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Abstract Recently, the theory of topologically massive
gravity non-minimally coupled to a scalar field has been pro-
posed, which comes from the Lorentz–Chern–Simons theory
(JHEP 06, 113, 2015), a torsion-free theory. We extend this
theory by adding an extra term which makes the torsion to
be non-zero. We show that the BTZ spacetime is a particu-
lar solution to this theory in the case where the scalar field
is constant. The quasi-local conserved charge is defined by
the concept of the generalized off-shell ADT current. Also
a general formula is found for the entropy of the stationary
black hole solution in context of the considered theory. The
obtained formulas are applied to the BTZ black hole solu-
tion in order to obtain the energy, the angular momentum and
the entropy of this solution. The central extension term, the
central charges and the eigenvalues of the Virasoro algebra
generators for the BTZ black hole solution are thus obtained.
The energy and the angular momentum of the BTZ black hole
using the eigenvalues of the Virasoro algebra generators are
calculated. Also, using the Cardy formula, the entropy of the
BTZ black hole is found. It is found that the results obtained
in two different ways exactly match, just as expected.

1 Introduction

We know that the pure Einstein–Hilbert gravity in three
dimensions exhibits no propagating physical degrees of free-
dom [2–5]. But adding the gravitational Chern–Simons term
produces a propagating massive graviton [6]. The resulting
theory is called the topologically massive gravity (TMG).
Inclusion of a negative cosmological constant yields a cosmo-
logical topologically massive gravity (CTMG). In this case
the theory exhibits both gravitons and black holes. Unfortu-
nately, in this model a problem is found with the usual sign
for the gravitational constant, which means that the massive
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excitations of CTMG carry negative energy. In the absence of
a cosmological constant the sign of the gravitational constant
can be changed but if � < 0 this will give a negative mass to
the BTZ black hole, making the existence of a stable ground
state doubtful in this model [7]. TMG has a bulk–boundary
unitarity conflict. In other words either the bulk or the bound-
ary theory is non-unitary so there is a clash between the pos-
itivity of the two Brown–Henneaux boundary charges c and
the bulk energies [8]. Recently an interesting version of three-
dimensional massive gravity was introduced by Bergshoeff et
al. [9], dubbed Minimal Massive Gravity (MMG), which has
the same minimal local structure as TMG. The MMG model
has the same gravitational degree of freedom as the TMG
has and the linearization of the metric field equations for
the MMG yields a single propagating massive spin-2 field. It
seems that the single massive degree of freedom of the MMG
is unitary in the bulk and gives rise to an unitary CFT on the
boundary. Following this paper some interesting work has
been done on the MMG model [10–18].

The authors of [19] have introduced the Chiral Gravity
(CG) by formulating the TMG at a special point in param-
eter space, where the curvature radius of AdS3 equals the
inverse of the graviton mass μ. Recently the authors of [1]
have proposed a generalization of chiral gravity. They have
considered a Chern–Simons action for the spin connection in
the presence of a scalar field and a constraint that enforces the
spin connection to remain torsion-less. So the model includes
the TMG and the CG as particular cases. Here we would like
to extend the Lagrangian of this model so that it describes
minimal massive gravity theory, non-minimally coupled to
a scalar field. There are many papers about the coupling of
the scalar field and gravity in three dimensions. For exam-
ple, the contribution of the scalar fields to the conserved
charges has been studied in the context of black hole solu-
tions of 3D gravity with a scalar field in [20]. The authors
in this paper have shown that although the generators of the
asymptotic symmetries acquire a contribution from the scalar
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field, the asymptotic symmetry group remains the same as
in pure gravity. In Ref. [21] the author has considered the
three-dimensional gravity coupled to a scalar field, with spe-
cial attention to black hole configurations. A finite action
for three-dimensional gravity with a minimally coupled self-
interacting scalar field has been constructed in [22]. In [23]
a spinning hairy black hole in gravity, minimally coupled to
a self-interacting real scalar field in three spacetime dimen-
sions, has been presented. The authors in this paper have
shown that the presence of a scalar field with a slower fall-off
at infinity leads to anti-de Sitter asymptotic behavior, which
differs from the one found by Brown and Henneaux but has
the same symmetry group as in pure gravity.

In this paper we try to find a general formula for a quasi-
local conserved charge for our model in a first order for-
malism. We use the formula obtained to find the energy, the
angular momentum and the entropy of the BTZ black hole
solution in the context of this theory. It is interesting that
although the conserved charges (energy, angular momentum
and entropy) of a BTZ black hole and also a Virasoro cen-
tral charge depend on the coupling parameter α in MMG
[24], the contributions from the MMG interaction term in
the energy, angular momentum entropy and also Virasoro
central charge vanish for the solution we consider (the BTZ
black hole solution in the presence of constant scalar field).
It seems that for this special solution case, the coupling to
the scalar field removes the dependence on α.

There are several approaches to obtain mass and angu-
lar momentum of black holes for different gravity theo-
ries [2–41]. The authors of [28] have obtained the quasi-
local conserved charges for black holes in any diffeomorphi-
cally invariant theory of gravity. By considering an appro-
priate variation of the metric they have established a one-
to-one correspondence between the ADT approach and the
linear Noether expressions. They have extended this work
to a theory of gravity containing a gravitational Chern–
Simons term in [29] and have computed the off-shell poten-
tial and quasi-local conserved charges of some black holes in
TMG.

In the metric formalism of gravity for the covariant theo-
ries defined by a Lagrangian n-form L Wald has shown that
the entropy of black holes is the Noether charge associated
with the horizon-generating Killing vector field, evaluated at
the bifurcation surface [25]. The presence of the purely gravi-
tational Chern–Simons terms and mixed gauge gravitational
ones gives rise to a non-covariant theory of gravity in the
metric formalism. Tachikawa extended the Wald approach
to include non-covariant theories [42]. Hence, regarding
this extension, one can obtain the black hole entropy as a
Noether charge in the context of non-covariant theories as
well. Another way (apart from the Tachikawa method) to
obtain the entropy of black holes in the context of such theo-
ries has been studied in Refs. [43,44] in an appropriate way.

The remainder of this paper is organized as follows. In
Sect. 2 we first briefly introduce the model of [1]. Then, by
adding a convenient term to the Lagrangian of [1], this model
is generalized, such that it describes a minimal massive grav-
ity theory, non-minimally coupled to a scalar field. In con-
trast to the Lagrangian of [1] this model is not torsion-free.
In Sect. 3 the equations of motion are obtained. It is shown
that the new field h is not a symmetric tensor, in contrast to
the usual minimal massive gravity. Also it is shown that the
BTZ black hole spacetime solves the equations of motion.
In Sect. 4 an expression for the conserved charges of the
considered model is found, associated with the asymptotic
Killing vector field ξ based on the quasi-local formalism. In
Sect. 5 a stationary black hole solution of the minimal mas-
sive gravity coupled to a scalar field is considered. Then a
general formula for entropy of such black hole solutions is
found. In Sect. 6 the obtained formula is applied to conserved
charges and the entropy on the BTZ black hole solution of
the minimal massive gravity coupled to a scalar field model.
The energy, angular momentum and entropy of these black
holes are obtained. In Sect. 7, the central extension term is
calculated and with this we find the central charges and the
eigenvalues of the Virasoro algebra generators for the BTZ
black hole solution. Also, we obtain again the energy and
angular momentum of this black hole using the eigenvalues
of the Virasoro algebra generators. Then the entropy of the
BTZ black hole is found using the Cardy formula. In the final
section the results are summarized.

2 Minimal massive gravity coupled to a scalar field

Recently it has been shown that it is possible to achieve from
the Lorentz–Chern–Simons action a topologically massive
gravity (TMG), non-minimally coupled to a scalar field [1].
The Lorentz–Chern–Simons Lagrangian 3-form is

LCS(ω) = ωa
b ∧ dωb

a + 2

3
ωa

b ∧ ωb
c ∧ ωc

a, (1)

where ωab = ωab
μdxμ are the components of the spin-

connection 1-form.1 The spin connection can be decomposed
in two independent parts,

ωab = ω̃ab + Kab, (2)

where ω̃ab is the torsion-free part, which is known as the
Riemannian spin connection and Kab is the contorsion 1-

1 Here, we use Latin and Greek Letters to characterize Lorentz and
coordinate indices, respectively. Also, we work in the Einstein–Cartan
formalism. In this formalism the independent dynamical fields are the
spin connection ωab and the dreibein 1-form ea .
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form. The field equations for the Lorentz–Chern–Simons
Lagrangian are

Rab(ω) = dωab + ωa
c ∧ ωcb = 0, (3)

where Rab(ω) is the curvature 2-form. Using the Bianchi
identities

D(ω)Rab(ω) = 0, D(ω)T a(ω) = Ra
b(ω) ∧ eb, (4)

we find that D(ω)T a(ω) = 0. This equation has the follow-
ing solution in three dimensions:

T a(ω) = ϕ0ε
a
bce

b ∧ ec, (5)

where ϕ0 is a constant. Notice that D(ω) denotes an exterior
covariant derivative with respect to ω and that T a(ω) is a
torsion 2-form which is defined as

T a(ω) = D(ω)ea = dea + ωa
b ∧ eb. (6)

Also, ea = eaμdxμ are vector valued 1-forms such that eaμ
denotes a dreibein. We shall assume that the dreibein is invert-
ible. Since T a(ω) = Ka

b ∧ eb we find that

Kab = −ϕ0ε
ab
ce

c. (7)

In the paper [1] the authors promote ϕ0 to a local dynamical
fieldϕ = ϕ(x). By substituting Eq. (2) with Kab = −ϕεabce

c

into the Lagrangian (1) we have

LCS(ω) = 1

2
LCS(ω̃) + ϕεabce

a ∧ Rbc(ω̃)

+ 1

3
ϕ3εabce

a ∧ eb ∧ ec

+ ϕ2ea ∧ T a(ω̃) + 1

2
d

(
ϕεabcω̃

ab ∧ ec
)

. (8)

Eventually, the authors of Ref. [1] present the following
Lagrangian:

L [λ,m] = ϕεabce
a ∧ Rbc(ω̃) + 1

3!λϕ3εabce
a ∧ eb ∧ ec

+ 1

2m
LCS(ω̃)

+ ϕ2ea ∧ T a(ω̃) + 1

2
d

(
ϕεabcω̃

ab ∧ ec
)

+ 1

2m
ζa ∧ T a(ω̃), (9)

where λ and m are two parameters that are introduced
to adapt the cosmological constant and the mass param-
eter of the TMG term, respectively. The last term in the
Lagrangian (9) makes this theory torsion free. The above

Lagrangian describes a topologically massive gravity theory
non-minimally coupled to a scalar field.
In three dimensions it is convenient to define a dualized spin-
connection 1-form and a dualized curvature 2-form

ωa = 1

2
εabcω

bc, Ra = 1

2
εabc R

bc, (10)

respectively. By using a 3D-vector algebra notation for
Lorentz vectors (see for instance [45]) the dualized curva-
ture and torsion 2-forms can be written as

R = dω + 1

2
ω × ω, T = de + ω × e, (11)

in terms of a dualized spin-connection, respectively.
So far we have reviewed the main idea of the paper [1].

Now the Lagrangian (9) will be generalized in order to
describe the minimal massive gravity theory, non-minimally
coupled to a scalar field.2 First of all, we consider the fol-
lowing redefinitions in the Lagrangian (9):

λ → 2λ, m → μ, L [λ,m] → 2L ,

1

4m
ζ → h, ω̃ → ω, (12)

and then we add the following term to the obtained
Lagrangian:

1

2
αe · h × h, (13)

whereα is just a parameter with a dimension of mass inverted.
Thus we obtain the following Lagrangian:

L = ϕe · R(ω) + 1

3!λϕ3e · e × e

+ 1

2μ

(
ω · dω + 1

3
ω · ω × ω

)

+ 1

2
ϕ2e · T (ω) + h · T (ω)

+ 1

2
d (ϕω · e) + 1

2
αe · h × h. (14)

It is easy to see that the theory described by the above
Lagrangian is not a torsion-free one (for 3D gravity mod-
els with torsion refer to [47–49]). If the two last terms in the
Lagrangian (14) are eliminated, the obtained Lagrangian can
be interpreted as a Lagrangian of the Mielke–Baekler model
[46], non-minimally coupled to a scalar field. However, we

2 In order to generalize the Lagrangian (9), we consider the spin con-
nection ω̃ab and the dreibein ea as two independent dynamical fields on
an equal footing.
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should note that the Mielke–Baekler Lagrangian is given by
[46]

LMB = θCe · R(ω) + θ�e · e × e + θL

×
(

ω · dω+1

3
ω · ω × ω

)
+ θT e · T (ω) + h · T (ω),

(15)

where θC , θ�, θL and θT are just constants. By comparing
Eqs. (14) and (15), one may guess that, by changing the
frame as e → ϕe, the Mielke–Baekler Lagrangian (15) turns
into the Lagrangian (14), without the two last terms. But this
is not correct because the torsion 2-form will be changed as
T (ω) → T (ω)+dϕe under the considered change of frame.
Thus it seems that the considered model, which is described
by the Lagrangian (14), cannot be simply seen as a change
of frame of the Mielke–Baekler theory.

As will be discussed in Sect. 4, e and ω both are invariant
under a general coordinate transformation. Also, ϕ is a scalar
field and therefore the Lagrangian (14) is invariant under
a general coordinate transformation. On the other hand, e
is invariant under a general Lorenz gauge transformation,
ea → �a

be
b, but ω is not, ω → �ω�−1 + �d�−1. It

is easy to check that the curvature 2-form and the torsion
2-form both are invariant under the general Lorenz gauge
transformation. So the Lagrangian (14) is not invariant under
the general Lorenz gauge transformation due to the presence
of the topological Chern–Simons term (the third term in the
Lagrangian). Thus, in order to obtain the conserved charges
of such a theory, we will have to use an extension of the
Tachikawa method [42], which is presented in [31,50]. We
assume that haμdxμ is a Lorentz vector-valued 1-form.

3 Equations of motion

To find the equations of motion, a variation of the Lagrangian
(14) should be taken,

δL = δϕEϕ +δe · Ee +δω · Eω +δh · Eh +d�(, δ) (16)

where  is a collection of all the fields, i.e.  = {ϕ, e, ω, h}.
In the above equation the following definitions are valid:

Eϕ = e · R(ω) + λ

2
ϕ2e · e × e + ϕe · T (ω), (17)

Ee = ϕR(ω) + λ

2
ϕ3e × e + 1

2
ϕ2T (ω) + 1

2
αh × h

+1

2
D(ω)

(
ϕ2e

)
+ D(ω)h, (18)

Eω = 1

μ
R(ω) + 1

2
ϕ2e × e + e × h + D(ω) (ϕe) ,

(19)

Eh = T (ω) + αe × h, (20)

�(, δ) = ϕδω · e + 1

2μ
δω · ω + 1

2
ϕ2δe · e + δe · h

+1

2
δ(ϕω · e). (21)

The equations of motion of the considered theory are

Eϕ = Ee = Eω = Eh = 0, (22)

and �(, δ) is just a surface term. The equation of motion
(20), namely Eh = 0, can be written as

T (ω) = de + (ω + αh) × e = 0. (23)

It is clear that a new dual spin-connection 1-form can be
defined:

� = ω + αh, (24)

which is the usual torsion-free spin connection � = �(e).
By this definition the equations of motion can be rewritten

e · R(�) + λ

2
ϕ2e · e × e − αϕe · e × h

+1

2
α2e · h × h − αe · D(�)h = 0, (25)

ϕR(�) + λ

2
ϕ3e × e − αϕ2e × h − 1

2
α(1 − αϕ)h × h

+(1 − αϕ)D(�)h + ϕdϕ e = 0, (26)

R(�) + 1

2
μϕ2e × e + μ(1 − αϕ)e × h − αD(�)h

+ 1

2
α2h × h + μdϕ e = 0, (27)

T (�) = 0. (28)

To obtain the above equations the following equation is used:

D(ω) f = D(�) f − αh × f, (29)

where f is an arbitrary Lorentz vector-valued 1-form. By
combining Eqs. (26) and (27) we find

R(�) + 1

2
[αλϕ + μ(1 − αϕ)] ϕ2e × e

+
[
μ(1 − αϕ)2 − α2ϕ2

]
e × h

+ [αϕ + μ(1 − αϕ)] dϕ e = 0. (30)
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This equation can be solved to find the following expression
for h

haμ = − 1[
μ(1 − αϕ)2 − α2ϕ2

] {Saμ

+1

2
[αλϕ + μ(1 − αϕ)] ϕ2eaμ

+ [αϕ + μ(1 − αϕ)] εabce
ν

b ecμ∂νϕ}. (31)

In contrast to ordinary minimal massive gravity [9], hμν is not
a symmetric tensor, i.e. in the considered model the condition
e · h = 0 no longer holds. In Eq. (31), Sμν = Rμν − 1

4gμνR
is the 3D Schouten tensor andRμν andR are the Ricci tensor
and the Ricci scalar, respectively.

It can be easily seen from Eq. (31) that ha is a Lorentz
vector-valued 1-form. As we mentioned earlier, dreibein, cur-
vature 2- form and torsion 2-form are invariant under gen-
eral coordinate transformations (and under general Lorenz
gauge transformation). Also, as D(�) is an exterior covari-
ant derivative with respect to �, the equations of motion
(25)–(28) are covariant.

For BTZ black hole spacetime [51], we find

R(�) = − 1

2l2
e × e, Sa = − 1

2l2
ea, (32)

where l is the AdS space radius. By assuming that ϕ is a
constant, say ϕ = ϕ0, the BTZ black hole spacetime solves
the equations of motion (25)–(28). So, by taking ϕ = ϕ0 for
the BTZ black hole spacetime, Eq. (31) becomes

ha = βea, (33)

where

β = 1 − αλl2ϕ3
0 − μl2(1 − αϕ0)ϕ

2
0

2l2
[
μ(1 − αϕ0)2 − α2ϕ2

0

] . (34)

By substituting Eqs. (32) and (33) into the equations of
motion (25)–(28), we find

− 1

2l2
+ 1

2
λϕ2

0 − αβϕ0 + 1

2
α2β2 = 0, (35)

− ϕ0

2l2
+ 1

2
λϕ3

0 − αβϕ2
0 − 1

2
αβ2(1 − αϕ0) = 0, (36)

− 1

2l2
+ 1

2
μϕ2

0 + μβ(1 − αϕ0) + 1

2
α2β2 = 0. (37)

It is obvious that by combining Eqs. (36) and (37) Eq. (34)
can be regained. Thus the BTZ black hole spacetime together
with ϕ = ϕ0 will be a solution of the considered model when
Eq. (35) is satisfied, where β is given by Eq. (34). When
Eqs. (35) and (36) are combined it is found that

αβ = 0, ϕ0 = ± 1

l
√

λ
. (38)

By substituting Eq. (38) into Eq. (37) we obtain

β = 1

2l2

(
1

μ
− 1

λ

)
. (39)

Now we have two types of solutions. One solution is

α = 0, ϕ0 = ± 1

l
√

λ
, β = 1

2l2

(
1

μ
− 1

λ

)
, (40)

and the other is given by

α �= 0, ϕ0 = ± 1

l
√

λ
, β = 0, μ = λ. (41)

In both cases we have T (ω) = 0, i.e. the BTZ black hole
spacetime together with ϕ = ϕ0 will be a torsion-free solu-
tion of the considered model when one set of Eqs. (40) and
(41), are satisfied.

A few comments are necessary. Minimal massive gravity
is an extension of topologically massive gravity. Topolog-
ically massive gravity is a torsion-free theory but minimal
massive gravity is not. A term such as (13) is added to the
TMG in order to construct minimal massive gravity. In Sect. 2
it was seen that the Lagrangian (9) describes a topologically
massive gravity, non-minimally coupled to a scalar field. In
an ordinary case we expect that minimal massive gravity,
non-minimally coupled to a scalar field, can be constructed by
adding a term like (13) to the Lagrangian (9). The equations
of motion of the minimal massive gravity, non-minimally
coupled to a scalar, are given by Eqs. (25)–(28). These equa-
tions are very complicated because of the complex form of
the auxiliary field ha (see Eq. (31)). Therefore writing the
equations of motion in metric form is very difficult. Also, it
is not useful.

4 Quasi-local conserved charges

In this section an expression to the conserved charges of
the considered model associated with the asymptotic Killing
vector field ξ , based on quasi-local formalism for conserved
charges, will be found [28–32].

Under the Lorenz gauge transformation � ∈ SO(2, 1),
dreibein transforms according to eaμ → �a

be
b
μ so that

the spacetime metric gμν = ηabeaμe
b
ν under this trans-

formation remains unchanged. Also, under a Lorenz gauge
transformation the spin connection transforms according to
ω → �ω�−1 + �d�−1. This is not an invariant quantity
under the considered transformation. The Lorentz–Lie (L–L)
derivative of the dreibein 1-form can be defined by [52]

Lξ e
a = £ξ e

a + λabe
b, (42)
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where £ξ denotes an ordinary Lie derivative along ξ and
λab generates the Lorenz gauge transformations SO(2, 1).
In general, λab is independent of the dynamical fields of the
considered model. It is a function of the spacetime coordi-
nates and of the diffeomorphism generator ξ . The total vari-
ation of the dreibein and the spin connection are defined by
[50]

δξ e
a = Lξ e

a, (43)

δξω = Lξω − dχξ , (44)

respectively, where χa
ξ = 1

2εabcλ
bc. The extra term in (44),

−dχξ , can make a theory non-covariant, in the sense of the
Lorentz covariance (because e and ω both are invariant under
a general coordinate transformation).

Now, it is supposed that the variation of the Lagrangian
Eq. (16) is due to a diffeomorphism which is generated by
the vector field ξ , so the total variation of Lagrangian (16)
with respect to the diffeomorphism ξ is

δξ L = δξϕEϕ +δξ e ·Ee+δξω ·Eω+δξh ·Eh+d�(, δξ).

(45)

On the one hand, the presence of the topological Chern–
Simons term in the Lagrangian (14) makes this model
Lorentz non-covariant, by virtue of Eq. (44). So, the total
variation of the Lagrangian (14) due to the diffeomorphism
generator ξ can be written as

δξ L = Lξ L + dψξ , (46)

which is equivalent to the statement that a symmetry is a
transformation which leaves the Lagrangian form invariant,
up to a total derivative. Despite the fact that a Lagrangian is
not invariant under general coordinates transformation and/or
under a general Lorenz gauge transformation, if the total
variation of a given Lagrangian can be written as (46), then
ξ could be a symmetry generator. Although the Lagrangian
(14) is not invariant under the general Lorenz gauge transfor-
mation, it is invariant under the infinitesimal Lorenz gauge
transformation (see Eqs. (46) and (63)) and also a general
coordinate transformation. Also, it is enough to obtain gen-
erally covariant equations of motion so that the Lagrangian
behaves like (46) under a total variation [42]. On the other
hand, from the definition of the total variation due to ξ , Eqs.
(43) and (44)can be written

δξ e = D(ω)iξ e + iξT (ω) + (χξ − iξω) × e, (47)

δξω = iξ R(ω) + D(ω)(iξω − χξ ), (48)

δξh = D(ω)iξh + iξ D(ω)h + (χξ − iξω) × h, (49)

δξϕ = iξ D(ω)ϕ, (50)

where iξ denotes the interior product in ξ . By substituting
Eqs. (46)–(50) into Èq. (45) we find

d
[
�(, δξ) − iξ L − ψξ + iξ e · Ee + (iξω − χξ ) · Eω

+ iξh · Eh
]

= (iξω − χξ ) · [D(ω)Eω + e × Ee + h × Eh]

+ iξ e · D(ω)Ee + iξh · D(ω)Eh

− iξT (ω) · Ee − iξ R(ω) · Eω

− iξ D(ω)h · Eh − Eϕiξ D(ω)ϕ.

(51)

The right hand side of the above equation becomes zero by
virtue of the Bianchi identities (4). Therefore, we find that

d Jξ = 0, (52)

where

Jξ=�(, δξ)−iξ L−ψξ+iξ e·Ee+(iξω−χξ )·Eω+iξh·Eh .

(53)

Thus the quantity Jξ defined above is conserved off-shell.
Because Jξ is closed, it is by virtue of the Poincaré lemma
exact so that we can write Jξ = dKξ . Since this model is
not Lorentz covariant we expect that the total variation of the
surface term differs from its L–L derivative

δξ�(, δ) = Lξ�(, δ) + �ξ . (54)

Now, we take an arbitrary variation from Eq. (53) and we
find that

JADT(, δ; ξ) = d
[
δKξ − iξ�(, δ)

] + δψξ − �ξ,

(55)

where JADT(, δ; ξ) is defined as

JADT(, δ; ξ) = δe · iξ Ee + δω · iξ Eω + δh · iξ Eh − δϕiξ Eϕ

+ iξ e · δEe + (iξω − χξ ) · δEω + iξ h · δEh

+ δ�(, δξ) − δξ�(, δ),

(56)

and we will refer to that as “the generalized off-shell ADT
current” [30,31]. If ξ is a Killing vector field everywhere, the
generalized off-shell ADT current is reduced to the ordinary
one because we have the following configuration space result:
[53],

δ�(, δξ) − δξ�(, δ) = 0; (57)
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this equality holds when ξ is a Killing vector field. Also, if the
equations of motion and the linearized equations of motion
both are satisfied, the off-shell ADT current is reduced to
the symplectic current. We know that the symplectic cur-
rent gives conserved charges associated with asymptotically
Killing vector fields [25]. Thus this generalization makes
sense for an ordinary ADT current. In this way, the general-
ized off-shell ADT current will be conserved for any asymp-
totically Killing vector field as well as for a Killing vector
field which is admitted everywhere by spacetime. It seems
that we can write [29,42],

δψξ − �ξ = dZξ , (58)

so Eq. (55) can be rewritten as

JADT(, δ; ξ) = dQADT(, δ; ξ), (59)

where QADT(, δ; ξ) is a generalized off-shell ADT con-
served charge associated with an asymptotically Killing vec-
tor field ξ , which is given by

QADT(, δ; ξ) = δKξ − iξ�(, δ) + Zξ . (60)

The quasi-local conserved charge associated with the Killing
vector field can be defined by ξ as [28,29],

Q(ξ) = 1

8πG

∫ 1

0
ds

∫

�

QADT(|s), (61)

where G denotes the Newtonian gravitational constant and
� is a space-like codimension two surface. Also, integration
over s is just integration over an one-parameter path in the
solution space and s = 0 and s = 1 correspond to the back-
ground solution and the solution of interest, respectively.

It is straightforward to calculate ψξ in Eq. (46) using the
fact that the exterior derivative and the L–L derivative do not
commute,

[
d,Lξ

]
e = dχξ × e. (62)

Thus we find

ψξ = dχξ ·
[
−1

2
ϕe + 1

2μ
ω

]
. (63)

In a similar way, �ξ can be obtained in Eq. (54)

�ξ = dχξ ·
[
−1

2
δϕe − 1

2
ϕδe + 1

2μ
δω

]
. (64)

It is easy to see from Eqs. (58), (63) and (64) that dZξ = 0.
We then choose Zξ to be zero. As mentioned earlier, Jξ =

dKξ can be written by the Poincaré lemma. So, from Eq. (53),
Kξ is found as follows:

Kξ = ϕ(iξω − χξ ) · e + 1

2μ
iξω · ω − 1

μ
χξ · ω + 1

2
ϕ2iξ e · e

+ iξ e · h + 1

2
ϕiξω · e − 1

2
ϕiξ e · ω.

(65)

Considering the above results, namely Eqs. (63)–(65) and
taking into account Eq. (24), the generalized ADT conserved
charge (60) can be calculated

QADT(, δ; ξ)

= [
(iξ� − χξ ) · e − αiξh · e + ϕiξ e · e] δϕ

+
[
ϕ(iξ� − χξ ) + ϕ2iξ e + (1 − αϕ)iξh

]
· δe

+
[
ϕiξ e + 1

μ
(iξ� − χξ ) − α

μ
iξh

]
· δ�

+
[
(1 − αϕ)iξ e − α

μ
(iξ� − χξ ) + α2

μ
iξh

]
· δh. (66)

By explicitly demanding that δξ ea = 0 when ξ is a Killing
vector field, we find the following expression for χξ [50,52]:

χa
ξ = iξω

a + 1

2
εabce

νb(iξT
c)ν + 1

2
εabce

b
μe

c
ν∇μξν. (67)

Now, this expression is simplified for the considered model,
which is not torsion free. It is clear that the covariant deriva-
tive of a vector field ξ is given by

∇μξν = ∂μξν + �ν
μσ ξσ , (68)

where �α
μν is the connection compatible with metric gμν .

On the one hand, we can decompose this connection into two
parts

�α
μν = {

α
μ ν

} + K α
μν (69)

where
{

α
μ ν

}
is the Levi-Civita connection and K α

μν is the
contorsion tensor, which is defined by

K α
μν = T α

μν + T α
μ ν + T α

ν μ (70)

in terms of Cartan torsion tensor T α
μν = 1

2

(
�α

μν − �α
νμ

)
.

Thus we have

K α
μν = 2T α

μν − �α
μν. (71)

Now, by substituting Eqs. (69) and (71) into Eq. (67) we will
find the following expression for χξ :

χa
ξ = iξ�

a + 1

2
εabce

b
μe

c
ν∇̃μξν, (72)
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where ∇̃ denotes the covariant derivative with respect to the
Levi-Civita connection. Hence, to calculate the conserved
charges of the solutions considered by using Eq. (61), the
above expression can be employed for χξ . In the above pro-
cedure to find conserved charges we assume that ϕ as well
as e and ω is a dynamical field which is an arbitrary function
of coordinates. So it is clear that Eqs. (61), (66) and (72) can
be used to obtain charges associated with the solutions of the
theory, which may have a non-constant scalar field.

5 General formula for entropy of black holes in
minimal massive gravity coupled to scalar field

When we are considering a stationary black hole solution
of the minimal massive gravity coupled to a scalar field we
know that the entropy of a black hole is a conserved charge
associated with the Killing horizon generating Killing field
ζ [25]. We take the codimension two surface � to be the
bifurcation surface B. Assuming that ζ is the Killing vector
field which generates the Killing horizon, we must set ζ = 0
on B. Thus Eq. (66) becomes

QADT(, δ; ζ ) = −δ

[
χζ ·

(
ϕe + 1

μ
� − α

μ
h

)]
(73)

on the bifurcation surface. Now take s = 0 and s = 1 cor-
responding to the considered black hole spacetime and the
perturbed one, respectively. Therefore, by integrating (73)
over the one-parameter path in the solution space we find

∫ 1

0
dsQADT(, δ; ζ ) = −χζ ·

[
ϕe + 1

μ
� − α

μ
h

]
. (74)

The bifurcation surface of a stationary black hole is a circle.
In Ref. [50] the authors have shown that on the bifurcation
surface we can write

χa
ζ = κNa, (75)

where κ is the surface gravity and Na is a vector which is
given by

Nμ =
(

0, 0,
1√
gφφ

)
. (76)

Hence, by substituting Eq. (74) into Eq. (61) we will find

Q(ζ ) = − κ

8πG

∫ 2π

0

dφ√
gφφ

[
ϕgφφ + 1

μ
�φφ − α

μ
hφφ

]
,

(77)

which should be calculated on the horizon. Now, the entropy
of a stationary black hole can be defined [25]

S = −2π

κ
Q(ζ ), (78)

therefore,

S = 1

4G

∫ 2π

0

dφ√
gφφ

[
ϕgφφ + 1

μ
�φφ − α

μ
hφφ

]
, (79)

which should be calculated on the horizon. In the above for-
mula, hφφ is given by

hφφ = − 1[
μ(1 − αϕ)2 − α2ϕ2

]

×
{
Sφφ + 1

2
[αλϕ + μ(1 − αϕ)] ϕ2gφφ

}
. (80)

Equation (79) will be similar to the ordinary minimal massive
gravity formula when we take ϕ = ϕ0.

6 Application for BTZ black hole solution with ϕ = ϕ0

In this section, the conserved charges and entropy of the BTZ
black hole solution with ϕ = ϕ0 in the context of the consid-
ered model is calculated. The following dreibein describes
the BTZ black hole spacetime:

e0 =
(

(r2 − r2+)(r2 − r2−)

l2r2

) 1
2

dt

e1 =
(

l2r2

(r2 − r2+)(r2 − r2−)

) 1
2

dr

e2 = r
(

dφ − r+r−
lr2 dt

)
, (81)

where r+ and r− are the outer and inner horizon radii of
the BTZ black hole, respectively. We take the integration
surface � to be a circle with an infinite radius. Therefore,
we can consider the AdS3 spacetime to be a background
corresponding to s = 0,

ē0 = r

l
dt, ē1 = l

r
dr, ē2 = rdφ. (82)

The bar on a quantity means that the quantity is calculated
on the background. Thus Eq. (66) for the considered solution
becomes
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QADT(, δ; ξ) =
[(

ϕ0 − αβ

μ

)
(iξ �̄ − χ̄ξ ) + 1

μl2
iξ ē

]
· δe

+
[(

ϕ0 − αβ

μ

)
iξ ē + 1

μ
(iξ �̄ − χ̄ξ )

]
· δ�

(83)

where we have used Eq. (38). Quantities that are calculated
on the background do not obviously depend on parameters of
the solution space, so by taking an integration from Eq. (83)
over a one-parameter path in the solution space, we find

∫ 1

0
dsQADT(, δ; ξ) =

[(
ϕ0 − αβ

μ

)
(iξ �̄ − χ̄ξ )

+ 1

μl2
iξ ē

]
· �e

+
[(

ϕ0 − αβ

μ

)
iξ ē

+ 1

μ
(iξ �̄ − χ̄ξ )

]
· ��, (84)

where � = (s=1) − (s=0). By substituting Eq. (84)
into Eq. (61) we find that

Q(ξ) = 1

8πG
lim
r→∞

∫ 2π

0

{[(
ϕ0 − αβ

μ

)
(iξ �̄ − χ̄ξ )

+ 1

μl2
iξ ē

]
· �eφ

+
[(

ϕ0 − αβ

μ

)
iξ ē

+ 1

μ
(iξ �̄ − χ̄ξ )

]
· ��φ

}
dφ. (85)

For a BTZ black hole spacetime at spatial infinity we have

�eaφ = 0, ��t̂
φ = −r2+ + r2−

2lr
,

��r̂
φ = 0, ��

φ̂
φ = −r+r−

lr
, (86)

which are calculated based on Eq. (81).
Energy is a conserved charge corresponding to the Killing

vector ξ = ∂t , thus

E = 1

8G

[(
ϕ0 − αβ

μ

) (
r2+ + r2−

l2

)
− 2r+r−

μl3

]
. (87)

For the given solution we have αβ = 0 (see Eq. (38)), thus
the contribution from the MMG vanishes and the expression
for the energy (88) becomes

E = 1

8G

[
ϕ0

(
r2+ + r2−

l2

)
− 2r+r−

μl3

]
. (88)

The angular momentum is a conserved charge corresponding
to the Killing vector ξ = −∂φ . Then

j = 1

8G

[(
ϕ0 − αβ

μ

) (
2r+r−

l

)
− r2+ + r2−

μl2

]
. (89)

Similarly, due to Eq. (38), the expression for the angular
momentum can be written

j = 1

8G

[
ϕ0

(
2r+r−

l

)
− r2+ + r2−

μl2

]
. (90)

Since on the horizon of the BTZ black hole we find

gφφ = r2+, �φφ = −r+r−
l

, hφφ = βr2+, (91)

by substituting Eq. (91) into Eq. (79) we find the entropy of
the BTZ black hole solution,

S = π

2G

[(
ϕ0 − αβ

μ

)
r+ − r−

μl

]
. (92)

Again, because of Eq. (38), the contribution from the MMG
term in the entropy will vanish, i.e.

S = π

2G

[
ϕ0r+ − r−

μl

]
. (93)

It is straightforward to check that these results satisfy the first
law of black hole thermodynamics, that is,

δE = TH δS + �H δ j, (94)

where TH = κ
2π

and �H = r−
lr+ are the Hawking temperature

and the angular velocity of the horizon, respectively.

7 Virasoro algebra and the central term

Using the results of Sect. 4 , the central extension term for
the considered model can be obtained and subsequently the
central charges can be read. In this section, we take AdS3

spacetime with ϕ = ϕ0 as background (see Eq. (82)) and the
integration surface � to be a circle with a radius of infinity.
Two copies of the classical centerless Virasoro algebra, which
are known as the Witt algebra, are given by,

[ξ±
m , ξ±

n ] = i(n − m)ξ±
m+n, [ξ+

m , ξ−
n ] = 0, (95)

where ξ±
m ( m ∈ Z ) are the vector fields. They have the

following form [54]:

ξ±
n = 1

2
einx

±
[
l

(
1 − l2n2

2r2

)
∂t − inr∂r ±

(
1 + l2n2

2r2

)
∂φ

]
, (96)
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where x± = t/ l ±φ. The square brackets in Eq. (95) denote
the Lie bracket. The central extension term C(ξ±

m , ξ±
n ) is

given by the following Eq. [55] (see also related work in
[56,57]):

{Q(ξ±
m ), Q(ξ±

n )} = Q([ξ±
m , ξ±

n ]) + C(ξ±
m , ξ±

n ). (97)

Since the conserved charge (61) is linear in ξ ,

Q([ξ±
m , ξ±

n ]) = i(n − m)Q(ξ±
m+n); (98)

on the other hand, we know that

{Q(ξ±
m ), Q(ξ±

n )} = δξ±
n
Q(ξ±

m ). (99)

Thus the central extension term will be obtained from the
following equation:

C(ξ±
m , ξ±

n ) = δξ±
n
Q(ξ±

m ) − i(n − m)Q(ξ±
m+n). (100)

It is clear from Eq. (61) that we can write at spatial infinity

δQ(ξ) = 1

8πG

∫

∞
QADT(̄, δ; ξ). (101)

Therefore, by taking an integration from Eq. (101) over an
one-parameter path in the solution space, we find

Q(ξ) = 1

8πG

∫

∞
QADT(̄,�; ξ). (102)

Also, from Eq. (101), it can easily be deduced that

δξ±
n
Q(ξ±

m ) = 1

8πG

∫

∞
QADT(̄, δξ±

n
; ξ±

m ). (103)

Thus, by substituting Eqs. (102) and (103) into (100), an
expression for the central extension term is found. Conse-
quently the central charges of the considered model can be
read. Because we take AdS3 spacetime with ϕ = ϕ0 then
Eq. (103) can be rewritten as

δξ±
n
Q(ξ±

m ) = 1

8πG

(
ϕ0 − αβ

μ
± 1

μl

)
lim
r→∞

×
∫ 2π

0
iξ±

m
ē · δξ±

n
A±

φ dφ, (104)

where A± are connections corresponding to the two SO(2, 1)

gauge groups [58]

(A±)a = �a ± 1

l
ea . (105)

In the calculation of Eq. (104) we have used the following
equation:

iξ±
n
�̄ − χ̄ξ±

n
= ±1

l
iξ±

n
ē, (106)

which can be derived from Eqs. (72) and (96). By using
Eqs. (24) and (29), Eqs. (47)–(50) can be simplified as fol-
lows:

δξ e = D(�)iξ e + (χξ − iξ�) × e, (107)

δξ� = iξ R(�) + D(�)(iξ� − χξ ), (108)

δξh = D(�)iξh + iξ D(�)h + (χξ − iξ�) × h, (109)

δξϕ = iξ D(�)ϕ, (110)

therefore, it can be shown that

δξ±
n

(
A±)0

φ
= − iln3

2r
einx

±
,

δξ±
n

(
A±)1

φ
= 0,

δξ±
n

(
A±)2

φ
= ± iln3

2r
einx

±
.

(111)

By substituting Eq. (111) into Eq. (104), we find that

δξ±
n
Q(ξ±

m ) = iln3

8G

(
ϕ0 − αβ

μ
± 1

μl

)
δm+n,0. (112)

Suppose that ϕ = ϕ0 and h = βe, as they are sensible for
the BTZ black hole solution. Then Eq. (102) for ξ = ξ±

m
becomes

Q(ξ±
m ) = 1

8πG

(
ϕ0 − αβ

μ
± 1

μl

)
lim
r→∞

∫ 2π

0
iξ±

m
ē·�A±

φ dφ.

(113)

By substituting Eq. (86) into (113), we find that

Q(ξ±
m ) = l

16G

(
ϕ0 − αβ

μ
± 1

μl

) (
r+ ∓ r−

l

)2

δm,0.

(114)

Now, to find the central extension term we must substitute
Eqs. (112) and (114) into (100). We find that

C(ξ±
m , ξ±

n ) = il

8G

(
ϕ0 − αβ

μ
± 1

μl

)

×
[
n3 −

(
r+ ∓ r−

l

)2

n

]
δm+n,0. (115)

To obtain the usual n dependence, that is, n(n2 − 1), in the
above expression it is sufficient that a shift is made from
Q(ξ±

m ) by a constant [59]. Thus by the substitution
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Q(ξ±
n ) ≡ L±

n , {Q(ξ±
m ), Q(ξ±

n )} ≡ i[L±
m, L±

n ], (116)

Equation (100) becomes

[L±
m, L±

n ] = (n − m)L±
m+n + c±

12
n(n2 − 1)δm+n,0, (117)

where

c± = 3l

2G

(
ϕ0 − αβ

μ
± 1

μl

)
(118)

are central charges and L±
n are generators of Virasoro algebra.

So the algebra among the conserved charges is isomorphic
to two copies of the Virasoro algebra. The eigenvalues of the
Virasoro generators L±

n can be read off Eq. (114),

l±n = l

16G

(
ϕ0 − αβ

μ
± 1

μl

) (
r+ ∓ r−

l

)2

δm,0. (119)

By virtue of Eq. (38) the contribution from the MMG in the
central charges and eigenvalues of the Virasoro generators
will vanish, so we find

c± = 3l

2G

(
ϕ0 ± 1

μl

)
, (120)

l±n = l

16G

(
ϕ0 ± 1

μl

) (
r+ ∓ r−

l

)2

δm,0, (121)

for cental charges and eigenvalues of the Virasoro generators,
respectively. The eigenvalues of the Virasoro generators L±

n
are related to the energy E and the angular momentum j of
the BTZ black hole by the following equations, respectively:

E = 1

l
(l+0 + l−0 ) = 1

8G

[
ϕ0

(
r2+ + r2−

l2

)
− 2r+r−

μl3

]
, (122)

j = l−0 − l+0 = 1

8G

[
ϕ0

(
2r+r−

l

)
− r2+ + r2−

μl2

]
. (123)

Also, to calculate the entropy of the black hole considered
the Cardy formula can be used [60,61] (see also [54])

S = 2π

√
c+L+

0

6
+2π

√
c−L−

0

6
= π

2G

[
ϕ0r+ − r−

μl

]
. (124)

By comparing the above results, Eqs. (122)–(124), with Eqs.
(88), (90) and (93) it can be seen that they match exactly.

8 Conclusion

In this paper, the theory of topologically massive gravity
non-minimally coupled to a scalar field which comes from
the Lorentz–Chern–Simons theory [1] is considered. The

Lagrangian of this theory is given by Eq. (9). It is a torsion-
free one. The theory is extended by adding an extra term
(13) which makes the torsion non-zero. The Lagrangian of
the extended theory is given by Eq. (14). In Sect. 3, we have
obtained the equations of motion (25)–(28) of the extended
theory in such a way that they are expressed in terms of the
usual torsion-free spin connection (24). We have shown that
the BTZ spacetime together with ϕ = ϕ0 solves the equations
of motion (25)–(28) when one of Eq. (40) or (41) is satisfied.
In Sect. 4, the off-shell ADT current is generalized and it is
deduced that it is conserved for any asymptotically Killing
vector field as well as a Killing vector field which is admitted
by spacetime everywhere. Then the Poincaré lemma is used
to define the generalized off-shell ADT charge (60). Conse-
quently, we have defined the quasi-local conserved charge
(61) for the considered theory. In Sect. 5 a general formula
(79) is found for the entropy of the stationary black hole solu-
tion in the context of the considered theory. We have used the
obtained formulas to calculate the energy (88), the angular
momentum (90) and the entropy (93) of the BTZ black hole
solution. These quantities satisfy the first law of black hole
mechanics. In Sect. 7 we have obtained the central extension
term (115) and then read off the central charges (120) and the
eigenvalues of the Virasoro algebra generators (121) for the
BTZ black hole solution. We have calculated the energy (122)
and the angular momentum (123) of this black hole using
the eigenvalues of the Virasoro algebra generators. Also, we
have calculated the entropy of the BTZ black hole by using
the Cardy formula (124). Comparing Eqs. (122)–(124) with
Eqs. (88), (90) and (93) we found that, although they have
been obtained in two different ways, they exactly match, as
we expected.

We should mention that here we have considered a special
example, a BTZ black hole together with ϕ = ϕ0 where ϕ0 is
a constant. In this case, the equations of motion (26) and (27)
imply that ha is proportional to ea (see Eq. (33)). Thus, on
one hand, the contributions from the MMG interaction term
in the energy, the angular momentum and the entropy become
proportional to αβ (see Eqs. (66), (79)). On the other hand,
the remaining equation of motion (25) requires that αβ =
0. Therefore, the contributions from the MMG interaction
term in the energy, angular momentum and entropy vanish
for the given example. In the model considered, we have
one more equation of motion than in the ordinary MMG
model. Herewith we can deduce that the coupling to the scalar
field removes the dependence on α for the given example. A
similar argument holds for the Virasoro central charges.

We do not expect that the results obtained match with the
MMG ones when we take a constant scalar limit. The reason
for this comes from the fact that the Lagrangian (14) does
not become the Lagrangian of the MMG [9] when the scalar
field is a constant. Instead, it will reduce to the Lagrangian of
the Mielke–Baekler model with torsion when the scalar field
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is considered as a constant (the Mielke–Baekler Lagrangian
(15) has an extra term θT e · T (ω) over the TMG. Subse-
quently, the Lagrangian (14), when the scalar field is a con-
stant, differs from the Lagrangian of the MMG by a term of
the form θT e · T (ω)).
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