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Abstract The role of double space is essential in the new
interpretation of T-duality and consequently in an attempt
to construct M-theory. The case of the open string is miss-
ing in such an approach because until now there has been
no appropriate formulation of open string T-duality. In the
previous paper (Sazdović, From geometry to non-geometry
via T-duality, arXiv:1606.01938, 2017), we showed how to
introduce vector gauge fields AN

a and AD
i at the end-points of

an open string in order to enable open string invariance under
local gauge transformations of the Kalb–Ramond field and its
T-dual “restricted general coordinate transformations”. We
demonstrated that gauge fields AN

a and AD
i are T-dual to each

other. In the present article we prove that all above results can
be interpreted as coordinate permutations in double space.

1 Introduction

It is well known that M-theory unifies all five consistent
superstring theories by a web of T and S dualities. In order to
formulate M-theory we should construct one theory which
contains the initial theory (any of the five consistent ones)
and all corresponding dual ones.

The 2D dimensional double space with the coordinates
ZM = (xμ, yμ) (which are the coordinates of initial space xμ

and its T-dual yμ) offers many benefits in the interpretation of
T-duality. In fact, in such a space, the T-duality transforma-
tions can be realized simply by exchanging places of some
coordinates xa , along which we performed T-duality and the
corresponding dual coordinates ya [2,3]. It contains the ini-
tial and all corresponding T-dual theories. Realization of such
a program for T-duality in the bosonic case has been done: for
a flat background in Ref. [2] and for a weakly curved back-
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ground, with linear dependence on coordinates, in Ref. [3].
We hope that S-duality, which can be understood as a trans-
formation of a dilaton background field, can be successfully
incorporated in such a procedure.

T-duality for superstrings is a non-trivial extension of the
bosonic case. In Ref. [4] we extended such an approach to
type II theories. In fact, doubling all bosonic coordinates
we have unified types IIA and IIB theories. The formulation
of M-theory should include T-dualization along fermionic
variables, also. T-dualization along all fermionic coordinates
in fermionic double space (where we doubled all fermionic
variables) has been considered in Ref. [5].

The remaining step is to extend interpretation of T-duality
in double space (which we earlier proposed for the case of
the closed string) to the case of the open string, also. This
will be done in the present article.

The difference between open and closed string appears at
the open string end-points. Until recently, background fields
along Neumann and Dirichlet directions AN

a and AD
i (N and

D denote components with Neumann and Dirichlet boundary
conditions) are treated in a different way [6,7]. The Neumann
vector field has been introduced in the Lagrangian through
the coupling with ẋa . On the other hand, the Dirichlet vector
field has been introduced as a consistency condition without
contributions to the Lagrangian. In order to realize a double
space formulation in the open string case we should treat
Neumann and Dirichlet vector fields in the same way. This
has recently been done in Ref. [1].

In Ref. [8] it has been shown how to introduce vector
gauge fields AN

a in order that open string retain the symme-
tries of the closed string. Note that according to Ref. [1],
beside the well-known local gauge invariance of the Kalb–
Ramond field we used its T-dual “restricted general coordi-
nate transformations”, which include transformations of the
background fields but do not include transformations of the
coordinates. So, the above interpretation of the T-duality in
double space will confirm the expressions for T-dual closed
string background fields Gμν and Bμν (as in Refs. [2,3]) and
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gives the same expressions for T-dual vector fields �Aa
D and

�Ai
N as those obtained in Ref. [1] with Buscher’s procedure.

2 T-duality of the open string

In this section we will introduce some well-known features
of the bosonic string and briefly repeat the main results of
Ref. [1]. We will adapt T-duality to be in compliance with
boundary conditions on the open string end-points.

We will consider vector gauge fields: AN
a with Neumann

boundary conditions which compensate for the not imple-
mented gauge symmetry of the Kalb–Ramond field at the
open string end-points and AD

i with Dirichlet boundary con-
ditions, which compensate for the not implemented restricted
general coordinate transformations at the open string end-
points. We will show that field AD

i is T-dual to the AN
a one,

and that the general coordinate transformations are T-dual to
gauge symmetry.

2.1 Closed and open bosonic string

Let us start with the action for the closed bosonic string [8–
10]

S[x] = 1

2πα′

∫
�

d2ξ
√−g

×
[

1

2
gαβGμν[x] + εαβ

√−g
Bμν[x]

]
∂αx

μ∂βx
ν,

(ε01 = −1). (2.1)

It propagates in D-dimensional space-time with a back-
ground defined by the space metric Gμν and the Kalb–
Ramond field Bμν . We denote the string coordinates by
xμ(ξ), μ = 0, 1, ..., D − 1 and the intrinsic world-sheet
metric by gαβ . The integration goes over the two-dimensional
world-sheet � with coordinates ξα (ξ0 = τ, ξ1 = σ ) and α′
is the Regge slope parameter. Since the constant 1

2πα′ appears
in many expressions, from now on we will denote itκ = 1

2πα′ .
In the conformal gauge gαβ = e2Fηαβ this action can be

rewritten in terms of light-cone coordinates ξ± = 1
2 (τ ± σ),

∂± = ∂τ ± ∂σ as

S = κ

∫
�

d2ξ ∂+xμ�+μν∂−xν, (2.2)

with the following combination of the background fields:

�±μν = Bμν ± 1

2
Gμν. (2.3)

In the string theory, variation of the action (2.2) with respect
to xμ produces not only the equation of motion

∂+∂−xμ + (�μ
νρ − Bμ

νρ)∂+xν∂−xρ = 0, (2.4)

but also the boundary conditions

γ (0)
μ (x)δxμ/σ=π − γ (0)

μ (x)δxμ/σ=0 = 0, (2.5)

where �
μ
νρ is Christoffel symbol and we introduce the useful

variable

γ (0)
μ (x) ≡ δS

δx ′μ = κ[2Bμν ẋ
ν − Gμνx

′ν]. (2.6)

From now on, we will denote the boundary of the open string
∂�, so that we can rewrite Eq. (2.5) as follows:

γ (0)
μ (x)δxμ/∂� = 0. (2.7)

As a consequence of periodicity, the boundary conditions are
trivially satisfied in the closed string case. In the open string
case there are two different ways to satisfy the boundary con-
ditions. For some coordinates xa (a = 0, 1, . . . , p) we will
choose the Neumann boundary conditions, when variations
of the string end-points δxa/∂� are arbitrary and for the other
ones, xi (i = p+1, . . . , D−1), we will choose the Dirichlet
boundary conditions, when the edges of the string are fixed,
ẋ i/∂� = 0 . In order to satisfy the Neumann boundary con-
ditions according to (2.5) we should take γ

(0)
a (x)/∂� = 0.

It s well known that closed string theory is invari-
ant under the following infinitesimal transformations: local
gauge transformations of the Kalb–Ramond field,

δ�Gμν = 0, δ�Bμν = ∂μ�ν − ∂ν�μ, (2.8)

and general coordinate transformations,

δξGμν = −2 (Dμξν + Dνξμ),

δξ Bμν = −2 ξρBρμν + 2∂μ(Bνρξρ) − 2∂ν(Bμρξρ). (2.9)

These transformations are connected by T-duality [1,11]. Let
us stress that according to Ref. [1] we are not going to add
transformations of the coordinates to (2.9). So, we will call
these “restricted general coordinate transformations”.

Both of the above symmetries fail at the open string end-
points. In order to restore these symmetries the gauge fields
have to be introduced. To restore local gauge symmetry we
introduce the vector fields AN

a with Neumann boundary con-
ditions (see Ref. [8]), while to restore restricted general coor-
dinate transformations we introduce the vector fields AD

i with
the Dirichlet boundary conditions (see Ref. [1]). Note that as
a consequence of the boundary conditions only parts of these
gauge fields survive.

So, the action for the open bosonic string with the above
boundary conditions is [1]

Sopen[x] = κ

∫
�

d2ξ∂+x
μπ+μν∂−x

ν + 2κ

∫
∂�

dτ

×
(
AN
a [x]ẋa − 1

κ
AD
i [x]G−1i jγ

(0)
j (x)

)
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= κ

∫
�

d2ξ∂+x
μπ+μν∂−x

ν

+ 2κηαβ

∫
∂�

dτAαμ[x] ∂βx
μ, (2.10)

where following Ref. [1] we introduced the effective vari-
ables A±μ(V ) = {A±a(V ),A±i (V )} defined as

A±a(V ) ≡ AN
a (V ), A±i (V ) = 2�∓i j G

−1 jk AD
k (V ),

(2.11)

and for simplicity we assumed that the metric tensor has the
form

Gμν =
(
Gab 0

0 Gi j

)
. (2.12)

We introduced a pair of effective vector fields Aαμ =
{A0μ,A1μ} instead of the initial one Aμ = {AN

a , AD
i }. So,

we doubled the number of vector fields, but there are two
constraints on the effective vector fields,

A1a(V ) = 0,

A0i (V ) = −(BG−1)i

A1 j (V ) − A1i (G
−1BV ). (2.13)

In the literature AN
a [x] is known as a massless vector field on

the Dp-brane, while the AD
i [x] are known as massless scalar

oscillations orthogonal to the Dp-brane.
Let us briefly discuss the appearance of two types of vec-

tor fields and see the advantage of each of them. The p + 1-
dimensional Neumann gauge field AN

a is the standard one
and it couples with ẋa , as usual. The D− p−1-dimensional
Dirichlet gauge field AD

i is a nonstandard one and it cou-

ples with the term G−1i jγ
(0)
j , which contains both ẋ i and

x ′i . The fields coupled with x ′μ behave unusually and it is
useful to treat them separately. So, we denote the fields cou-
pled with ẋμ by A0μ and that coupled with x ′μ by A1μ. But
in such an approach, instead of one D-dimensional vector
Aμ = {AN

a , AD
i } we have two effective D-dimensional vec-

tors Aαμ = {A0μ,A1μ}. This is the source of the constraints
(2.13).

2.2 Choice of background

The space-time equations of motion are a consequence of the
absence of the conformal anomaly. For the closed string case
in the lowest order in the slope parameter α′, it produces [12]

βG
μν ≡ Rμν − 1

4
Bμρσ B

ρσ
ν + 2Dμ∂ν� = 0,

βB
μν ≡ DρB

ρ
μν − 2∂ρ�Bρ

μν = 0,

β� ≡ 4(∂�)2 − 4Dμ∂μ� + 1

12
BμνρB

μνρ

+ 4πκ(D − 26)/3 − R = 0. (2.14)

Here Bμνρ = ∂μBνρ +∂νBρμ+∂ρBμν is the field strength of
the Kalb–Ramond field Bμν , and Rμν and Dμ are the Ricci
tensor and covariant derivative with respect to the space-time
metric.

For the same reason, for the open string case there are addi-
tional space-time equations of motion [13]. In our notation
they take the following form:

βa ≡ −1

2
Ba

b∂b� + G−1
E

bc∂cBba + G−1
E

bc

(
1

2
Ba

d BdbeBe
c + Kμ

acBμν∂b f
ν

)
= 0,

βμ ≡ 1

2
∂μ� + G−1

E
ab

(
1

2
Bb

cBμac − Kμab

)
= 0, (2.15)

where

Bab = Bab + ∂a A
N
b − ∂b A

N
a , GE

ab = Gab − 4BacG
−1cdBdb

(2.16)

and Kμ
ab is the extrinsic curvature.

We will consider the simplest solutions of the closed string
part,

Gμν = const, Bμν = const, � = const, D = 26,

(2.17)

which satisfy Eq. (2.14). For the open string part (2.15), we
will assume that the vector fields are linear in the coordinates
[1]

AN
a (x) = A0

a − 1

2
F (a)
ab xb, AD

i (x) = A0
i − 1

4
F (s)
i j x j ,

(2.18)

so that the corresponding field strengths are constant. The
infinitesimal coefficients F (a)

ab and F (s)
i j are defined as

F (a)
ab = ∂a A

N
b − ∂b A

N
a , F (s)

i j = −2(∂i A
D
j + ∂ j A

D
i ).

(2.19)

Note that the F (a)
ab is antisymmetric in a, b indices while the

F (s)
i j is symmetric in i, j indices. Since we are working with

a plane Dp-brane the extrinsic curvature is zero and because
�, Bab and GE

ab are constant, both βa and βμ vanish.
So, our choices of the background fields (2.17) and (2.18)

satisfy all space-time equations of motion.

2.3 Sigma-model T-duality of the open string

The T-dualization procedure of the theory described by the
action (2.10) with the background fields (2.17) and (2.18)
has been performed in Ref. [1]. The T-dualization of the
vector background fields AN

a and AD
i is non-trivial because

these fields are coordinate dependent and it is not possible
to apply the standard Buscher procedure [16,17]. Instead,
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the T-dualization procedure of Ref. [15], which works in the
absence of a global symmetry, has been applied.

So, applying the T-dualization procedure along all coor-
dinates, the T-dual action has been obtained:

�S[y] = κ2

2

∫
�

d2ξ ∂+yμθ
μν
− ∂−yν + 2κ

∫
∂�

dτ

×
(
AD
i (V )G−1i j ẏ j − 1

κ
AN
a (V ) �γ a

(0)

)

= κ2

2

∫
�

d2ξ ∂+yμθ
μν
− ∂−yν + 2κηαβ

∫
∂�

dτ �Aμ
α (V )∂β yμ,

(2.20)

where

θ
μν
± ≡ − 2

κ
(G−1

E �±G−1)μν = θμν ∓ 1

κ
(G−1

E )μν (2.21)

and

GE
μν ≡ Gμν − 4(BG−1B)μν, θμν ≡ − 2

κ
(G−1

E BG−1)μν

(2.22)

are the symmetric and antisymmetric parts of θ
μν
± . In the

literature, GE
μν is known as the open string metric and θμν

as a non-commutative parameter.
The T-dual action (2.20) should have the same form as the

initial one (2.10) but in terms of T-dual fields. So, we can
express the T-dual background fields in terms of the initial
ones,

��
μν
+ = κ

2
θ

μν
− , �Aa

D(V ) = G−1ab
E AN

b (V ),

�Ai
N (V ) = G−1i j AD

j (V ). (2.23)

The first relation can be rewritten as

�Gμν = (G−1
E )μν, �Bμν = κ

2
θμν. (2.24)

Note that the T-dual vector background fields do not depend
on yμ but on

Vμ = −κ θμν yν + G−1μν
E ỹν, (2.25)

which is a function of both yμ and its double

ỹμ =
∫

(dτ y′
μ + dσ ẏμ). (2.26)

With the help of (2.23) we can find the effective T-dual vector
fields in analogy with Eq. (2.11),

�Aa±(V ) = 2 ��ab∓ �G−1
bc

�Ac
D(V ) = κ θab± AN

b (V ),

�Ai±(V ) = �Ai
N (V ) = G−1i j AD

i (V ). (2.27)

We introduced two effective T-dual vector fields �Aμ
α =

{�Aμ
0 , �Aμ

1 } instead of the initial one �Aμ = {�Aa
D , �Ai

N },
but we have two constraints:

�Aa
0(V ) = −2(�B�G−1)ab

�Ab
1(V )=2(G−1B)ab

�Ab
1(V ),

�Ai
1(V ) = 0. (2.28)

The explanation for the two types of vector fields is the
same as that at the end of Sect. 2.1 for the original vec-
tor fields. We will see that effective fields naturally appear
in T-duality transformation laws for the open string (2.34).
In terms of their combinations A±μ = A0μ ± A1μ, the T-
duality relations for the vector fields obtain the simple form
�Aμ

± ∼= κ θ
μν
± A±ν (see (3.12)).

We can define the field strengths of the vector fields rewrit-
ing the interaction term as follows:

SA = 2κηαβ

∫
∂�

dτAαμ[x] ∂β x
μ = κ

∫
�

d2ξ∂+xμFμν∂−xν,

(2.29)

and similarly for the T-dual case. The field strength is simply
defined in terms of effective fields and in the most general
T-dual case that leads to [1]

�Fμν=�Fμν

(a) + 1

2
�Fμν

(s) = ηαβ [∂μ
α

�Aν
β(V ) − ∂ν

α
�Aμ

β (V )]
−εαβ [∂μ

α
�Aν

β(V ) + ∂ν
α

�Aμ
β (V )], (2.30)

where ∂
μ
α ≡ ∂

∂yα
μ

= { ∂
∂yμ

,− ∂
∂ ỹμ

} are derivatives with respect

to the variables yα
μ = {y0

μ = yμ, y1
μ = −ỹμ}.

Note that beside the standard antisymmetric part �Fμν

(a) it

contains the unusual symmetric part �Fμν

(s) also. The source

of the last one is the vector field �Aμ
1 (which originally has

been introduced as a field coupled with x ′μ) and derivatives
with respect to ỹμ.

So, the advantage of introducing effective fields is higher
than the price we paid, the constraints (2.13) and (2.28). Tech-
nically, we can consider them as gauge fixing of some addi-
tional gauge symmetry for effective vector fields.

For the initial and T-dual open strings, the boundary con-
ditions at the string end-points take the form

γ (0)
μ δxμ/∂� = 0, �γ

μ

(0)δyμ/∂� = 0. (2.31)

Here γ
(0)
μ (defined in (2.6) for a closed string) now receives

a new infinitesimal term,

γ (0)
μ (x) ≡ δS

δx ′μ = κ[2Bμν ẋ
ν − Gμνx

′ν − 2A1ν�(σ)]
= κ[2Bμν ẋ

ν − Gμνx
′ν + 2AD

i �(σ)], (2.32)

while for the T-dual theory we have

�γ
μ

(0)(y) ≡ δ �S

δy′
μ

= κ[2�Bμν ẏν − �Gμν y′
ν − 2 �Aν

1�(σ)]

= κ[κθμν ẏν − (G−1
E )μν y′

ν + 2 G−1ab
E AN

b �(σ)], (2.33)

where �(σ) ≡ δ(σ − π) − δ(σ ).
The terms with the vector field AD

i in (2.32) and AN
b (2.33)

are irrelevant in the expressions for the actions (2.10) and
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(2.20), because they appear as an infinitesimal of the second
order terms.

2.4 T-duality transformations of the open string

The T-dual transformation laws for the open string, connect-
ing the initial and corresponding T-dual variables, take the
form [1,18]

∂±xμ ∼= −κθ
μν
± ∂±yν ± 4κθ

μν
± A±ν(V )�(σ), (2.34)

∂±yμ ∼= −2�∓μν∂±xν ± 4A±μ(x)�(σ),

where the symbol ∼= denotes the T-duality relation.
In fact the second transformation (2.34) can be obtained

after T-dualization of the action (2.20). Equations (2.34) are
the inverse. Both transformations differ from the closed string
ones by the infinitesimal term which contains the vector back-
ground fields A±μ.

In terms of the covariant derivatives,

D±xμ = ∂±xμ + 2(G−1)μνA±ν�(σ),

D±yμ = ∂±yμ + 2(�G−1)μν
�Aν±�(σ), (2.35)

we can rewrite the transformations (2.34) in the simple form

D±xμ ∼= −κθ
μν
± D±yν, D±yμ ∼= −2�∓μνD±xν . (2.36)

From the first equation (2.34) we can find the T-dual trans-
formation laws for ẋμ and x ′μ,

ẋμ ∼= −κθμν[ẏν − 4A1ν�(σ)] + G−1
E

μν[y′
ν − 4A0ν�(σ)]

= −κθμν ẏν + G−1
E

μν y′
ν + 4 �Aμ

1 �(σ) (2.37)

x ′μ ∼= −κθμν[y′
ν − 4A0ν�(σ)] + G−1

E
μν[ẏν − 4A1ν�(σ)]

= −κθμν y′
ν + G−1

E
μν ẏν + 4 �Aμ

0 �(σ), (2.38)

and from the second one the inverse transformations become

ẏμ ∼= −2Bμν ẋ
ν + Gμνx

′ν + 4A1μ�(σ), (2.39)

y′
μ

∼= Gμν ẋ
ν − 2Bμνx

′ν + 4A0μ�(σ). (2.40)

Using the expression for the canonical momentum of the
original and of the T-dual theory

πμ ≡ δS

δ ẋμ
= κ[Gμν ẋ

ν − 2Bμνx
′ν + 2A0μ�(σ)],

�πμ ≡ δ �S

δ ẏμ
= κ[(G−1

E )μν ẏν − κθμν y′
ν + 2 �Aμ

0 �(σ)],
(2.41)

we can rewrite the transformations (2.38) and (2.40) in the
canonical form

κ x ′μ ∼= �πμ + 2κ �Aμ
0 �(σ),

πμ + 2κA0μ�(σ) ∼= κy′
μ. (2.42)

This relation connect momenta and winding numbers.

We can rewrite the transformations (2.37) and (2.39) in
the form

−κ ẋμ ∼= �γ
μ

(0) − 2κ �Aμ
1 �(σ),

γ (0)
μ − 2κA1μ�(σ) ∼= −κ ẏμ, (2.43)

where γ
(0)
μ is defined in (2.32) and �γ

μ

(0) in (2.33).
It was shown in Ref. [11] that πμ is a generator of general

coordinate transformations, while x ′μ is generator of gauge
symmetry. In Ref. [1] the T-duality relation between ẋμ and
�γ

μ

(0) (as well as between ẏμ and γ
(0)
μ ) has been established.

Equations (2.42) and (2.43) are an extension of T-duality
to the open string case. The additional Aμ-dependent terms
stem from variations of the arguments of vector background
fields.

Note that the momentum πμ and variable γ
(0)
μ (x), as well

as ∂αxμ = {ẋμ, x ′μ}, are components of the same world-
sheet vector:

πα
μ ≡ δS

δ∂αxμ
= {πμ, γ (0)

μ (x)}. (2.44)

From now on we will call γ
(0)
μ (x) the σ -momentum. We can

rewrite Eqs. (2.42) and (2.43) in the form

πα
μ

∼= −κεαβ∂β yμ + 2κηαβAβμ�(σ),

�παμ ∼= −κεαβ∂βx
μ + 2κηαβ�Aμ

β�(σ). (2.45)

Therefore, T-duality interchanges Neumann with Dirichlet
gauge fields. It also interchanges ẋμ and x ′μ with �γ

μ

(0) and
�πμ as well as ẏμ and y′

μ with γ
(0)
μ and πμ.

3 T-dual background fields of open string in double
space

Following Refs. [2–5,14] we are going to introduce a double
space in order to offer a simple interpretation of T-dualization
as a coordinate permutation in double space. Let us start with
the T-dual transformation laws (2.34). We can express them
in a useful form, where on the left hand side we put the
terms with the world-sheet antisymmetric tensor εα

β (note
that ε±± = ±1)

±∂±yμ ∼= GE
μν∂±xν − 2(BG−1)μ

ν∂±yν

+8(�±G−1)μ
νA±ν(V )�(σ),

±∂±xμ ∼= 2(G−1B)μν∂±xν + (G−1)μν∂±yν

−4G−1μνA±ν(x)�(σ). (3.1)

We can rewrite these T-duality relations in the simple form

∂±ZM ∼= ±�MN [HNK ∂±ZK

−2(H + σ3Hσ3)NK AK± (Z̆arg)�(σ)], (3.2)

123
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where we introduced the double coordinates ZM and the
corresponding arguments of the background fields Z̆arg

ZM =
(
xμ

yμ

)
, Z̆arg =

∣∣∣∣V
μ

xμ

∣∣∣∣
D

. (3.3)

Note the different notation for arguments of the background
fields, introduced in Ref. [3]. The double space coordinate
ZM has 2D rows; D components of initial coordinates xμ in
the upper D rows and D components of T-dual coordinates
yμ in the lower D rows. In the arguments of the background
fields Z̆arg in each row there is the complete D dimensional
vector. Rewritten in the form of one column the arguments
of the background fields are a 2D2 dimensional vector.

Because the arguments of all background fields in
AM± (Z̆arg) and �AK± (� Z̆arg) (see (3.10)) are the same in the
upper D rows as well as in the lower D rows we can write
them in two component notation as in (3.3). We indicated
this with the index D.

We also introduced the so-called O(D, D) invariant met-
ric �MN , the generalized metric HMN and constant matrix
σ3,

�MN =
(

0 1
1 0

)
,

HMN =
(

GE
μν −2 Bμρ(G−1)ρν

2(G−1)μρ Bρν (G−1)μν

)
, (3.4)

(σ3)M
N =

(
1D 0
0 −1D

)
, (3.5)

and the double gauge fields

AM± (Z̆arg) =
(

�Aμ
±(V )

A±μ(x)

)
=

(
κ θ

μν
± A±ν(V )

A±μ(x)

)
. (3.6)

Note that as in Refs. [2–5,14] all coordinates are doubled. It
is easy to check that

HT�H = �, (3.7)

which shows that manifest O(D, D) symmetry is automati-
cally incorporated into theory.

3.1 T-duality in double space along all coordinates

Let us derive the expression for the T-dual generalized met-
ric and T-dual double gauge fields following the approach of
Ref. [3]. Then, besides the double space coordinates ZM , we
should also transform the extended coordinates of the argu-
ments of the background fields Z̆arg (3.3). We will require
that the T-duality transformations (3.2) are invariant under
transformations of the double space coordinates ZM and Z̆arg

�ZM = �T M
N Z

N , � Z̆arg = �T̆ Z̆arg. (3.8)

We want to offer an interpretation for the case where T-
dualization has been performed along all coordinates. So,
we are going to exchange all initial with all T-dual coordi-
nates, which is described by the matrices �T and �T̆ of the
form

�T = �2 ⊗ 1D =
(

0 1D

1D 0

)
,

�T̆ = �2 ⊗ 1D2 =
(

0 1D2

1D2 0

)
. (3.9)

The T-dual coordinates �ZM and � Z̆arg should satisfy the
same relation as the initial one, Eq. (3.2), but in terms of the
T-dual background fields:

∂±�ZM ∼= ±�MN [�HNK ∂±�ZK − 2(�H + σ3
�Hσ3)NK

�AK± (� Z̆arg)�(σ)]. (3.10)

This produces the expression for the dual generalized metric
and dual double gauge fields in terms of the initial ones:

�H ∼= �T H �T , �A±(� Z̆arg) ∼= �T A±(Z̆arg). (3.11)

It is well known [2,3] that the first relation gives the standard
T-dual transformations of the metric and Kalb–Ramond fields
(2.24). Rewriting the second relation in components, with the
help of (2.24) and (3.6) we have

�Aμ
± ∼= κ θ

μν
± A±ν . (3.12)

Using Eqs. (2.11) and the first relation of (2.23) we obtain

�Aa± ∼= κ θab± A±b = 2 ��ab∓ AN
b ,

�Ai± ∼= κ θ
i j
±A± j = 2κ θ

i j
± �∓ jkG

−1kq AD
q = G−1i j AD

j .

(3.13)

On the other hand, the T-dual effective fields should have the
form (2.27)

�Aa± = 2 ��ab∓ �G−1
bc

�Ac
D, �Ai± = �Ai

N . (3.14)

From (3.13) and (3.14) with the help of (2.24) we have

�Aa
D = G−1ab

E AN
b , �Ai

N = G−1i j AD
j , (3.15)

which is just the Buscher T-duality relation for vector fields
(2.23).

So, inclusion of gauge fields does not change the interpre-
tation of T-duality in double space. It is again a replacement
of the initial and T-dual coordinates, which shows that these
transformations are nonphysical.
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3.2 Double space field strength

If in addition to (3.3) we introduce new double fields,

Z̃ M =
(
x̃μ

ỹμ

)
, ∂M =

(
∂xμ
∂

μ
y

)
, ∂̃M =

(
∂x̃μ
∂

μ

ỹ

)
, (3.16)

we can reexpress the field strengths of both initial and T-dual
case (see Eqs. (5.11) and (7.31) of Ref. [1]) in the form

FMN = �MK (∂̂+K AN+(Z̆arg) − ∂̂−K AN (Z̆arg))

=
(

�Fμν 0
0 Fμν

)
, (3.17)

where we defined

∂̂±M = ∂M ± ∂̃M . (3.18)

4 Example: three-torus with D1-brane in double space

In this section the example of three-torus with a D1-brane,
considered in Ref. [1] will be presented in double space. We
will show how to perform T-dualization along all coordinates
in double space.

4.1 Initial theory in double space

We will start with a definition of the background fields of the
initial theory in double space. Let us denote the coordinates
of the D = 3 dimensional torus by x0, x1, x2 and introduce
non-trivial components of the background fields by

Gμν =
⎛
⎝ 1 0 0

0 −1 0
0 0 −1

⎞
⎠ , Bμν =

⎛
⎝ 0 B 0

−B 0 0
0 0 0

⎞
⎠ . (4.1)

It is easy to find the corresponding effective metric and the
non-commutativity parameter

GE
μν =

⎛
⎝GE 0 0

0 −GE 0
0 0 −1

⎞
⎠ , θμν =

⎛
⎝ 0 θ 0

−θ 0 0
0 0 0

⎞
⎠ , (4.2)

where as we defined in [1]

GE ≡ 1 − 4B2, θ ≡ 2B

κGE
. (4.3)

We will also need an expression for the combination of the
background fields

θ
μν
± = θμν ∓ 1

κ
G−1μν

E =
⎛
⎜⎝

∓ 1
κGE

θ 0
−θ ± 1

κGE
0

0 0 ± 1
κ

⎞
⎟⎠ . (4.4)

According to (3.4) it produces

HMN =
(

GE
μν −2(BG−1)μ

ν

2(G−1B)μν (G−1)μν

)

=

⎛
⎜⎜⎜⎜⎜⎜⎝

GE 0 0 0 2B 0
0 −GE 0 2B 0 0
0 0 −1 0 0 0
0 2B 0 1 0 0

2B 0 0 0 −1 0
0 0 0 0 0 −1

⎞
⎟⎟⎟⎟⎟⎟⎠

. (4.5)

Similarly, we have

σ3Hσ3 =
(

GE
μν 2(BG−1)μ

ν

−2(G−1B)μν (G−1)μν

)

=

⎛
⎜⎜⎜⎜⎜⎜⎝

GE 0 0 0 −2B 0
0 −GE 0 −2B 0 0
0 0 −1 0 0 0
0 −2B 0 1 0 0

−2B 0 0 0 −1 0
0 0 0 0 0 −1

⎞
⎟⎟⎟⎟⎟⎟⎠

. (4.6)

The double space coordinates are

ZM =
(
xμ

yμ

)
=

⎛
⎜⎜⎜⎜⎜⎜⎝

x0

x1

x2

y0

y1

y2

⎞
⎟⎟⎟⎟⎟⎟⎠

, Z̆arg =
∣∣∣∣V

μ

xμ

∣∣∣∣
D=3

=

∣∣∣∣∣∣∣∣∣∣∣∣

Vμ

Vμ

Vμ

xμ

xμ

xμ

∣∣∣∣∣∣∣∣∣∣∣∣
,

(4.7)

while the double gauge field according to (3.6) takes the form

AM± (Z̆arg) =
(

�Aμ
±(V )

A±μ(x)

)
=

(
κ θ

μν
± A±ν(V )

A±μ(x)

)
=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

�A0±(V )

�A1±(V )

�A2±(V )

A±0(x)

A±1(x)

A±2(x)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

(4.8)

Note that the dimension of Z̆arg is 2 × D2 = 2 × 32 = 18.
We will start with the D1-brane defined with the Dirichlet

boundary conditions x2(τ, σ )/σ=0 = x2(τ, σ )/σ=π =const.
It means that we will work with Neumann background fields
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A0
N and A1

N and the Dirichlet background field A2
D and

according to our convention we will have p = 1,a, b ∈ {0, 1}
and i, j ∈ {2}.

In terms of initial Neumann and Dirichlet fields we obtain

AM± (Z̆arg) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∓ 1
GE

AN
0 (V ) + κθ AN

1 (V )

−κθ AN
0 (V ) ± 1

GE
AN

1 (V )

−AD
2 (V )

AN
0 (x)

AN
1 (x)

∓AD
2 (x)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (4.9)

where we used the second expression of Eq. (4.2).

4.2 T-dual theory in double space

On the other hand, for the T-dual case we have

�AM± (Z̆arg) =
(
A±μ(V )
�Aμ

±(x)

)
=

(
2�∓μν

�Aν±(V )
�Aμ

±(x)

)

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∓ �A0±(V ) + 2B �A1±(V )

−2B �A0±(V ) ± �A1±(V )

±�A2±(V )

�A±0(x)
�A±1(x)
�A±2(x)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (4.10)

or with the help of (2.27), in terms of T-dual Neumann and
Dirichlet fields,

�AM± (Z̆arg) =

⎛
⎜⎜⎜⎜⎜⎜⎝

GE
�A0

D(V )

−GE
�A1

D(V )

±�A2
N (V )

∓ �A0
D(x) − 2B �A1

D(x)
−2B �A0

D(x) ∓ �A1
D(x)

�A2
N (x)

⎞
⎟⎟⎟⎟⎟⎟⎠

. (4.11)

Using the second equation (3.11), with the help of (4.9) and
(4.11) we obtain

�AM± (� Z̆arg) =

⎛
⎜⎜⎜⎜⎜⎜⎝

GE
�A0

D(x)
−GE

�A1
D(x)

±�A2
N (x)

∓ �A0
D(V ) − 2B �A1

D(V )

−2B �A0
D(V ) ∓ �A1

D(V )
�A2

N (V )

⎞
⎟⎟⎟⎟⎟⎟⎠

∼= �T A±(Z̆arg) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

AN
0 (x)

AN
1 (x)

∓AD
2 (x)

∓ 1
GE

AN
0 (V ) + κθ AN

1 (V )

−κθ AN
0 (V ) ± 1

GE
AN

1 (V )

−AD
2 (V )

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, (4.12)

where for this example we have

�T =
(

0 13

13 0

)
. (4.13)

Note that the transition from Z̆arg to � Z̆arg changes xμ ↔ Vμ,
while the operator �T exchanges the first three with the last
three rows from Eq. (4.9). Equation (4.12) produces just the
T-duality relations

�A0
D = 1

GE
AN

0 , �A1
D = − 1

GE
AN

1 , �A2
N = −AD

2 ,

(4.14)

in accordance with (2.23), (4.1) and (4.2).
The same relation can be obtained with the help of the

compact notation which produces �Aμ
± ∼= κ θ

μν
± A±ν , (see

Eq. (3.12)). According to (2.11) and (2.27) we have, respec-
tively,

A±0 = AN
0 , A±1 = AN

1 , A±2 = ∓AD
2 , (4.15)

and

�A0± = ∓ �A0
D − 2B �A1

D,

�A1± = −2B �A0
D ∓ �A1

D, �A2± = �A2
N . (4.16)

Then Eq. (3.12) takes the form
⎛
⎝∓ �A0

D − 2B �A1
D−2B �A0

D ∓ �A1
D

�A2
N

⎞
⎠ =

⎛
⎜⎝

∓ 1
GE

κθ 0
−κθ ± 1

GE
0

0 0 ±1

⎞
⎟⎠

⎛
⎝ AN

0
AN

1
∓AD

2

⎞
⎠

=

⎛
⎜⎜⎝

∓ 1
GE

AN
0 + κθ AN

1

−κθ AN
0 ± 1

GE
AN

1

−AD
2

⎞
⎟⎟⎠ , (4.17)

which again produces Eq. (4.14).

4.3 Double space field strength

The structure of our example produces γ
(0)
2 = κx ′2 and the

action (2.10) takes the form

Sopen[x] = κ

∫
�

d2ξ∂+xμ�+μν∂−xν

+2κ

∫
∂�

dτ(AN
0 [x]ẋ0 + AN

1 [x]ẋ1 + AD
2 [x]x ′2). (4.18)

Note the unusual coupling of the Dirichlet part AD
2 with x ′2.

According with (2.18) the non-trivial vector background
fields are

AN
0 (x) = A0

0 − 1

2
F (a)x1, AN

1 (x) = A0
1 + 1

2
F (a)x0,

AD
2 (x) = A0

2 − 1

4
F (s)x2, (4.19)
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where F (a) ≡ F (a)
01 = ∂0AN

1 − ∂1AN
0 and F (s) ≡ F (s)

22 =
−4 ∂2AD

2 . Consequently, the field strength of the initial the-
ory is

Fμν = F (a)
μν + 1

2
F (s)

μν =
⎛
⎝ 0 F (a) 0

−F (a) 0 0
0 0 1

2 F
(s)

⎞
⎠ . (4.20)

Note the unusual expression and the unusual appearance of
the symmetric field strength F (s).

5 Conclusions

In the present article we extend the interpretation of T-duality
in double space to the case of an open string. This includes
consideration of T-duality for the vector gauge fields.

In string theory the gauge fields appear at the boundary of
the open string. Their role is to enable complete local gauge
symmetries. In fact, there are two important symmetries of
the closed string theory: the local gauge symmetry of the
Kalb–Ramond field and general coordinate transformations.
In Ref. [1] we showed that “restricted general coordinate
transformations” (transformations of the background fields
without transformations of the coordinates) are T-dual to the
local gauge symmetry of the Kalb–Ramond field. Both sym-
metries fail at the open string end-points. The function of
the gauge fields is to restore these symmetries at the string
end-points.

For each symmetry of string theory there is an appro-
priate gauge field. As a consequence of the boundary con-
ditions only parts of these gauge fields survive. From the
gauge field corresponding to the local gauge symmetry of
the Kalb–Ramond field the components along the coordi-
nates with Neumann boundary conditions AN

a survive. From
the gauge field corresponding to restricted general coordinate
transformations the components along the coordinates with
Dirichlet boundary conditions AD

i survive. So, the complete
vector field is Aμ = {AN

a , AD
i }.

It is well-known that x ′μ is T-dual to πμ. In Ref. [1] was
shown that it produces chain of T-dualities between restricted
general coordinate transformation and local gauge transfor-
mations; and vector fields with Neumann AN

a and Dirichlet
boundary conditions AD

i .
In the present article we showed that all the above results

have a simple interpretation in double space. The double
space contains 2D coordinates, D initial xμ and correspond-
ing D T-dual yμ. The T-dualization of the present article
(along all coordinates) corresponds to the replacement of all
initial coordinates xμ with all T-dual coordinates yμ and all
initial arguments of the background fields xμ with all T-dual
ones Vμ. Such an operation reproduces all results described
above. So, in the open string case a complete set of T-duality

transformations form the same subgroup of the 2D permu-
tation group as in the closed string case.

Let us stress that there is an essential difference between
our approach and that of double field theories (DFT) [19,
20]. In DFT there are two coordinates: the initial xμ and its
double, denoted x̃μ. The variable x̃μ corresponds to our yμ
but we have an additional dual coordinate ỹμ defined in Eq.
(2.26). For a discussion of the boundary conditions in DFT
see Ref. [21].

Consequently, in the double space we are able to represent
the backgrounds of all T-dual open string theories in a unified
manner as well as in the cases of bosonic [2,3] and type II
superstring theories [4].

This step is an important ingredient in better understand-
ing M-theory. We already explained the role of the double
space in the interpretation of T-duality and consequently in
the attempt to construct M-theory [4,5]. The present article
is an extension of these considerations to the case of an open
string.
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