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Abstract Action for the Dirac spinor field coupled to
gravity on noncommutative (NC) Moyal-Weyl spacetime is
obtained without prior knowledge of the metric tensor. We
emphasize gauge origins of gravity and its interaction with
fermions by demonstrating that a classical action invari-
ant under SO (2, 3) gauge transformations can be exactly
reduced to the Dirac action in curved spacetime after break-
ing the original symmetry down to the local Lorentz SO (1, 3)
symmetry. The commutative SO (2, 3) invariant action can
be straightforwardly deformed via Moyal-Weyl x-product to
its NC SO(2, 3), invariant version which can be expanded
perturbatively in powers of the deformation parameter using
the Seiberg-Witten map. The NC gravity-matter couplings
in the expansion arise as an effect of the gauge symmetry
breaking. We calculate in detail the first order NC correc-
tion to the classical Dirac action in curved spacetime and
show that it does not vanish. Moreover, linear NC effects are
apparent even in flat spacetime. We analyse NC deformation
of the Dirac equation, Feynman propagator and dispersion
relation for electrons in Minkowski spacetime and conclude
that constant NC background acts as a birefringent medium
for electrons propagating in it.

1 Introduction

Quantum Field Theory (QFT) and General Relativity (GR)
are two cornerstones of modern theoretical physics. Although
these theories have been tested to an excellent degree of accu-
racy in their respective areas of applicability, occurrence of
singularities in both of them strongly indicates that they are
incomplete. GR, as a classical theory of gravity, describes
large-scale geometric structure of spacetime and its relation
to the distribution of matter. On the other hand, QFT, stand-
ing on the principles of Quantum Mechanics and Special
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Relativity, provides us with the Standard Model of elemen-
tary particles which successfully utilizes the idea of local
symmetry to describe the fundamental particle interactions.
Understanding quantum nature of spacetime and reconciling
gravity with other fundamental interactions is considered to
be one of the main goals of contemporary physics.

In order to obtain a consistent unified theory, certain modi-
fications of the basic concepts of QFT and GR are necessary.
Various approaches have been proposed so far, stemming
from String Theory, Loop Quantum Gravity, Noncommuta-
tive (NC) Field Theory, etc. and all of them, in some radical
way, change the notion of point particle and/or that of space-
time.

In the last twenty years, Noncommutative Field Theory
has become a very important direction of investigation in
theoretical high energy physics and gravity. Its basic insight
is that the quantum nature of spacetime, at the microscopic
level, should mean that even the spacetime coordinates are to
be treated as mutually incompatible observables, satisfying
some non trivial commutation relations. The simplest choice
of noncommutativity is the so called canonical noncommu-
tativity, defined by

[xH, x"]=i0"",

(1.1)

where 6"V are components of a constant antisymmetric
matrix.

To establish canonical noncommutativity, instead of using
abstract algebra of coordinates, i.e. noncommutative space-
time, one can equivalently introduce the noncommutative
Moyal-Weyl x-product,

igep o 0

f)xgx)=e’" "7 f(x)g(y)ly-r, (1.2)
as a multiplication of functions (fields) defined on the usual,
commutative (undeformed) spacetime. The quantity OV is
considered to be a small deformation parameter that has
dimensions of (length)? (in natural units). It is a fundamental

constant, like the Planck length or the speed of light.
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Recently, a lot of attention has been devoted to NC grav-
ity, and many different approaches to this problem have been
developed. In [1-3] a deformation of pure Einstein grav-
ity based on the Seiberg-Witten map is proposed. Twist
approach to noncommutative gravity was explored in [4—
7]. Lorentz symmetry in NC field theories was considered
in [8,9]. Some other proposals are given in [10-22]. The
connection to supergravity was established in [23,24]. The
extension of NC gauge theories to orthogonal and symplec-
tic algebra was considered in [25,26]. Finally, in the pre-
vious papers of one of the authors [27-30] an approach
based on the deformed Anti de Sitter (AdS) symmetry group,
ie. SO(2,3), group, and canonical noncommutativity was
established. In this approach NC gravity is treated as a gauge
theory. It becomes manifest only after the suitable symme-
try breaking. The action was constructed without previous
introduction of the metric tensor and the second order NC
correction to the Einstein-Hilbert action was found explic-
itly. Special attention has been devoted to the meaning of
the coordinates used. Namely, it was shown that coordi-
nates in which we postulate canonical noncommutativity are
the Fermi inertial coordinates, i.e. coordinates of an iner-
tial observer along the geodesic. The commutator between
arbitrary coordinates can be derived from the canonical non-
commutativity as demonstrated in [27].

A next natural step is to consider coupling of matter fields
and gravity in the framework of NC SO (2, 3), model. In this
paper we specifically focus on the NC coupling of the Dirac
spinor field and gravity. Previously, noncommutative cou-
pling of spinors and gravity has been treated by Aschieri and
Castellani [31,32]. Their model, based onthe local SO (1, 3),
symmetry, is significantly different from the one presented
here. On the formal side, in their approach, the vierbein field
e, is anadjoint field, i.e. it transforms in the adjoint represen-
tation of SO(1, 3) group, whereas here, the vierbein and the
SO(1, 3) spin-connection are just different components of
the total SO (2, 3) gauge potential , and they are both being
treated on equal footing. Therefore, in our model, the vier-
bein field holds the same status and transforms in the same
way as an ordinary gauge potential. More importantly, phys-
ical implications to which these two models lead are quite
different. The mentioned authors have found that, in the case
of massless Majorana spinors, the first non vanishing NC
correction to the action in curved spacetime is at the sec-
ond order in powers of 8% (all odd-power corrections being
equal to zero). Within the same framework, the coupling of
the Dirac spinors and gravity has been treated in [33] and the
first order NC action is obtained. Our objective was to con-
struct a plausible theoretical model that would enable us to
explore the behavior of matter in NC spacetime and to actu-
ally calculate how this noncommutativity modifies the poten-
tially observable physics, e.g. the dispersion relation for an
electron. We were specifically interested in effects linear in
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6 The model that we present here predicts a non vanish-
ing linear correction to the Dirac action in curved spacetime
that survives even in flat spacetime. This feature enables us
to investigate potentially observable NC effects much more
easily. It leads us to an important physical prediction of the
linearly deformed dispersion relation for electrons in NC
Minkowski spacetime along with the Zeeman-like splitting of
the undeformed energy levels. Also, the energy levels become
helicity-dependent due to noncommutativity of the back-
ground spacetime which behaves as a birefringent medium
for electrons propagating in it. As an aside, we should
also mention that the differences between these two mod-
els revealed themselves already in the case of pure gravity.
Namely, we have showed that the deformation of Minkowski
spacetime is obtained in NC SO (2, 3), model [27].

The paper is organized as follows. In the next section we
introduce the basic elements of AdS algebra and present a
model of commutative action based on local AdS symmetry.
In the third section we shortly review the theory of gauge
fields on NC spacetime. In Sect. 4, we deform our commu-
tative action using the Moyal-Weyl x-product. We use the
Seiberg-Witten map to expand the NC action perturbatively
in powers of the deformation parameter #*¢ and calculate
in detail the first order NC correction to the Dirac action in
curved spacetime. Finally, in Sect. 5, we consider a special
case of flat spacetime and analyse the NC correction to the
Dirac equation, Feynman propagator and dispersion relation
for electrons. Section 6 contains discussion and conclusion.

2 Commutative model

Before introducing the model of commutative (i.e. unde-
formed) action based on SO (2, 3) gauge symmetry, we will
present some basic definitions concerning the AdS algebra.
Many more details can be found in our previous papers [27—
30].

The generators of SO(2,3) gauge group are denoted
by Msp, where the group indices A, B, ... take values
0, 1, 2, 3, 5. These generators satisfy the following commu-
tation relations:

[Map, Mcpl = i(napMpc +npcMap

—nacMpp —nppMac), 2.1

where n4p = diag(+, —, —, —, +) is the 5D internal space
metric tensor. A realization of this algebra can be obtained
from 5D gamma matrices. Namely, if ['4 are 5D gamma
matrices that satisfy anticommutation relations:

(T4, 18} =295, (2.2)

then generators are given by
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i
Map = Z[FA, 'pl. (2.3)

One choice of 5D gamma matrices is 'y = (iy,¥5, ¥5),
where y, are the usual 4 D gamma matrices. The local Lorentz
indices a, b, ... take values 0, 1, 2, 3. In this particular repre-
sentation, SO (2, 3) generators are given by

i 1
Mgy = Z[Va’ vl = Eaab ,
1
Ms, = Eya_ 2.4)

The total SO (2, 3) gauge potential, w,, = %a)MABMAB, can
be decomposed as

1 . 1

wy = Zw“a Oab — Eeﬁya, (2.5)

where ez and a)#“b are the vierbein and the SO(1, 3) spin-
connection, respectively, and / is a constant length scale.
The world indices w, v, ... take values 0, 1, 2, 3. We see that
along with the spin-connection, which is naturally related
to the SO(1, 3) gauge group and suitable for introducing
fermionic spinor fields in curved spacetime, here we get addi-
tional gauge field - the vierbein, which is related to the metric
tensor by

e = det(eﬁ) =./—g.

Thus, in this model, the vierbein and the SO(1, 3) spin-
connection are just different components of the total SO (2, 3)
gauge potential, and they are both being treated on equal foot-
ing.

The field strength tensor is built from the gauge potential
in the usual way,

Nabelsel = gy . (2.6)

. 1
F;w = 8p.wu - aku - l[wua wy] = 5 MUABMAB. 2.7
Its Components are
1

b b b b

FMU“ = RMU“ — l—z(eﬁev — eueﬁ ,
1

5

F;wa = TTMVa’ 2.8)

where we recognize
R ab _ 8vaab . ava)ﬂab + wuacwvcb — bcwvca, (2.9)

iy u
le“ = Vel — VUeZ, (2.10)

as the curvature tensor and torsion, respectively.

In the papers of Stelle, West and Wilczek [34,35] and
also MacDowell, Mansouri and Towsend [36,37] a commu-
tative action for pure gravity with SO (2, 3) gauge symmetry
was constructed. Also, in the papers of Chamseddine and
Mukhanov GR is formulated by gauging SO (1, 4) or, more
suitable for supergravity, SO (2, 3) group [38,39]. Proceed-
ing within this general framework, which is motivated by
the idea of constructing a unified symmetry setup for general

relativity and gauge field theories, we show that it can also
accommodate fermionic matter fields, specifically, the Dirac
spinor field. We are going to do that by providing a commu-
tative action for the Dirac spinors invariant under ordinary
SO(2,3) gauge transformations which exactly reduces to
the standard Dirac action in curved spacetime after the suit-
able symmetry breaking. Its NC deformation can be repre-
sented as a perturbative expansion in powers of the deforma-
tion parameter *? via Seiberg-Witten map, each term being
SO(2, 3) invariant. After the symmetry breaking down to the
local Lorentz SO (1, 3) symmetry, we get NC deformation
of the Dirac action in curved spacetime.

Let ¢ be a Dirac spinor field which transforms in the
fundamental representation of SO (2, 3) gauge group, i.e.

i

Se¥ = i€y = EeABMABw, (2.11)

where €48 are antisymmetric gauge parameters. The covari-
ant derivative of a Dirac spinor is given by

i

Dy = 0,9 — Ea)ﬂABMABIﬂ. (2.12)

Taking a hermitian conjugate of the previous expression we

get

Db = 0,9 + -9 0, AP M (2.13)
WY = Mlﬁ—i-zl// w, AB- .

Inordertobreak SO (2, 3) gauge symmetry [35-37] we intro-

duce an auxiliary field ¢ = ¢AT'4. This field is a space-

time scalar and an internal-space vector. It transforms in the
adjoint representation of SO (2, 3), i.e.

bep =ile, @],

and it is constrained by the condition ¢, = I%. Note that
this field has mass dimension —1. The covariant derivative
of an adjoint field is given by

(2.14)

D¢ = 0,¢p — ilwy, pl. (2.15)

Consider the following kinetic-type ‘“‘symmetric-phase”
action:

i
12
~Dy U DDy Dy |-

Skin =

/ d*x 77§D $ Dy Dyd Dy
(2.16)

This action is invariant under SO (2, 3) gauge transforma-
tions, and it is hermitian up to the surface term which van-
ishes.

Itis straightforward to show that the total covariant deriva-
tive of a spinor field can be decomposed as

i
Dy = Voih + Zegl/alﬁ, (2.17)
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where

Vol = 0o = 70, o (2.18)
is the usual SO (1, 3) covariant derivative.

We break the SO(2,3) symmetry down to the local
Lorentz SO (1, 3) symmetry by fixing the value of auxiliary
field ¢, specifically by taking ¢* = 0 and ¢> = [. Accord-
ing to (2.15), the components of D, ¢ become (D, ¢)* = el‘i
and (D Md))s = 0 and thus we obtain the action in the broken-
symmetry phase,

Sun = 5 [ dx e [17°Vad = Valyy]

—g/d“x ey,

z (2.19)

which is exactly the Dirac action in curved spacetime for
spinors of mass 2/1.

We want to be able to have fermions with an arbitrary mass
m, not just the specific one 2/[. To obtain the correct masses
of fermionic particles we have to include additional terms
in the action. There are five terms invariant under SO (2, 3)
transformations that can be used to supplement the original
action in order to obtain the correct Dirac mass term in curved
spacetime after the symmetry breaking. These terms only
differ in the position of the auxiliary field ¢, and they are:

VD¢ D¢ D¢ Doddyr , Y DDy Dypd Doy
VD¢ DypdD,p Doy, ¥ DudDypDpd Doy
Y DupdDyd D,y Do (2.20)

From them we can build only three independent hermitian
“mass terms” (terms of the type v...4) denoted by Sy, ; (i =
1,2, 3):

i m 2 4
Sm,] =§c1(7—l—2)/dx8’”p"

[9D.6D.6 D0 Doty
+U 9D Du$Dpd Do |

Smo2 = 562<T — l_2> /d x ghvPe

[9D.6 D6 D, b0 D5 $¥
+ D, $$ Du$ Dy DoV |

. m 2 4
Sm3 =1 C3<7 - l_2> /d x ghvee

VD¢ Dypp Dy Dy . (2.21)

The undetermined dimensionless coefficients ¢, ¢ and c3
are introduced for generality, and they will be fixed later.

@ Springer

After the symmetry breaking, the sum of the mass terms
in (2.21), denoted by S,,, reduces to

3
Su= Y Smi=24(c2—c1—c3) <m - %) /d4x e U

i=1

(2.22)

If we want to have the correct mass term in the total action
after the symmetry breaking, the coefficients c1, ¢z, and ¢3
must satisfy the following constraint:

1

c—cCc]p—c3= ~57 (2.23)
Then (2.22) becomes

2 4 -
Sm = — m—7 d*x ey, (2.24)

Terms in (2.19) and (2.24) that have a factor of the cosmolog-
ical mass 2// in them cancel each other out, and therefore,
the total symmetric-phase commutative action

S = Skin + Sm, (2.25)

where Si;, is given in (2.16) and S, is the sum of the three
mass terms in (2.21), exactly reduces, after the symmetry
breaking, to the Dirac action for spinors of mass m in curved
spacetime,

i 4 7.0 7.0 4 T
SZE/d xe [1//)/ Vo —=Veiby w] —m/d xey.
(2.26)

Thus, by starting with a theory with SO (2, 3) gauge sym-
metry, by a suitable “gauge fixing”, we have obtained the
standard minimal coupling of the massive Dirac spinor field
and gravity.

3 Gauge theories and the Seiberg-Witten map

Let us briefly review the theory of gauge fields on noncom-
mutative spacetime by summarizing the most relevant results.
Our approach is based on the enveloping algebra formalism
and the use of the Seiberg-Witten (SW) map [40,41]. Fol-
lowing the steps of an ordinary (undeformed) gauge field
theory, one introduces NC spinor field fﬁ\ (which belongs to
the fundamental representation), NC adjoint field # and NC
gauge potential @,. We use this gauge potential to construct
NC field strength,

o~

Fu = 0,0, — 0,0, — i[0y, * @yl 3.1

The covariant derivatives of NC spinor and adjoint field are
defined by

Dy = 8,9 — id, * V), (3.2)
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Dud = 8,6 — iloy * Pl 3.3)
Note that the structure of the NC covariant derivatives, in
both representations, is the same as in the undeformed field
theory, the only difference being the use of the Moyal-Weyl -
product instead of the ordinary commutative multiplication.

Fields @ and a, along with their covariant derivatives (3.2)
and (3.3), transform in the fundamental and adjoint represen-
tation, respectively, under NC infinitesimal gauge transfor-
mations, i.e.

8'Du Y =iNe* Dy,

iAe
i[Ae 8D, ¢ = i[Ac * Dyl

S5y =ihex Y
§tp £ 41, (3.4)

The transformation laws for NC gauge potential and field
strength are

82@u = duhe — i@, * Al

azfp.v = i[Ke t A/w]-

(3.5)
(3.6)

We see that NC field strength F, wv transforms in the adjoint
representation of the deformed gauge group SO(2, 3), just
as ordinary field strength F,, transforms in the adjoint repre-
sentation of SO (2, 3). In the previous transformation rules,
Ac is a NC gauge parameter, and € a commutative gauge
parameter.

Because of noncommutativity of the *-product, NC
adjoint fields, say F, uv»> do not belong to the basic Lie algebra
of a gauge group, since the deformed commutation relations
do not close in the Lie algebra itself. These fields actually
belong to the enveloping algebra of the gauge group. The clo-
sure condition for a gauge transformation algebra becomes
a set of differential equations, which are solved by iteration
order by order in NC parameter 0%°. Seiberg-Witten map
provides a solution to these equations. It also ensures that no
additional degrees of freedom are included when we make a
NC deformation of an ordinary gauge field theory. The NC
quantities can be represented as power series in the deforma-
tion parameter 6%#, with expansion coefficients built out of
the commutative quantities: €, ¢, ¥ and wy,.

By = wy — %eaﬁ{wa, dgwy + Fpu) + 00, (3.7
¢=¢— %H“ﬂ{wa, (9 + Dp)p} + 067, (3.8)
V= - %e“ﬂwa(a,s + Dp)yr + O(0?), (3.9)
b= %eaﬁ(aﬂ + Dp)proy + O60?), (3.10)

Ae=¢€— %eaﬂ{wa, dge} + O6?). (3.11)

Using the SW map, we can derive the first order NC correc-
tions to the field strength, and the covariant derivatives of

adjoint and spinor field. They are given by

- 1
Fuy = Fuy — Zeaﬂ{w"" (9 + Dp) Fuv}

30 g, Fy) + O0?), (3.12)
Dub = Dt — 36 (0, (05 + Dp) D)

50 e, D)+ O0?), (3.13)
DuV = Dy — %e)“ﬁwa(a,g + Dg)Dy

+%9“ﬂFwDﬁw +00%). (.14)

All these results will be put into use in the next section where
we turn to the NC version of the symmetric-phase action for
the Dirac spinor field and calculate its perturbative expansion
in powers of the deformation parameter.

4 NC action

Now we are going to deform the commutative symmetric-
phase action (2.25) by replacing ordinary commutative fields,
¢ and v, with their noncommutative counterparts, $ and
{[/\, and by applying the Moyal-Weyl *-product defined in
(1.2) instead of the usual commutative multiplication. This
NC action can be expanded perturbatively in powers of the
deformation parameter 8%/, assuming it to be small. We will
investigate the first order NC correction to the kinetic and the
mass terms separately. It will be demonstrated by explicit cal-
culation that the first order NC correction after the symmetry
breaking does not vanish.

4.1 NC deformation of the kinetic term

The noncommutative version of the kinetic action (2.16) will
be denoted by a “hat” symbol and it is given by
i

Skin = — | d*x e"vPe
kin 12

[0+ (Du$) * (D) + (D) % (Do)

— (Do) % (D) * (D) = (D) + 7] 1)
Using the infinitesimal transformation rules (3.4) one can
readily check that the action (4.1) is invariant under deformed
SO(2, 3), gauge transformations. Moreover, this action is
hermitian up to the surface term which vanishes.

Let us now expand the action (4.1) up to the first order in
the deformation parameter 6*# using the SW map. Generally,
for any two NC fields Aand B , the first order NC correction
to their product is given by

@ Springer
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(A+B)" Z(I)B+A§(1)+%9°‘ﬁ 94 AdpB . (4.2)

If both of these two fields transform in the adjoint represen-
tation, the last formula takes on the specific form, namely,

| .
(A% B)" = = 26" (wu. (9 + D) AB)+56" D, AD; B

+ cov(AMYB + Acov(BV) | 4.3)

where COU(X(I)) is the covariant part of A’s first order NC
correction, and cov(B"), the covariant part of B's first order
NC correction. Applying the rule (4.3) twice, and using the
expansion (3.13) for the covariant derivative of the adjoint
field ¢, we can obtaln the first order NC correction to the
product Du‘f’ * D,,qb * Dp¢

~ ~ 1
(Du$ * Dy * D,p)"

1
= —Ze‘*ﬁ{wa, (0 + D) (D¢ Dy D)}

+ éeaﬁ Dy (D¢ Dyv¢)(Dp D)
%eaﬁ (Da D) (DgDyd) Dy

+ %Q“ﬁ{Fau, Dgp}Dy¢ Dy

+ %G“ﬂDMgb{Faw Dg¢p}D,¢

1
+ z9“/3D,L<1)1)U<;>{pr, Dg}. 4.4)

Note that the composite field Dua* Dy * Dpa; also trans-
forms in the adjoint representation of SO (2, 3), since itis a
product of the fields that transform in the adjoint representa-
tion. Thus, according to the rule (4.3), we could immediately
say, without explicit calculation, what is the non-covariant
part in the first order NC correction to Dﬂa* Dva* D,,(Ip\, i.e.
what is the first term in (4.4). It is non-covariant because of
the way in which it incorporates the gauge potential w, and
the partial derivative dg. The other terms appearing in (4.4)
are manifestly covariant. The use of the rule (4.3) signifi-
cantly simplifies the calculation. Non-covariant part of any
composite field that transforms in the adjoint representation
has the same form as the second term in (3.8).

If we have a field A that transforms in the adjoint repre-
sentation, and field B that transforms in the fundamental rep-
resentation, then rule (4.2) again takes on the specific form,
namely,

(A% B)" = — —0%,(dp + Dp)(AB) + %Q“ﬂDaADﬁB

+ cov(AM)B + Acov(BW). 4.5)
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Similar recursive relation can be found in [42]. The non-
covariant part of any composite field that transforms in the
fundamental representation has the same form as the second
term in (3.9).

Using the result (4.4) and the expansion (3.14) for the
covariant derivative of a spinor field, we can obtain the first
order NC correction to the noncommutative product D,L(;S *
DV¢> * Dp¢> * Dpw Applymg the rule (4.5), and setting A

qu*D ¢*Dp¢andB = D, 1// we get

(D#$* Dva* Dpa* Dgl’ﬁ\)(l)
1
= —Zeaﬁwa(aﬁ + Dﬁ)(D/t¢DV¢D,O¢D(T‘(/f)

+%9“ﬂDa(DM¢DV¢Dp¢>(DgDaw>

+%eaﬂDa(DmDuqs)(DﬂDp«P)Dm

+%eaﬂ(DaDm)(DﬁDm)DMDa‘/f
+%90!/3{Fom’ Dgp} D¢ D, Dot
+%9“ﬂDu¢>{Fw, Dy} D,pp Dot
+%9“ﬁDM¢DU¢{Faﬂ, D) Do s

—%GaﬁDMqﬁqu&DP(ﬁFmDﬁw. (4.6)
The composite field DMZE* Dva* Dpa* Dafﬁ transforms
in the fundamental representation since it is a product of
the field Dﬂa * szp\ * Dpzp\ that transforms in the adjoint
representation, and the field D, 1///\ that transforms in the fun-
damental representation, and for that reason the first term in
(4.6), i.e. the non-covariant term, has the same form as the
corresponding non-covariant term in (3.9). Again, we knew
that from the general result (4.5). The other terms in (4.6) are
manifestly covariant.

Using the NC expansion of the Dirac adjoint field (3.10),
setting A= ¥ and B = Dﬂa* Dva* Dpa* D(,@, the
general rule (4.2) gives us the first order correction to the
total product i x Dﬂa* Dv$* Dpa* Dgl/ﬁ\ which is a scalar
of SO(2, 3), group:

(% Dy % Dyp % Dpp % Dy )

= _%eaﬂl/}FaﬁDmDvepD,@Daw
+%6“’31/_fDa(D,L¢Dv¢Dp¢)(DﬂDa1/f)
+%6“’3IﬁDa(D,L(/’)Du(ﬁ)(DﬁDp‘P)DUw
+%9“’3IZf(DaDuff))(DﬁDufﬁ)DpfﬁDa‘ﬁ

1 _
+50°P Y Fay, Dy} Duvd Dy Doty
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1 - i
+50°" Y Du{Far, Dpd} Dy Doty —g [ dhx e Toptel vVov
1 - 1 -
+§9aﬁ¢fD;L¢Dv¢{Fapa Dgp} Dy +E;l d*x e T, eéf YV
1 _
300 D D@D, Foa D “.7) tig [ e 1,0l G0, Yoy
Finally, we present the first order NC correction to the com- 1 g T, o by
mutative kinetic action in the symmetric phase, i.e. then = 1 T 8/ re 1//0” pY
term in the perturbative expansion of the full NC kinetic 1 4 dbopo 75
action Sy, = Zn 3}((7’1 12[ d'xe T Eab  €pec €y Yy Ve
. 7i
1- e 4 d &4 c..5
:S:](al',)L:l_Zeaﬂ/d‘lxguvpa[__wFaﬂDuqﬁDv(pr(bDoI/’ +4812 d’x ecgy, eﬁe lﬁ)/ Y Ve
1 -
—— | 4 V.eh) (el — o% et by, v
DL DLADIDDRDeD 3 [ e Cuetes — ezef) iy Vv
i d*x e 0,°VgVs
+59 Da(Dud Du§) (D5 Dph) Do ] Vou"VpVad
i - v 4 a by .cdrs i
+59(DaD,$) (D Du$) Dy Dot 8 / d'x ¢ Map(Vaey) (Vpey)e™ee
1 eqe] VyrysVour
5 (Fa. Dpd) Dog Dy Dot IR
1 - - 4 a by cds 1
39 D Fuv: Dy} Dy Doy g [ e (Ve Tpelrey el
1- ede wV sV
+5 9 Dudp Dyl Fup. Dpd) Doty L
1 T2 d*xee (Vﬁe )shc e e 1//)/5V U
Ew w®Dvd D, Foo Dy :| +h.c.. 4.8) )
81 d*x e (Ve )(e“eb egef)efs wgbcvgw
This action possesses ordinary SO (2, 3), i.e. AdS sym-
metry, and this was to be expected by the virtue of the SW 21 d*x e (Vye )e“ wvﬂw
map. Namely, we started with the NC action (4.1) invari- ]
ant under the deformed SO(2, 3), gauge transformations d*x e (Vye )eb 1/;0 bvﬁlp
and expanded it perturbatively in powers of the deformation 8
parameter %¢ (up to the first order, but we could straight- _|_L d*x e Raﬁab VoupVr
forwardly proceed further). By using the SW map we ensure 96!
that the obtained perturb.atlve corrections are invariant, in d*x e R, ab eleS ¢ ‘ﬁ Obetr
each order, under the ordinary SO (2, 3) gauge transforma- 481
tions. Our result (4.8) explicitly confirms that. ' Pre Ry, eﬂae“ lﬂ% "
In order to break the SO(2, 3) symmetry of the action 16l
(4.8) down to the local Lorentz SO (1, 3) symmetry, we set 4
¢% =0 and ¢5 = [. The action reduces to 302 d'xel, ap WVaW
1 4 w7
1 -
1 +— d4 T @ m
+16 d4X e R ﬁabeg wyav w 1612 X e ap eﬁa WV W
1 -
_ . d4 V a V b jzay
_3l_2/d4x ¢ Raﬂ“bgabcdeg VY Y Vet +121 x € nap(Vaey ) (Vpey) yo g
4 b H VN 7 C
d4x e R bceu8 bem w_ymVSVﬂw 61 d*x e (Vye )(Vﬁe )(6 — e, ea) Yo bw
d*x e (Vyel)el
_L dx e Ry e, des 1612/ x e (Vael)el Yypy
24 1 .
(eﬂ T _ehel) VR VAR 1612 d*x e (Vye )e,ga vyt
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d*x e Waaﬁlﬁ i| +h.c.. 4.9)

YA

This result exhibits the type of couplings between Dirac
spinors and gravity that emerge due to noncommutativity.
Some of them pertain even in flat spacetime and this causes
some interesting new physical effects.

4.2 NC deformation of the mass terms

In this section we consider a noncommutative deformation
of the mass terms. It is obtained by replacing the ordinary
commutative product with the NC Moyal-Weyl x-product in
the mass terms (2.21):

~ im 2 4
Sm :5(7 - 1—2) /d x ghtvre
X [cli*Dﬂa*Dva*Dp(/b\*Dda*a;*ﬂf\
+621/_I*DM$* Dva* Dpa*a* Dga*f/'f\
+c3z/_f*DM$* Dua*a* Dpa* Dg$*$:| +h.c..
(4.10)

Again, by using the Seiberg-Witten map we can represent this
action as a perturbation series in powers of the deformation
parameter 0%, taking only the first order term into account.
We present below the result of this operation for each of the
three mass terms, denoted by TS'\,(nl)l (i =1,2,3), separately:

X

NI»—‘NI»—‘NI»—‘NI-‘NI“ w|~ N|~ N|~ S |

+ %J,Da(Dungvd)Dpd)DJ(bqﬁ)Dﬁw

<

Fup D¢ Dy Dpp Do pptr
wD (DpdpDypDpdpDsp) Dy
lﬂD (DppDy¢)Dg(Dp¢p Dy )P
lﬂD ¢ D¢ (Do Dp¢)(Dp Do p)pyr

<

(Dot Du¢)(Dﬂ Dv¢)Dp¢Da¢¢w

V{Fup, Dpd} D¢ D,y Dy

S

Ld’{FOth Dﬂ¢}Dp¢Dﬂ¢¢l/f

VD¢ DyvdiFap, Dpd}Dodpdyr

VD¢ Dyp Dy Fuo, Dﬂ¢}¢1ﬂi| (4.11)
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1) ica/m 2 4
S 2 :7<7 — 12) gep /d x ghvPe

%wDa(DM¢DU¢Dp¢¢Do¢)Dﬂ¢

X
_|_

‘% |

Fap Dy Dy Dppd Doy
xlfD (Du¢Dv¢Dppp)(Dp Do)y
xlfD (Du¢Dv¢Dpp) Dpdp Dy iy

xlfD (DpdpDy¢)(DpDpdp) Doy

‘Sl

+
[\)I»—AI\)IHNI»—‘NM—*NINl\)l“l\)l“l\)l“#l'—"_|

‘% |

(Do Dy¢)(DgDv@) Dy Do oy

+ =V {Fau, D} Dy$ D Doy

‘S l

D ¢{Fav, Dpp}Dpdpp Do s

‘Gl

D¢ Dyv¢{Fop, D} Doy

D¢ D¢ Dyp¢{Fuoo, Dpd}yy } (4.12)

12) b / d*x ghvPo

+ %@DQ(DM¢DU¢¢DP¢DU¢)DW

)
N|&'
—

3
w

X

NI*—‘ NI*—‘NI*—‘I\)I'—‘NI“‘ NI“‘ NI“‘ NI“‘ -Pl*—"_|
‘$|

Fap Dy Dy Dy Do by
Do (D, Du$$) Dp(Dpd Do)
D (D $Dv§) DydDyd Dy b
J(Da D) (D Du$)$ Dy Dy oty
D¢ D d (Do D) (D Dy o)1
+ >V {Fup, D¢} Dydpdp Dy Do s

+

<

D/Ld’{FOtvv Dﬂ¢}¢’D,0¢DU¢1/f

‘S 1

;L¢D ‘t"f’{FaP’Dﬁ(p}D oY

¥ Dud Dypp Dp{ Fuo, Dﬂ¢}1ﬂi| (4.13)

None of the three mass terms in (4.10) is more preferable
than the others, and so we will treat all three of them on
equal footing. According to (2.22), we should assume that
c] = —cp = c3 if they are to contribute equally, at the
commutative level, to the Dirac mass term after the symmetry
breaking. The coefficients must also satisfy the constraint

(2.23), and so we will set c; = —¢; = ¢3 = 5.
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After the symmetry breaking, the first order NC correction
to the sum of the three mass terms (4.11), (4.12) and (4.13)
becomes

—~ [ 2 _
S,%l) — 9P [— L (m - —) /d4x e (Van)efj VAY Y2

4 l
1 2 4 a by .7 v
+ﬂ m— 7 d"x e nap(Vae), ) (Vgey) Yo"y
1 2 d4 V. et b n v
T m — 7 xel( aeu)(Vﬁev)(ea e,.

—elle,) Yo,

_1 (ﬁ - E) /d4x e (Voey,)elf VY

36 \ [ 2
1 2 7
"9 (m - 7) /d4x e Ryg™ Vowy
1 2 4 ab ¢ 7
-5 m—; d*x e Ry, eqeg Yopcy
1 (fm 2 7
) (T B 1_2) /d4x e Top" Vrva¥y
7 (m 2 7
55 (7 5) [ e et b

! (l”_;_i)/duel/‘,%w i|+h.c.. (4.14)

The full NC action at the first order in 8/ after the symmetry
breaking is the sum of the kinetic term (4.9) and the mass term
(4.14),

SO =F 450 (4.15)
The result (4.15) is the sought first order noncommutative
correction to the Dirac action in curved spacetime. This
action couples Dirac spinors to the geometrical quantities like
curvature, torsion, etc. It is manifestly SO (1, 3) gauge invari-
ant and also, as we shall elaborate below, charge-conjugation
invariant. The non-vanishing of the first order NC correction
to the Dirac action in curved spacetime is a significant result
since it enables us to extract potentially observable NC effects
already at the lowest perturbative order. We will see in the
next section that the first order NC corrections to the Dirac
action pertains also in flat spacetime, making it even easier
to investigate modifications of e.g. the Feynman propagator
or dispersion relation for electrons. Note that the first non-
vanishing NC correction to the Einstein-Hilbert action is at
the second order in §#. This result is confirmed in many
papers [1-3,27-32].

4.3 C-conjugation
Let us analyse the behavior of the action (4.15), which is the

sum of (4.9) and (4.14), under charge conjugation transfor-
mation. The charge conjugation operator is a unitary operator

denoted by C. The undeformed Dirac field (now treated as
an operator-valued function) and its adjoint transform in the
following way:

Cy(x)C = —g(x)C,

cye ! =—y e, (4.16)
where C is a matrix defined by Cy,C~! = —yaT. In the
representation we use, it holds that cl=ct=c?"=—c.

The identity CT4C~! = Fg for 5D gamma-matrices also
holds. The SO(2, 3) gauge potential w,, is invariant under
C-conjugation, i.e. Ca)MABC_1 = a)ﬂAB. This relation entails

the invariance of the vierbein and the spin-connection,
ap—1 _ a
Ce MC =€),

Co, 0 =0, 4.17)

and, by extension, the invariance of the curvature tensor and
torsion which are built out of these quantities.

Using the transformation properties (4.16) and (4.17), one
can readily verify that the undeformed (zeroth order) action
after the symmetry breaking, given in (2.26), is invariant
under charge conjugation. The invariance of the kinetic part
follows from

C(Yy*eiVoy)C' = — (Vo h) yiedy.

The undeformed action before symmetry breaking is also
invariant since the auxiliary field ¢ is not effected by C-
conjugation.

Now consider the first order NC corrections (4.9) and
(4.14). They have the form 9%/ ES/; and all terms in L((x]ﬂ)
pick up a minus sign under charge conjugation, for example,

Clzfaotﬁwc_l = _lpo—aﬂ Y.

This, together with the transformation law for the deforma-
tion parameter [43,44],

co*Pe! = -,

(4.18)

(4.19)

(4.20)

leads to the conclusion that action (4.15) is indeed invariant
under charge conjugation. Such a behavior of the deformation
parameter 6*# under charge conjugation transformation can
be justified in several ways. Consider the transformation law
for the NC Dirac spinor field fﬁ and its adjoint. These fields
can be expanded via SW map as in (3.9) and (3.10), and it
must be ensured that they have the same sort of behaviour
under charge conjugation as their undeformed counterparts,
i.e. we demand that

CPmC = —J)C,

crc ! = —gT e, 421)
Using the identity Cw,C ™! = —wl, we can readily verify
that

Clwdpy)C" = 95 (@4 0), (4.22)
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Clwa Dpy)C™" = D (0, 0), (4.23)

which are the transformation properties of the terms appear-
ing in (3.9), and similarly for the corresponding terms in
(3.10). If we want (4.21) to hold, 6*# must change its sign
under C-conjugation. Aside from this formal argument based
on symmetry considerations, there is a heuristic argument
for assuming the transformation law (4.20) given in [44],
stemming from string theory. It is explained there that an
electric dipole moment of an open string is proportional to
6P . This motivates the conclusion that 6% goes to —%#
under charge conjugation. Because of the property of the
Moyal-Weyl x-product under C-conjugation, the algebra of
coordinates remains unaffected.

5 NC Dirac equation in flat spacetime

In this last section, we study the special case of flat space-
time in order to investigate the influence of noncommutativ-
ity (which survives in this limit) on the energy-momentum
relation for electrons. In the flat spacetime limit, the action
(4.15) becomes

1 -
s — G“ﬂ/d4x [— 57 V0" 0pd0 ¥

7i - _
+ Wsaﬁp”wypysaow —Mmﬁw] , (5.1
where we introduced the notation M := 4% + #. Therefore,

the effect of noncommutativity, in the form of new couplings
in the action, is relevant even in flat spacetime.
The total NC action in flat spacetime to the first order is

S=3850 430 = /d4x Y (iyH, —m)y
1 -
+9°¢‘/d4x [— 57 V0" 900V

7i _ _
+ Wgaﬂ”"w)/pmaal// - Mlpoocﬂl//i| . (5.2)

The existence of the first order NC correction to the Dirac
action is a non trivial consequence of this model. We can
easily derive the Feynman propagator for the Dirac field from
the action (5.2). The result (in momentum space) is given by

iSp(p) = /d4x (QIT Y () (0)|Q)e*

i

:‘ﬁ—m+ie
i i
- (e*D
+p§—m+ie(l aﬁ)]ﬁ—m+ie+

(5.3)
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where

1 7
Dyp = Zaa"pﬂpg + Waaﬂpgypyspg — Mous. (5.4)

The Feynman propagator is modified due to the spacetime
noncommutativity. Thus, we see that an electron effectively
interacts with the NC background itself. In this respect, we
may say that NC background acts like a background electro-
magnetic field.

By varying action (5.2) with respect to ¥ we derive the
modified Dirac equation in Minkowski spacetime:

1 Ti
|:ia —m— 50“’30“”8,380 + meaﬂeaﬂpaypysag

—eaﬂMoa,g]w =0. (5.5)
To simplify further analysis, we will assume that only
two spatial dimensions are mutually incompatible, e.g.
[x!, x?] = i0'%. Thus, we have #'2 = -2l =1 9 £ 0
and all other components of 6" equal to zero.

The Eq. (5.5) reduces to

0
|:ia —m — 5(0103235 —0,%9105)

7i6

o (07593 = v3ysdo) — 29M012]1/f =0, (5.6)

where we assumed the convention in which ¢9123 = 1.

Let us now find the dispersion relation, i.e. energy-
momentum relation, for the Dirac fermions. Since hamil-
tonian commutes with the whole momentum operator, we
can assume the plane wave ansatz ¥ (x) = u(p)e "P"* where
u(p) stands for a yet undetermined spinor amplitude

o S

u(p) = (5.7

d

With this choice, Eq. (5.6) can be represented in the momen-
tum space as

E-m —o-p
((a.p _E_m>+9/\/l>u(p)—0, (5.8)
where the matrix M is given by
A %PP— —TaP: AEp-
1 1 7
31 PP+ —A  —5Epy —5pP:
M=| " 1 | 121 . (5.9)
wrP: aEp- B 21 PP
—5Epy  zp:  ppe  —B

Quantities £ and p denote energy and momentum of a parti-
cle, respectively, and the matrix elements A and B are given
by
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7E
(px+p )+ =

A= — —2M,
1212
7E
Bi=—— — —— —2M, 1
T (px +py) 2 (5.10)

with p+ = py £ ipy. We use the Dirac representation of
y —matrices.

Non trivial solutions of the homogeneous matrix equation
(5.8) which, when written explicitly, states that

E—m+6A %p:p, 7[/17%;7; 7p,+%Ep,
Gpeps E—m—06A —py—5Ep.  p.—xp. Z .
pet rp: p-+5Ep-  —E-m+6B S pep- :1 o
pr— S EPy  —p+ Tmp: S ppy —E-m—0B

(5.11)

exist, if and only if, the determinant of the matrixp —m +6 M
(which is the matrix appearing in (5.11)) equals zero. This
condition will give us the dispersion relation. The determi-
nant depends on the energy which is also represented as a
perturbative expansion in powers of 6,

0}1

+00
E = E™: where E®W ~ ——
Z (length)2”+1

n=0

(5.12)

If the determinant is equal to zero, it is equal to zero order
by order in 6, and we can derive the momentum dependence
of EW term in the energy expansion, which is enough to see
how noncommutativity influences the dispersion relation for
the Dirac fermions. To get higher order energy terms we need
higher order perturbative corrections to the Dirac action.
First we will consider an electron moving along the z-
direction, i.e. in the direction orthogonal to the noncommu-
tative x, y-plane. The matrix equation (5.11) reduces to

E —m+0A(0) 0 —p:— Ty 0 a
0 E—m—0A(0) 0 P:— s (b)_o
P+ 12 p: 0 —E —m+60B(0) 0 c ’
0 —pe+ 1mr 0 —E —m—60B(0) d

where A(0) = A(pyx

B(px = py =0).
Non trivial solution for spinor components a, b, ¢, and d

existif atleast one of the following two conditions is satisfied:

E-m+(TE om)e||Eom= ("5 +om)e
"=\ 12 "=\ 122

1p: ?
=|p.+ 20| .
[pz 1212 }

= py = 0) and likewise B(0) =

(5.14)

Four different solutions for the energy (to the first order in 0,
ie. E=EO® 4+ EM)yare

Ei»=E :F|:m_2_ﬂ i+@(92)
' P12 383] Ep ’

Ess=—Ep+ [ m ﬂ} 9 L ow. (5.15)
: 122 383 E,

with £ =
Zeeman effect. The deformation parameter 6 plays the role of
a constant background magnetic field that causes the splitting
of atomic energy levels.

In the rest frame (p = 0) the energies reduce to:

m? + p?. This is reminiscent of the well known

E12(0) =m F [i + 00,

1212 313}

m 1
E34(0)=—m= |:12[2 3l3i| 0+ 0(9 ). (5.16)

From (5.16) we see that the electron’s mass gets renormalised
due to the noncommutativity of the background spacetime
and the correction is linear in the deformation parameter.

By solving the matrix equation (5.13) for each of the four
energy functions in (5.15), we get the following four linearly
independent solutions of the NC Dirac equation (up to a nor-
malization factor):

N —iEjt+ip.z
Vi o g (1) o | |€ 1,
Eptm 22 35) E

e—iEai—ip:z,

Yo ~

e—lE3[—lng’

Y3 ~

e—iE4I+ip;_Z_

Yy ~

(5.17)

Spinors 1 and ¥, (¥3, and ¥4) correspond to positive (neg-
ative) energy solutions of the NC Dirac equation. Note that in
commutative case the opposite helicity (:I:%) solutions have
the same energy. However, in noncommutative case, as we
can see, the solutions with opposite helicity have different
energies. The noncommutativity of space, here taken to be
confined in x, y-plane, causes the undeformed energy levels
L E), to split. The energy gap between the new levels is the
same for £E, and it equals

o[ m _m7 8 (5.18)
122 33| E, ‘
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From the dispersion relations (5.15) we can easily find the
(group) velocity of an electron. This velocity is defined by

(5.19)

For positive (negative) helicity solution 1 (¥2) we get

2
P m m 0 2

These velocities can be rewritten in the following way:

Via= 2 100, (5.21)
Ei»
Thus, we conclude that velocity of an electron moving in
z-direction depends on its helicity. This is analogues to the
birefringence effect, i.e. the optical property of a material
having a refractive index that depends on the polarization
and propagation direction of light. NC background acts as a
birefringent medium for electrons propagating in it.
The Dirac spinor y; can be represented as

1
0

». e iE1+Ip:T
E1+E(0)

Y1~ (5.22)

and the corresponding Dirac spinor in the rest frame is

1
Ol —ie,on
¥1(0) ~ ole B (5.23)
0
where
E1(0) = mo_ 1, (5.24)
I =m=10r "33 | '

The boost along z-direction in spinor representation is given
by

s = (3) - () (3 5).

where v = tanh(p). If we take v = —v; = —% Wwe can con-

struct the boost matrix that transforms the rest frame solution
¥1(p; = 0) into the solution Y1 (p;). It is given by

 [Ei(po) + Ev0)
S(=py) = —2E1(0) I

(5.25)

[E1(p;) — E1(0) (0 o3
+ T(O) (03 0) , (5.26)
and we have
S(=p)Y1(0) = Y1 (pz). (5.27)
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This result shows that constant noncommutativity in x, y-
plane is compatible with a Lorentz boost along z-direction.
Similar statement holds for the other solutions.

For an electron moving in noncommutative x, y-plane, i.e.
an electron whose momentum is p = (px, py, 0), by using
the same procedure, we get the deformed energy levels:

m 1
E14==xE, - [m — 3?:| 0,

m 1
Ey3 =+Ep + |: i|9, (5.28)

1212 313

with Ep = /m? + pi + p3. Itis interesting to note that, in
this case, NC corrections do not depend on the momentum,
as opposed to the NC corrections of the energy levels of
an electron moving along z-direction, i.e. in the direction in
which it does not feel the noncommutativity. Again, these
energy levels exactly reduces to (5.16) when p = 0.

The four independent Dirac spinors are:

1
0 ) . .
wl ~ 0 e*lE|I+leX+lpyy’
P+ 7__ m
ot 1+ (3~ #) ]
0
1 . . .
wz ~ b 7 m eszztﬂpxerzpyy7
w1 = (d — )]
0
0
P+ q__ m . . .
Y3 ~ | Eptm [1 + (1212 1 l) ‘9] e 1 E3t—ipxx—ipyy
1
0
P (L. _—m)p
Ep+m 1212 121
Y ~ 0 e~ iEat—ipxx—ipyy
0
1

(5.29)

It turns out that these solutions cannot be obtained by boost-
ing the corresponding rest frame solutions. This was to be
expected since, as we have already mentioned, by choosing
the canonical noncommutativity we have effectively fixed
the coordinate system. In other words, we work in a pre-
ferred coordinate system in which only boosts along z-axis
and rotations around z-axis are preserved.

6 Conclusion

We studied the coupling of the Dirac spinor field and grav-
ity on noncommutative Moyal-Weyl spacetime starting from
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a commutative theory with AdS gauge symmetry. After its
NC deformation one can perform a perturbative expansion of
the SO(2, 3), invariant action in powers of the deformation
parameter 8#, assuming it to be small, by using the Seiberg-
Witten map. In this way we ensure that the expansion has the
ordinary SO (2, 3) symmetry, order by order in 6*# . Breaking
the symmetry down to the local Lorentz SO(1, 3) symmetry
reduces the action to the NC Dirac action in curved space-
time. Explicit calculation of the first order NC correction is
presented. It is invariant under local Lorentz transformations
and charge conjugation, and we showed that it does not van-
ish even in flat spacetime. This significant feature enables
us to study how linear NC effects influence the properties
of a free electron in Minkowski spacetime. There is a linear
deformation of the Dirac equation and the Feynman propa-
gator due to noncommutativity. The dispersion relation for
electrons is also modified. The undeformed energy levels of
the commutative theory get split in the constant background
NC spacetime - a phenomenon analogues to the Zeeman split-
ting of atomic energy levels in background magnetic field.
We also found the explicit solutions of the NC Dirac equation
in flat spacetime and demonstrated that, by introducing con-
stant noncommutativity in flat spacetime, we are effectively
working in the preferred class of coordinate systems. The
helicity dependence of the deformed energy levels means
that NC background acts as a birefringent medium for elec-
trons propagating in it.

This could not be achieved by directly introducing non-
commutativity into the free Dirac action (minimal substitu-
tion) giving

S = /d4x b x (iy" 0, —m)p. 6.1)
Since
/d4x fxg= /d4x fg. (6.2)

the first order NC correction to the free Dirac action (6.1)
vanishes.

Let us also mention the appearance of the term 6%# &Uaﬂ v
in the NC Lagrangian density. It resembles the magnetic
moment term in Electrodynamics with electromagnetic field
strength tensor replaced by 6*f. If we interpret the param-
eter of noncommutativity as a constant “electric/magnetic”
background field the analogy becomes obvious. This is in
accord with the behaviour of the deformation parameter
under charge-conjugation and the upper mentioned Zeeman-
like splitting of the energy levels.

In future work we plan to include electromagnetic field
in our NC SO(2, 3), model. This will lead us to a theory of
NC electrodynamics, with potentially new phenomenology,
that can be compared to the one established by the standard
approach based on the minimal substitution. Minimal NC

electrodynamics is not a renormalisabile theory because of
the fermionic loop contributions [45-47]. It would be inter-
esting to analyse the renormalisability of the presented model
and to extend this approach to scalar and non-Abelian gauge
fields in order to establish a complete theory concerning the
behaviour of matter in noncommutative spacetime.
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