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Abstract Based on Padmanabhan’s proposal, the acceler-
ated expansion of the universe can be driven by the difference
between the surface and bulk degrees of freedom in a region
of space, described by the relation dV/dt = Nsur − Nbulk

where Nsur and Nbulk = −Nem + Nde are the degrees of
freedom assigned to the surface area and the matter–energy
content inside the bulk such that the indices “em” and “de”
represent energy-momentum and dark energy, respectively.
In the present work, the dynamical effect of the Weyssen-
hoff perfect fluid with intrinsic spin and its corresponding
spin degrees of freedom in the framework of Einstein–Cartan
(EC) theory are investigated. Based on the modification of
Friedmann equations due to the spin–spin interactions, a cor-
rection term for Padmanabhan’s original relation dV/dt =
Nsur+Nem−Nde including the number of degrees of freedom
related with these spin interactions is obtained through the
modification in Nbulk term as Nbulk = −Nem + Nspin + Nde

leading to dV/dt = Nsur + Nem − Nspin − Nde in which
Nspin is the corresponding degrees of freedom related with the
intrinsic spin of the matter content of the universe. Moreover,
the validity of the unified first law and the generalized second
law of thermodynamics for the Einstein–Cartan cosmos are
investigated. Finally, by considering the covariant entropy
conjecture and the bound resulting from the emergent sce-
nario, a total entropy bound is obtained. Using this bound,
it is shown that the for the universe as an expanding ther-
modynamical system, the total effective Komar energy never
exceeds the square of the expansion rate with a factor of 3

4π
.

1 Introduction

According to the current research, one can obtain the gravi-
tational field equations in the same way that the equations of
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an emergent phenomenon like fluid mechanics or elasticity
are derived [1–8]. In the framework of the emergent grav-
ity model, the Einstein gravitational field equations can be
derived from the thermodynamics principles with some extra
assumptions [1,2,9]. Therefore, the Einstein field equations
can be understood as spacetime equations of state [8]. By
assuming the existence of a spacetime manifold, its metric
and curvature, Padmanabhan has treated the Einstein field
equations as an emergent phenomenon [10]. It has been pro-
posed that in a cosmological context, the accelerated expan-
sion of the universe [11–19] can be obtained from the dif-
ference between the surface and bulk degrees of freedom
denoted by the relation �V/�t = Nsur − Nbulk where
Nsur and Nbulk are the corresponding degrees of freedom
related with the surface area, matter–energy content (or dark
matter (DM) and dark energy (DE)) inside the bulk space,
respectively [20]. Different cosmological models have been
proposed to explain the late time accelerated expansion of
the universe [11–19]. One of these cosmological models is
known as the dark energy model; the universe is supposed
to be dominated by a dark fluid possessing a negative pres-
sure [21–29] (for a review, see [30]). Violation of the strong
energy condition is a feature of this dark fluid, i.e. ρ+3p > 0.
On the other hand, the modified gravity theories, such as
f (R) gravity [31–35], f (T ) gravity [36–40], Weyl gravity
[41,42], Gauss–Bonnet gravity [43–46], Lovelock gravity
[47,48], Hořava–Lifshitz gravity [49–51], massive gravity
[52–55], heterotic string theory [56] and braneworld scenar-
ios [57–60], are other approaches for explaining the late time
accelerated expansion of the universe. In these modified mod-
els, the additional terms in the gravitational Lagrangian play
the role of an effective dark energy component with a geo-
metric origin rather than an ad hoc introduction of the dark
energy sector with unusual physical features. These cosmo-
logical models explaining the current accelerated expansion
phase possess a series of conditions and constraints arising
from various laws of physics such as thermodynamics laws
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[61] or astrophysical data. In this way, four laws of black
hole mechanics driven from the classical Einstein field equa-
tions are implemented to explain the structure of spacetime
and its relation with thermodynamical behavior of the sys-
tem [62,63]. In the significant pioneering research, Jacob-
son proved that the classical general relativity (GR) behaves
like thermodynamical system (for example, surface grav-
ity could be understood similar to temperature in thermo-
dynamical system) [64]. Then, the Einstein field equations
were obtained from the relation of entropy and horizon area
together with the Clausius relation dQ = T dS where Q, S
and T are the heat, the entropy and the temperature, respec-
tively. In this regard, where the connection between grav-
ity and thermodynamics holds, the Friedmann equations are
obtained by applying the first law of thermodynamics to the
apparent horizon of the FLRW universe [65–82]. The second
law of thermodynamics and its generalized version is also
studied in different modified gravity models such as [83–
103].

On the other hand, a cosmological model is influenced by
the choice of a matter field source, which is coupled with
the Einstein equations through its energy-momentum ten-
sor. Usually, the matter source of the universe is considered
as a perfect fluid or scalar fields [104]. Regarding the early
stage of the universe when its matter content possesses an
additional intrinsic-spin property, it is necessary to consider
a classical spin fluid or even a massless or massive spinor
field as the matter source [105–107]. In 1923, Cartan intro-
duced a modification of the Einstein general theory of rel-
ativity (GR) which nowadays is known as Einstein–Cartan
(EC) theory [108,109]. In this framework, a relation between
the intrinsic angular momentum of matter source and the
spacetime torsion is introduced before introducing this intrin-
sic angular momentum as the spin into quantum theory by
Goudsmit and Uhlenbeck in 1925. The classical spin can be
introduced in general relativity in two distinct ways. As the
first method, one can consider spin as a dynamical quantity
without changing the Riemannian structure of the geometry
of the background spacetime [110–114]. The spin introduced
in this way is similar to the spin of quantum mechanics and
the Dirac theory of the electron. In the second approach,
as introduced by Cartan, the structure of spacetime is gen-
eralized so that it possesses torsion as well as curvature by
considering the metric and the non-symmetric affine connec-
tion as independent quantities [115]. This Riemann–Cartan
geometry is usually denoted by U4 in order to distinguish
it from the Riemannian geometry. After Cartan’s research,
many other efforts have been made by Hehl [116–119], Traut-
man [120,121] and Kopczynski [122,123] to bring spin into
the curved spacetime. This approach allowed one to define
the torsion of spacetime and its connection with spin. In the
context of EC theory, torsion does not appear as a dynami-
cal quantity; rather it can be represented in terms of the spin

sources by matter fields with intrinsic angular momentum
[116–119]. Most of the research on the cosmological appli-
cations of the EC theory has been made with the semiclas-
sical spin fluid possessing the energy density ρs , pressure
ps and spin density vector Sα , which is orthogonal to the
four-velocity vector uα of the spin fluid in the comoving ref-
erence frame of the fluid. This generalization of the perfect
fluid with spin is known as the Weyssenhoff fluid where its
dynamics was comprehensively studied by Weyssenhoff and
other researchers [124–127]. Similar to the other alternative
theories of gravity, the cosmological solutions of the EC the-
ory possessing the spin matter source and their influence on
the structure and dynamics of the universe are extensively
investigated. These studies include the effects of torsion and
spinning matter in a cosmological setup and its possible role
to solve the singularity problems, pre-Friedmann stages of
evolution, inflationary expansion, the late time accelerated
expansion of the universe, rotation of the universe, gravita-
tional collapse, and so on [128–140].

In this paper, we investigate the emergent universe sce-
nario and its thermodynamical aspects in the framework of
EC theory. By considering the modifications to the Fried-
mann equations of the EC theory, we discuss on Padmanab-
han’s relation and thermodynamical features of the model.
This paper is organized as follows. In Sect. 2, we review
the EC theory. In Sect. 3, we study the issue of emergence
of spacetime in the context of this model. In Sect. 4, ther-
modynamics of the Einstein–Cartan universe is investigated.
In Sect. 5, we discuss on the covariant entropy conjecture
and emergent universe scenario in Einstein–Cartan theory.
Finally, in the last section, our concluding remarks are rep-
resented. Also, we consider the units of c = 1 with metric
signature (+,−,−,−) of spacetime. Also, we use the signs
[] and () for denoting antisymmetric and symmetric parts,
respectively.

2 The Einstein–Cartan model

The Einstein–Cartan theory can be derived using the follow-
ing action:

S = 1

16πG

∫
d4x

√−gR̃ +
∫

d4x
√−gLM , (1)

where R̃ and Lm are the Ricci scalar associated with the
asymmetric connection �̃ and the Lagrangian density of mat-
ter fields coupled to the gravity, respectively.

The asymmetric connection �̃
μ
αβ can be written in terms

of the Levi-Civita connection �
μ
αβ as

�̃
μ
αβ = �

μ
αβ + Kμ

αβ, (2)
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where Kμ
αβ , known as the “contorsion tensor”, which is

related with the torsion (Qμ
αβ := �̃

μ
[αβ]) as [116–119]

Kμ
αβ := 1

2

(
Qμ

αβ − Qμ
αβ − Qμ

βα

)
. (3)

Using the variation of the action with respect to the metric
gμν and contorsion tensor Kμ

αβ , one can find the dynamical
equations of motion of the theory as follows [116–119,141]:

Gμν −
(
∇̃α + 2Qβ

αβ

) (
Tμνα − T ναμ + T αμν

)
= 8πGTμν, Tμνα = 8πGτμνα, (4)

where Gμν and ∇̃α are the Einstein tensor and covariant
derivative based on the asymmetric connection �̃

μ
αβ , respec-

tively, and T α
μν is defined in terms of the torsion tensor Qμν

α

as

T α
μν = Qα

μν + δα
μQ

β
νβ − δα

ν Q
β
μβ. (5)

We also defined

Tμν := 2√−g

δLM

δgμν

,

τμνα := 1√−g

δLM

δKανμ

, (6)

as the energy-momentum tensor and the spin density tensor,
respectively. Combining Eqs. (4) and (5), one can obtain the
Einstein field equations with a modification in the energy-
momentum as

Gμν = 8πG(Tμν + τμν), (7)

where

τμν = 8πG

{
− 4τ

μα
[β τ

νβ
α] − 2τμαβτ ν

αβ + ταβμτν
αβ

+1

2
gμν

(
4τα

λ[βτ
λβ
α] + ταβλταβλ

) }
(8)

is the correction term for the energy-momentum tensor gen-
erated by the spacetime torsion [124–127]. If the torsion, or
spin, vanishes then ταβ vanishes and the standard Einstein
field equations (Gμν = 8πGTμν) are recovered. Suppose
that the Lagrangian LM represents a fluid of spinning parti-
cles in the early universe minimally coupled to the metric and
the torsion of the U4 theory. In this context, one can employ
a classical description of spin as postulated by Weyssenhoff
and Raabe, which is given by [124–127]

τ α
μν = 1

2
〈Sμν〉uα, 〈Sμνu

μ〉 = 0, (9)

where uα is the four-velocity of the fluid element and Sμν =
−Sνμ is a second-rank antisymmetric tensor which is defined

as the spin density tensor. The spatial components of this ten-
sor include the three-vector (S23, S13, S12), which coincides
in the rest frame with the spatial spin density of an element
of the matter fluid. The remaining spacetime components
i.e., (S01, S02, S03) are assumed to be zero in the rest frame
of the fluid element. Such an assumption can be covariantly
formulated as the constraint given in the second part of (9).
This constraint on the spin density tensor is usually called the
Frenkel condition which requires the intrinsic spin of matter
to be spacelike in the rest frame of the fluid. More precisely,
this condition leads to an algebraic relation between the spin
density and torsion tensor as

Tν = Tμ
νμ = 〈uμSνμ〉, (10)

which can also be recovered directly from the formalism
proposed in [142]. Therefore, the Frenkel condition implies
that the only remaining degrees of freedom of the space-
time torsion are its traceless components. The spinning fluid
(that is, a fluid that possesses an internal angular momentum
density) introduced in this way is called the “Weyssenhoff
fluid”; it generalizes the perfect fluid of general relativity to
the case of non-vanishing spin. The Weyssenhoff fluid is a
continuous medium the elements of which are characterized
(together with the energy and momentum) by the intrinsic
angular momentum (spin) of its constituent particles; see also
[143] and [144].

The energy-momentum tensor can be decomposed as

Tμν = Tμν
P + Tμν

S , (11)

where Tμν
P and Tμν

S are the usual perfect fluid and the
intrinsic-spin fluid part, thus

Tμν
P = (ρ + p)uμuν − pgμν,

Tμν
S = u(μSν)αuβuα;β + ∇α(u(μSν)α)

+Q(μ
αβu

ν)Sβα − uβ Sα(νQμ)
αβ

−ωα(μSν)
α + u(μSν)αωαβu

β, (12)

ω being the angular velocity corresponding to the intrinsic
spin, and ∇μ represents the covariant derivative associated
with the symmetric Levi-Civita connection �

μ
αβ .

From the microscopic viewpoint, a randomly oriented
gas of fermions is the source for spacetime torsion. How-
ever, we have to deal with this issue at a macroscopic level,
that is, we need to perform suitable spacetime averaging. In
this sense, the average of the spin density tensor vanishes,
〈Sμν〉 = 0 [116–119,129]. However, though this term is
vanishing macroscopically, the square of spin density ten-
sor 〈SμνSμν〉 = 2σ 2 would make its own contribution to the
total energy momentum tensor, in such a way that the field
equations in Einstein–Cartan theory are different from those
in general relativity even in the classical macroscopic limit
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[116–119,129]. A suitable averaging process then gives (see
Appendix A)

〈τμν〉 = 4πGσ 2uμuν + 2πGσ 2gμν,

〈Tμν
S 〉 = −8πGσ 2uμuν . (13)

Indeed, since the right-hand side of (7) includes the τμν con-
tribution with a quantum origin, the quantities in the right-
hand side of (8) must be replaced by their expectation values.
For more details of the conditions under which the expecta-
tion value of the energy-momentum tensor can act as the
source for a semiclassical gravitational field, see [145–147].
Therefore, the Einstein field equations (7) read

Gμν = 8πG�μν, (14)

where �μν represents the effective macroscopic limit of mat-
ter fields defined as

�μν := 〈Tμν〉 + 〈τμν〉 = (ρ + p − ρs − ps)u
μuν

− (p − ps) g
μν =

(
ρ + p − 4πGσ 2

)
uμuν

−
(
p − 2πGσ 2

)
gμν. (15)

Then, one may consider the following forms for the total
energy density and pressure which support the field equa-
tions:

ρtot = ρ − ρs, ptot = p − ps, (16)

whereρs = ps = 2πGσ 2. From this it is seen that ps/ρs = 1
and consequently the spin matter behaves as a fictitious
fluid with an equation like that of the Zeldovich stiff mat-
ter. Beside the works which assume a classical form of the
spin fluid as the source of torsion, it is worth mentioning
that a full quantum treatment has been recently done in
[148].

3 Emergence of spacetime in Einstein–Cartan theory

We consider a homogeneous and isotropic universe described
by the FLRW metric

ds2 = dt2 − a(t)2
(

dr2

1 − kr2 + r2(dθ2 + sin2 θdφ2)

)
,

(17)

where k = 0,±1 represents the spatial curvature of the uni-
verse (in the following we will focus on the flat universe).
Then, using Eqs. (14) and (15), the Friedmann equations will
be

H2 = 8πG

3
(ρ − 2πGσ 2) = 8π

3
ρtot, (18)

Ḣ + H2 = −4πG

3
(ρ+3p − 8πσ 2) = −4πG

3
(ρ + 3p)tot.

(19)

We note that ρtotal = ρ −ρs is assumed to be positive. In this
respect, on the one hand, the spin squared term is proportional
to a−6 and on the other its coupling constant is proportional
to the square of the gravitational coupling constant, which
makes the spin effects crucial only at extremely high mat-
ter densities, e.g. at the late stages of collapse scenario or in
the early times of the evolution of the universe. Such effects
could provide non-singular cosmological [120,121,149,150]
as well as astrophysical settings [151]. However, during such
extreme regimes, though the weak (or null) energy condition
may be violated due to the negative pressure contribution
due to the spin contribution, the total energy density as given
in Eq. (18) remains positive; the matter density ρ could be
proportional to a−6 for a stiff fluid and in competition to the
spin density, these two terms at the right-hand side of Eq. (18)
could be at most equal leading to a vanishing Hubble parame-
ter. For more discussion of the negative contribution of a spin
fluid, see Appendix B. On the other hand, the combination of
Eqs. (18) and (19) gives the following generalization of the
covariant energy conservation law including the spin term:

d

dt
(ρ − 2πGσ 2) = −3H(ρ + p − 4πGσ 2), (20)

where we can consider the filling matter field as an unpo-
larized fermionic perfect fluid with the barotropic equation
of state p = ωρ. By decomposition of the matter source in
Eq. (11), we can treat the above conservation law for two
non-interacting fluids. Therefore, it gives

ρ = ρ0a
−3(1+ω), (21)

where ρ0 is the energy density at present time. Equation (20)
could be rearranged in the following form:

d

dt
ρ + 3H(ρ + p) = 2πG

(
d

dt
σ 2 + 6Hσ 2

)

= 2πG

σ 2

d

dt
ln(σ 2a6). (22)

By implementing Eq. (21) the LHS equals zero. By reusing
Eq. (21), one arrives at

σ 2 = �

8

(
ρ0

Aω

) 2
1+ω

a−6 = �

8

(
ρ

Aω

) 2
1+ω

(23)

and

ρs = 2πGσ 2 = ρ0sa
−6, (24)

123



Eur. Phys. J. C (2018) 78 :38 Page 5 of 11 38

in which Aω is a dimensional constant depending on ω and

ρ0s = h̄
8 A

−2
1+ω
ω ρ

2
1+ω

0 [152].
Multiplying Eq. (19) by −4πH−4, we get

−4π
Ḣ

H4 = 4π

H2 + 16π2G(ρ + 3p)tot

3H4 . (25)

Assuming V = 4πH−3/3 as the spherical volume with the
Hubble radius H−1, namely the Hubble volume, we have

dV

dt
= −4π

Ḣ

H4 = 4π

H2 + 16π2G(ρ + 3p)tot

3H4 . (26)

On the other hand, according to Padmanabhan’s idea, the
number of degrees of freedom on the spherical surface of the
Hubble radius H−1 is given by [20]

Nsur = A

L2
P

= 4π

L2
PH

2
, (27)

where LP is the Planck length and A = 4πH−2 represents
the area of the Hubble horizon.1 Also, the bulk degrees of
freedom obey the equipartition law of energy

Nbulk = 2|Etot|
kBT

, (28)

where Etot, kB and T are the total energy inside of the
bulk, the Boltzmann constant and the temperature of the bulk
space, respectively. In the following of the paper, we use nat-
ural units (kB = c = G = LP = 1) for the sake of simplicity.
We also consider the temperature associated with the Hub-
ble horizon as the Hawking temperature T = H/2π , and the
energy contained inside the Hubble volume in Planck units
V = 4π/3H3 as the Komar energy

EKomar = |(ρ + 3p)tot|V . (29)

Based on the novel idea of Padmanabhan, the cosmic expan-
sion which is conceptually equivalent to the emergence of
space is related with the difference between the number of
degrees of freedom in the holographic surface and the ones
in the corresponding emerged bulk [20]. Equations (28) and
(29) with Hawking temperature will give the bulk degrees of
freedom as

Nbulk = −ε
2(ρ + 3p)totV

kBT
(30)

1 Note that the area law S = A/4L2
P as the saturation of the Bekenstein

limit [153] is completely justified solely in the context of general rela-
tivity and is not correct in general in modified theories; see [154,155].
However, one may argue that true gravitational degrees of freedom are
those of GR only, and the effect of torsion is to modify the right-hand
side and effectively acts as an additional energy-momentum tensor,
restoring the A/4L2

P law.

where ε = +1 denotes (ρ + 3p)tot < 0 and ε = −1 if
(ρ + 3p)tot > 0. Based on Padmanabhan’s assumption the
universe can be divided as a matter component, respecting
the strong energy condition (ρ + 3p)tot > 0, and a dark
energy component, violating the strong energy condition (ρ+
3p)tot < 0. Hence, the bulk degrees of freedom read

Nbulk = Nde − Nm (31)

where the indexes “m” and “de” represent matter and dark
energy, respectively. So, we have

Nde − Nm = −ε
16π2

3

(ρ + 3p)tot

H4 . (32)

Then, using Eq. (26), the Padmanabhan equation can be
written as follows:

dV

dt
= Nsur − Nbulk = Nsur + Nm − Nde, (33)

where Nsur and Nm and Nde are given by Eqs. (27) and (28).
On the other hand, because spin is associated with the degrees
of freedom of the matter field filling the universe, regarding
Eqs. (16), (18) and (19), it would be natural to write the
total contribution of matter as Nm = Nem − Nspin where
“em” stands for “energy-momentum”. In this regard, one can
rewrite Eq. (33) as

dV

dt
= Nsur + Nem − Nspin − Nde, (34)

where the number of degrees of freedom related with the spin
of matter content is given by

Nspin = 16πVσ 2

T
. (35)

Equation (34) indicates that there are four modes of degrees
of freedom for a cosmos filled by the dark energy fluid and the
matter content possessing spin–spin interactions. For such
a universe, other than the surface degrees of freedom, the
energy-momentum degrees of freedom and the ones related
with the dark energy, there are additional degrees of freedom
which lie in its spin sector. In this line, both the spin and the
dark energy sectors contribute a “negative number of degrees
of freedom”. Moreover, using Eqs. (35) and (24), the number
of spin degrees of freedom will be

Nspin = 8ρ0sV

T
a−6. (36)

This relation shows that the number of spin degrees of free-
dom is vanishing at late time. This is because of that the
spin density and consequently its contribution to Eq. (33) is
very weak at low energy limits, i.e. at the late times of the
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universe, in contrast to the high energy limits in the very
early universe where the evolution of universe can be con-
siderably affected by it. On the other hand, although the uni-
verse is not pure de Sitter; however, it evolves toward an
asymptotically de Sitter phase. Then, in order to reach the
holographic equipartition, we demand dV /dt → 0 in Eq.
(33) which requires Nsur = Nbulk. To understand the feature
of Nspin, it is better to look at Eq. (33) without this term.
Following the discussion of Padmanabhan, one can consider
that Nbulk includes two parts. The first one is related with
the normal matter sector respecting the strong energy condi-
tion and the second one related with the dark energy sector
violating the strong energy condition [20]. This provides the
possibility of dividing the degrees of freedom of the bulk into
two parts, one arising from the degrees of freedom of dark
energy leading to acceleration and the other one arising from
the degrees of freedom of normal matter leading to deceler-
ation. Then, Eq. (33), without Nspin term, takes the form of
dV
dt = Nsur + Nem − Nde. Therefore, there is no hope for

reaching the holographic equipartition for a universe with-
out a dark energy sector [9]. In Ref. [156], Padmanabhan’s
emergent scenario is investigated in a general braneworld
setup. It is found that the Padmanabhan relation takes the
form dV

dt = Nsur −Nbulk −Nextr where Nextr is referred to the
number of spin degrees of freedom related with the extrinsic
geometry of a four dimensional brane embedded in a higher
dimensional ambient space, while Nsur and Nbulk are exactly
the same as before. Moreover, it is shown that one can avoid
the term Nde denoting dark energy which has been previously
proposed by Padmanabhan. This is because the geometrical
component Nextr, arising from the brane extrinsic geometry,
representing a geometrical dark energy [157], can play the
role of Nde. However, in the framework of EC theory, the
spin term cannot completely play the role of dark energy or
cosmological constant leading to the satisfaction of the holo-
graphic equipartition law, because the corresponding degrees
of freedom in Eq. (33) are vanishing at late time, see Eq. (36),
leading to dV

dt > 0 in the absence of dark energy. Then, unlike
in [156], although the spin sector in EC framework plays
an important role in the early stages of the universe with a
repulsive gravitational effect, at late times the cosmological
constant or dark energy term proposed by Padmanabhan is
required again to achieve the holographic equipartition in this
model. This fact is in agreement with the result obtained in
[131] where the luminosity distance is implemented to test
the models using the supernovae type Ia observations. There,
the authors showed that although a cosmological model with
a spin fluid is admissible, the cosmological constant is still
required to explain the accelerating expansion of the uni-
verse. Consequently, the spin fluid cannot be considered as
an alternative to the cosmological constant description of the
dark energy.

4 Thermodynamics of an Einstein–Cartan cosmology

In recent years, the connection between gravitation and ther-
modynamics has received much attention; see for example
[1,2] and [8,158–161], where the first and second laws of
thermodynamics are thoroughly investigated. Through this
section, first we obtain the unified first law of thermody-
namics based on the (0, 0) component of the Einstein field
equations introduced by Hayward; see [162,163] and [164].
Then we investigate the generalized second law of thermo-
dynamics for the Einstein–Cartan cosmos.

4.1 Unified first law of thermodynamics

The Hubble horizon H−1 can be understood as an apparent
horizon of the flat FLRW universe2 [165]. By calculating the
derivative of 1

r̃A
= H with respect to the cosmic time, we

easily have −dr̃A/r̃3
A = Ḣ Hdt . Also, by implementing the

modified Friedmann equation (18), we obtain

−1

r̃3
A

dr̃A

dt
= Ḣ H = 4π

3

d

dt
(ρ − 2πσ 2) = 4π

3
ρ̇tot. (37)

One can simplify this equation using the generalized conser-
vation law in Eq. (20) as follows:

dr̃A = 4π r̃3
AH (ρt + pt ) dt, (38)

where ρt and pt are total energy density and pressure includ-
ing both the normal and the spin sectors. The Hawking–
Bekenstein entropy is S = A/4 = π r̃2

A. Therefore, using
this entropy expression and Eq. (38), we get

1

2π r̃A
dS = dr̃A = 4π r̃3

AH (ρt + pt ) dt. (39)

On the other hand, the temperature can be obtained:3

TH = 1

2π r̃A

(
1 −

˙̃rA

2Hr̃A

)
. (40)

2 The dynamical apparent horizon, i.e. r̃A = a(t) r , can be obtained
from the equation hαβ∂α r̃∂β r̃ = 0 where hαβ is the non-spherical part
of the FLRW metric.
3 The apparent horizon temperature can be calculated by TH :=
|κ|
2π

where κ = 1
2
√−h

∂α

(√−hhαβ∂β r̃
) = − 1

r̃A

(
1 − ˙̃rA

2Hr̃A

)
=

− r̃A
2

(
2H2 + Ḣ

)
and h is the determinant of the non-spherical part

of FLRW metric. In contrast of Jacobson’s approach in which the tem-
perature is connected to local Rindler observers, here, the temperature
could be measured by the Kodoma observer inside the apparent horizon.
The Kodama [166] vector plays the role of the timelike Killing vector
if and only if the apparent horizon is trapping is positive. The Kodama
temperature seems the natural candidate, because the Kodama vector is
associated with a conserved current even in the absence of a timelike
Killing vector (Kodama miracle).
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Then, combining Eqs. (39) and (40) leads to

THdS = 4π r̃3
AH (ρt + pt ) dt − 2π r̃2

A (ρt + pt ) dr̃A. (41)

We also have the total intrinsic energy,

dE = −4π r̃3
AH (ρt + pt ) dt + 4π r̃2

Aρtdr̃A, (42)

as well as the work density [162–164] as follows:

W ≡ −1

2
T αβhαβ = 1

2
(ρt − pt ), (43)

where T αβ is the effective energy-momentum tensor of the
EC cosmos. Therefore, the unified first law of thermodynam-
ics can be obtained in a straightforward manner by combining
Eqs. (41), (42) and (43):

dE = −THdS + WdV . (44)

In addition, from Eq. (39), we have

Ṡ = −2π
[
Ḣ/H3

]
(45)

for the surface entropy. Therefore, from Eqs. (39) and (45),
it is seen that if the null energy condition holds, i.e. ρt +
pt ≥ 0, the surface entropy always increases in the expanding
universe and we have Ḣ ≤ 0.

4.2 Generalized second law of thermodynamics (GSL)

In order to studying the generalized second law of thermo-
dynamics, we consider the Gibbs equation

THdSb = d (ρt V ) + ptdV = V dρt + (ρt + pt ) dV, (46)

for the total matter content inside the bulk where we used the
subscript “b” to denote the entropy of inside of the bulk [167–
169]. By combining the definition of the Hubble volume and
Eqs. (18) and (19), we obtain

THdSb = Ḣ

H4 (Ḣ + H2). (47)

Then the total entropy can be divided into two parts, the total
entropy inside the bulk Sb and the part related with the surface
S as St ≡ S + Sb. By combining the modified Friedmann
equations (18) and (19) and (45), we have

TH
dSt
dt

= Ḣ2

2H4 . (48)

Consequently, for an accelerating expanding universe with
H > 0, the generalized second law of thermodynamics
always holds in the framework of the Einstein–Cartan cos-
mology.

5 Covariant entropy conjecture and emergent universe
scenario in Einstein–Cartan theory

In this section, we follow the approach of [170]. We have
the following condition on the Padmanabhan formula for an
expanding universe:

dV

dt
≥ 0, (49)

which requires

Nsur − Nbulk ≥ 0. (50)

where Nsur and Nbulk are given by Eqs. (27) and (28). So,
one can rewrite Eq. (50) as follows:

Nspin + Nde − Nem ≤ Nsur, (51)

where, using the Nsur given by Eq. (27), we have

1

4

(
Nspin + Nde − Nem

) ≤ S. (52)

This relation represents the existence of a lower bound for
the entropy of a cosmological system in the framework of the
emergent scenario. On the other hand, the covariant entropy
conjecture imposes an upper bound for the entropy of any
thermodynamical system as [171]

S ≤ A

4
, (53)

where A is the area of the smallest sphere circumscribing the
system. Here, one may argue that it is not clear at all how
(53) applies to the Einstein–Cartan theory, since the original
derivation was for general relativity. We refer the reader to
Appendix C, where we discuss the validity of (53) in the
context of the Einstein–Cartan theory. Then, for the universe
enclosed by the Hubble horizon r̃H, we have S ≤ π r̃2

H. So,
regarding the inequalities (52) and (53), we find

1

4

(
Nspin + Nde − Nem

) ≤ S ≤ π r̃2
H, (54)

which gives a total restriction for the entropy of a cosmolog-
ical system in the framework of the emergent scenario. In the
absence of the dark energy component, the lower bound of
the entropy may be takes negative value for the late times, due
to the vanishing behavior of the spin component (36). This is
not physically acceptable and consequently the demand for
the existence of the dark energy component is also seen here.
One can also rewrite the inequality (54) as

4πVσ 2

T
+ |ρ + 3p|deV

2T
− (ρ + 3p)emV

2T
≤ S ≤ π r̃2

H. (55)
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Then, using the Hawking temperature T = H/2π , the hori-
zon radius r̃H = 1

H and the Hubble volume V = 4
3π r̃3

H, we
arrive at the following inequality regarding the upper bound:

8πσ 2 + |ρ + 3p|de − (ρ + 3p)em ≤ 3

4π
H2, (56)

representing that, for such an expanding thermodynamical
system, the total effective Komar energy never exceeds the
square of the expansion rate with a factor of 3

4π
. Then, consid-

ering both the covariant entropy bound and the bound result-
ing from the emergent scenario the evolution of the density
and pressure profiles in the universe will be restricted as in
(56). The equality case occurs for the static state. H = 0, as
for the pure de Sitter universe, and consequently we arrive at
8πσ 2 +|ρ +3p|de − (ρ +3p)em = 0 indicating the balance
between the effective repulsive and attractive effects.

6 Conclusion

According to Padmanabhan’s emergent proposal, the acceler-
ated expansion of the universe can be driven by the difference
between the surface degrees of freedom and the bulk degrees
of freedom in a region of space. The dynamical emergent
equation is represented by the relation dV/dt = Nsur −Nbulk

where Nsur and Nbulk = Nem − Nde are the numbers of
degrees of freedom assigned to the surface area and the
matter–energy content inside the bulk, respectively, such
that the indices “em” and “de” represent energy-momentum
and dark energy, respectively. In the present work, the spin
degrees of freedom in the framework of Einstein–Cartan (EC)
theory are investigated. In this regard, based on the mod-
ification of the Friedmann equations due to the spin–spin
interactions, a correction term for the Padmanbhan’s relation
including the number of degrees of freedom related with this
spin interactions is obtained as �V/�t = Nsur−Nbulk where
Nbulk = Nem −Nspin −Nde in which Nspin is the correspond-
ing number of degrees of freedom related with the intrinsic
spin of the matter content of the universe. It is seen that
both the spin and the dark energy sectors contribute a neg-
ative number of degrees of freedom. Also, it is shown that,
although the number of spin degrees of freedom can play an
important role in the early stages of universe, for the late times
the cosmological constant or dark energy term proposed by
Padmanabhan is also required here to achieve the holographic
equipartition in this model. Moreover, the unified first law of
thermodynamics for the Einstein–Cartan cosmos is obtained.
It is shown that, for an accelerating expanding universe, the
generalized second law of thermodynamics always holds
in the framework of this cosmological model. Finally, by
considering the covariant entropy conjecture and the bound
resulting from the emergent scenario, a total entropy bound is

obtained. Using this bound, it is shown that, for the universe
as an expanding thermodynamical system, the total effective
Komar energy never exceeds the square of the expansion rate
with a factor of 3

4π
.
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Appendix A

For the expectation value of the τμν tensor given by the Eq.
(8), we start with

τμν = 8πG

{
− 4τ

μα
[β τ

νβ
α] − 2τμαβτ ν

αβ + ταβμτν
αβ

+1

2
gμν

(
4τα

λ[βτ
λβ
α] + ταβλταβλ

) }
, (57)

in which regarding the definitions in (9) and the antisymmetry
properties with respect to the α and β indices, it reads

〈τμν〉 = 2πG{−4uμuν〈Sα [β Sβ
α]〉

−2uμuν〈Sαβ Sαβ〉
+uμuν〈Sαβ Sαβ〉
+1

2
gμν

(
4uλu

λ〈Sα [β Sβ
α]〉

)

+1

2
gμνuλu

λ〈Sαβ Sαβ〉}, (58)

which leads to

〈τμν〉 = 2πG{−2uμuν〈(Sα
β S

β
α − Sα

αS
β

β

)〉
−2uμuν〈Sαβ Sαβ〉
+uμuν〈Sαβ Sαβ〉
+1

2
gμν〈2 (

Sα
β S

β
α − Sα

αS
β

β

)〉
+1

2
gμνuλu

λ〈Sαβ Sαβ〉}. (59)

Regarding that Sμν is an antisymmetric tensor, its trace
vanishes and consequently the second terms in the first and
fourth rows vanish. Then, again due to the anti-symmetry
property of Sμν and 〈SμνSμν〉 = 2σ 2, we arrive at

〈τμν〉 = 4πσ 2uμuν + 2πGσ 2gμν. (60)
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One can use the same approach to find 〈T μν
S 〉 = −8πGσ 2uμuν

in (13).

Appendix B

One may argue about the negative contribution of the spin
density in total energy density (16) and violation of the energy
conditions by the spin fluid. One can find a justification
for this argument by looking at the Raychaudhuri equation.
Indeed, a similar effect occurs in the Raychaudhuri equation
by the vorticity. This can be verified by the Raychaudhuri
equation in the Einstein–Cartan universes obtained in [172]
as

�̃′ = −1

3
�̃2 − 1

2
κ(ρ + 3p) − 2

(
σ̃ 2 − ω̃2

)

+1

2
κ2S2 + · · · , (61)

where the prime and the tilde indicate purely Riemannian
environments and σ̃ 2, ω̃2 and S2 are the magnitudes of the
shear, vorticity and spin tensors. This relation shows that the
vorticity and spin/torsion degrees of freedom have a rather
similar nature, acting against the attraction of gravity. Both
the vorticity and the spin/torsion arise with an opposite sign
relative to the ordinary matter–energy density in the Ray-
chaudhuri equation.

Also, one may argue about the absence of a real solution
for H through Eq. (18) at early time if the spin fluid dominates
to the usual perfect fluid. This issue is resolved in the context
of the non-singular cosmological models such as bouncing
[173–178] or emergent cosmologies [179]. For these cos-
mologies at the bounce point, we have H = 0, meaning
that the attracting effect of usual prefect fluid is balanced
by the repulsion effect of the spin/torsion fluid, leading to a
bouncing solution for H . In this context, the time derivative
of the Hubble parameter satisfies the condition Ḣ > 0 at
the bouncing point, so that the universe possesses the abil-
ity for transition from a contracting phase to an expanding
one [173–178]. In such a scenario [175,176], as the universe
contracts the total density ρtot increases like 1/t2, as usual,
but then torsion kicks in and the maximal density is reached.
Then, as the universe continues to contract further, the den-
sity decreases, due to the negative contribution of spin fluid,
until it reaches zero and a bounce occurs at the correspond-
ing non-zero scale factor a0. After the bounce, the density at
first starts to increase with expansion, until the same maxi-
mum total energy density, i.e ρmax

tot , is reached again. Then it
begins to decrease with the expansion according to the usual
behavior as ρtot ∝ 1/t2. Here, torsion induces a phantom
period around the bouncing point such that the total equation
of state parameter, i.e. ωtot, becomes infinitely negative at the
bounce, because ptot < 0 is finite while ρtot = 0. After that,

when the torsion becomes sub-dominant, ωtot goes to zero,
as in the usual cosmological history of the universe.

Appendix C

Here we discuss on the validity of (53) in Einstein–Cartan
theory incorporating a torsion field, regarding the original
derivation as for Einstein’s GR.

The original derivation of the relation S � A/4 by Bousso
was for the general relativity. However, one may check the
validity of this relation by checking its basic requirements
given in [171]. In this Ref, we find the question “Given a
two-dimensional surface B of area A, on which hypersurface
H should we evaluate the entropy S?” According to Bousso’s
answer to this question, we also find the statement “In order
to construct a selection rule, let us briefly return to the limit
in which Bekenstein’s bound applies. For a spherical surface
around a Bekenstein system, the enclosed entropy cannot be
larger than the area. But the same surface is also a boundary
of the infinite region on its outside. The entropy outside could
clearly be anything. From this we learn that it is important to
consider the entropy only on hypersurfaces which are not out-
side the boundary”. The terminology “outside” is defined by
Bousso as “We start at B, and follow one of the four families
of orthogonal light-rays, as long as the cross-sectional area
is decreasing or constant. When it becomes increasing, we
must stop. This can be formulated technically by demanding
that the expansion of the orthogonal null congruence must
be non-positive, in the direction away from the surface B”.
Therefore, here we just need to check that can we find such a
null surface in the context of Einstein–Cartan theory or not.
To answer this question, we refer to the Raychaudhuri equa-
tion in the Einstein–Cartan universes as obtained in the last
section of [172]. Following the authors of [172], the effect
of spin fluid can be highlighted further if we momentarily
consider the familiar general-relativistic scenario of purely
gravitational forces acting on an irrotational and shear-free
perfect fluid with spin. Then, Eq. (61) reduces to

�̃′ = −1

3
�̃2 − 1

2
κ(ρ + 3p) + 1

2
κ2S2 + �. (62)

Then, as discussed by the authors, the spin term on the right-
hand side of the above equation plays the role of an effec-
tive (positive) cosmological constant (when s = constant), or
that of a quintessence field (when s = s(t)). Thus, the spin
effect in the Raychaudhuri equation of the Einstein–Cartan
universe by the Weyssenhoff fluid appears as a shift in the
cosmological constant of the Einstein theory of general rela-
tivity. Then, the whole behavior of congruences of a geodesic
in Einstein–Cartan theory is the same as in GR, except for a
shift in the cosmological constant. Consequently, if we can
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find the appropriate boundary surface in GR, then we are
also able to define such a surface in Einstein–Cartan theory.
Therefore, the application of the entropy bound introduced
by Bousso is also allowed in Einstein–Cartan theory.

References

1. T. Padmanabhan, Rep. Prog. Phys. 73, 046901 (2010)
2. T. Padmanabhan, Lessons from classical gravity about the quan-

tum structure of spacetime. J. Phys. Conf. Ser. 306, 012001 (2011)
3. A.D. Shakharov, Sov. Phys. Dokl. 12, 1040 (1968)
4. G.E. Volovik, The Universe in a Helium Droplet (Oxford Univer-

sity Press, Oxford, 2003)
5. B.L. Hu, Int. J. Mod. Phys. D 20, 697 (2011)
6. C. Barcelo, S. Liberati, M. Visser, Living Rev. Relativ.8, 12 (2005)
7. E. Verlinde, JHEP 1104, 029 (2011)
8. T. Jacobson, Phys. Rev. Lett. 75, 1260 (1995)
9. T. Padmanabhan, Phys. Rev. D 81, 124040 (2010)

10. T. Padmanabhan, Res. Astron. Astrophys. 12, 891 (2012)
11. A.G. Riess et al., Astron. J. 116, 1009 (1998)
12. S. Perlmutter et al., Nature (London) 391, 51 (1998)
13. P.M. Garnavich et al., Astrophys. J. 509, 74 (1998)
14. S. Perlmutter et al., Astrophys. J. 517, 565 (1999)
15. M. Tegmark et al. (SDSS), Phys. Rev. D 74, 123507 (2006)
16. E. Komatsu et al. (WMAP), Astrophys. J. Suppl. 180, 330 (2009).

arXiv:0803.0547
17. T.-C. Chang, U.-L. Pen, J.B. Peterson, P. McDonald, Phys. Rev.

Lett. 100, 091303 (2008)
18. H.J. Seo, D.J. Eisenstein, Astrophys. J. 598, 720 (2003)
19. J.C. Mather et al., Astrophys. J. 354, L37–L40 (1990)
20. T. Padmanabhan, arXiv:1206.4916v1
21. U. Alam, V. Sahni, A.A. Starobinsky, JCAP 06, 008 (2004)
22. C. Clarkson, M. Corts, B. Bassett, JCAP 08, 011 (2007)
23. A. Upadhye, M. Ishak, P.J. Steinhardt, Phys. Rev. D 72, 063501

(2005)
24. B. Ratra, P.J.E. Peebles, Phys. Rev. D 37, 3406 (1988)
25. C. Wetterich, Nucl. Phys. B 302, 668 (1988)
26. A.R. Liddle, R.J. Scherrer, Phys. Rev. D 59, 023509 (1999)
27. Z.K. Guo, N. Ohta, Y.Z. Zhang, Mod. Phys. Lett. A 22, 883 (2007)
28. S. Dutta, E.N. Saridakis, R.J. Scherrer, Phys. Rev. D 79, 103005

(2009)
29. C. Armendariz-Picon, V.F. Mukhanov, P.J. Steinhardt, Phys. Rev.

D 63, 103510 (2001)
30. E.J. Copeland, M. Sami, S. Tsujikawa, Int. J. Mod. Phys. D 15,

1753 (2006)
31. A. De Felice, S. Tsujikawa, Living Rev. Relativ. 13, 3 (2010)
32. S. Capozziello, V.F. Cardone, A. Troisi, Phys. Rev. D 71, 043503

(2005)
33. S. Nojiri, S.D. Odintsov, Phys. Rev. D 74, 086005 (2006)
34. L. Amendola, R. Gannouji, D. Polarski, S. Tsujikawa, Phys. Rev.

D 75, 083504 (2007)
35. S. Capozziello, F. Darabi, D. Vernieri, Mod. Phys. Lett. A 26, 65

(2011)
36. E.V. Linder, Phys. Rev. D 81, 127301 (2010)
37. E.V. Linder, Phys. Rev. D 82, 109902 (2010)
38. S.H. Chen, J.B. Dent, S. Dutta, E.N. Saridakis, Phys. Rev. D 83,

023508 (2011)
39. K. Atazadeh, F. Darabi, Eur. Phys. J. C 72, 2016 (2012)
40. A. Paliathanasis, S. Basilakos, E.N. Saridakis, S. Capozziello, K.

Atazadeh, F. Darabi, M. Tsamparlis, Phys. Rev. D 89(10), 104042
(2014)

41. P.D. Mannheim, D. Kazanas, Astrophys. J. 342, 635 (1989)
42. E.E. Flanagan, Phys. Rev. D 74, 023002 (2006)

43. J.T. Wheeler, Nucl. Phys. B 268, 737 (1986)
44. S. Nojiri, S.D. Odintsov, Phys. Lett. B 631, 1 (2005)
45. A. De Felice, S. Tsujikawa, Phys. Lett. B 675, 1 (2009)
46. A.R. Rastkar, M.R. Setare, F. Darabi, Astrophys. Space Sci. 337,

487 (2012)
47. D. Lovelock, J. Math. Phys. 12, 498 (1971)
48. N. Deruelle, L. Farina-Busto, Phys. Rev. D 41, 3696 (1990)
49. P. Horava, JHEP 0903, 020 (2009)
50. G. Calcagni, JHEP 0909, 112 (2009)
51. E.N. Saridakis, Eur. Phys. J. C 67, 229 (2010)
52. C. de Rham, G. Gabadadze, A.J. Tolley, Phys. Rev. Lett. 106,

231101 (2011)
53. K. Hinterbichler, Rev. Mod. Phys. 84, 671 (2012)
54. C. de Rham, Living Rev. Relativ. 17, 7 (2014)
55. G. Leon, J. Saavedra, E.N. Saridakis, Class. Quantum Gravity 30,

135001 (2013)
56. M. Gasperini, G. Veneziano, Astropart. Phys. 1, 317 (1993)
57. C. Deffayet, G. Dvali, G. Gabadadze, Phys. Rev. D 65, 044023

(2002)
58. G.R. Dvali, G. Gabadadze, M. Porrati, Phys. Lett. B 485, 208214

(2000)
59. V. Sahni, Y. Shtanov, JCAP 0311, 014 (2003)
60. M.D. Maia, E.M. Monte, J.M.F. Maia, Phys. Lett. B585, 11 (2004)
61. H. Mohseni Shadjadi, Europhys. Lett. 92, 50014 (2010)
62. J.M. Bardeen, B. Carter, S.W. Hawking, Commun. Math. Phys.

31, 161 (1973)
63. S.W. Hawking, Commun. Math. Phys. 43, 199 (1975)
64. T. Jacobson, Phys. Rev. Lett. 75, 1260 (1995)
65. M. Akbar, R.G. Cai, Phys. Rev. D 75, 084003 (2007)
66. R.G. Cai, L.M. Cao, Phys. Rev. D 75, 064008 (2007)
67. R.G. Cai, S.P. Kim, JHEP 02, 050 (2005)
68. A.V. Frolov, L. Kofman, JCAP 05, 009 (2003)
69. U.K. Danielsson, Phys. Rev. D 71, 023516 (2005)
70. R. Bousso, Phys. Rev. D 71, 064024 (2005)
71. G. Calcagni, JHEP 09, 060 (2005)
72. U.H. Danielsson, Phys. Rev. D 71, 023516 (2005)
73. E. Verlinde, arXiv:hep-th/0008140v2
74. B. Wang, E. Abdalla, R.K. Su, Phys. Lett. B 503, 394 (2001)
75. B. Wang, E. Abdalla, R.K. Su, Mod. Phys. Lett. A 17, 23 (2002)
76. R.G. Cai, Y.S. Myung, Phys. Rev. D 67, 124021 (2003)
77. R.G. Cai, L.M. Cao, Nucl. Phys. B 785, 135 (2007)
78. A. Sheykhi, B. Wang, R.G. Cai, Nucl. Phys. 779, 1 (2007)
79. A. Sheykhi, B. Wang, R.G. Cai, Phys. Rev. D 76, 023515 (2007)
80. T. Padmanabhan, Rep. Prog. Phys. 73, 046901 (2010)
81. M. Hashemi, S. Jalalzadeh, S.V. Farahani, Gen. Relativ. Gravit.

47(11), 139 (2015)
82. M. Hashemi, S. Jalalzadeh, S.V. Farahani, Gen. Relativ. Gravit.

47(4), 53 (2015)
83. M. Sharif, S. Rani, Eur. Phys. J. Plus, 128, 96 (2013)
84. M. Sharif, R. Saleem, Mod. Phys. Lett. A 28, 1350072 (2013)
85. B. Wang, Y. Gong, E. Abdalla, Phys. Rev. D 74, 083520 (2006)
86. J. Zhou, B. Wang, Y. Gong, E. Abdalla, Phys. Lett. B 652, 86

(2007)
87. A. Sheykhi, Class. Quantum Gravity 27, 025007 (2010)
88. M. Akbar, Chin. Phys. Lett. 25, 4199 (2008)
89. M. Akbar, Int. J. Theor. Phys. 48, 2665 (2009)
90. A. Sheykhi, B. Wang, Phys. Lett. B 678, 434 (2009)
91. A. Sheykhi, B. Wang, Mod. Phys. Lett. A 25, 1199 (2010)
92. G. Izquierdo, D. Pavn, Phys. Lett. B 633, 420 (2006)
93. K. Karami, JCAP 01, 015 (2010)
94. K. Karami, S. Ghaffari, Phys. Lett. B 685, 115 (2010)
95. K. Karami, S. Ghaffari, Phys. Lett. B 688, 125 (2010)
96. K. Karami, S. Ghaffari, M.M. Soltanzadeh, Astrophys. Space Sci.

331, 309 (2011)
97. E. Babichev, V. Dokuchaev, Y. Eroshenko, Phys. Rev. Lett. 93,

021102 (2004)

123

http://arxiv.org/abs/0803.0547
http://arxiv.org/abs/1206.4916v1
http://arxiv.org/abs/hep-th/0008140v2


Eur. Phys. J. C (2018) 78 :38 Page 11 of 11 38

98. M.D. Pollock, T.P. Singh, Class. Quantum Gravity 6, 901 (1989)
99. P.C.W. Davies, Class. Quantum Gravity 4, L225 (1987)

100. Izquierdo, D. Pavon, Phys. Lett. B 639, 1 (2006)
101. H. Mohseni Sadjadi, Phys. Rev. D 73, 063525 (2006)
102. H. Mohseni Sadjadi, Phys. Rev. D 76, 104024 (2007)
103. H. Mohseni Sadjadi, Phys. Lett. B 645, 108 (2007)
104. E.J. Copeland, M. Sami, S. Tsujikawa, Int. J. Mod. Phys. D 15,

1753 (2006)
105. C. Armendariz-Picon, P.B. Greene, Gen. Relativ. Gravit. 35, 1637

(2003)
106. M. Novello, J. Cosmol. Astropart. Phys. JCAP 06, 018 (2007)
107. J. Wang, T. Lan, T.J. Zhang, J. Theor. Phys. 1, 62 (2012)
108. E. Cartan, Ann. Ec. Norm. Sup. 40, 325 (1923)
109. M.A. Lledó, L. Sommovigo, Class. Quantum Gravity 27, 065014

(2010)
110. M. Mathisson, Acta Phys. Pol. 6, 163 (1937)
111. H. Honl, A. Papapetrou, Z. Phys. 114, 153 (1940)
112. D.D. Ivanenko, A.S. Gololobova, V.G. Krechet, V.G. Lapchinskii,

Sov. Phys. J. 16, 1680 (1973)
113. V.G. Krechet, M.L. Filchenkov, G.N. Shikin, Gravit. Cosmol. 14,

292 (2008)
114. R.T. Jantzen, J. Math. Phys. 23, 1137 (1982)
115. T. Watanabe, M.J. Hayashi, arXiv: gr-qc/0409029
116. F. Hehl, P. von der Heyde, G.D. Kerlick, Phys. Rev. D 10, 1066

(1974)
117. F.W. Hehl, P. von der Heyde, G.D. Kerlick, J.M. Nester, Rev. Mod.

Phys. 48, 393 (1976)
118. F.W. Hehl, Found. Phys. 15, 451 (1985)
119. F.W. Hehl, J.D. McCrea, E.W. Mielke, Y. Ne’eman, Phys. Rep.

258, 1 (1995)
120. A. Trautman, Symposia Mathematica, Vol. 12, (Bologna) (1973)
121. A. Trautman, Nature 242, 7 (1973)
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