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Abstract In the background of the homogeneous and
isotropic FLRW model, the thermodynamics of the interact-
ing DE fluid is investigated in the present work. By studying
the thermodynamical parameters, namely the heat capacities
and the compressibilities, both thermal and mechanical sta-
bility are discussed and the restrictions on the equation of
state parameter of the dark fluid are analyzed.

1 Introduction

The present era of cosmic evolution is a challenging issue to
the cosmologists due to the recent observational predictions
[1-9]. The explanation of the late-time accelerated expan-
sion of the Universe has become one of the biggest and
open problems in modern cosmology today. In the frame-
work of Einstein gravity, the most reasonable description for
this accelerating phase introduces some hypothetical exotic
matter, known as dark energy (DE) (having large negative
pressure), which comprises about 70% of the total energy
density [10] of the Universe. The simplest as well as a large
number of available observational data supported candidate
for the DE is the cosmological constant A, associated with the
zero point energy of the quantum fields. In spite of this great
success of A-cosmology, it suffers from serious objections
in the interface of cosmology and particle physics, namely
the Cosmological Constant problem [11,12] and the Coinci-
dence problem [13]. As a result of these serious problems in
A, several alternative dynamical DE models have been pro-
posed and studied for the last several years [14] but still the
Cosmological Constant is the best DE candidate supporting
the observational results. Furthermore, most of the proposed
DE models try to adjust the data seamlessly, so observational
data are not sufficient to decide between different kinds of
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DE. Hence, one has tried to invoke the Interacting DE model
for a better understanding of the mechanism behind this cos-
mic acceleration.

In recent years, cosmological theories with interacting
dark fluids are receiving much attention due to their ability
to address the small value of the cosmological constant and
to have a reasonable explanation to the cosmic coincidence
problem [15—17]. Further, from observational point of view,
recent data favor the late time interaction between DM and
DE [18-23]. Also the coupling parameter in the interaction
can be measured by various observations [21-30]. Moreover,
itis speculated that class of interacting dark fluid models may
resolve the current tensions on oy and the local value of the
Hubble constant Hy [22-31]. Additionally, cosmologists are
of the opinion that the interaction between the dark sectors
may leave an imprint on the perturbation analysis and as a
result there may be significant changes in the lowest multi-
poles of the CMB spectrum [32,33]. The motivation of the
present paper is in this direction.

The thermodynamical study of DE is an important aspect
for a better understanding of the unknown nature of DE.
As the thermodynamical laws are applicable to all types of
macroscopic systems and are based on experimental evi-
dence, in contrast to classical mechanics or electromag-
netism, thermodynamics does not predict specific numeri-
cal values for observables; rather it sets limit on physical
processes. Hence the thermodynamic behavior of the cos-
mic fluid may give some clue to unveil the unknown nature
of the content of the Universe (i.e. the hypothetical DE).
In the recent past Barboza et al. [34] investigated the ther-
modynamic aspects of DE fluids. They analyzed both ther-
mal and mechanical stability demanding the positivity of the
heat capacities and compressibility of the dark fluid. They
showed that due to the stability of the DE fluid, it should
have negative constant equation of state parameter and it
was also shown to be in contradiction with the observational
constraints imposed by type la supernova, BAO and H (z)
data on a general DE fluid. Hence they concluded that DE
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fluid models are unphysical from a thermodynamical point of
view. In the following sections, we shall apply the thermody-
namical laws and the stability criteria for thermal equilibrium
to impose bounds on the equation of state parameter [40] of
the interacting DE so that the analysis may constrain or even
rule out some DE models. The paper is organized as follows:
Sect. 2 deals with cosmic evolution and thermodynamical
analysis. The interrelation between different thermodynami-
cal parameters and stability of the system have been presented
in Sect. 3. Finally, in Sect. 4, there is a brief discussion and
concluding remarks.

2 Cosmic evolution and thermodynamic analysis

In the background of the homogeneous and isotropic spa-
tially flat FLRW model, the evolution of the Universe due to
recent observations is considered in terms of a cosmic fluid
in the form of interacting dark fluids, consisting of dark mat-
ter (DM) and dark energy (DE). So the Friedmann equations
take the form

3H? = pm + pus (1)
2H +3H* = —py — pa, 2)

with energy conservation equations

pm +3HA + wp)pm = O, 3)
pa+3H(I +wi)ps = -0, )

where (0, pm) and (pgq, pa) are, respectively, the energy
density and thermodynamic pressure of DM and DE, w,, =
L yg = 24 are the equation of state parameters for the two
dark fluids and the function Q (with correct physical dimen-
sion) is the interaction between two fluids. The positive or
negative sign of Q indicates an energy and/or momentum
flow from DE to DM or vice versa. However, to alleviate
the Coincidence problem and compatibility with the second
law of thermodynamics, Q is normally chosen to be posi-
tive [17,35-37]. But recently, from an observational point
of view, it has been shown that current observational data
can favor the late time interaction in the dark sector with
0O < 0[18,38]. It is well known that the above two flu-
ids can be combined as a single fluid having energy density
OT = Pm~+Pd, PT = Pm—+ Pa 18 the pressure of the combined
fluid with w7 = (0, Q2 + 0a24) the effective equation of
state of the single hypothetical fluid. Here €2, and 2, are
the density parameters of the two dark sectors. However, in
the present problem we choose w,, = 0 i.e. the cold dark
matter (w, # 0 corresponds to hot dark matter) because
for hot DM (a non-cold relic) one must take the complete
set of Boltzmann equations which has not been considered
in the following thermodynamical analysis. As a result we
have wr = wg2q and pr = p4. Thus the above Friedmann
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equations and the conservation equations can effectively be
written

3H?> = pr, 2H +3H?> = —(pr + pr) ®)
and
pr +3H( +owr)pr =0. (6)

Now, from the point of view of thermodynamical analysis,
the internal energy of the cosmic system is defined by

Ig = ,OTC2V (7)

where p7 is the usual density of the effective fluid and
V = a3(t)V0 is the physical volume of the Universe at a
given time. Here the suffix ‘0’ indicates the value of the
corresponding variable at present time with the convention
ap = 1 and a(¢) is called the scale factor of the Universe as
all physical distance scales with the same factor ‘a’ due to
the homogeneous and isotropic nature of the model. From
the thermodynamic point of view, if the expansion of the
Universe is assumed to be reversible and adiabatic in nature
then the first law of thermodynamics (an energy conservation
equation) takes the form

TdS =dIg + prdV 8)

and consequently one gets the fluid’s conservation law
(Tv’f u =0

dinpr + (1 4+ wr)dInV =0. &)
Choosing temperature (7') and volume (V) as the indepen-
dent thermodynamical variables i.e. pr = pr (T, V), fordS
to be an exact differential (from (8)) gives [34,39]

dinT = —wrdinV +dIn|l + wr| (10)

or equivalently combining with Eq.(9) one can integrate
Eq.(10) to give

% Vi
A+ o) = (1 + wp) 2222 = constant, (11)
T To
1.e.
14wy T
I = I . 12
E 0(1+w7> T (12)

Here Eq. (11) can be considered as the modified ideal gas
law for a fluid having a variable equation of state. As for any
terrestrial fluid, itis possible to have an experimental determi-
nation of the thermodynamical derivatives, namely the heat



Eur. Phys. J. C (2017) 77:840

Page 3 0of 6 840

capacity, the compressibility and the thermal expandability;
so it will be interesting to analyze these variables in the
present context. In this context, it should be mentioned that
these derived thermodynamical variables, namely the heat
capacities and the compressibilities of the fluid, are respec-
tively related to the thermal and mechanical stability of the
system.

Formally, in classical thermodynamics, the heat capacity
of a fluid is defined as the ratio of an absorbed heat (dQ =
TdS) due to an increase in the fluid’s temperature (d7T). As
the fluid can be heated either at constant volume or at constant
pressure, one gets two types of heat capacities, which can be
formally defined using the first law of thermodynamics (i.e.
Eq. (8)): [41]

_ dlE
Cy= <8_T)V (13)
Cp= <%> . (14)
oT »

They are termed the heat capacity at constant volume and the
heat capacity at constant pressure, respectively. Also,

h=1Ig+pV (15)
is known as the enthalpy of the fluid.

Now using the expression for the internal energy from
Eq.(12) and the integrability condition (10) one gets

Ig Iy
Cp =0+ wr)= = (1 + wy)— = constant (16)
T To
and
dInV
c, . (17)

= C,.
({(I+wr)dnV —dhor} ©

Thus the specific heat (the heat capacity per unit mass) at
constant pressure is

¢ = Cp zcz(l—i-a)o). (18)
po Vo Ty

Itis well known that the temperature for the relativistic matter
is T, = 2.725K, so the ratio of the specific heats at this era
will be ~ 1013 cal g=! K~!. As the temperatures of the other
matter components are smaller than that for relativistic mat-
ter, the specific heat for the relativistic matter can be taken
as the lower limit for the Universe’s specific heat. Hence
the Universe can be imagined as a huge thermal reservoir.
However, technologically we are at present not in a position
to isolate a cosmologically significant part of the Universe,
where, by providing an enormous amount of heat, it is possi-
ble to measure the temperature change and hence the specific
heat of the portion of the Universe.

3 Thermal interrelation and stability of the system

Assuming temperature and pressure as the independent
thermodynamic variables the variation in volume can be
expressed as

dV =V (adT — k7 dp) (19)
where
1 /oV
o=—|— (20)
vV \oT »

is known as the thermal expansivity, while the isothermal
compressibility («7) gives a measure of the relative change
of volume with increasing pressure at fixed temperature i.e.

1 /oV
KT = —V <£)T . (21)

Similarly, in adiabatic situation compressibility «; is defined
keeping the entropy fixed:

1 /oV
Ky = —V (5)5 (22)

In anisothermal thermodynamic scenario the compressibility
and expansibility are related by [34]

0
o <_P> , 23)
KT aT Jy,
The well-known relation between heat capacities and com-
pressibilities in the adiabatic and isothermal thermodynami-
cal scenarios is given by [42]
C
B _ v 24)
KT C p
From the very definition (20) using Eq. (16) and the integra-
bility condition (10), the thermal expansivity has the explicit
expression
C

g=—Pr

(I +wr)prV

da)T
x |:1 + or{dor — or(1 + wr)dIn V}] . 2

Hence, Eq. (23) gives

oV
-7 26
KT c, (26)
and the thermodynamical identity (24) shows that
aVCy
s =—rg 27)
P
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Table 1 Restrictions for stability of the system

Table 2 Restrictions on DE equations of state for stability criteria

Restriction on the
equation of state
parameter wr

Condition for stability

Restriction on the
equation of state
parameter wy

Condition for stability

wr >0 V‘ZLVT<w2T or V‘ZLVT>wT(1+wT)
—1l<wr <0 wT(1+wr)<V’i,LVT<w%
wr < —1 Unstable

From Eq. (17), the compressibilities are related by

B dinV
T +ondinV —dhnor}

Ks (28)
We shall now discuss the thermal stability of the present sys-
tem assuming work done only due to the volume variation of
the thermal system. It is well known that for stable equilib-
rium the second order variation of the internal energy [34,42],
ie.
821 = 8T 8S — 8p sV, (29)
should be positive semi-definite i.e. 821 £ > 0. Now choos-
ing (T, V) or (S, p) as the independent thermodynamical
variables the above second order variation can be written as

Co g2 1 2

FOT” + -6V
8 2 Ig = or

CLP(SS2 + Visdp?.

Hence for stability of the system the thermodynamical
parameters, namely (Cp, Cy, kT, k), should be non-negative,
i.e.

Cy,Cp kT, k5 > 0. (30)
From Eq. (16) it is evident that C, is constant and positive
definite.

The non-negativity of the other derived thermodynamical
parameters is examined from the above interrelations and the
results are presented in Table 1.

In particular, for the cold DM under consideration we have
o1 = wg 24, so the above stability conditions can explicitly
be written in terms of the equation of state parameter wy for
the DE fluid; see Table 2.

The feasible regions of wy for the stability criteria pre-
sented in Table 2 are shown graphically in Figs. 1 and 2 for
the first two rows of the table.

Due to the restrictions on the equation of state parameter
for the stability criteria, it is natural to examine the constraint
on the interaction Q between the dark fluids. As for the sta-
bility condition, (1 4+ wy) is always positive (i.e. the DE fluid
is non-phantom in nature) so from the conservation equation
(4) we must have

@ Springer

V_d(@iu) 2 V. d(wi4)
wg >0 o7 AV < Wy Of oo TUTE >
wq (1 + wg24) or equivalently (assuming
3
— of e a
24 =constant) e < @d < oy
1 V dog 2
—1l<wy <0 wd<9d+wd)<gfldv<wdor
) _Q%asszd
equivalently T < @d < 0
wg < —1 Unstable
251
2.0
1.5+
i
3
1.0 -
0.5
P
0.0 ¢ \
0.2 0.4 0.6 0.8

Fig. 1 The shaded region shows the valid region for w; (> 0) under
stability criteria for Q; = 0.68

W

T

02 1

Fig. 2 The shaded region shows the valid region for wy (—1 < wy <
0) under stability criteria for Q2; = 0.68

Q < |pal- (3D

In particular, if the interaction is taken as Q = 3e Hp,, (€ is
a small coupling parameter) then solving the energy conser-
vation equations the above restriction on Q has the explicit
form (with p,,, and pg are integration constants)



Eur. Phys. J. C (2017) 77:840

Page 50f 6 840

-5000
-10000

-15000

C n L L L L L L L Il L L L L Il L L L L 11
0.1 0.2 0.3 0.4 0.5
a

Fig. 3 The shaded portion is the admissible domain for ¢ in the
negative region for wg = 0.45, 2, = 0.30 and € = 0.01
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Fig. 4 The shaded portion is the admissible domain for ¢ in the
negative region for wy = —0.45, Q,,,, = 0.30 and € = 0.01

€l —€)pm,
(€ + wa)

0 <3Ha 309 — (1 + wg) poa €@

(32)

or equivalently in terms of the density parameter

Qg < 3a73179)

el —e€)Qu, _3(
S (14 wa) (1 — Qug)poa €T
©ton ( a)( mo) PO
(33)
with Q¢ = 578 - 7, and @, = T
8nG

Now, the accessible regions of ¢ (i.e. Q) for two differ-
ent choices of the parameters involved are shown in Figs. 3
and 4.

4 Brief discussion and concluding remarks
The present work is an attempt to address the present chal-

lenging question: “What is the cause of the present acceler-
ated expansion of the Universe?”. So far there is no definite

answer. One possible cause for this accelerated expansion is
the presence of the unknown matter component, while some
people believe that Einstein’s general relativity does not work
at large scale. For the DE option, the simplest choice is the
cosmological constant, but this shows some severe problems.
Therefore, several models have been proposed for dynam-
ical DE. The present work is a small attempt to examine
the DE possibility from the thermodynamical point of view.
We have studied the thermodynamical aspects of the cos-
mic fluid in the form of interacting DE in the background
of an expanding, homogeneous and isotropic FRW model
of the Universe. Although the interaction term Q should be
taken to be positive from the thermodynamical point of view,
recent observations suggest it may be negative also. An esti-
mation of the specific heat of the Universe has been made
and the constraints imposed by classical thermodynamics on
the cosmic fluid have been examined. As it is desirable that
the cosmic fluid should reach the thermodynamic stability,
such a requirement is shown in tabular form. It is found that
the phantom nature of the dark energy fluid is not thermody-
namically stable. Also we have seen from the analysis that
wr = —1 is unphysical i.e. the vacuum energy as DE can-
not be invoked as it is physically different from a DE fluid.
However, our analysis shows that the DE equation of state
parameter wy in the quintessence era (i.e. —1 < wy < —%)
is thermodynamically stable (with some restrictions). The
possible ranges of w, are shown in Table 2 and their graph-
ical representations are presented in Figs. 1 and 2. Also, the
admissible regions of Q for specific choices of the parame-
ters involved are shown diagrammatically in Figs. 3 and 4. It
is found that both signs of Q are possible for thermal stability.
So Q supports the recent observations. Therefore, we may
conclude that interacting dark fluids with effective equation
of state parameter wy; > —1 are thermodynamically stable
and may be a possible answer to the question of the unknown
DE matter.
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