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Abstract The entanglement and Rényi entropies for spher-
ical entangling surfaces in CFTs with gravity duals can be
explicitly calculated by mapping these entropies first to the
thermal entropy on hyperbolic space and then, using the
AdS/CFT correspondence, to the Wald entropy of topolog-
ical black holes. Here we extend this idea by taking into
account corrections to the Wald entropy. Using the method
based on horizon symmetries and the asymptotic Cardy for-
mula, we calculate corrections to the Wald entropy and find
that these corrections are proportional to the logarithm of
the area of the horizon. With the corrected expression for
the entropy of the black hole, we then find corrections to
the Rényi entropies. We calculate these corrections for both
Einstein and Gauss–Bonnet gravity duals. Corrections with
logarithmic dependence on the area of the entangling surface
naturally occur at the order G0

D . The entropic c-function and
the inequalities of the Rényi entropy are also satisfied even
with the correction terms.

1 Introduction

Quantum entanglement is one of the most remarkable prop-
erties of quantum systems; it is essential to most quantum-
information applications. The quantification and characteri-
zation of entanglement is an important problem in quantum-
information science and a number of measures have been
suggested for its definition in the literature [1]. Two such
measures are entanglement and Rényi entropies. Formally,
given a subsystem v and its complement v̄, the entanglement
entropy of the subsystem v is defined by the von Neumann
entropy of its reduced density matrix ρv ,

SEE = −Tr [ρv ln ρv], (1)
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where ρv is obtained by tracing out the degrees of freedom of
the subsystem v̄ from the full density matrix. Similarly, the
Rényi entropy is defined by a one-parameter generalization
of the von Neumann entropy,

Sq = 1

1 − q
ln Tr [ρq

v ], (2)

where q is a positive real number. Given the above defini-
tion, one finds that limq→1 Sq = SEE, i.e., the entanglement
entropy is recovered from the Rényi entropy by taking the
limit q → 1.

The properties of entanglement and Rényi entropies have
been the subject of intense investigations in the last two
decades and form the basis for many applications ranging
from condensed matter physics to quantum gravity. The stan-
dard way of calculating these entropies in quantum field the-
ories is the replica method [2]. In this method, one maps the
trace of the qth power of the density matrix ρv to the parti-
tion function on a singular q-folded Riemann surface. Geo-
metrically, this q-fold space is a flat cone with angle deficit
2π(1 − q) at the entangling surface, and the Euclidean path
integral over fields defined on this q-fold space can be explic-
itly computed for a few simple cases. However, for generic
quantum field theories the computation of the partition func-
tion on the singular surfaces is rather difficult, which limits
the usefulness of the replica method.

On the other hand, recent developments in the AdS/CFT
correspondence [3] have suggested an elegant and geometric
way of computing entanglement entropy in conformal field
theories (CFTs) which have gravity duals. In the seminal
work of Ryu and Takayanagi (RT) [4,5], the entanglement
entropy of a d-dimensional boundary CFT was conjectured
to be given by the area of a minimal surface in the bulk AdS
space as

SEE = Area(γv)

4GD
, (3)
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where γv is the (d − 1)-dimensional minimal-area hyper-
surface, which extends into the bulk spacetime and shares
the same boundary ∂v of the subsystem v. This proposal has
been extensively tested for a variety of systems and by now
there is a good amount of evidence to support this conjec-
ture [6]. Indeed, further indications for the correctness of this
conjecture was provided in [7], where the generalized replica
method was applied in the bulk AdS space to prove the RT
conjecture.

An alternative approach to calculating the holographic
entanglement entropy, which works only for spherical entan-
gling surfaces, was proposed in [8]. In [8], it was observed
that the reduced density matrix for a spherical entangling
region in flat space can be conformally mapped to the ther-
mal density matrix on the hyperbolic space; or equivalently
the original entanglement entropy can be mapped to ther-
mal entropy on the hyperbolic space [9]. Then, using the
AdS/CFT correspondence, the latter thermal entropy can
be again mapped on the dual gravity side to black hole
entropy of certain topological black holes with hyperbolic
horizons. This observation therefore also provided an alter-
native derivation of the RT conjecture for a spherical entan-
gling surface in d-dimensional CFT. Moreover, in [10], it
was observed that the idea of [8] can be further extended
to the study of the Rényi entropy for a spherical entangling
region. For the record, let us also mention that a holographic
variant for the Rényi entropy, which works for any entan-
gling surface, has recently been put forth in [11]. See also
[12,13], for a discussion of the holographic Rényi entropy in
two-dimensional boundary CFTs.

The procedure of mapping entanglement and Rényi
entropies of the boundary CFT to the entropy of the black
hole have many advantages. In particular, this mapping can
easily be generalized to calculate Rényi entropy of higher-
dimensional CFTs. Moreover, this mapping can also be gen-
eralized to calculate Rényi entropy of boundary theories
which are dual to higher derivative gravity theories.

An essential point which comes in the derivation of [8,10]
is the notion of black hole entropy, which can be computed
using the standard Wald formula. Using the Wald entropy,
the above procedure indeed reproduces independent known
results of Rényi entropy. However, an important point, which
we want to stress here and that will play a significant role in
this paper, is that the Wald entropy only gives the leading
order contribution to the entropy of the black hole. There
are additional subleading quantum corrections to the usual
Wald entropy, which are generally proportional to the loga-
rithm of the area of the horizon. Indeed, recent activities in
most quantum gravity models, including string theory and
loop quantum gravity (LQG) or methods based on diffeo-
morphism symmetry arguments, have predicted logarithmic
corrections to the entropy of the black hole, with a general
expression like

S = SWald + C ln SWald + · · · . (4)

The coefficient C has been calculated for a variety of cases.
For example, for the Schwarzschild black hole the coeffi-
cient C was found to be equal to − 3/2 in LQG [14]. There,
the horizon was treated as a boundary spacetime which was
quantized within the “quantum geometry” program. Simi-
larly in string theory, using the Euclidean gravity approach,
logarithmic corrections to the entropy of extremal and non-
extremal asymptotically flat black holes have been computed
in [15–18], also see [19–22]. There, the logarithmic correc-
tion arises at the one-loop level from the massless fields of
the theory and the coefficient C was found to be dependent
on the total number of spacetime dimensions as well as the
number of massless fields. A simple comparison showed dis-
agreement on the value of C in these two quantum gravity
models.1

The black hole entropy and its logarithmic correction can
also be calculated using an approach based on the argu-
ment of diffeomorphism symmetry on the horizon. This
approach, using the work of [28], was initiated in [29] and
later emphasized in [30–32] to calculate black hole entropy.
In this approach one first identifies a set of vector fields
(based on some physical consideration) and then construct
an algebra for the Fourier modes of the charges (correspond-
ing to an appropriate diffeomorphism symmetry) from these
vector fields. Using this algebra, which usually has a two-
dimensional Virasoro algebra like structure, one then extracts
the central charge and the zero mode from it and then finally
uses the Cardy formula [34] for the asymptotic density of
states to compute the entropy of the black hole. It has been
shown in [30–32] that this approach does indeed correctly
reproduce the expression for the black hole entropy. More-
over, in [35], it was shown that this symmetry-based approach
can be further used to calculate the logarithmic correction to
the BTZ black hole and it was found that C = − 3/2.2

Importantly, the above procedure can also be generalized
to compute logarithmic corrections to the entropy of hyper-
bolic black holes which are relevant for our purpose here,
especially since it is unclear (at-least to the author) how to cal-
culate logarithmic corrections to entropy of these black holes
in LQG or in string theory context. In this paper, using the
methodology of [36], we calculate these corrections for two
gravity theories, namely Einstein and Gauss–Bonnet grav-
ity. We find C = −3/2 for both cases. However, we want to
stress from the outset that the whole purpose for this exercise
is to show at-least one method by which corrections to the
entropy of the hyperbolic black holes can be explicitly cal-

1 Black hole entropy can also acquires logarithmic corrections due to
thermal fluctuations in the black hole extensive parameters. More details
can be found in [23–27].
2 This result was based on certain assumptions. We will discuss these
assumptions in more detail in Sect. 4.
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culated and that it is non-zero. Although important in its own
way, it is not our main objective to settle down the controver-
sial nature of C here. Instead, we want to probe the effects
of this C on the Rényi entropy. For this reason, we will work
with arbitrary C in this paper for most of the time.

Using the corrected expression for the entropy of the black
hole (Eq. (4)) into the prescription of [8,10], we find that there
are corrections to the standard results of Rényi entropies.
These corrections are both logarithmic and non-logarithmic
in nature. For a two-dimensional CFT, we find that the cor-
rection terms in the Rényi entropy are a function of the loga-
rithmic of the central charge as well as index q. However, the
dependence on the size of the system is doubly logarithmic.3

For higher dimension CFTs, Rényi entropy is a complicated
function of q. For the entanglement entropy our results sim-
plify tremendously. We find that correction term in the entan-
glement entropy is proportional toC times the logarithm of its
standard expression. Interestingly, at the order G0

D , the cor-
rection term in the entanglement entropy depends logarith-
mically on the area of the spherical entangling surface. This
is important since quantum corrections to the holographic
entanglement entropy are expected to be of order G0

D . More-
over, using the renormalized entanglement entropy prescrip-
tion of [37], we find that the corrected entanglement entropy
expression can again be properly renormalized and that the
universal part of the entanglement entropy remains the same
even with the correction terms. Therefore, the entropic c-
theorem is again satisfied. Our analysis further suggests a
similar kind of corrections in the Rényi entropy too. With a
Gauss–Bonnet black hole as a gravity dual, the holographic
Rényi entropy is found to be a complicated function of two
distinct central charges. However, the entanglement entropy
depends only on one central charge. The correction terms in
the entanglement entropy are again found to be proportional
to C times the logarithm of its standard expression.

It is also well known that the Rényi entropy satisfies a few
inequalities involving the derivative with respect toq [38,39].
We find that, for higher-dimensional CFTs, these inequalities
are again satisfied even with correction terms provided the
coefficientC is not very large. However, for two-dimensional
CFTs, a few of these inequalities can be violated in the limit
of small central charge. However, for large central charge,
which is the case for the boundary CFT with gravity dual,
these inequalities are again found to be satisfied. Our analysis
therefore provide a strong evidence for their validity at order
G0

D .
The RT prescription only provides the leading order result

of the EE (which is of order N 2 or G−1
D ) and much atten-

tion now a days has been paid to obtained the subleading
corrections to it (of the order of G0

D). Recently some work

3 Similar kind of doubly logarithmic structure in the entanglement
entropy has also appeared in a different system in [33].

has been done in this direction; see for example [40,41].
In [40], it was conjectured that the subleading correction
to the entanglement entropy is given by the entanglement
of the Ryu–Takayanagi minimal-area surface with the rest
of the bulk AdS. This again requires the difficult replica
method in the bulk AdS to obtained the subleading correc-
tion to the entanglement entropy. Moreover, this conjecture
for the subleading order is for the entanglement entropy
only and no such analogous conjecture is known for the
Rényi entropy. In [41], subleading corrections to the entan-
glement and Rényi entropies were obtained by calculating the
one-loop determinants around the classical solutions using
the Schottky uniformization of q-sheeted Riemann surface.
There are again many difficulties and limitations in imple-
menting this method, such as that constructing the smooth
bulk solutions is not always straightforward and that perform-
ing analytic continuation of the replica index to non-integer
q is sometimes very difficult. One can use the method of [41]
to calculate the corrections for 1 + 1-dimensional CFT with
Einstein gravity in the bulk. Whether this method can be gen-
eralized for higher-dimensional conformal field theory or to
higher derivative gravity theory in the bulk is not clear yet.

In this work we are suggesting another method by which
not only the corrections to entanglement entropy but also
to the Rényi entropies can be obtained. Our idea does not
involve the mathematical complexity of [40,41] and is easy
to implement. This method again has the limitation that it
works only for the spherical entangling surface.

The paper is organized as follows: In the next section, we
review the main ideas of [8,10] to relate the Rényi entropy
to the entropy of the black hole. In Sect. 3, we highlight the
necessary steps to calculate the asymptotic form of density of
states using the two-dimensional conformal algebra. In Sect.
4, we first construct the Virasoro algebra having a central
extension on the black hole horizon and then use the expres-
sion of the density of states to calculate the the entropy of
the black hole. In the process we calculate the logarithmic
correction to the entropy of AdS-Schwarzschild and Gauss–
Bonnet black hole. In Sect. 5, we analyze the holographic
Rényi entropy in detail and discuss the nature of the correc-
tion terms. Finally, we conclude by summarizing our main
results in Sect. 6.

2 Holographic entanglement and Rényi entropies

In this section, we review some aspects of holographic entan-
glement and Rényi entropies which will be the focus of this
paper. As mentioned in the introduction, we follow the pre-
scription of [8,10] to calculate these entropies for a spherical
entangling region in the boundary CFT using the AdS/CFT
correspondence. Let us first briefly discuss the work done in
these papers to set the stage.
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Consider a d-dimensional CFT on Minkowski space and
choose a spherical entangling surface of radius R as a subsys-
tem. The computation of entanglement entropy of this sub-
system with the rest of the system can be performed by calcu-
lating the reduced density matrix ρv . However, the authors in
[8], using the conformal structure of the theory, mapped this
problem of the entanglement entropy to the thermal entropy
on a hyperbolic space R×Hd−1. They showed that the causal
development of the ball enclosed by the spherical entangling
surface can be mapped to a hyperbolic space R×Hd−1; with
curvature of Hd−1 space given by the radius of the spherical
entangling region R. An important point of this mapping was
that the vacuum of the original CFT mapped to a thermal bath
with temperature

T0 = 1

2πR
(5)

on the hyperbolic space. Now relating the density matrix
ρtherm in the new spacetime R × Hd−1 to the old spacetime
ρv by a unitary transformation, ρv = U−1ρthermU , we get

ρv = U−1 e
[−H/T0]

Z(T0)
U, (6)

where Z(T0) = Tr [e−H/T0 ]. For the Rényi entropy we also
need the qth power of ρv . From the above equation, we get

ρq
v = U−1 e

[−qH/T0]

Z(T0)q
U. (7)

Taking the trace of both sides of Eq. (7), we get

Tr [ρq
v ] = Z(T0/q)

Z(T0)q
, (8)

asU and its inverse cancel each other upon taking trace. Now,
using the definition of Rényi entropy as in Eq. (2), we arrive
at

Sq = 1

1 − q

[
ln Z(T0/q) − q ln Z(T0)

]
. (9)

The above expression for the Rényi entropy can also be writ-
ten in terms of the free energy F(T ) = −T ln Z(T ):

Sq = q

1 − q

1

T0

[
F(T0) − F(T0/q)

]
, (10)

and further, using the thermodynamic relation Stherm =
−∂F/∂T , we can rewrite the above expression as

Sq = q

q − 1

1

T0

∫ T0

T0/q
dT Stherm(T ); (11)

here, just to clarify again, Stherm is the thermal entropy of a
d-dimensional CFT on R × Hd−1, while Sq is the desired
Rényi entropy. Equation (11) was the main result of [8,10],
which relates Rényi (and hence entanglement) entropy of
a spherical entangling region in d-dimensional CFT to the
thermal entropy on a hyperbolic space. As pointed out in

[8], the above analysis just mapped one difficult problem to
another equally difficult problem and is not particularly use-
ful for practical purposes. However, its true usefulness can be
realized via the AdS/CFT correspondence. In the AdS/CFT
correspondence, the thermal state of the boundary CFT cor-
responds to an appropriate non-extremal black hole in the
bulk AdS spacetime, with thermal entropy corresponding
to black hole entropy. Therefore, using the AdS/CFT cor-
respondence, we can relate Stherm appearing in Eq. (11) to
that of the black hole entropy, which is relatively easy to com-
pute. Since on the boundary side our CFT is on R × Hd−1,
its dual gravity theory will be described by a topological
black hole with hyperbolic event horizon. In any event, in
this AdS/CFT approach, the Rényi entropy is now given by
the horizon entropy of the corresponding hyperbolic black
hole, which can easily be computed using Ward’s standard
formula. However, since we are interested in calculating the
effects of the corrections of the entropy of the black hole on
the Rényi entropy, here we will use an approach based on
symmetry arguments on the horizon to calculate the black
hole entropy, instead of Wald’s formula. This is the topic of
the discussion of the next section.

3 Logarithmic corrections to the entropy of the black
hole from the Cardy formula

In this section, we will describe the necessary steps to calcu-
late the asymptotic form of density of states from a two-
dimensional conformal algebra.4 This form of density of
states will be used in a later section to calculate the black hole
entropy and, further, to compute logarithmic corrections. In
this section, we will mostly follow the notations used in [35]
and refer the reader to [35] for a detailed discussion.5

We start with a standard Virasoro algebra of the two con-
formal field theory with central charges c, c̄:

[
Lm, Ln

] = (m − n)Lm+n + c

12
m(m2 − 1)δm+n,0

[
L̄m, L̄n

] = (m − n)L̄m+n + c̄

12
m(m2 − 1)δm+n,0,

[
Lm, L̄n

] = 0; (12)

here Lm and L̄m are the generators of holomorphic and
antiholomorphic diffeomorphisms. If ρ(�, �̄) denotes the
degeneracy of states carrying L0 = � and L̄0 = �̄ eigen-
values, then one can define the partition function on the two-
torus of modulus τ = τ1 + iτ2 as

4 See [42], for generalization of the Cardy formula in higher-
dimensional CFT.
5 Extension of the Cardy formula beyond the subleading order was
performed in [43].
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Z(τ, τ̄ ) = Tr(e2π iτ L0e−2π i τ̄ L̄0)

=
∑

�,�̄

(
ρ(�, �̄)e2π iτ�e−2π i τ̄ �̄

)
. (13)

Now using q = e2π iτ , q̄ = e−2π i τ̄ and inverting the above
equation, we get

ρ(�, �̄) = 1

(2π i)2

∫
1

q�+1

1

q̄�̄+1
Z(q, q̄)dqdq̄, (14)

where the integrals are along contours that enclose q = 0 and
q̄ = 0. Therefore, if we know the partition function Z(q, q̄),
then we can use Eq. (14) to determine the density of states.
Now modular invariance of the theory implies that

Z0(τ, τ̄ ) = Tr

[
e2π iτ(L0− c

24 )e−2π i τ̄ (L̄0− c̄
24 )

]
. (15)

Z0 is invariant under large τ −→ −1/τ diffeomorphism.
Cardy has shown that the invariance in Eq. (15) is based on
the general properties of two-dimensional conformal field
theory and therefore expected to be universal. From Eqs.
(13) and (15), we note that

Z(τ, τ̄ ) = e
2π icτ

24 e− 2π i c̄τ̄
24 Z0(τ, τ̄ )

using the modular invariance of Z0, we get

Z(τ, τ̄ ) = e
2π ic

24 (τ+ 1
τ
)e− 2π i c̄

24 (τ̄+ 1
τ̄
)Z

(
− 1

τ
,− 1

τ̄

)
, (16)

substituting Eq. (16) into Eq. (14), we obtain

ρ(�, �̄) =
∫

dτdτ̄ e−2π i�τ+ 2π ic
24 (τ+ 1

τ
)e2π i�̄τ̄− 2π i c̄

24 (τ̄+ 1
τ̄
)

×Z

(
− 1

τ
,− 1

τ̄

)
. (17)

The above integral has the form

I [a, b] =
∫

dτe2π iaτ+ 2π ib
τ F(τ ), (18)

which can be evaluated by saddle point approximation. For
this purpose, we need to assume that F(τ ) is slowly vary-
ing near the extremum of the phase. As shown in [35], this is
indeed the case if one considers the situation where the imag-
inary part of τ is large. Now the saddle point, obtained by
extremizing the exponent on the right hand side of the above
equation, is at τ0 = √

b/a ≈ i
√
c/24�, where we have

assumed a large �. Expanding around this saddle point, we
find

I [a, b] ≈
∫

dτe
4π i

√
ab+ 2π ib

τ3
0

(τ−τ0)2

F(τ0)

=
(

− b

4a3

)1/4

e4π i
√
abF(τ0), (19)

and an analogous expression exists for the τ̄ integral. Finally,
one obtains the expression for the density of states as

ρ(�, �̄) ≈
(

c

96�3

) 1
4
(

c̄

96�̄3

) 1
4

e2π

√
c�
6 e2π

√
c̄�̄
6 . (20)

Since, for most cases of our interest, we have only one Vira-
soro algebra instead of two (see the next section for details),
the relevant expression for density of states is

ρ(�) ≈
(

c

96�3

) 1
4

e2π

√
c�
6 . (21)

In the above expression, the exponential term is the standard
Cardy formula. However, an important part, which will play
a significant role in our analysis later on, is the term that has
a power law behavior. In the next section, we will use the
logarithm of ρ to calculate the entropy of the black holes. As
one can anticipate, the exponential part of Eq. (21) will give
the usual Wald entropy and, on the other hand, the power
term will provide a logarithmic correction to the entropy of
the black hole.

4 Black hole entropy and Virasoro algebra from the
surface term of the gravitational action

There has been a lot of activity in understanding the
black hole entropy using the symmetry-based horizon CFT
approach. This approach essentially assumes that the sym-
metries of a black hole horizon are sufficient to compute the
density of states (hence the black hole entropy) at a given
energy. Many avatars of this approach have appeared in the
literature, and all of them have successfully predicted the
expression for the entropy of the black hole.6 A complete list
of references for later developments can be found in [44].

Applying a similar line of symmetry reasoning, a new
approach was recently proposed in [36] which is straight-
forward and conceptually clearer. Importantly, it does not
require any ad hoc prescription such as shifting the zero-
mode energy and is also easy to implement. In this approach,
the Noether currents associated with the diffeomorphism
invariance of the Gibbons–Hawking boundary action, instead
of the bulk gravity action, are used to construct the Virasoro
algebra at the horizon. Here, the diffeomorphisms are cho-
sen in such a way that they leave the near-horizon structure
of the metric invariant. The Virasoro algebra constructed in
this way is again found to have a central extension, which
upon using the Cardy formula correctly reproduces the black
hole entropy expression. In this work, we will follow this

6 A certain level of arbitrariness is present in the procedure of all
symmetry-based approaches in order to produce the correct black hole
entropy expression. We will further discuss this arbitrariness in the fol-
lowing.
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boundary Noether current procedure of [36] to calculate the
black hole entropy. We will first discuss its general formal-
ism and then apply this formalism to calculate the entropy of
the black hole of two gravity theories, namely Einstein and
Gauss–Bonnet gravity.

We start with the Gibbons–Hawking surface term IGH:

IGH = 1

8πGD

∫

∂M
dD−1x

√−γL = 1

8πGD

×
∫

M
dDx

√−g∇a(n
aL), (22)

where ∂M is the boundary of the manifold M, L is related
to the trace of the extrinsic curvature, na is the unit normal
vector to the boundary, gμν denotes the bulk metric and γμν

is the induced metric on the boundary. The expression for
L depends on the gravity theory under consideration. For
example, in Einstein gravity it is equal to trace of the extrinsic
curvatureK = −∇μnμ. The conserved current Jμ associated
with the diffeomorphism invariance xμ −→ xμ + ξμ of IGH

can be obtained by considering the variation of both sides of
Eq. (22) as the Lie derivative. After a bit of algebra, one gets

Jμ[ξ ] = ∇ν J
μν[ξ ] = 1

8πGD
∇ν

(
Lξμnν − Lξνnμ

)
. (23)

The charge corresponding to this conserved current is defined
as

Q[ξ ] =
∫

∂Σ

d�μν

(√−h Jμν
)
, (24)

where Jμν is called the Noether potential and d�μν =
−dD−2x(nμmν − mμnν) is the surface element of the
(D−2)-dimensional surface ∂Σ with metric hμν . In order to
discuss black hole physics, we will choose the surface ∂Σ to
be near the horizon. The unit vectors nμ and mμ are chosen
to be spacelike and timelike, respectively.

Following [36], we define the Lie bracket of the charges
as
[
Q[ξ1], Q[ξ2]

] ≡
(

δξ1 Q[ξ2] − δξ2 Q[ξ1]
)

=
∫

∂Σ

d�μν

√−h
(
ξ

μ
2 J ν[ξ1] − ξ

μ
1 J ν[ξ2]

)
.

(25)

From the above equation, it is clear that we only need to
know the vector field ξμ to determine the charge algebra. This
can be done, as explained below, by choosing an appropriate
diffeomorphism which leaves the horizon structure invariant.
However, in order to proceed, let us first write the D(= d+1)-
dimensional form of the metric as

ds2 = − f (r)N 2dt2 + dr2

f (r)
+ r2di j (x)dx

idx j , (26)

where di j (x)dxidx j is the line element of the (d − 1)-
dimensional space. For our discussion in the next section,

we will take this line element to be hyperbolic but as of
now this metric is completely general. The constant N 2 is
included in gtt to allow us to adjust the normalization of the
time coordinate. This will be useful later on, but will not play
any significant role in the black hole entropy calculation here.
To study the near-horizon structure, defined by f (rh) = 0,
it is convenient to choose a coordinate r = r̃ + rh , in which
case the above metric reduces to

ds2 = − f (r̃ + rh)N
2dt2 + dr̃2

f (r̃ + rh)

+(r̃ + rh)
2di j (x)dx

idx j . (27)

In the near-horizon region i.e. r̃ → 0 limit, the function
f (r̃ + rh) can be expanded as

f (r̃ + rh) = r̃ f ′(rh) + 1/2r̃2 f ′′(rh) + · · ·
Defining the surface gravity κ as κ = N f ′(rh)/2 and drop-
ping the terms beyond first order in f (r̃ + rh), one notice
that the (t − r̃) part of the metric in Eq. (27) reduces to the
standard Rindler metric

ds2
t̃−r̃ = −2r̃

κ

N
dt̃2 + 1

2r̃

N

κ
dr̃2,

where t̃ = Nt . The unit normal vectors can be chosen as

nμ = (0,
√

f (r̃ + rh), 0, . . . , 0), mμ

= (1/N
√

f (r̃ + rh), 0, 0, . . . , 0) (28)

Further, in order to find ξμ, it is more useful to first transform
to Bondi like coordinates by the transformation

du = dt̃ − dr̃

f (r̃ + rh)
(29)

under which the metric in Eq. (27) reduces to

ds2 = − f (r̃ + rh)du
2 − 2dudr̃ + (r̃ + rh)

2di j (x)dx
idx j .

(30)

Now we choose our vector field ξμ by imposing the con-
dition that the horizon structure remain invariant under dif-
feomorphism i.e. the metric coefficients gr̃r̃ and gur̃ remain
unchanged. This implies the following Killing equations,7:

Lξ gr̃r̃ = −2∂r̃ ξ
u = 0

Lξ gur̃ = − f (r̃ + rh)∂r̃ξ
u − ∂uξ

u − ∂r̃ξ
r̃ = 0. (31)

Solving the above two equations, we get

ξu = S(u, �x), ξ r̃ = −r̃∂uS(u, �x), (32)

7 It is easy to check that the other condition Lξ guu = 0 is trivially
satisfied near the horizon.
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where S is an arbitrary function and �x are the coordinates on
the remaining (d − 1)-dimensional space. Now converting
back to the (t, r̃) coordinates, these vector fields take the form

ξ t = T − r̃

N f (r̃ + rh)
∂t T, ξ r̃ = − r̃

N
∂t T, (33)

where T (t, r̃ , �x) ≡ S(u, �x). Therefore, we can evalu-
ate the expressions for ξμ, Q[ξμ] and the charge algebra[
Q[ξ1], Q[ξ2]

]
once the function T is given. Now, we expand

this function T in terms of a set of basis functions Tm , as

T =
∑

m

AmTm, A∗
m = A−m . (34)

As is standard in the literature, we choose Tm such that the
resulting ξ

μ
m obeys the algebra isomorphic to Diff S1 i.e.

i{ξm, ξn}μ = (m − n)ξ
μ
m+n, (35)

where {, } is the Lie bracket. A particular choice is

Tm = 1

α
eim(αt+g(r̃)+ �p.�x), (36)

where α is an arbitrary parameter, g(r̃) is a function which
is regular at the horizon and pi are integers. We now have
all the ingredients at our disposal to calculate the leading
Wald as well as the subleading logarithmic correction to the
entropy of the black hole. From now on we will concentrate
on horizons with hyperbolic topology, as this will be required
in the computation of the holographic Rényi entropy in the
later section.

Before going to discuss the entropy of the black hole
explicitly, we like to clarify that the Noether current of Eq.
(23) is associated only with the diffeomorphism invariance of
the surface term and should not be confused with the usual
Noether current which is associated with the bulk gravity
Lagrangian [45]. The surface term here is used just to con-
struct the relevant Virasoro algebra, which we then evaluate
on the static horizon. Once we have the Virasoro algebra the
black hole entropy follows from the Cardy formula. Thus the
surface term is not directly contributing to the entropy of the
black hole, and therefore, not contradicting [45].

4.1 Entropy of AdS-Schwarzschild Black hole

We first apply the formalism developed above to a (d + 1)-
dimensional AdS-Schwarzschild black hole in Einstein grav-
ity. As mentioned earlier, for Einstein gravity the Gibbons–
Hawking surface term is standard and is given by the expres-
sion L = K = −∇μnμ. The metric is given as

ds2 = − f (r)N 2dt2 + 1

f (r)
dr2 + r2d�2

d−1 ,

f (r) = −1 − m

rd−2 + r2

L2 , (37)

where

d�2
d−1 = dθ2 + sinh2 θ dΩ2

d−2 (38)

is the metric on the (d − 1)-dimensional hyperbolic space
with dΩ2

d−2 being the line element on a unit (d − 2)-sphere.
The exact value of constant N 2 is not required here and will
be specified in the next section. Substituting Eq. (37) into
Eqs. (33), (23), (24) and (25) and taking the near-horizon
limit r̃ → 0, we get

Q[ξm] = 1

8πGD

∫

H
dd−1x

√
h

(
κTm − 1

2
∂t Tm

)
. (39)

Similarly, the algebra of the charges corresponding to T=Tm
is given by

[
Q[ξm ], Q[ξn]

] = 1

8πGD

∫

H
dd−1x

√
h

[
κ

(
Tm∂t Tn − Tn∂t Tm

)

−1

2

(
Tm∂2

t Tn − Tn∂
2
t Tm

)
+ 1

4κ

(
∂t Tm∂2

t Tn − ∂t Tn∂
2
t Tm

)]
.

(40)

Now substituting Eqs. (36) and (37) into Eqs. (39) and (40),
we get the final expressions as

Q[ξm] = Ad−1

8πGD

κ

α
δm,0

[
Q[ξm], Q[ξn]

] = −i(m − n)
Ad−1

8πGD

κ

α
δm+n,0

−im3 Ad−1

16πGD

α

κ
δm+n,0, (41)

where Ad−1 is the area of (d − 1)-dimensional hyperbolic
space (the horizon area). Strikingly, the above charge algebra
is quite similar to the two dimensional Virasoro algebra dis-
cussed in the previous section. From the above expressions,
we obtain the central term in the algebra as

K
[
ξm, ξn

] = [
Q[ξm], Q[ξn]

] + i(m − n)Q[ξm+n]
= −im3 Ad−1

16πGD

α

κ
δm+n,0, (42)

from which we can read off the zero mode Q0 and central
charge c as

Q0 = Q[ξ0] = Ad−1

8πGD

κ

α
,

c

12
= Ad−1

16πGD

α

κ
. (43)

Substituting above expressions into Eq. (21) with Q0 = �

and taking log on both side, we obtain the black hole entropy

S = ln ρ ≈ 2π

√
c�

6
+ 1

4
ln

c

�3 + · · ·

S = Ad−1

4GD
− 3

2
ln

Ad−1

4GD
+ · · · = SWald − 3

2
ln SWald + · · · .

(44)
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We see that the leading term matches exactly with the usual
black hole entropy expression. We also find a logarithmic
correction to it. Interestingly, the coefficient −3/2 of the log-
arithmic correction for the hyperbolic horizon is the same as
was found for the BTZ black hole in [35]. In order to find
this coefficient we have chosen the arbitrary parameter α to
be such that the central charge c is a universal constant i.e.
independent of the area Ad−1, as in [35]. We will say more
about this condition and the coefficient of this logarithmic
term at the end of this section.

4.2 Entropy of Gauss–Bonnet black hole

Now we move on to discuss the entropy of Gauss–Bonnet
black holes. The surface term of the gravitational action can
be found in [46–49] and is given as

L = −∇μn
μ + 2λL2

(D − 3)(D − 4)

(
P − 2G̃μνKμν

)
, (45)

where λ is the coefficient of the Gauss–Bonnet term, P is the
trace of the tensor

Pμν = 1

3

(
2KKμρKρ

ν + KρσKρσKμν − 2KμρKρσKσν − K2Kμν

)

(46)

and G̃μν stands for Einstein tensor of d-dimensional bound-
ary metric. For a Gauss–Bonnet black hole, the D-dimension-
al metric is given by

ds2 = − f (r)N 2dt2 + 1

f (r)
dr2 + r2d�2

d−1 ,

f (r) = −1 + r2

2λL2

[
1 −

√

1 − 4λ + 4λm

rD−1

]
, (47)

where m is related to the mass of the black hole. Performing
the analogous steps as in the previous subsection to calcu-
late the charge and Virasoro algebra for Gauss–Bonnet black
hole, we get

Q[ξm] = 1

8πGD

(
1 − 2(D − 2)λL2

(D − 4)r2
h

)

×
∫

H
dd−1x

√
h

(
κTm − 1

2
∂t Tm

)
, (48)

[
Q[ξm], Q[ξn]

] = 1

8πGD

(
1 − 2(D − 2)λL2

(D − 4)r2
h

)

×
∫

H
dd−1x

√
h

[
κ

(
Tm∂t Tn − Tn∂t Tm

)

−1

2

(
Tm∂2

t Tn − Tn∂
2
t Tm

)
+ 1

4κ

(
∂t Tm∂2

t Tn − ∂t Tn∂
2
t Tm

)]
.

(49)

Now substituting Eqs. (36) and (47) into Eqs. (48) and (49),
we obtain

Q[ξm] = Ad−1

8πGD

(
1 − 2(D − 2)λL2

(D − 4)r2
h

)
κ

α
δm,0

[
Q[ξm], Q[ξn]

]

= −i(m − n)
Ad−1

8πGD

κ

α

(
1 − 2(D − 2)λL2

(D − 4)r2
h

)
δm+n,0

−im3 Ad−1

16πGD

α

κ

(
1 − 2(D − 2)λL2

(D − 4)r2
h

)
δm+n,0, (50)

from which, we obtain the central term

K
[
ξm, ξn

] = [
Q[ξm], Q[ξn]

] + i(m − n)Q[ξm+n]
= −im3 Ad−1

16πGD

α

κ

(
1− 2(D − 2)λL2

(D − 4)r2
h

)
δm+n,0,

(51)

and we can read off the zero mode Q0 and central charge c
as

Q0 = Ad−1

8πGD

κ

α

(
1 − 2(D − 2)λL2

(D − 4)r2
h

)
,

c

12
= Ad−1

16πGD

α

κ

(
1 − 2(D − 2)λL2

(D − 4)r2
h

)
. (52)

Substituting above expressions into Eq. (21) and taking a
logarithm, we obtain the entropy of the black hole

S = ln ρ ≈ 2π

√
c�

6
+ 1

4
ln

c

�3 + · · ·

S = Ad−1

4GD

(
1 − 2(D − 2)λL2

(D − 4)r2
h

)

−3

2
ln

[
Ad−1

4GD

(
1 − 2(D − 2)λL2

(D − 4)r2
h

)]
+ · · ·

= SWald − 3

2
ln SWald + · · · . (53)

In the above equation, the first term is exactly the Wald
entropy of a Gauss–Bonnet black hole in D-dimensions.
We also find the logarithmic correction to the Wald entropy
with coefficient −3/2, which is the same as in the AdS-
Schwarzschild black hole case. As one can see, however, now
in terms of horizon radius, there are two correction terms.

Before ending this section, it is worthwhile to point out
again the debatable nature of the coefficient of logarithmic
term in black hole entropy. The logarithmic correction to
the usual black hole entropy has been discussed in various
quantum gravity models. This correction term has been suc-
cessfully computed for asymptotically flat black holes in loop
quantum gravity (LQG), in string theory for both extremal
and near extremal black holes by microscopic counting meth-
ods or by diffeomorphism symmetry arguments which heav-
ily rely on two dimensional CFT and the Cardy formula (as
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we have done in this section). All of these methods have
either predicted different coefficient for the logarithmic term
or have a certain level of arbitrariness in their results. For
example, in LQG the coefficient was found to be −3/2 [14].
However, in string theory, this coefficient was found to be
different from −3/2 [15–18]. There, the logarithmic correc-
tions to the entropy of the black hole arise from the one-loop
contribution of the massless fields, and the coefficient was
found to be dependent on the total number of massless fields
as well as on the number of spacetime dimensions.

For the BTZ black hole, Carlip calculated this coefficient
using the Cardy formula and found it to be −3/2 [35]. He
also argued that similar logarithmic correction should appear
in all black holes whose microscopic degrees of freedom are
described by an underlying horizon CFT. However, in his cal-
culation Carlip had assumed, as we have also assumed in this
paper, that the central charge c is universal constant in a sense
that it is independent of the area of the horizon. To achieve
this assumption Carlip chose the parameter α (appearing in
Eq. (36)) in such a way that c becomes independent of area.
It is important to point out here that one could choose α to
be the surface gravity κ as well. The condition α = κ is also
well motivated from Euclidean gravity point of view and is
standard in the literature.8 To see this, let us consider the
Euclidean time (τ → i t) and take the appropriate ansatz
for Tm as Tm = 1/αeim(ατ+g(r̃)+ �p.�x). In the Euclidean for-
malism our analysis still go through, but now τ must have a
periodicity of 2π/κ to avoid the conical singularity. In order
to maintain this periodicity in τ , we must choose α = κ .
If we choose this condition then its not hard to see that the
coefficient of the logarithmic correction is −1/2 instead of
−3/2.

From above discussion, it is therefore fair to say that as of
now there is no consensus on the coefficient of this logarith-
mic correction term and that more work in needed in order
to say anything conclusively. Since we are mostly interested
in studying the effects of this logarithmic correction term on
the holographic Rényi entropy, we adopt here a more neutral
point of view and consider a general logarithmic correction
with arbitrary coefficient C, instead of worrying too much
about its exact magnitude

S = SWald + C ln SWald + · · · . (54)

The whole purpose of our previous exercise, where we com-
puted C = −3/2, was to show at-least one method by which
logarithmic correction to the entropy of topological black
holes, not just in Einstein gravity but in other higher deriva-
tive gravity too, can be explicitly calculated and that this

8 In various methods of computing the entropy of the black hole from
diffeomorphism symmetry arguments, the parameter α is generally cho-
sen to be the surface gravity by hand to get the correct expression for
the entropy of the black hole; see for instance [31,44,50].

coefficient is non-zero. It would certainly be interesting to
generalize the method of [14] in LQG or of [17] in string the-
ory to calculate logarithmic correction for topological black
holes. Especially, for higher derivative gravity theories it is
not clear (at-least to the author) how to proceed. It would be
an interesting problem in its own right to analyze similari-
ties and differences in the results of these methods but it is
beyond the scope of this paper.

Let us also point out that the horizon Virasoro algebra con-
structed in Eqs. (41) and (50) are not related to the boundary
CFT and its corresponding algebra i.e. to the CFT that appears
in AdS/CFT language. They are two different and separate
things. It is important to keep this in mind. The horizon Vira-
soro algebra is constructed only to get the entropy of the
black hole expression and after that it does not appear any
where in the holographic Rènyi entropy calculation, as we
will see in the next section.

5 Calculations and results

In this section, we will present results for the holographic
Rényi entropy by considering logarithmic correction to the
usual entropy of the black hole. We will again concentrate
on two gravity theories: Einstein and Gauss–Bonnet. Our
main focus here will be to see the effects of this logarithmic
correction on the Rényi entropy. However, before going into
the details of each case separately, let us first calculate the area
of the hyperbolic event horizon appearing in Eqs. (44) and
(53). The line element on the (d−1)-dimensional hyperbolic
space is given in Eq. (38), which we reproduce here again
for convenience

d�2
d−1 = dθ2 + sinh2 θ dΩ2

d−2. (55)

It would be convenient if we make a change of coordinate
θ = cosh−1 y, in which case the above metric reduces to

d�2
d−1 = dy2

y2 − 1
+ (y2 − 1)dΩ2

d−2. (56)

The area of the hyperbolic space (and hence the area of the
event horizon) is divergent. In order to regulate this area, we
introduce a upper cutoff by integrating out to a maximum
radius

ymax = R

δ
, (57)

where δ is the short distance cutoff related to the UV cutoff
of the boundary CFT (see [8] for more details). Now, the area
V�d−1 of the hyperbolic space is calculated as
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V�d−1 = d−2

∫ ymax

1
dy (y2 − 1)(d−3)/2


 d−2

d − 2

[
(yd−2

max − 1) − (d − 2)(d − 3)

2(d − 4)
(yd−4

max − 1)

+ (d − 2)(d − 3)(d − 5)

8(d − 6)
(yd−6

max − 1) − · · ·
]


 d−2

d − 2

×
[
Rd−2

δd−2 − (d − 2)(d − 3)

2(d − 4)

Rd−4

δd−4

+ (d − 2)(d − 3)(d − 5)

8(d − 6)

Rd−6

δd−6 − · · ·
]
,

(58)

where d−2 = 2π(d−1)/2/Γ ((d − 1)/2) is the area of a unit
(d − 2) sphere. However, for d = 2, we have a logarithmic
behavior

V�1 = 2
∫ ymax

1
dy (y2 − 1)−1/2 = 2 ln (2ymax)

= 2 ln

(
2R

δ

)
. (59)

Therefore, the area of the event horizon Ad−1 is given by

Ad−1 = rd−1
h V�d−1 . (60)

Now we have all the ingredients to compute the holographic
Rényi entropy for spherical entangling surface.

5.1 Rényi entropy from AdS-Schwarzschild black hole

For AdS-Schwarzschild Black hole the metric is given in Eq.
(37). However, in order to make comparison with [10], let us
rewrite this in a slightly different form

ds2 = −[−1 + r2

L2 g(r)]N 2dt2 + 1

[−1 + r2

L2 g(r)]
dr2

+ r2d�2
d−1 ,

g(r) = L2

r2 ( f (r) + 1) (61)

In order to ensure that the boundary spacetime is conformally
equivalent to R × Hd−1, i.e.

ds2∞ = −dt2 + R2d�2
d−1, (62)

we choose the constant N 2 = L2/(g∞R2) = L̃2/R2, where
g∞ = limr→∞ g = 1. The Hawking temperature of this
black hole is given by

T = 1

4πR

(
drh
L

− (d − 2)L

rh

)
, (63)

which is also the temperature of the boundary CFT on
R × Hd−1. For computational purposes, it is convenient to

consider a coordinate x = rh/L̃ in which case the expression
for the Rényi entropy in Eq. (11) reduces to

Sq = q

q − 1

1

T0

∫ 1

xq
dx Stherm(x)

dT

dx

= q

q − 1

1

T0

[
Stherm(x)T (x)|1xq −

∫ 1

xq
dx T (x)

d

dx
Stherm

]
.

(64)

Here, in the above integral, the upper limit x = 1 comes
from the condition T = T0, which implies rh = L̃ . The
lower limit xq , which needs to be determined, corresponds
to the temperature T = T0/q. Using Eq. (63), xq must satisfy
the following equation:

dx2
q − 2

q
xq − (d − 2) = 0; (65)

the real and positive root of which is given by

xq = 1

qd

[
1 +

√
d2q2 + 1 − 2dq2

]
. (66)

Finally, using the expression for the entropy of the black hole
(Eq. (54)) in place of Stherm in Eq. (64), we get the expression
for Rényi entropy as

Sq = qB

2(q − 1)
(2 − xd−2

q (1 + x2
q )) + Cq

q − 1
lnB + Cq

2(q − 1)xq

×[
(d − 1)(xq − 1)(dxq + 2 − d) − (dx2

q + 2 − d) ln(Bxd−1
q )

]
,

(67)

where B = 2πV�d−1(
L̃
l p

)d−1, l p is the Planck length related

to the gravitation constant GD = ld−1
p /8π . We see that Sq

is a complicated function of xq . For C = 0, Sq reduces to
the expression found in [10]. However, for C �= 0 there are
additional non-trivial correction terms. We now make some
observations:

• For d = 2, we get

Sq (d = 2) = B

2

(
1 + 1

q

)
+ C

(
ln(B) − 1

)
+ C

ln q

q − 1

= c

6

(
1 + 1

q

)
ln

(
2R

δ

)
+ C

[
ln

(
c

3
ln

(
2R

δ

))
− 1

]

+C
ln q

q − 1
, (68)

where c = 12πL/ l p is the standard expression of the cen-
tral charge in the two dimensional boundary CFT.9 The first
term in Eq. (68) matches with the well known result of the

9 This c should not be confused with the central charge of Eq. (43)
which appears in the Virasoro algebra on the horizon. The c in Eq. (43)
was used to compute the black hole entropy and has nothing to do with
the boundary CFT.
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Rényi entropy in a two dimensional CFT for an interval of
length l = 2R. This is expected as, for d = 2, the spherical
entangling region consists of two points separated by dis-
tance 2R. However, our main result here is the appearance of
additional corrections to Rényi entropy which are precisely
coming from the coefficient of the logarithmic correction to
the entropy of the black hole. These correction terms to the
Rényi entropy have both additional logarithmic as well as
double logarithmic structure.

• Similarly, the entanglement entropy for d = 2 is obtained
by taking q → 1 limit of Eq. (68)

S1(d = 2) = c

3
ln

(
2R

δ

)
+ C

[
ln

(
c

3
ln

(
2R

δ

))]
.

(69)

The leading term again has the same structure as is well
known for the two dimensional CFT. However, now we have
found additional correction too. Interestingly, the correction
term in the entanglement entropy has a simple structure. It is
proportional to C times the logarithm of its standard expres-
sion. Moreover, the same is true in all dimensions. That is,

S1(d) = B + C ln[B]

= 2πV�d−1

(
L̃

l p

)d−1

+ C ln

⎡

⎣2πV�d−1

(
L̃

l p

)d−1
⎤

⎦

= 2πV�d−1

(
L̃

l p

)d−1

+ C ln

⎡

⎣
(
L̃

l p

)d−1
⎤

⎦

+C ln[2πV�d−1 ]. (70)

In the last line, we have divided the correction term into two
parts. One that depends on (L̃/ l p)d−1, which is related to
the number of degrees of freedom of the boundary CFT and
the other that depends on the size of the system. Let us con-
centrate on the term which is of order G0

D (last term in Eq.
(70)).10 We observe that at this order there is a logarithmic
correction in all dimensions. In particular, there is a logarith-
mic correction in odd d as well. In order to see this, we write
the complete expression for entanglement entropy in d = 3
and 4 dimensions

S1(d = 3) =
(

2π
L̃

l p

)2( R

δ
− 1

)

+C ln

(
L̃

l p

)2

+ C ln

(
4π2 R

δ

)
+ · · ·

10 Quantum corrections to the RT formula are expected to occur at the
order G0

D [40]. The RT formula gives entanglement entropy at the order
1/GD . See the discussion section for more details.

S1(d = 4) = 4π2
(
L̃

l p

)3( R2

δ2 − ln
2R

δ

)

+C ln

(
L̃

l p

)3

+ C ln

(
4π2 R

2

δ2

)
+ · · · , (71)

we note from the last terms of Eq. (71) that at the order
G0

D there is a correction to the entanglement entropy which
depends logarithmically on the size of the entangling surface.
The same result holds in all d > 2 dimensions.

• At first sight the results in Eq. (69)–(71) look strange as
they predict additional logarithmic divergence in the entan-
glement entropy and seems to violate c-theorem like results.
However, as we will show shortly this pessimism is unjusti-
fied.

As is well known, the entanglement entropy suffers from
UV divergences, and as a result it is ill-defined in the con-
tinuum limit i.e. δ → 0. A normal practice is to subtract
the UV divergent part (in an ad hoc way) by hand, a practice
which is ambiguous and often not unique. In [37], a procedure
for “renormalized entanglement entropy” was given which
is intrinsically UV finite and predicts well defined proper-
ties of the entanglement entropy. In particular, depending on
spacetime dimensions, following renormalized expressions
of the entanglement entropy (S1(R)) were proposed,

S1(R) = 1

(d − 2)!!
(
R

d

dR
− 1

)(
R

d

dR
− 3

)

. . .

(
R

d

dR
− (d − 2)

)
S1, for odd d,

= 1

(d − 2)!! R
d

dR

(
R

d

dR
− 2

)

. . .

(
R

d

dR
−(d−2)

)
S1, for even d. (72)

In [37], It was shown that (i) the renormalized entangle-
ment entropy S1(R) is UV finite in the continuum limit, (ii)
it is a monotonic non-negative function that decrease form
UV to IR, therefore satisfying the c-theorem like functions,
and (iii) it may be considered as the “universal part” of the
original entanglement entropy, a part which can be defined
intrinsically in the continuum limit. We can clearly see that
all these properties are explicitly satisfied in the corrected
entanglement entropy expression as well. In particular, for
d = 2 we have

S1(d = 2) = R
d

dR
S1 = c

3
+ C

ln (2R/δ)
,

S1(d = 2)|δ=0 = c

3
; (73)

therefore, S1(d = 2) is again UV finite in the continuum
limit. Moreover, the finite/and or universal part of the renor-
malized entanglement entropy remains the same even by
taking the corrections to the original entanglement entropy
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expression. Since c is the central charge of two dimen-
sional CFT which generally decreases from UV to IR i.e.
c(UV ) > cI R , it indicates that the renormalized entangle-
ment entropy is also a monotonic non-negative function that
decrease form UV to IR.11 Accordingly, the c-theorem is
again satisfied. Therefore, the additional logarithmic diver-
gences in the entanglement entropy do not lead to any non-
trivial issues as far as the entropic c-function and universality
is concerned. Moreover, one can also explicitly check that in
higher dimensions as well the renormalized entanglement
entropy is again UV finite and is non-negative monotonic
function. In Sect. 6, we will give another reason, based on
the results of one-loop test of AdS/CFT, why logarithmic
divergences in the entanglement entropy are expected espe-
cially in odd dimensions.

• For d = 2, the ratio of Rényi entropy to entanglement
entropy as a function of q for some reasonable values of C
is plotted in Fig. 1. In order to plot this ratio, we have cho-
sen R = 1, δ = 10−4 and L = 2l p. We see that the overall
behavior of Sq/S1 is the same for allC. For a fixed q > 1, the
magnitude of the ratio Sq/S1 decreases with decrease in C.
However, we should emphasize here that these results are cut-
off (δ) dependent. For instance, for much smaller cutoff, say
δ = 10−20, differences due to C �= 0 are almost negligible.
Similarly, we also found that, for larger and larger values of c
(or L/ l p), the effect ofC become smaller and smaller. We can
also note that Sq/S1 > 1 for q < 1 and Sq/S1 < 1 for q > 1.

• Let us also note some useful limits of the Rényi entropy

S∞ = B

[
1 − d − 1

d

(
d − 2

d

) d−2
2

]

+C
[

lnB − (d − 1)2 + (d − 1)
√
d(d − 2)

]

S1 = B + C lnB

S0 = B

[(
2

d

)d 1

2qd−1 +
(

2

d

)d−2 1

2qd−3

]

+C
[

lnB − (d − 1) − (d − 1) ln(dq)

]
.

(74)

• Now, we discuss Rényi and entanglement entropies for
higher dimensional theories. In Fig. 2, Sq/S1 as a function of
q for various values of d is shown. Here, we have considered
C = −3/2 and again have chosen R = 1, δ = 10−4 and L =
2l p. The overall characteristic features of Sq/S1 is found to
be same as in the d = 2 case. We found that, for fixedC, as we

11 For d = 2, the expression for renormalized entanglement entropy is
similar to the entropic c-function [51]. The fact that c-function decreases
monotonically from UV to IR has also been confirmed both in lattice
as well as in holographic studies [52,53].

2 4 6 8 10
q0.5

0.6

0.7

0.8

0.9

1.0

1.1
Sq S1

Fig. 1 Sq/S1 as a function of q for various C. Here d = 2 and red,
green, blue and brown curves correspond to C = 0, −1/2, −3/2 and
−2, respectively

2 4 6 8 10
q0.6

0.7

0.8

0.9

1.0

1.1
Sq S1

Fig. 2 Sq/S1 as a function of q for various d. Here C = −3/2 and red,
green, blue and brown curves correspond to d= 3, 4, 5 and 6, respectively

increase the number of spacetime dimensions the magnitude
of the ratio Sq/S1 increases. Even for large d, we again found
that Sq/S1 > 1 for q < 1 and Sq/S1 < 1 for q > 1.

• Let us also comment on some of the useful inequalities
of the Rényi entropy. It is well known that Rényi entropy
satisfies inequalities involving the derivative with respect q,
such as

∂q Sq ≤ 0

∂q [q − 1

q
Sq ] ≥ 0

∂q [(q − 1)Sq ] ≥ 0

∂2
q [(q − 1)Sq ] ≤ 0; (75)

therefore, it is natural to ask whether or not these inequalities
are satisfied with the corrected results. For d > 2, we find that
these inequalities are indeed satisfied provided C is not very
large (which is expected for small corrections). However,
for d = 2, we find few subtleties, especially in the fourth
inequality of Eq. (75). We find that for small central charge
it can be violated. Although for large central charge, which
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is the case for boundary theories that have a gravity dual, the
fourth inequality is again found to be satisfied.

• Perhaps, the most important result from our compu-
tation is that the leading UV divergences appearing in Eq.
(67) is same for all q. Indeed, if we note that leading term
Rd−2d−2 in Eq. (58) gives the area of the spherical entan-
gling region, then the leading divergent term always has a
“area law” structure for d > 2. For d = 2, we have the usual
logarithmic divergence in the Rényi entropy. As expected,
the correction terms do not change the leading behavior of
the Rényi entropy.

5.2 Rényi entropy from Gauss–Bonnet black hole

In this subsection, we examine the holographic Rényi entropy
for boundary theory which are dual to Gauss–Bonnet grav-
ity theory. The procedure for calculating Rényi entropy with
Gauss–Bonnet Black hole background is entirely similar to
what has been discussed in the previous subsection, and
therefore we will be brief here.

The metric for Gauss–Bonnet Black hole is given in Eq.
(47), however, we rewrite it in a slightly different form in
order to make comparison with [10]

ds2 = −
[
−1 + r2

L2 g(r)

]
N 2dt2

+ 1

[−1 + r2

L2 g(r)]
dr2 + r2d�2

d−1 ,

g(r) = 1

2λ

[
1 −

√

1 − 4λ + 4λm

rd

]
. (76)

In this case N 2 = L2/(g∞R2) = L̃2/R2. Since now g∞ =
(1 − √

1 − 4λ)/(2λ) �= 1, it implies L̃ �= L . This is just the
statement that the AdS curvature scale is distinct from the
length scale L , which usually appears in the Gauss–Bonnet
gravity action. Now, again using the coordinate x = rh/L̃ ,
the Hawking temperature can be expressed as

T = 1

2πRx

(
1 + d

2g∞
x4 − x2g∞ + λg2∞

x2 − 2λg∞

)
. (77)

Similarly, the horizon entropy (Eq. (53)) can be recast as

S = 2π

(
L̃

l p

)d−1

V�d−1x
d−1

(
1 − 2λg∞

x2

d − 1

d − 3

)

+C ln

[
2π

(
L̃

l p

)d−1

V�d−1x
d−1

×
(

1 − 2λg∞
x2

d − 1

d − 3

)]
. (78)

After substituting above results into Eq. (64), we can get
expression for the Rényi entropy for any d. However, for
general d the expressions for Rényi entropy is very compli-
cated and lengthy and not very illuminating. For this reason

we focus on d = 4 case, in which the Rényi entropy obeys
the following expression:

Sq = qB

2(q − 1)

×
[

1 − x3
q

g∞
− 3(1 − x2

q ) + 4(1 − 4λ)

×
(

1

1 − 2λg∞
− x4

q

x2
q − 2λg∞

)]
+

× Cq(g∞ − 2)

(q − 1)g∞(2λg∞ − 1)
ln[B(1 − 6λg∞)]

− Cqxq(g∞ − 2x2
q )

(q − 1)g∞(2λg∞ − x2
q )

ln[Bxq(x
2
q − 6λg∞)]

+ 6Cq
(q − 1)

(xq − 1)

g∞
+

√
3Cq(12λ − 1)

(q − 1)
√

2λg∞

×
[

tanh−1
(

1√
6λg∞

)
− tanh−1

(
xq√

6λg∞

)]
, (79)

where xq corresponds to the positive and real root of the
following equation:

4qx4
q − 2g∞x3

q − 2qg∞x2
q + 4λg2∞xq = 0, (80)

which is again obtained from the equation T = T0/q, i.e. for
the lower limit of the integral in Eq. (64). λ, which appears in
the argument of logarithmic and inverse hyperbolic functions
in Eq. (79) should be understood as an absolute value. The
first term in Eq. (79) have the same expression for Rényi
entropy as was found in [10]. However, now we also have
additional correction terms, which are both logarithmic as
well as non-logarithmic in nature. One can also explicitly
check that, in the limit λ → 0, Eq. (79) reduces to Eq. (67)
for Einstein gravity.

We now make some observations:
• It is well known that the dual four dimensional boundary

CFT of five dimensional Gauss–Bonnet gravity theory has
two distinct central charges12

c = π2
(
L̃

l p

)3

(1−2λg∞), a = π2
(
L̃

l p

)3

(1−6λg∞).

(81)

In terms of these central charges the Rényi entropy in Eq.
(79) reduces to

Sq = V�3

4π

q(1 − x2
q )

q − 1

×
[
(5c − a)x2

q − (13c − 5a) + 16c
2cx2

q − (c − a)

(3c − a)x2
q − (c − a)

]

12 Again, these central charges should not be confused with the central
charge of Eq. (43).
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Fig. 3 Sq/S1 as a function of q for various C. Here λ = 0.08 and
red, green, blue and brown curves correspond to C=0, −1/2, −3/2 and
−2 respectively. For this plot, we have chosen R = 1, δ = 10−4 and
L = 2l p

+ Cq
(q − 1)

ln

[
2aV�3

π

]
− Cqxq

(q − 1)

((5c − a)x2
q − 3c + a)

((3c − a)x2
q − c + a)

× ln

[
V�3xq

π

(
(3c − a)x2

q − 3c + 3a

)]

+ 2Cq
(q − 1)

(3c2 + a2 − 6ac)

(3c − a)2

√
3(3c − a)

c − a

[
tanh−1

√
3c − a

3(c − a)

− tanh−1

√
3c − a

3(c − a)
x2
q

]

+Cq(xq − 1)

(q − 1)

(15c − 3a)

(3c − a)
, (82)

which shows that the Rényi entropy is quite a complicated
function of these central charges. It is also clear that the Rényi
entropy is not determined solely by the anomaly coefficient a
as in the case of entanglement entropy (see below). As in the
case of Einstein gravity, here too, the size of the entangling
surface always appears logarithmic in the correction terms.
This feature therefore seems to be universal in nature.

• We get the expression for the entanglement entropy as

S1 = a
2V�3

π
+ C ln

[
a

2V�3

π

]
, (83)

we see that, as in the Einstein gravity case, correction term to
the entanglement entropy is still given by the logarithmic of
its original expression. This result can be traced back to Eq.
(11), where it is clear that entanglement entropy is nothing but
the entropy of the black hole at temperature T = T0. There-
fore, a logarithmic correction to the entropy of the black hole
implies logarithmic correction to the entanglement entropy.
It is also easy to see that similar results hold in higher dimen-
sions too.

• Sq/S1 as a function of q for some reasonable values
of C and for λ = 0.08 is shown in Fig. 3. We see that the

Fig. 4 Sq/S1 as a function of q for various λ. Here C = −3/2 and
red, green, blue, brown and cyan curves correspond to λ= −0.19, −0.1,
−0.05, 0.05 and 0.09, respectively. For this plot, we have chosen R = 1,
δ = 10−4 and L = 2l p

difference due to C is extremely small and that the overall
behavior of Sq/S1 is the same for all C. Similarly, Sq/S1 for
different values of λ and for fixed C = −3/2 is shown in
Fig. 4. We find that Sq/S1, in the region q < 1, increases for
higher and higher values of λ, however, in the region q > 1,
it decreases. Similar results hold for other values of C.

• Before ending this section, let us also note some other
useful limits of the Rényi entropy,

S0 = V�3

4π

(3c − a)4

(5c − a)3

(
1

q3 + 1

q2

)

+ V�3

4πq

(3c − a)(5a3 − 57a2c + 159ac2 − 3c3)

(5c − a)3

−3C ln q + h(c, a, V�3), (84)

S∞ = V�3

π

(10ac − 3c2 − 2a2)

(5c − a)
+ C ln

(
2a

V�3

π

)

+3C(5c − a)

(3c − a)

(√
3c − a

5c − a
− 1

)

+2C(3c2 + a2 − 6ac)

(3c − a)2

√
3(3c − a)

c − a

[
tanh−1

√
(3c − a)

3(c − a)

− coth−1

√

3 − 12c2

(3c − a)2

]
,

(85)

where h is some function of c, a and V�3 but independent
of q. The leading diverging term of S0 matches exactly with
[10].

6 Discussions and conclusions

In this paper, we have studied the effects of the logarith-
mic correction of the entropy of the black hole on the Rényi
entropy of a spherical entangling surface. We first used the
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diffeomorphism symmetry argument at the horizon to com-
pute the black hole entropy expression. We used the Noether
currents associated with the diffeomorphism invariance of the
Gibbons–Hawking boundary action to construct the Virasoro
algebra at the hyperbolic event horizons and then used this
algebra to calculate the entropy of AdS-Schwarzschild and
Gauss–Bonnet black holes. We found that the leading term
in the expression for the entropy of the black hole is the usual
Wald entropy and that there is a correction to it. This correc-
tion was found to be proportional to the logarithm of the area
of the horizon.

We then applied the prescription of [8,10] to calculate the
holographic Rényi entropy for a spherical entangling surface.
Using the corrected entropy of the black hole expression we
found that there are corrections to the standard expression of
Rényi entropy. These corrections are shown in Eq. (67) for
Einstein and in Eq. (82) for Gauss–Bonnet gravity duals. In
particular, we found that the Rényi entropy is a complicated
function of the index q and the central charges. Interestingly,
the size of the entangling surface always appears logarithmi-
cally in the correction terms of the Rényi entropy. This is true
for both Einstein and Gauss–Bonnet gravity. We found that
the inequalities of the Rényi entropy as well as the entropic
c-functions are satisfied even with the correction terms.

It is important to analyze the nature and significance of
these correction terms in the Rényi entropy. If the corrections
in the Rényi entropy originating from the corrections in black
hole entropy are quantum corrections, then our results can be
useful in many directions. Especially since a lot of work have
recently been appeared in the literature to compute leading
quantum corrections (of orderG0

D or N 0) to the entanglement
entropy holographically. In this context, a proposal for quan-
tum corrections to holographic entanglement entropy is given
in [40], also see [54]. In this proposal, the quantum correc-
tions are essentially given by the bulk entanglement entropy
between RT minimal-area surface and the rest of the bulk
(see Figure (1) of [40]). As an example, the quantum correc-
tion to the entanglement entropy of the Klebanov–Strassler
model in the large N limit was calculated. The correction
was found to be, as in our case, logarithmic in nature and it
depends on the size of the entangling surface. Indeed, one
can also notice from Eq. (70) that at the order G0

D (recall
that the factor (L̃/ l p)d−1 measures the number of degrees of
freedom of the dual CFT and it is related to the central charge
of the boundary CFT or to the GD on the gravity side) the
correction to the entanglement entropy is proportional to the
logarithm of the size of the entangling surface. If the above
interpretation is correct, then our results can be useful since
they predict a similar kind of logarithmic correction to the
Rényi entropy.

An indirect hint for the logarithmic correction in the Rényi
entropy can also be found in the following way. In [18], a
non-trivial test of the gauge/gravity duality at next-to-leading

order in the 1/N expansion for ABJM theories was per-
formed. There, it was shown that the subleading logarithmic
correction in the partition function (more correctly in log Z )
of the ABJM theory on a three sphere matches exactly with
the partition function of its 11-dimensional supergravity dual.
The latter partition function at one-loop level was calculated
using the Euclidean quantum gravity method. Now, the sub-
leading logarithmic term in the partition function can lead
to a logarithmic correction in the Rényi entropy, provided
that an analogous logarithmic term in the partition function
on q-folded cover does not cancel in the definition of the
Rényi entropy. This scenario is partially true, at least in odd
dimensions.

Indeed one can notice, an important result of our analy-
sis is that there are logarithmic corrections to entanglement
and Rényi entropies in odd dimensions too. At first sight this
seems strange as a logarithmic term in these entropies gen-
erally appears in even dimensions. However, it is also well
known that the entanglement entropy for the sphere in flat
space in odd dimensions is simply the negative of the free
energy on a sphere [56,57] i.e.,

S1 = log Z = −F1

it implies that any finite or divergent corrections in the parti-
tion function will lead to the same corrections in the entan-
glement entropy. Now since logarithmic corrections to the
partition function on the sphere do appear at one-loop level,
see for example [18], one can expect the same logarithmic
corrections to appear in the entanglement entropy too. There-
fore, it is possible to have a logarithmic term in the entan-
glement entropy in odd dimensions spacetime. However, this
logarithmic term in the entanglement entropy arises only at
one-loop level as compared to the logarithmic term in even
spacetime dimensions which arises at tree level.

Since a similar kind of logarithmic subleading term in the
partition function also arises in other boundary field theories,
see for example [55], therefore it appears that logarithmic
correction to the Rényi entropy might be a general feature
of CFTs with gravity duals. Although, in order to explic-
itly establish this fact it would be useful if we can calculate
the Rényi entropy at one-loop level on the lines of [41].13

It would certainly be interesting to explicitly compare the
results of our calculations with those of [40,41], and find the
similarities and differences between them.

Finally, regardless of the problems associated with the
interpretation of correction terms calculated in this paper, it
is important to carefully examine and explore their physical

13 In [41], one-loop bulk corrections to RT formula was systematically
calculated. This was done by calculating the one-loop determinants
around the classical solutions using the Schottky uniformization of q-
sheeted Riemann surface. However, there are many difficulties in imple-
menting this method, such as constructing the smooth bulk solutions and
performing analytic continuation of the replica index to non-integer q.
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significance. Especially since in the context of AdS/CFT, it
is well known that on the gravity side the logarithmic cor-
rection to black hole entropy arises only due to the one-loop
contribution of the massless fields. The fact that there are log-
arithmic corrections to the black hole entropy has been firmly
established not just in string theory but also in loop quantum
gravity. In [17], it was further pointed out by Sen that the log-
arithmic corrections to the entropy of the black hole are also
universal in that they depend only on the massless spectrum
of particles and are insensitive to the UV completion of the
quantum gravity theory. Sen suggested that any microscopic
theory of gravity will have a log correction to its entropy.
Once we assume a logarithm correction to the entropy of the
black hole as a well established fact, then this correction must
have some correspondence to the holographic Rényi entropy
via the mapping of [8,10]. What is this correspondence and
how is the structure of the holographic Rényi entropy affected
by this? This is a natural and important question to ask. In
this paper we are suggesting that the logarithmic correction
to the entropy of the black hole (if it exists) naturally leads to
the logarithmic correction to holographic Rényi entropy. We
believe this mapping can be further useful, not just to better
understand the structure of the holographic Rényi entropy
but also to get a better understanding of the coefficient of
the logarithmic correction in the gravity side. We hope to
comment on this issue soon.
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