠
, (32)

whereBR
22 is defined asBR

22 = m∗
22/ [det(MR)]2, and all ̂Ai ’s

are given in Eq. (29). With all non-zero entries in �Mν it is

difficult to investigate the breaking effects on neutrino masses
and lepton mixing angles analytically. Thus, we employ a
similar numerical analysis as the previous breaking scenar-
ios, and both the varied ranges of input parameters and the
defined χ2 function are kept to be the same.

In Fig. 6 we show the numerical results for S4 and S5 in
NH. The obtained lowest values of χ2

min are 9.12 and 1.75
for S4 and S5, respectively. Again, in both scenarios only the
results that have δ′ < 0 are shown, as the other case of δ′ > 0
is quite similar except for a sign change in δ′. From Fig. 6, we
first notice that the patterns of the favored parameter space in
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Fig. 7 Predictions of breaking
patterns S4 (left) and S5 (right)
in IH. The scatter points that
satisfy χ2 < 50 are presented
by black points, among which
the BF point is denoted in red
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S4 and S5 are quite similar, although in the latter case more
extended parameter space is observed. Between θ ′

23 and δ′
positive correlations are identified when δ′ ∼ −90◦, and
|�θ23| is about four times smaller than |�δ|. Such a positive
correlation of�δ ∼ 4�θ23 is different from that inS2 andS3,
where the positive correlation gives �δ ∼ �θ23, so that we
may distinguish the breaking scenarios S4/S5 from S2/S3
by precisely measuring the correlation between θ23 and δ in
the upcoming experiments. Regarding θ12 and θ13, it seems
that �θ13 is negatively correlated to �θ12, and |�θ13| is about
five times larger than |�θ12|. Lastly, as expected, the favored

∑

mν is around 0.06 eV, and because the Majorana phase σ

after breaking is still close to 90◦, we also havemee ∼ 4 meV
as in S2 and S3 under NH.

We now turn to the numerical results for S4 and S5 in IH,
see Fig. 7. Unexpectedly, we observe that in both S4 and S5
the deviations in θ23 and θ13 are exactly zero. A full under-
standing of such null deviations is hard to pursue by consid-
ering a generic form of MD and MR , while in Appendix C we
demonstrate such null deviations considering a special case.
The deviations in δ and θ12, however, can be rather large.
Similar to S2/S3 in IH, we also have

∑

mν ∼ 0.1 eV, and
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Table 2 Summary of various breaking scenarios in NH. Note that for S2 and S3 two rows correspond to black and gray patterns in Fig. 4, respectively

Breaking
scenarios

θ ′
23 (deg) δ′

CP (deg) �θ ′
12 (deg) �θ ′

13 (deg)
∑

mν (eV) mee (meV)

S1 44.3 → 45.7 −180 → 180 −15 → 10 −1 → 9 0.0575 → 0.061 1 → 4.2

S2 35 → 46 −100 → −88 −18 → 1 −0.1 → 1.3 0.057 → 0.061 3 → 4.5

40 → 45 −90 → −70 0 → 9 0 → 1.2 – –

S3 37.5 → 47 −98 → −88 2 → 7 −1.4 → 0.2 0.057 → 0.0615 3 → 4.5

46 → 47 −94 → −56 −20 → 3 −1.7 → 0.3 – –

S4 43 → 46 −100 → −88 −0.2 → 0.7 −3 → 1 0.0575 → 0.061 3.1 → 4.4

S5 39 → 46.5 −120 → −84 −1 → 2.6 −8 → 8 0.057 → 0.061 3 → 4.5

Table 3 Summary of various breaking scenarios in IH

Breaking
scenarios

θ ′
23 (deg) δ′

CP (deg) �θ ′
12 (deg) �θ ′

13 (deg)
∑

mν (eV) mee (meV)

S1 ∼ 45 −180 → 180 0 → 20 ∼ 0 0.097 → 0.104 10 → 50

S2 44.4 → 45.7 −180 → 180 −60 → 40 −0.5 → 0.5 0.097 → 0.104 10 → 50

S3 44.4 → 45.8 −180 → 180 −60 → 20 −0.5 → 0.5 0.097 → 0.104 10 → 50

S4 ∼ 45 −180 → 180 0 → 40 ∼ 0 0.097 → 0.104 10 → 50

S5 ∼ 45 −180 → 180 −30 → 25 ∼ 0 0.097 → 0.104 10 → 48

because the Majorana phase σ ′ still favors 90◦ after breaking,
the preferred mee is again around 15 meV.

Above we have discussed various breaking scenarios of
exact μ − τ reflection symmetry, and finally we summarize
these results in Tables 2 and 3. In the context of ongoing neu-
trino oscillation experiments some of the breaking scenarios
can be ruled out. For example, as the latest results of both T2K
[64] and NOνA [65] favor NH over IH, and if it remains true,
all the breaking schemes corresponding to IH can be ruled
out. Furthermore, if in the upcoming experiments θ23 were
found to be close to 45◦ within only one degree, the break-
ing scenarios S2, S3, S4 and S5 in NH would be disfavored.
However, to fully exclude these scenarios precise measure-
ment of δCP in the future experiments, such as DUNE [89],
T2HK [90] and MOMENT [91], may be needed.

5 Conclusion

In this work we explore the possibility of embedding the
μ−τ reflection symmetry in the minimal seesaw formalism,
where two right-handed neutrinos are added to the SM. Dif-
ferent from the previous works, we apply the μ − τ reflec-
tion symmetry transformations to both the left- and right-
handed neutrinos, resulting in some particular forms of neu-
trino Dirac mass matrix MD and the Majorana mass matrix
MR for the right-handed neutrinos. The obtained light neu-
trino mass matrix Mν is found to still possess the usual μ−τ

reflection symmetry, which predicts maximal atmospheric

mixing angle (θ23 = 45◦) and Dirac CP phase (δ = ±90◦)
along with the trivial Majorana phases. We later extend our
study by incorporating the breaking of such symmetry, keep-
ing in mind that theoretical as well as experimental results
may favor non-maximal θ23.

The first possible breaking of the symmetry is due to the
renormalization group running. Here we choose the minimal
supersymmetric standard model as our UV framework, and
assume the symmetry to be exact at the GUT scale. When
running towards low energies, we encounter three stages
of running: above the two seesaw thresholds, between the
thresholds, and lastly below the thresholds. Some notewor-
thy outcomes of our numerical RG analysis are summarized
as follows:

• The RG running between the thresholds is insignificant,
as the two seesaw mass thresholds are found to be quite
close. Such closeness of two thresholds is due to the fact
that the two columns of the neutrino Yukawa matrix are
related by the μ − τ reflection symmetry, particularly
the symmetry on the right-handed neutrinos as proposed
here.

• For both NH and IH scenarios, we find that the RG run-
ning effects above the seesaw thresholds are compara-
ble to those below the thresholds. This would raise the
necessity of considering RG running above the seesaw
thresholds, if some flavor symmetry were imposed on
the right-handed neutrino fields.

• For the three mixing angles, the deviations due to the RG
running are all rather small, e.g., �θ23 � 1◦, except that
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for θ12 in IH can there exist a large deviation. The latter
exception arises from the fact that the two light neutrino
masses may cross each other, leading to an interchange
of the order of two neutrino masses.

• The RG running effects of the Dirac and Majorana phases
are also quite mild in NH, while large deviations of
O(10◦) can be observed in the case of IH.

• Lastly, we note that the known correlation between the
positive/negative deviation of θ23 and the neutrino mass
hierarchies are again observed in this extended RG run-
ning above the seesaw thresholds.

Having shown that the RG running effects are quite mild,
we then proceed to introduce explicit breaking terms in MD

and MR , aiming at obtaining large deviations from the pre-
dictions of the exact μ − τ reflection symmetry. In total,
we systematically investigate five possible breaking patterns,
namely, assigning breaking terms in the (12), (22) and (32)
positions of MD (denoted as S1, S2 and S3 breaking scenar-
ios) and the (12) and (22) positions of MR (denoted as S4
and S5 breaking scenarios). Both analytical and numerical
studies are pursued for S1, S2 and S3, while for S4 and S5
only the numerical results are attainable. The main results of
these breaking scenarios are listed as follows:

• In NH we find that �θ23 � 0.5◦ in S1 while �θ23 of a
few degrees can be easily observed for the other breaking
patterns. On the other hand, in IH all breaking patterns
tend to have �θ23 � 0.5◦, especially �θ23 = 0 seems to
hold exactly for S4 and S5.

• For the deviations in θ13, we obtain �θ13 � 1◦ for S2,
S3 and S4 in NH, while for S1 and S5 deviations of a
few degrees are possible. However, in the case of IH all
breaking patterns tend to have small deviations in θ13,
and again �θ13 = 0 seems to hold exactly in S4 and S5
as well.

• The deviations in θ12 are found to be around O(10◦) in
general, except that for S4 and S5we observe �θ12 � 1◦.

• For the Dirac CP-violating phase δ, the resultant val-
ues after breaking are extended to the whole range of
[−180◦, 180◦) for S1 in NH and all breaking patterns
in IH. For S2, S3, S4 and S5 in NH we identify linear
correlations between δ and θ23 when δ ∼ 90◦. Such cor-
relations may be tested in the upcoming neutrino exper-
iments.

• The Majorana phase σ after the breaking tends to favor
90◦, which causes the effective neutrino mass mee to be
around 15 meV for IH while only about 4 meV for NH.
Such small values of mee pose challenges for the upcom-
ing 0νββ experiments.

Finally, we conclude the paper with the excitement and
caution about the μ − τ reflection symmetry. Given the cur-

rent status of neutrino oscillation data, the μ − τ reflection
symmetry seems to stand out as a compelling reason for the
bewildering flavor puzzles in the lepton sector. However, past
two decades also witnessed the shift of the prevailing sym-
metry pattern in the lepton mixing matrix when more accu-
rate neutrino oscillation data stepped in. Thus, along with
continuing the pursuit of the implications behind the μ − τ

reflection symmetry theoretically, one should also pay close
attention to the experimental results in the upcoming years,
especially from those measuring the value of θ23.
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Appendix A: Predictions of μ− τ reflection symmetry in
Mν

In this appendix we provide the detailed derivation of the
predictions in Eq. (13), assuming that the light neutrino mass
matrix Mν possesses the μ − τ reflection symmetry, i.e., in
the form of Eq. (10). To start with, we first perform a 2-
3 rotation U23 on Mν so that the resultant mass matrix is
real [72], namely,

U †
23MνU

∗
23 = −

⎛

⎜

⎝

A
√

2Im(B)
√

2Re(B)√
2Im(B) D − Re(C) Im(C)√
2Re(B) Im(C) D + Re(C)

⎞

⎟

⎠
,

(A.1)

with U23 given by

U23 =

⎛

⎜

⎜

⎝

1 0 0

0 i√
2

1√
2

0 −i√
2

1√
2

⎞

⎟

⎟

⎠

. (A.2)

The above real mass matrix can be further diagonalized by
an orthogonal matrix O ,

O =
⎛

⎝

ηe 0 0
0 ημ 0
0 0 ητ

⎞

⎠

⎛

⎝

1 0 0
0 c1 s1

0 −s1 c1

⎞

⎠

×
⎛

⎝

c2 0 s2e−iδ0

0 1 0
−s2eiδ0 0 c2

⎞

⎠

⎛

⎝

c3 s3 0
−s3 c3 0

0 0 1

⎞

⎠ PR

(A.3)
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where PR = diag{ηρ, ησ , 1}, so that

PMOTU †
23MνU

∗
23OPM = diag{m1,m2,m3}. (A.4)

Here ci = cos θi and si = sin θi for i = 1, 2, 3, and we take
ηα(α = e, μ, τ, ρ, σ ) = ±1 and δ0 = 0, π to ensure that all
θi ’s are within [0, π/2). For instance, if θ3 were in the fourth
quadrant, one could bring it back to the first quadrant, i.e.,
θ3 → −θ3, via the simultaneous transformations of ηe →
−ηe, ηρ → −ηρ and δ0 → δ0 + π . In addition, to keep all
neutrino masses mi ’s to be positive, we introduce a diagonal
phase matrix PM = diag{√ερ,

√
εσ , 1} with ερ,σ = ±1.

The overall neutrino mixing matrix V can then be read
out,

V = U23OPM

= ητ

⎛

⎜

⎝

ηe
ητ

0 0

0 ei(θ
′
1+χ) 0

0 0 e−iθ ′
1

⎞

⎟

⎠

⎛

⎜

⎜

⎝

1 0 0

0 1√
2

e−iχ√
2

0 −eiχ√
2

1√
2

⎞

⎟

⎟

⎠

×
⎛

⎝

c2 0 s2e−iδ0

0 1 0
−s2eiδ0 0 c2

⎞

⎠

⎛

⎝

c3 s3 0
−s3 c3 0

0 0 1

⎞

⎠ PR PM

(A.5)

where θ ′
1 = θ1ημ/ητ and χ = arg(iημ/ητ ) = ±π/2. The

product of three rotation matrices in the above equation are
in the form of

UR =
⎛

⎝

1 0 0
0 c23 s23e−iδ23

0 −s23eiδ23 c23

⎞

⎠

×
⎛

⎝

c13 0 s13e−iδ13

0 1 0
−s13eiδ13 0 c13

⎞

⎠

×
⎛

⎝

c12 s12e−iδ12 0

−s12eiδ12 c12 0
0 0 1

⎞

⎠ , (A.6)

where ci j = cos θi j and si j = sin θi j . We then have θ23 =
π/4, θ13 = θ2, θ12 = θ3, δ23 = χ , δ13 = δ0 and δ12 = 0.
Furthermore, it is known that UR can be recasted into a form
that is in the PDG convention [92],

UR =
⎛

⎝

e−i(δ12+δ23) 0 0
0 e−iδ23 0
0 0 1

⎞

⎠

⎛

⎝

1 0 0
0 c23 s23

0 −s23 c23

⎞

⎠

×
⎛

⎝

c13 0 s13e−iδ

0 1 0
−s13eiδ 0 c13

⎞

⎠

⎛

⎝

c12 s12 0
−s12 c12 0

0 0 1

⎞

⎠ P ′
R,

(A.7)

where δ = δ13−δ23−δ12 and P ′
R = diag{ei(δ12+δ23), eiδ23 , 1}.

Applying such a transformation into V then yields

V = ητ

⎛

⎜

⎝

ηe
ητ
e−iδ23 0 0

0 eiθ
′
1 0

0 0 e−iθ ′
1

⎞

⎟

⎠

⎛

⎜

⎜

⎝

1 0 0

0 1√
2

1√
2

0 −1√
2

1√
2

⎞

⎟

⎟

⎠

×
⎛

⎜

⎝

c2 0 s2e−iδ

0 1 0

−s2eiδ 0 c2

⎞

⎟

⎠

⎛

⎜

⎝

c3 s3 0

−s3 c3 0

0 0 1

⎞

⎟

⎠
Pν,

(A.8)

where Pν = P ′
R PR PM . Comparing the above equation with

Eq. (12) and ignoring the overall phase ητ , we obtain

θ12 = θ3, θ13 = θ2, θ23 = π/4,

δ = δ0 − δ23 = ±π/2, (A.9)

ρ = arg
(

ηρ
√

ερe
iδ23
)

= 0, π,±π/2,

σ = arg
(

ησ

√
εσ e

iδ23
)

= 0, π,±π/2, (A.10)

φe = arg
(

ηee
−iδ23/ητ

)

= ±π/2,

φμ = −φτ = θ ′
1 = ±θ1. (A.11)

Note that taking φe → φe+π , φμ → φμ+π and φτ → φτ −
π only changes the overall sign of V , while still maintaining
the relation φμ = −φτ . Thus, φe can be restricted to φe =
π/2. Moreover, for ρ and σ we can also have ρ → ρ + π

and σ → σ + π without modifying Mν , and therefore we
obtain ρ, σ = 0 or π/2. It is worth pointing out that if θ23

were chosen to be θ23 = −π/4, δ23 would then be χ + π ,
and in that case in order to keep the relation φμ = −φτ ,
we would have φe = 0 after separating out some overall
phases.

Appendix B: χ2 function

Here we define the Gaussian-χ2 function that has been
adopted in numerical analysis as,

χ2 =
∑

i

[

ξ true
i − ξ test

i

]2

σ
[

ξ true
i

]2 , (B.1)

where ξ represents the neutrino oscillation parameters, i.e.,
ξ = {�m2

21, |�m2
31|, θ12, θ13, θ23}. ξ ture

i ’s represent the best-
fit values from the recent global fit results [3], while ξ test

i ’s are
the predicted values for a given set of parameters in theory.
Note that for σ

[

ξ true
i

]

we symmetrize the 1-σ errors given
in Ref. [3].
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Appendix C: Null deviations in θ23 and θ13 for S4 and S5
in IH

We here choose special forms of MD and MR inS4 to demon-
strate that there exist no deviations in θ23 and θ13 in IH. Sim-
ilarly, one can apply the following discussion to S5, where
the same conclusions hold. The special forms of MD and MR

are respectively given by

MD =
⎛

⎝

ib −ib
c d
d c

⎞

⎠ , MR =
(

m22 0
0 m22(1 + ε)

)

, (C.1)

where b, c, d,m22 and ε are all real. From the seesaw for-
mula, we obtain the light neutrino mass matrix M ′

ν as

M ′
ν = −MDM−1

R MT
D

= − 1

m22(1 + ε)

×

⎛

⎜

⎜

⎝

−2b2 − b2ε ib(c − d) + ibcε −ib(c − d) + ibdε

ib(c − d) + ibcε c2 + d2 + c2ε 2cd + cdε

−ib(c − d) − ibcε 2cd + cdε c2 + d2 + d2ε

⎞

⎟

⎟

⎠

.

(C.2)

It is apparent that with ε → 0, the above M ′
ν possesses the

exact μ − τ reflection symmetry. Next, we first perform a
(23) rotation R23 of π/4 on M ′

ν , namely,

RT
23M

′
ν R23 = − 1

2m22(1 + ε)

×

⎛

⎜

⎜

⎝

−2b2(ε + 2) i
√

2b(c + d)ε −i
√

2b(c − d)(ε + 2)

i
√

2b(c + d)ε (c + d)2(ε + 2) (d2 − c2)ε

−i
√

2b(c − d)(ε + 2) (d2 − c2)ε (c − d)2(ε + 2)

⎞

⎟

⎟

⎠

,

with R23 given by

R23 =

⎛

⎜

⎜

⎝

1 0 0

0 1√
2

− 1√
2

0 1√
2

1√
2

⎞

⎟

⎟

⎠

. (C.3)

The phase in RT
23M

′
νR23 can be further removed by a diagonal

phase matrix Pφ = diag{i, 1, 1}, resulting in a pure real mass
matrix as follows,

Pφ R
T
23M

′
ν R23Pφ = − 1

2m22(1 + ε)

×

⎛

⎜

⎜

⎝

−2b2(ε + 2)
√

2b(c + d)ε −√
2b(c − d)(ε + 2)

√
2b(c + d)ε (c + d)2(ε + 2) (d2 − c2)ε

−√
2b(c − d)(ε + 2) (d2 − c2)ε (c − d)2(ε + 2)

⎞

⎟

⎟

⎠

.

Surprisingly, we then notice that the above matrix can be
brought in a block diagonal form with a (13) rotation R13,
whose mixing angle θ13 coincides with the case without
breaking! To be explicit, R13 is given by

R13 =
⎛

⎝

cos θ13 0 sin θ13

0 1 0
− sin θ13 0 cos θ13

⎞

⎠ , (C.4)

where θ13 = − 1
2 tan−1

[

2
√

2b(c−d)

2b2−(c−d)2

]

.

Depending on the sign of 2b2 −(c−d)2, we then have two
scenarios corresponding to different mass hierarchies. When
2b2 − (c−d)2 > 0, the resultant matrix after performing the
(13) rotation R13 is given by

RT
13PφR

T
23M

′
ν R23PφR13 = − 1

2m22(1 + ε)

×

⎛

⎜

⎜

⎝

− [2b2 + (c − d)2
]

(ε + 2)
√

2b2 + (c − d)2(c + d)ε 0
√

2b2 + (c − d)2(c + d)ε −(c + d)2(ε + 2) 0

0 0 0

⎞

⎟

⎟

⎠

.

It is then apparent that the above scenario corresponds to the
IH case, as m3 = 0, and the above matrix can be finally
diagonalized by a (12) rotation. Since in the above diagonal-
ization procedure we follow a (23)-(13)-(12) sequence that
is same as the PDG convention, the mixing angles of θ23 and
θ13 stay the same as the case without breaking. Note that if
ε = 0 the above matrix is already diagonalized, and thus we
have θ12 = 0 without breaking; with breaking we instead
require θ12 �= 0, so that θ12 is not immune to the breaking
in MR . On the other hand, we arrive at the NH case when
2b2 − (c − d)2 < 0, namely,

RT
13Pφ R

T
23M

′
ν R23Pφ R13 = − 1

2m22(1 + ε)

×

⎛

⎜

⎜

⎝

0 0 0

0 −(c+d)2(ε+2)
√

2b2 +(c − d)2(c + d) sgn(c − d)ε

0
√

2b2 + (c − d)2(c + d) sgn(c − d)ε − [2b2 + (c − d)2
]

(ε + 2)

⎞

⎟

⎟

⎠

,

where sgn(x) stands for the sign of x . Now because we need
another (23) rotation, the final (23) rotation angle would devi-
ate from π/4 when adopting the PDG convention, and in the
meantime θ13 would also get modified. As a result, in this
NH case we expect that all the three mixing angles can be
affected by the breaking terms in MR .

Appendix D: Details of best-fit scenarios in the RG run-
ning study

In Table 4 we provide the neutrino Yukawa matrix and the
Majorana neutrino mass matrix at the high energy boundary
for both the hierarchies. We also give the detailed numerical
values of all the neutrino oscillation parameters at the various
energy scales.
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Table 4 Details of best-fit scenarios in the RG running study

NH(BF) IH(BF) IH(2)

Yν(�GUT)

⎡

⎣

0.166 + 0.013i 0.166 − 0.013i
0.077 + 0.232i 0.344 − 0.395i
0.344 + 0.395i 0.077 − 0.232i

⎤

⎦

⎡

⎣

−0.744 + 0.147i −0.744 − 0.147i
−0.389 − 0.065i 0.037 + 0.242i
0.037 − 0.242i −0.389 − 0.065i

⎤

⎦

⎡

⎣

0.823 + 0.222i 0.823 − 0.222i
0.173 + 0.447i −0.608 + 0.223i

−0.608 − 0.223i 0.173 − 0.447i

⎤

⎦

MR (�GUT)

1014GeV

[

0.396 + 0.041i 2.956
2.956 0.396 − 0.041i

] [

1.033 + 2.611i 0.470
0.470 1.033 − 2.611i

] [

5.802 − 1.086i 2.761
2.761 5.802 + 1.086i

]

(

M1
1014GeV

, M2
1014GeV

)

(2.438, 3.268) (2.187, 3.002) (2.932, 7.503)

�GUT M2 M1 �EW �GUT M2 M1 �EW �GUT M2 M1 �EW

θ12 [◦] 34.893 35.000 35.000 35.130 34.664 35.014 34.995 35.229 56.640 32.720 32.810 33.092

θ13 [◦] 8.394 8.504 8.513 8.559 8.685 8.447 8.439 8.398 9.077 8.836 8.828 8.784

θ23 [◦] 45 45.385 45.408 45.631 45 44.700 44.695 44.417 45 44.337 44.253 43.977

δ [◦] 90 89.992 90.010 90.376 −90 −91.376 −91.334 −103.307 −90 90.432 90.960 103.176

σ [◦] 90 90.048 90.033 90.021 90 89.575 89.588 85.600 90 90.257 90.460 95.387

m1 [10−2 eV] 0 0 0 0 6.820 6.147 6.123 5.067 6.910 5.953 5.917 4.946

m2 [10−2 eV] 1.121 1.077 1.075 0.875 7.007 6.246 6.232 5.143 7.034 6.111 6.031 5.023

m3 [10−2 eV] 6.643 6.229 6.209 5.040 0 0 0 0 0 0 0 0
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