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Abstract In the tunneling framework, one of us, Jiang,
together with Han has studied the black hole spectroscopy via
adiabatic invariance, where the adiabatic invariant quantity
has been intriguingly obtained by investigating the oscillating
velocity of the black hole horizon. In this paper, we attempt to
improve Jiang–Han’s proposal in two ways. Firstly, we once
again examine the fact that, in different types (Schwarzschild
and Painlevé) of coordinates as well as
 in different gravity
frames, the adiabatic invariant Iadia = pi dqi introduced by
Jiang and Han is canonically invariant. Secondly, we attempt
to confirm Jiang–Han’s proposal reasonably in more general
gravity frames (including Einstein’s gravity, EGB gravity and
HL gravity). Concurrently, for improving this proposal, we
interestingly find in more general gravity theories that the
entropy of the black hole is an adiabatic invariant action variable, but the horizon area is only an adiabatic invariant. In
this sense, we emphasize the concept that the quantum of the
black hole entropy is more natural than that of the horizon
area.

1 Introduction
The black hole as a special object with the strong gravitational
field, has always been regarded as a test bed for any proposed
scheme for a quantum-gravity theory. It therefore shows in
principle that the exploration of the black hole entropy/area
quantum has great significance, since it may provide a window on finding an effective way to quantize a gravitational
field. However, there is as yet no complete quantum theory of
gravity. Hence, reenforcing our understanding of these issues
at a semiclassical level may be an appropriate juncture. In the

context of a semiclassical notion, Bekenstein has reported
that black hole entropy is always quantized in units of 2p
[3],1 and the quantum of the horizon area
 usually appears in
the form A = 8π 2p (where  p = h̄G/c3 is the Planck
length) [7]. This idea mainly comes from the remarkable fact
that the black hole area in the nonextremal case is an adiabatic
invariant [8–11]. Later on, various types of other semiclassical approaches have appeared to further study the quantization of the black hole entropy [12–52]. The most popular
one among them was proposed by Kunstatter in 2002. It is
pointed out that, for a given system (black hole) equipped
with the energy
E and the vibrational frequency ω(r ), the

action I = dE/ω(E) is an adiabatic invariant [12]. Then,
by using the Bohr correspondence principle for the quasinormal frequency, the entropy spectrum of a d-dimensional
spherically symmetric black hole is equally spaced with its
quantum to be equal to the one given by Hod [13,14], as
well as by Bekenstein and Mukhanov [15].2 However, in the
Kunstatter’s treatment, if one employs the oscillating frequencies of the black hole only coming from the real part of
the highly damped quasinormal frequencies, there is an illdefined (adiabatic invariant) integral with inclusion of a large
logarithmic term when it is used with the case of the rotating black hole [24]. In 2008, Maggiore has suggested that
the black hole can be treated as a damped harmonic oscillator, and correspondingly, it is relevant that the frequency
should contain contributions from both real and imaginary
parts of the complex quasinormal mode frequencies, rather
than only from the real part [23]. Following this new explanation and the black hole property of adiabaticity, it has been
shown that the equally spaced area spectrum of a slowly rotating black hole can be expressed as the form A = 8π 2p
[25], which is exactly equal to the original result of Beken-
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This was also confirmed by several different approaches [4–6].

Here, a lot of work in this direction can be found in [15–22] and the
references therein.
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stein [7]. Later, much further work has shown that the black
hole spectroscopy in more general gravity frames can also be
properly reproduced by combining the new explanation for
quasinormal mode frequency and the black hole property of
adiabaticity [24–35,49–52].
Recently, the interesting notion has been found that, without the aid of quasinormal modes, one can quantize the
entropy and horizon area of the black hole
 in the tunneling
mechanism [2].3 Here, the action I = pi dqi is an adiabatic invariant, which can be intriguingly obtained by analyzing the tunneling behavior of the emitted particle. However, one of us, Jiang, has found that this adiabatic invariant
proposed in [2] is not canonically invariant [1]. Introducing a
covariant form for the adiabatic invariant, Jiang and Han have
combined the oscillating velocity of the black hole horizon
to revisit the black hole spectroscopy of the Schwarzschild
black hole in the tunneling picture [1]. It has been shown
that the area spectrum of the Schwarzschild black hole is
described with an equally spacing A = 8π 2p , which is
in agreement with Bekenstein’s original proposal [7] and is
fully in consistence with the previous findings by combining
the black hole property of adiabaticity and the black hole
quasinormal frequencies [24–35,49–52].
It is necessary to further improve Jiang–Han’s proposal to
discuss the black hole spectroscopy in the tunneling framework. In this paper, we attempt to perfect this proposal in
the two ways. Firstly, we once again examine, in different
types (Schwarzschild and Painlevé) of coordinates as well
as in different gravity
frames, the fact that the adiabatic

invariant Iadia = pi dqi introduced by Jiang and Han is
canonically
 invariant, and it is more universal than the one
Iadia = pi dqi given by Majhi and Vagenas. Secondly, we
generalize Jiang–Han’s work from the Schwarzschild black
hole to the case of more general gravity frames (including
Einstein’s gravity, EGB gravity and HL gravity). Our results
are fully in consistence with the previous findings by combining the black hole property of adiabaticity and the black hole
quasinormal frequencies [49–52]. Jiang–Han’s proposal has
been reasonably confirmed in more general gravity frames.
Concurrent with improving this proposal, we interestingly
find in more general gravity frames that the entropy of the
black hole is an adiabatic invariant action variable, but the
horizon area is only an adiabatic invariant. In this sense, we
emphasize the concept that the quantum of the black hole
entropy is more natural than that of the black hole area.
The remainder of this paper is outlined as follows. In
Sect. 2, by investigating the adiabatic invariant quantity in
different types (Schwarzschild and Painlevé) of coordinates
as well as in different gravity frames, we attempt
 to examine
the fact that the adiabatic invariant Iadia = pi dqi intro3

Some related work with the tunneling mechanism can be found in
[53–120] and the references therein.
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duced by Jiang and Han is canonically invariant. Using this
covariant adiabatic invariant, Sect. 3 is devoted to the study of
the entropy/area spectrum in different gravity frames (including Einstein’s gravity, EGB Gravity and HL gravity). Section 4 proves that the entropy of the black hole is an adiabatic invariant action variable, but the horizon area is only
an adiabatic invariant. Section 5 ends with a discussion and
conclusion.

2 Adiabatic invariant in different coordinates
According to
 [1], it has been shown that the adiabatic invariant Iadia = pi dqi is canonically invariant. In this section,
we aim to examine this fact by discussing the adiabatic invariant quantity in different types (Schwarzschild and Pain-levé)
of coordinates, as well as in different gravity frames.
2.1 Adiabatic invariant in the schwarzschild coordinate
For a black hole in different gravity, without loss of generality, we only focus on the case of the spherically symmetric
static solution. At present, it is generally believed that the
near-horizon theory of the black hole can be reduced to the
effective (1 + 1)-dimensional theory with gauge potential
with respect to the electric gauge symmetry and/or the rotating symmetry. Therefore, it is reasonable to focus our attention on the case of the spherically symmetric static solution
without loss of generality. The generally spherically symmetric black hole is always described by
ds 2 = −F(r )dt 2 +

dr 2
+ r 2 d2n−2 .
G(r )

(1)

For a black hole in different gravity, the metric (1) has the
same form, only F(r ), G(r ) taking different forms. Obviously,
the surface gravity of (1) can be expressed as κ =
1√
2 ∂r F(r )∂r G(r ) |r =rh [2], where r h is the event horizon of
black hole.
Case I In Einstein gravity, a spherically symmetric black
hole solution with a global monopole is characterized by the
metric [121,122]


2M
2
F(r ) = G(r ) = 1 − 8π η0 −
r

(2)

where n = 4, d2 represents the two-dimensional spherical hypersurface, M is the mass of the black hole, and
η0 is the symmetry breaking scale when the monopole is
formed [121]. The event horizon is determined by the equation F(r ) = 0, which results in rh = 2M/(1 − 8π η02 ). It is
well known that the area A in Einstein gravity occurs in
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A
.
42p

(3)

Case II The Einstein–Gauss–Bonnet (EGB) gravity emerges
as a low-energy limit of the supersymmetric string theory,
which can be regarded as an effective model of gravity in
higher dimensions. Here, an exact and spherically metric
solution has been given by Boulware and Deser [123],

F(r ) = G(r ) = 1 +

r2
2α


1−

1+

16α M
r4

(4)

where n = 5, d3 represents the three-dimensional spherical
hypersurface, and α is the Gauss–Bonnet constant.
The radius
√
of the event horizon rh is given by rh = 4M − α. For the
metric (4), the relationship between the black hole entropy
and the horizon area is [50–52]

 −2/3
A
A
S = 2 1 + 6α
,
(5)
4 p
3
where the 3 is the volume of the unit 3-sphere. Unlike the
case of Einstein gravity, it should be pointed out that the
black hole entropy in the context of EGB gravity is no longer
proportional to the horizon area. In general, their relationship
is of the form of a function A = f (S) which is not linear.
Case III Inspired by the Lifshitz model in condensed matter physics, a power counting renormalizable theory for
the (3 + 1)-dimensional quantum gravity was proposed
by Hořava [124,125]. This theory is popularly known as
“Hořava–Lifshitz(HL) gravity”. Employing the deformed
action in the limit λ = 1, W → 0 [126], a static and asymptotically flat black hole solution is given by [127]



F(r ) = G(r ) = 1 + ωr

2

1−

1+

4M
ωr 3

.


 
4π
A
1+
.
ln
Aω
4


Iadia =


pi dqi =

qiout

qiin


piout dqi

+

qiin

qiout

piin dqi ,

(8)

where the closed contour integral can be understood as a
closed path that from one point (qi = qiout , just outside the
horizon) to another point (qi = qiin , just inside the horizon) near the horizon. qiout (qiin ) and piout ( piin ) stand for the
coordinate and the canonical momentum, respectively. For a
spherically symmetric black hole horizon, qi corresponds to
the Euclidean time τ and the black hole horizon rh . Using the
out
Hamilton canonical equation q̇i = ddH
pi , one can see that pi
and piin have the same absolute value, but opposite signs. In
this sense, we have




 

dH 
dqi
q˙i
qiout
0

 τin  H
 rin  H
dH 

=2
dH dτ +
drh
ṙh
τout 0
rout 0
 rin  H
dH 
=4
drh .
(9)
ṙh
rout 0

pi dqi = 2

qiin

piin dqi = 2

H

h
Here, ṙh ≡ dr
dτ , and H represents the Hamiltonian of a black
hole. Obviously, to perform the integral (9), we should find
the oscillating velocity of the black hole horizon in the first
place. In the tunneling picture, when a particle tunnels out or
in the black hole horizon, the black hole horizon will shrink or
expand at the same time due to the loss or gain of the black
hole mass [130]. It is evident that the particle’s tunneling
velocity ṙ in this sense is equal and opposite to the oscillating
velocity of the black hole horizon r˙h [131], which is

(6)
r˙h = −ṙ .

Here, n = 4, this solution is the so called the “Kehagias–
Sfetsos” black hole,
 and the event horizon is rh = M
1
1 + 1 − 2ωM 2 , and the parameter ω represents the feature of the Hořava–Lifshitz spacetime. For the metric (6), as
discussed by Myung [128,129], a compact expression of the
entropy in the context of HL gravity is presented thus:
A
S= 2
4 p

the black hole spectroscopy via adiabatic invariance, Jiang
argued that the adiabatic invariant quantity should be of the
covariant form [1]

(7)

Similarly to the case of EGB gravity, the relationship between
black hole entropy and area in the context of HL gravity is
also not linear.
Now, let us focus on studying the adiabatic invariant
quantity in the tunneling framework. To correctly address

(10)

Specifically, for a spherically symmetric spacetime, after
Euclideanizing the metric (1) by the transformation t = −iτ ,
dr 2
2
2
we have ds 2 = F(r )dτ 2 + G(r
) +r dn−2 . In this case, when
a photon travels across the black hole horizon, the radial
geodesics turn out to be
ṙ ≡

dr
= ±i F(r )
dτ

(11)

with the upper(lower) sign of ṙ corresponding to the outgoing/ingoing paths. Therefore, the oscillating velocity of the
black hole horizon is
ṙh = −ṙ =

drh
= ∓i F(r ).
dτ

(12)
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Substituting (12) into the integral (9), then the adiabatic
invariant quantity (8) can be finally written as

s
Iadia
=4

rin

rout



H
0

dH 
drh = −4i
ṙh



rin

rout



H

0

dH 
dr ,
F(r )

(13)

where we have implemented ṙh = −ṙ and dṙh = −dṙ [131].
Obviously, in the Schwarzschild coordinate, the adiabatic
invariant quantity of the spherically symmetric spacetime is
derived by using the oscillating velocity of the black hole
horizon. This is a key step to quantizing the entropy and the
horizon area of the black hole. In the following subsection,
we will continue the study of the adiabatic invariant quantity
in the Painlevé coordinate.
2.2 Adiabatic invariant in the Painlevé coordinate

the horizon in (13) and (16). To avoid it, we have to get rid of
it by taking a contour integral over a small half-loop going
above the pole from right to left. In this case, by using the
residue principle near the horizon, the integrals of Eqs. (13)
and (16) can be written as
 H
 rin  H
dH 
dH 
s
dr = 4π
,
Iadia = −4i
F(r )
0 ∂r F(r ) |r =rh
rout 0
 rin  H
dH 
p
dr
Iadia = −2i
√
rout 0 1 − 1 − F(r )
 H
dH 
= 4π
.
(17)
0 ∂r F(r ) |r =rh
In this sense, we have
 H
p
s
Iadia
= Iadia = 4π


By introducing a shifting of the time coordinate, the coordinate singularity is removed at the black hole horizon in the
Painlevé coordinate [132].√ Here, when introducing the trans)−1
formation dτ  = dτ + F(r
F(r ) dr into the metric (1), we
have

ds 2 = F(r )dτ 2 + 2 F(r ) − 1dτ  dr + dr 2 + r 2 d2n−2 .
(14)
In the metric (14), there is not a coordinate singularity any
more at the black hole horizon, and constant-time slices are
just flat Euclidean spaces. These attractive features provide a
superior setting for paths across the horizon. Similarly, when
a particle tunnels out as described by this coordinate, the
black hole horizon is shrinking by the velocity



r˙h = −i 1 − 1 − F(r ) .
It is noteworthy that here the integral

0

H

(18)

Note that we use the near-horizon approximation F(r ) =
∂r F(r ) |r =rh (r − rh ) in (17). Here, the surface gravity and
the Hawking temperature of the black hole are given by κ =
∂r F(r )|r =rh
and Tbh = h̄κ/(2π ), and in the last step the first
2
H
law of the black hole thermodynamics Sbh = 0 dH  /T has
been employed to obtain the above findings, and here Sbh is
the black hole entropy. Obviously, from Eq. (18), one can see
that, after doing the integral (13) and (16) with respect to r ,
the adiabatic invariant (8) in different types of coordinates
indeed has the same formula, and finally this formula can be
expressed as Iadia =
 h̄ Sbh . Hence, it is true that the adiabatic
invariant quantity pi dqi is canonically invariant, which is
fully in consistence with that of [1].

(15)
 qiout
qiin

piout dqi has no

contributions when doing the closed
 contour integral for the
adiabatic invariant quantity I = pi dqi . In a similar way,
with the aid of the shrinking velocity of the black hole horizon
(15), we have

 q in
 rin  H
i
dH 
p
pi dqi =
piin dqi = 2
drh
Iadia =
ṙh
qiout
rout 0
 rin  H
dH 
dr .
(16)
= −2i
√
rout 0 1 − 1 − F(r )
In the Painlevé coordinate, we can see that the form of
the adiabatic invariant quantity (16) is different from the one
(13) that is obtained in the Schwarzschild coordinate. At first
sight,
it seems that the adiabatic invariant quantity Iadia =

pi dqi depends on the choice of coordinates. However, this
is not the case. Further study shows that, when performing
the integral (13) and (16) with respect to r , there is a pole at

123

= 2π

dH 
0 ∂r F(r ) |r =rh
 H

dH
dH 
= h̄
= h̄ Sbh .
κ
Tbh
0

3 Black hole spectroscopy in different gravity theories
In the tunneling picture, with the aid of the oscillating velocity of the black hole horizon, we have obtained the unified form of adiabatic invariant quantity in different types
(Schwarzschild and Painlevé) of coordinates as well as in different gravity frames. However, the black hole spectroscopy
is not yet known. In the following, we will continue our study
of the entropy/area spectrum for the black hole in different
gravity theories.
3.1 Black hole spectroscopy in Einstein gravity
To obtain the black hole spectroscopy, we should first implement the Bohr–Sommerfield quantization rule to the adiabatic invariant quantity (18). In the semiclassical limit, it is

Iadia =
pi dqi = nh = 2π n h̄, n  1.
(19)
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For a black hole in Einstein gravity (2), after substituting this
rule (19) into Eq. (18), it is straightforward to show that the
black hole entropy spectrum takes the form Sbh = 2π n, n 
1. Obviously, the black hole entropy in Einstein gravity is
evenly quantized and the spacing of the entropy spectrum is
Sbh = 2π,

(20)

which is the same as the one given in [133,134]. Using the
relation Sbh = A/(42p ), the spacing of the area spectrum
can be expressed as
A = 8π 2p .

(21)

In Einstein gravity, our results show that the entropy and area
of a global monopole black hole are quantized with an equally
spaced spectrum fully in consistence
 with the one given by
[1,7] if one treats the action I = pi dqi as an adiabatic
invariant quantity. In addition, the black hole parameter η0
has no effects on the quantization of entropy and area.
3.2 Black hole spectroscopy in EGB gravity
Similarly, in EGB gravity, the spacing of the entropy spectrum in higher-dimensional spacetime reads
Sbh = 2π.

(22)

According to Eq. (5), we can now derive the spacing of the
horizon area
A = An+1 − An = 8π 2p + g(An,n+1 ),

 1
2
1
3
.
g(An,n+1 ) = 6α · 33 · An3 − An+1

(23)

In EGB gravity, it is obvious that the entropy spectrum is also
equally spaced with the form Sbh = 2π . So, one can see
that the entropy spectrum is independent of gravity theories,
and the dimension of spacetime has no effects on the quantization of the black hole entropy. This is compatible with
the previous findings [50–52]. Since the trivial relationship
Sbh = A/(42p ) between horizon area and associated entropy
is broken, the area spacing in EGB gravity is not equidistant
as a result of the function g(An,n+1 ). However, if we set the
coupling constant α → 0, Eq. (5) will reduce to the linear
relationship Sbh = A/(42p ), and then the equidistant area
spectrum will be recovered naturally [50–52].
3.3 Black hole spectroscopy in HL gravity
In a similar way, for a black hole in Hořava–Lifshitz gravity
(6), the spacing of the entropy spectrum is
Sbh = 2π.

(24)

Recalling Eq. (7), we have
A = An+1 − An = 8π 2p + g(An,n+1 ),


An
4π
.
ln
g(An,n+1 ) =
ω
An+1

(25)

Here, the logarithmic term that has been discussed in detail
in [128,129] is a small correction to the spacing of the area
spectrum, which represents the feature of the HL gravity.
Similarly to the EGB case, though the entropy spectrum in
HL gravity is discrete and equally spaced, this does not hold
true for the horizon area any longer. Our result is in agreement
with that of [128,129]. Of course, by setting the limit ω →
∞, the equidistant area spectrum also can be seen since the
function g(An,n+1 ) ∼ 0.
To conclude, a black hole in different gravity frames has
the universal behavior of an equally spaced entropy spectrum:
S = 2π . The entropy quantum is not only independent of
the black hole parameter and the spacetime dimension, but
also independent of different gravity theories. For the horizon
area quantum, although the equally spaced spectrum can be
found in Einstein gravity, this does not hold true in EGB
gravity and HL gravity any longer.

4 Action variable and adiabatic invariant
It is well known that, for a physical system governed by a
Hamiltonian H , if a dynamical quantity I changes little during the time t while H accumulates a significant total change,
the quantity I is an adiabatic invariant. Ehrenfest showed that,
for a quasiperiodic
system, all Jacobi action integrals of the

form I = pdq are action variables [9]. Moreover, Kwon
and Nam pointed out that an action variable of the classical
system is an adiabatic invariant, but an adiabatic invariant
is not necessarily an action variable. The Bohr–Sommerfeld
quantization rule can be applied only for the action variable of
the classical system [26–28], rather than the adiabatic invariant. In this case, it was later showed by quasinormal modes
that the area spectra of a rotating BTZ black hole is equally
spaced [26–28].
In the tunneling framework, the oscillation of the black
hole horizon can be assumed to be periodical [2]. In this
sense, it is reasonable to apply the Bohr–Sommerfeld
quan
tization rule to the action variable Iadia = pdq. Finally,
one has


dH
∝ Sbh .
pdq ∝
(26)
Iadia ∝
T
It means that the black hole entropy is indeed an adiabatic
invariant action variable (not only an adiabatic invariant, but
also an action variable of the black hole.) [41,42]. But in
different gravity theories, it is easy to see that the entropy
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is only a function of the horizon area of the black hole A =
F(Sbh ). In this sense, we confirm that the horizon area is only
an adiabatic invariant rather than an action variable, thereby
the quantum of the black hole entropy is more natural than
that of the horizon area.
5 Conclusion and discussion
In this paper, we first discuss the adiabatic invariant quantity in different types of coordinates. In the tunneling picture, this quantity is obtained with the aid of the oscillating velocity of the black hole horizon. The result shows that
the adiabatic invariant quantity in different types of coordinates has the same form, which can be finally expressed as
Iadia = pdq = h̄ Sbh . Then, using this adiabatic invariant, we further discuss the entropy and area spectrum of the
black hole in different gravity frames. Our results show that
the spacings of the entropy spectrum are all equidistant with
the form of Sbh = 2π . It means that the entropy quantum is not only independent of the choice of coordinates, but
also independent of different gravity theories. And, for the
horizon area quantum, although the equally spaced spectrum
can be found in Einstein gravity, this does not hold true in
EGB gravity and HL gravity any longer. If we set the limit
α → 0, ω → ∞, the original Bekenstein spacing of the area
spectrum A = 8π 2p could be recovered naturally. Finally,
we interestingly find in more general gravity frames that the
entropy of the black hole is an adiabatic invariant action variable, but the horizon area is only an adiabatic invariant. In
this sense, we emphasize the concept that the quantum of the
black hole entropy is more natural than that of the black hole
area.
In our work, the observation of the black hole spectroscopy
is mainly based on the semiclassical tunneling framework.
However, the real physical progress should go beyond the
semiclassical approximation, and the corresponding physical quantity would undergo a higher-order quantum corrections [43–45]. Hence, it is interesting for us to discuss quantum corrections of the black hole spectroscopy by improving
Jiang–Han’s proposal in future work.
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