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Abstract We study the inflationary perturbations in general
(classically) scale-invariant theories. Such scenario is moti-
vated by the hierarchy problem and provides natural infla-
tionary potentials and dark matter candidates. We analyse in
detail all sectors (the scalar, vector and tensor perturbations)
giving general formulae for the potentially observable power
spectra, as well as for the curvature spectral index ns and the
tensor-to-scalar ratio r . We show that the conserved Hamil-
tonian for all perturbations does not feature negative energies
even in the presence of the Weyl-squared term if the appropri-
ate quantisation is performed and argue that this term does not
lead to phenomenological problems at least in some relevant
setups. The general formulae are then applied to a concrete
no-scale model, which includes the Higgs and a scalar, “the
planckion”, whose vacuum expectation value generates the
Planck mass. Inflation can be triggered by a combination of
the planckion and the Starobinsky scalar and we show that no
tension with observations is present even in the case of pure
planckion inflation, if the coefficient of the Weyl-squared
term is large enough. In general, even quadratic inflation is
allowed in this case. Moreover, the Weyl-squared term leads
to an isocurvature mode, which currently satisfies the obser-
vational bounds, but it may be detectable with future exper-
iments.
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1 Introduction

Theories with (classical) scale-invariance provide a dynam-
ical origin of all mass scales [1–6] and present a number of
interesting aspects. They lead to naturally flat inflationary
potentials [3,7–13] and dark matter candidates [10,14–17]
and represent an interesting framework to address the hierar-
chy problem [3,4,10,14,16,18–25]. This no-scale principle
has also the virtue of being predictive as only dimension-four
operators are allowed in the classical Lagrangian, which can
be viewed as a strong constraint on the allowed free param-
eters.

The absence of mass parameters implies that the pure grav-
itational piece of the Lagrangian is quadratic in the curvature
tensors. The most general gravitational Lagrangian can be
shown to be the sum of the Ricci scalar squared R2 and
the Weyl-squared terms (modulo total derivatives). In order
to solve the hierarchy problem in this framework including
gravity it is necessary that the coefficients of these two terms
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be large enough, which corresponds to small enough gravi-
tational couplings [3,10]. The lower bound on the coefficient
of R2 depends on the non-minimal coupling between R and
the scalar fields (another possible scale-invariant term in the
Lagrangian) [10]. The lower bound on the Weyl-squared term
is instead model-independent and, as we will see, leads to
potentially observable effects in cosmology.

Therefore, if one supposes that nature does not have funda-
mental scales and all observed masses are in fact dynamically
generated one is led to conjecture that the fundamental the-
ory of gravity contains only terms quadratic in curvature in
addition to all possible scale-invariant couplings to matter.
Moreover, the requirement that this four-derivative gravity
theory cures the Higgs naturalness problem leads to the pos-
sibility of testing this hypothesis with observations of the
early universe.

This scenario is indeed known to provide a renormalis-
able theory of gravity and of all other interactions [3,26].
The price to pay is the presence of a ghost, a field whose
quanta should include negative norms. This field has spin-2
and a mass M2 fixed by the coefficient of the Weyl-squared
term; the above-mentioned naturalness bound corresponds
to M2 � 1011 GeV [3], realising in an explicit theory the
softened gravity idea of [27]: for energies below M2 one
recovers general relativity coupled to an ordinary matter sec-
tor [28], while above the threshold M2 gravity gets softened
compared to the behaviour in Einstein’s gravity. It has been
proposed that such theory could make sense above M2 as a
Lee–Wick theory [29–32]: the ghost is unstable and does not
appear among the asymptotic states, leading to a unitary S-
matrix. Also, recently there has been progress on the quantum
mechanics of four-derivative theories [33,34] and renewed
further interest in four-derivative gravity [35–47]. References
[48,49] claimed, however, that the Lee–Wick option might
result in a violation of causality. Our approach to this prob-
lem in the present work is practical: we wish to understand
whether such a particle can be compatible with the avail-
able observations of the early universe we have. We leave
the analysis of the remaining theoretical issues for future
work.

The present work is intended to be a complete study of
inflationary perturbations in general scale-invariant theories
(which will be defined in detail in Sect. 2). Indeed, the pres-
ence of a naturally flat potential is only a good starting point
for successful inflation. The observational quantities that can
be measured are the result of tiny quantum perturbations gen-
erated during inflation, which have been later amplified and
whose effects are observable today (see [50,51] for a text-
book introduction). Partial results on this subject have already
been published [10,52–59], but the present work covers the
general set of classically scale-invariant theories. Indeed, our
analysis includes a large class of models such as the most
general two-derivative theories with an arbitrary number of

scalar fields and a detailed discussion of the role of the Weyl-
squared term. The bound from a natural electroweak (EW)
scale, M2 � 1011 GeV, suggests that such a term becomes
relevant whenever the Hubble rate during inflation exceeds
roughly the scale of 1011 GeV. The results we find actually
also hold for some non-scale-invariant theories, they apply to
generic renormalisable models. Indeed, after scale invariance
is broken dynamically all the scales, such as the Planck scale,
the EW scale and the cosmological constant appear. Given
that we include them as effective mass parameters in the
Lagrangian we are able to show that the results we find hold
for scale-invariant as well as general renormalisable models.
We also revisit the studies that already have appeared in the
literature; in some cases we confirm the previous results with
improved derivations, while in other cases we correct some
expressions for the perturbations.

After a general discussion of the perturbations in Sect. 3,
the scalar, vector and tensor perturbations are all analysed in
detail (in Sects. 4, 5, 6, respectively) and the relevant degrees
of freedom are identified. We explain how the known pertur-
bations in Einstein’s gravity coupled to matter are reproduced
when M2 is much bigger than the Hubble rate during infla-
tion. We use both a Lagrangian and a Hamiltonian approach
(which are introduced in Appendix A for four-derivative the-
ories). The Lagrangian one is used to derive the form of the
perturbations, while the Hamiltonian formalism (developed
in Appendix B) allows us to show that the full conserved
Hamiltonian of the perturbations does not feature negative
energies if appropriately quantised.

Among the most important results we find there are
expressions (given in Sect. 7) for the potentially observable
quantities in a general no-scale theory: the curvature and ten-
sor power spectra (with the derived formulae for the tensor-
to-scalar ratio r and the curvature spectral index ns) as well
as a detailed discussion of the power spectra of the other
perturbations. In particular the Weyl-squared term can lead
(depending on the size of its coefficient) to an isocurvature
mode whose amplitude is typically small as it turns out to be
smaller than the tensor amplitude in Einstein’s theory.

In Sect. 8 we also apply these results to a specific model
with all terms quadratic in curvature, the Higgs field and a
scalar that generates the Planck scale (and therefore dubbed
“the planckion”). This model can satisfy the most recent
observational bounds of Planck [60] on ns and r as well
as on the isocurvature power spectra. Interestingly, when the
coefficient of the Weyl-squared term is large enough even an
inflation due to a quadratic potential is allowed; for example,
an inflation triggered by the planckion is permitted, eliminat-
ing a tension that was previously found neglecting the Weyl-
squared term [10]. In this case the predictions of planck-
ion inflation are close to Planck’s observational bounds on
isocurvature perturbations, which suggests that this possibil-
ity can be tested with future observations.
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Finally, in Sect. 9, we argue that the possible issues due to
the ghost, which we have discussed above, do not lead to phe-
nomenological problems in some no-scale models (including
the one we have just mentioned), at least if one saturates the
bound on M2 required by the solution of the hierarchy prob-
lem.

2 Scale-invariant theories

In this work we consider general (classically) scale-invariant
theories. The action is

S =
∫

d4x
√| det g|L , L = Lgravity + Lmatter

+Lnon-minimal. (2.1)

The term Lgravity is the pure gravitational piece. The no-
scale principle dictates that it is given by the most general
Lagrangian quadratic in curvature,

Lgravity = αR2 + βR2
μν + γ R2

μνρσ . (2.2)

The dimensionless parameters α, β and γ are not all inde-
pendent because of the Gauss–Bonnet relation in four-
dimensions according to which [26]
√| det g|(R2 − 4R2

μν + R2
μνρσ ) = divergence. (2.3)

Therefore, we can restrict our attention to R2 and R2
μν and

write their most general linear combination as

Lgravity =
1
3 R

2 − R2
μν

f 2
2

+ R2

6 f 2
0

. (2.4)

We have grouped together 1
3 R

2 − R2
μν because this quantity

is (up to total derivatives) proportional to the squared of the
Weyl tensor Wμνρσ :

∫
d4x

√| det g|
[

1
3 R

2 − R2
μν

f 2
2

]

= −1

2

∫
d4x

√| det g|W 2
μνρσ . (2.5)

The piece Lnon−minimal represents the non-minimal cou-
plings between the scalar fields φa and the Ricci scalar

Lnon-minimal = −1

2
ξabφ

aφbR. (2.6)

Finally, Lmatter is the remaining part of the Lagrangian,
which depends on the matter fields: the gauge fields AB

μ (with
field strength FB

μν), the fermions ψ j and the scalars φa . The
absence of dimensionful parameter is so restrictive that we
can write their Lagrangian in one line:

Lmatter = −1

4
(FB

μν)
2 + (Dμφa)2

2
+ ψ̄ j i /Dψ j

−(Ya
i jψiψ jφ

a + h.c.) − λabcd

4! φaφbφcφd .

(2.7)

All the coefficients defined so far are dimensionless and
so respect the no-scale principle. However, the scales we
observe in nature, such as the Planck or the weak scale, must
of course be generated. This can occur in two alternative
ways: perturbatively or non-perturbatively. In the first case
we assume that some scalar field(s) acquire a vacuum expec-
tation value (VEV) which gives rise to the mass scales [3];
in Sect. 8 we will illustrate an example of this type. In the
second way one supposes that some strongly coupled sector
(such as an SU(n) gauge theory) confines and thus generates
the observed scales through its coupling to the other sectors
(e.g. its gravitational couplings) [1]. After this has happened
the Planck mass, the weak scale, the cosmological constant,
etc appear in the Lagrangian as effective parameters. We will
therefore introduce these quantities directly in the action in
the following sections. This will also allow us to be more
general and cover arbitrary renormalisable models.

2.1 The action in the Einstein frame

Since our task is to study inflationary perturbations, from
now on we restrict our attention to the scalar–tensor sector
of the theory. Of course, fermions and gauge fields should
also be present (with a Lagrangian of the form (2.7)) both
for phenomenological reasons and to realise the dynamical
generation of scales that we have discussed [1,3,10].

The most general renormalisable scalar–tensor theory is
(up to total derivatives)

Sst =
∫

d4x
√| det g|

[
1
3 R

2 − R2
μν

f 2
2

+ R2

6 f 2
0

− M̄2
Pl + F(φ)

2
R

+1

2
(∂μφa)2 − V (φ)

]
, (2.8)

where M̄P is the reduced Planck mass. Renormalisability
requires F(φ) = ξabφ

aφb+... andV (φ) = λabcdφ
aφbφcφd/

4!+ ... (where the dots are terms with lower powers of φa) in
the bare Lagrangian; however, we will keep these functions
general in the following to take into account possible field
dependence of the couplings induced by the renormalisation
group. As we have discussed in the introduction, the pres-
ence of the terms quadratic in curvature promotes gravity to
a renormalisable theory, but also introduces a spin-2 ghost.
The mass of this field is M2 = f2M̄P/

√
2 [26]. One of the

motivations of this work is to understand whether the pres-
ence of this ghost is consistent with the observations of the
early universe we have available.
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To proceed further it is useful to rewrite the action in
a more familiar form. We follow here the method pre-
sented in [10] appropriately extended to take into account
the effective massive parameters. The non-standard R2 term
can be removed by introducing an auxiliary field χ with a
Lagrangian that vanishes on-shell:

− √| det g| (R + 3 f 2
0 χ/2)2

6 f 2
0

, (2.9)

which we are therefore free to add to the total Lagrangian.
Once we have done so the action reads

Sst =
∫

d4x
√| det g|

[
1
3 R

2 − R2
μν

f 2
2

− f (χ, φ)

2
R

+ 1

2
(∂μφa)2 − V (φ) − 3 f 2

0 χ2

8

]
, (2.10)

where f (χ, φ) ≡ M̄2
P + F(φ) + χ . In order to get rid of the

remaining non-standard f R term we perform a conformal
transformation of the metric,

gμν → M̄2
P

f
gμν, (2.11)

and the action becomes

Sst =
∫

d4x
√| det g|

{ 1
3 R

2 − R2
μν

f 2
2

− M̄2
Pl

2
R

+M̄2
P

[
(∂μφa)2

2 f
+ 3(∂μ f )2

4 f 2

]
−U

}
, (2.12)

where

U = M̄4
P

f 2

(
V + 3 f 2

0

8
χ2

)
. (2.13)

The form of the action in (2.12) is known as the Einstein
frame because all the non-minimal couplings have been
removed. The field f can now be seen as an extra scalar
degree of freedom. It is interesting to note that the remaining
parts of the action, which depend on the fermions and the
gauge fields, remain invariant under the conformal transfor-
mation if we also transform the matter fields as follows:

φa →
(

f

M̄2
P

)1/2

φa, ψ j →
(

f

M̄2
P

)3/4

ψ j , AB
μ → AB

μ.

(2.14)

However, the scalar kinetic terms are not invariant, so we
have not performed this transformation in (2.12). To simplify
further the action we define ζ = √

6 f (notice that in order
for the metric redefinition in (2.11) to be regular one has to
have f > 0 and thus we can safely take the square root of
f ) and we obtain

Sst =
∫

d4x
√| det g|

{
1
3 R

2 − R2
μν

f 2
2

− M̄2
Pl

2
R

+ 6M̄2
P

2ζ 2 [(∂μφa)2 + (∂μζ )2] −U (ζ, φ)

}
, (2.15)

where

U (ζ, φ) = 36M̄4
P

ζ 4

[
V (φ) + 3 f 2

0

8

(
ζ 2

6
− M̄2

P − F(φ)

)2
]

.

(2.16)

Therefore, we have been able to write the action as the sum
of two pieces:

S = SW + SES, (2.17)

where SW is the part due to the unusual Weyl-squared term,

SW =
∫

d4x
√| det g|

[
1
3 R

2 − R2
μν

f 2
2

]
, (2.18)

and SES is the Einstein–Hilbert part plus the scalar field piece
equipped with a non-trivial field metric,

SES =
∫

d4x
√| det g|

[
− M̄2

Pl

2
R + Ki j (φ)

2
∂μφi∂μφ j −U (φ)

]
.

(2.19)

Here, for notational simplicity, we have introduced a new set
of fields φi where the index i runs over the possible values
of the index a plus ζ , in other words φi = {φa, ζ }. Also the
field metric is given by

Ki j = 6M̄2
P

ζ 2 δi j . (2.20)

2.2 FRW background and slow-roll inflation

In this section we consider a Friedmann–Robertson–Walker
(FRW) metric

ds2 = dt2 − a(t)2[dr2 + r2(dθ2 + sin2 θdφ2)], (2.21)

where a is the scale factor and we have neglected the spatial
curvature parameter as during inflation the energy density is
dominated by the scalar fields. The hypotheses of homogene-
ity and isotropy will be relaxed in the next section where the
perturbations around the FRW metric will be considered.

For the following analysis of the perturbations it is con-
venient to introduce the conformal time η defined as usual
by

η =
∫ t

t∗
dt ′

a(t ′)
, (2.22)
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where t∗ is some reference time; in the following we will
choose t∗ → ∞. The FRW metric in terms of η is

ds2 = a(η)2(dη2 − δi jdx
idx j ). (2.23)

The Einstein equations are

H2 = Ki jφ
′iφ′ j/2 + a2U

3M̄2
Pl

, (2.24)

H2 − H′ = Ki jφ
′iφ′ j

2M̄2
Pl

, (2.25)

where H ≡ a′/a (related to H ≡ ȧ/a by H = aH ) and a
prime denotes a derivative with respect to η, while a dot is
a derivative with respect to t . The equations for the scalar
fields are instead

φ′′i + γ i
jkφ

′ jφ′k + 2Hφ′i + a2U ,i = 0. (2.26)

Here for a generic function F of the scalar fields, we defined
F,i ≡ ∂F/∂φi , also γ i

jk is the affine connection in the scalar
field space

γ i
jk ≡ Kil

2
(Kl j,k + Klk, j − K jk,l) (2.27)

and Ki j denotes the inverse of the field metric (which is used
to raise and lower the scalar indices i, j, k, . . .); for example
F ,i ≡ Ki j F, j .

Notice that in the case of pure de Sitter spacetime (a(η) =
−1/(Hη), φ′i = 0, U,i = 0) Eq. (2.24) tells us H2 =
a2U/(3M̄2

P) and Eq. (2.25) implies H′ = H2.
In the slow-roll regime we require the scalar equation to

reduce to

φ′i ≈ − a2

3HU ,i (2.28)

so

φ′′i + γ i
jkφ

′ jφ′k ≈ Hφ′i . (2.29)

Moreover,

H2 ≈ a2U

3M̄2
Pl

. (2.30)

The slow-roll occurs when two conditions are satisfied [42]
(see also [62] for previous studies):

ε ≡ M̄2
PlU,iU ,i

2U 2 	 1. (2.31)

∣∣∣∣∣
ηi jU

, j

U ,i

∣∣∣∣∣ 	 1 (i not summed), where ηi j ≡ M̄2
PlU

;i
; j

U
.

(2.32)

It is easy to check that ε and ηi j reduce to the well-known
single-field slow-roll parameters in the presence of only one
field.

We now introduce the number of e-folds for a generic
multi-field theory. By writing the equations in (2.28) and
(2.30) in terms of the cosmic time t we obtain the following
dynamical system for φi :

φi = − M̄PlU ,i (φ)√
3U (φ)

, (2.33)

which can be solved with a condition at some initial time t0:
namely φi (t0) = φi

0. Once the functions φi (t) are known we
can obtain H(t) from Eq. (2.30). The number of e-folds N
can be introduced by

N (φ0) ≡
∫ t0(φ0)

te
dt ′H(t ′), (2.34)

where te is the time when inflation ends. Dropping the label
on t0 and φ0 as they are generic values we have

N (φ) ≡
∫ t (φ)

te
dt ′H(t ′). (2.35)

Notice that we write t as a function of φ: this is because once
the initial position φ in field space is fixed the time required
to go from φ to the field value when inflation ends is fixed too
because the dynamical system in (2.33) is of the first order.
Note, however, that H also generically depends on φ.

3 Perturbations (generalities)

By choosing the conformal Newtonian gauge, the metric
describing the small fluctuations around the FRW spacetime
can be written as

ds2 = a(η)2{(1 + 2�(η, 
x))dη2 − 2Vi (η, 
x)dηdxi

−[(1 − 2�(η, 
x))δi j + hi j (η, 
x)]dxidx j }. (3.1)

Here, by definition, the vector perturbations Vi satisfy

∂i Vi = 0 (3.2)

and the tensor perturbations obey

hi j = h ji , hii = 0, ∂i hi j = 0. (3.3)

Sometimes the Newtonian gauge is defined for the scalar per-
turbations � and � only (see e.g. [51]). Here we considered
an extended definition, which also includes the non-scalar
perturbations. A possible gauge dependent divergence of hi j
has been set to zero by appropriately choosing the gauge.

Also we decompose the scalar fields φi (η, 
x) in the back-
ground φi (η), which are only time-dependent, plus the fluc-
tuations ϕi (η, 
x),
φi (η, 
x) → φi (η) + ϕi (η, 
x). (3.4)

As is well known there is no mixing between tensor, vector
and scalar perturbations from the part SES of the action. The
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same is also true for the Weyl term SW. Indeed, that property
only follows from (3.2) and (3.3) and rotation invariance. We
therefore study the various sectors separately in the follow-
ing.

Previous studies of the perturbations in less general setups
can be found in [52–59]. We will also revisit these studies
and find some differences with some of them, which will be
discussed in the following.

4 Scalar perturbations

Let us start with the scalar perturbations, whose quadratic
action we denote with S(S). This action has a contribution
from the Weyl-squared term and one from the remaining
terms, S(S) = S(S)

W + S(S)
ES , where

S(S)
W = − 2

3 f 2
2

∫
d4x[ 
∇2(� + �)]2, (4.1)

S(S)
ES =

∫
d4x

a2

2
{M̄2

P[−6� ′2 − 12H�� ′ + 4� 
∇2�

−2� 
∇2� − 2(H′ + 2H2)�2]
+Ki j (ϕ

′iϕ′ j + ϕi 
∇2ϕ j ) + 2Ki j,lφ
′iϕ′ jϕl

−(� + 3�)(2Ki jφ
′iϕ′ j + Ki j,lφ

′iφ′ jϕl)

−a2U,i, jϕ
iϕ j − 2a2(� − 3�)U,iϕ

i }. (4.2)

In order to derive S(S)
ES we have used the background equa-

tions (2.24) and (2.25) and we have dropped total deriva-
tives. Notice that the field metric Ki j is totally general in this
expression and does not have to satisfy Eq. (2.20), which is
characteristic of renormalisable theories.

The fact that the time-derivative of the perturbation �

does not appear in the action above tells us that it should be
considered as a non-dynamical field.

One might wonder why there are no more than two time-
derivatives in the action for scalar perturbations even if we
started from an action with four derivatives. The reason is
that in Einstein gravity there is no independent degrees of
freedom in the scalar sector, while with the addition of the
Weyl-squared term we should find one degree of freedom
(the one corresponding to the helicity-0 component of the
massive spin-2 field). If we had found four time-derivatives
in the scalar action we would instead have two scalar degrees
of freedom instead of one because a four-derivative system
can always been interpreted as a two-derivative system with
the number of degrees of freedom doubled.

4.1 Pure de Sitter

The expression in (4.2) simplifies considerably in the case of
pure de Sitter spacetime, a(η) = −1/(Hη), for which H′ =
H2, φ′i = 0 and U,i = 0. Moreover, we know that the de

Sitter spacetime is a reasonably good approximation during
inflation because we assume that the slow-roll conditions in
(2.31) and (2.32) are satisfied. We therefore consider this case
in the present section. In the next one we will study the small
departures from this spacetime due to the small, but non-zero
time-dependence of the scalar fields.

4.1.1 Scalar field perturbations

We start from the scalar field perturbations ϕi . We now show
that, thanks to the special expression of the field metric in
(2.20) that is realised for any renormalisable model, the mix-
ing between the different ϕi can be eliminated with a field
redefinition and one can analyze the various ϕi separately.

The field equations of ϕi are

Ki jϕ
′′ j + 2HKi jϕ

′ j − Ki j 
∇2ϕ j + a2U,i, jϕ
j = 0. (4.3)

We now multiply this equation by Kil and sum over i , to
obtain

ϕ′′l + 2Hϕ′l − 
∇2ϕ′l +U,i, j K
ilϕ j = 0. (4.4)

Notice that the matrix m2 with elements m2 l
j ≡ U,i, j K il

is symmetric as a consequence of the symmetry of U , i.e.
U,i, j = U, j,i and the proportionality between Ki j and δi j
(Eq. (2.20)). Therefore we can always diagonalise m2 with
an orthogonal transformation, ϕ → Oϕ, and, after this trans-
formation, the equation for ϕ is (suppressing the index i for
simplicity)

ϕ′′ + 2Hϕ′ + (m2a2 − 
∇2)ϕ = 0 (4.5)

and the corresponding action is (rescaling the field to have a
canonically normalised kinetic term)

Sϕ =
∫

d4xLϕ, where Lϕ = a2

2
{ϕ′2 + ϕ 
∇2ϕ − m2a2ϕ2}.

(4.6)

We can now quantise the theory with the standard canonical
procedure. Of course, it is well known how to do this for a
scalar field on de Sitter space. Nevertheless, here we revisit
such procedure in a way that will be useful to study � as
well as the vector and tensor perturbations, which, as we will
see, requires an unusual quantisation in the presence of the
Weyl-squared term. We introduce the conjugate momentum

πϕ = ∂Lϕ

∂ϕ′ = a2ϕ′ (4.7)

and we impose the canonical quantisation conditions:

[ϕ(η, 
x), ϕ′(η, 
y)] = i

a2 δ(3)(
x − 
y),
[ϕ(η, 
x), ϕ(η, 
y)] = 0,

[ϕ′(η, 
x), ϕ′(η, 
y)] = 0. (4.8)
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We expand now the field by considering the Fourier transform
with respect to 
x , but not on η, that is,

ϕ(η, 
x) =
∫

d3q

(2π)3/2 e
i 
q·
xϕ0(η, 
q). (4.9)

The hermiticity condition on ϕ(η, 
x), i.e. ϕ(η, 
x)† =
ϕ(η, 
x), implies

ϕ0(η, 
q)† = ϕ0(η,−
q) (4.10)

and the equation of motion in (4.5) dictates that ϕ0 satisfies

ϕ′′
0 + 2Hϕ′

0 + (m2a2 + q2)ϕ0 = 0. (4.11)

The general solution of (4.11) is a linear combination of

η3/2 J
1
2

√
9− 4m2

H2

(qη) and η3/2Y
1
2

√
9− 4m2

H2

(qη), (4.12)

where Jn(z) and Yn(z) are the Bessel functions of the first
and second kind, respectively. Since in the superhorizon limit
η → 0−, we see that the de Sitter scale factor a2 = 1/(Hη)2

diverges we see that the massive fields,m �= 0, are suppressed
in that limit and therefore we can focus on the effectively
massless degrees of freedom. By doing so, we can take the
two linearly independent solutions to be

y0(η, q) ≡ H |η|√
2q

(
1 − i

qη

)
e−iqη

and its complex conjugate. (4.13)

So, by using the hermiticity condition in (4.10), we have

ϕ0(η, 
q) = a0(
q)y0(η, q) + a0(−
q)†y0(η, q)∗, (4.14)

where a0(
q) is an operator which will be identified with the
annihilation operator of the quanta of the scalar field under
study.

An important feature that will be useful in analysing the
other non-standard sectors is that the expansion in (4.9) and
(4.14) can be inverted to obtain a0 in terms of the field1

a0(
q) = ia2(η)

∫
d3x

(2π)3/2 e
−i 
q·
x (y0(η, 
q)∗

↔
∂η ϕ(η, 
x)).

(4.15)

This is possible because the two solutions y0 and y∗
0 are lin-

early independent. Then, by using the canonical commutators
in (4.8), one finds necessarily

[a0(
k), a0(
q)†] = δ(
k − q), [a0(
k), a0(
q)] = 0. (4.16)

If we had normalised the modes in (4.13) differently we
would have found an extra factor multiplying δ(
k−q). There-
fore, what fixes the normalisation constants of the modes is

1 In order to verify Eq. (4.15) it is useful to notice that the quantity on the
right-hand side of (4.15) is independent of η (because y0(η, 
q)ei 
q·
x and
ϕ(η, 
x) are both solutions of the equations of motion) and can therefore
be evaluated in the limit η → −∞ where it becomes simple.

the requirement that the operators a0 and a†
0 satisfy the stan-

dard commutator relations for annihilation and creation oper-
ators. This is, however, not quite enough to identify a0 and
a†

0 as annihilation and creation operators, respectively. The
remaining step is done in Appendix B where we review how
the positivity of the norm of the quanta created and annihi-
lated by a†

0 and a0, respectively, guarantees that the Hamilto-
nian has a spectrum that is bounded from below. Similar con-
siderations will be useful to analyse the other non-standard
sectors.

4.1.2 Metric perturbations

We now turn to the metric perturbations � and �. As we have
already stated, � should be considered as a non-dynamical
field. To find the equation that fixes its value we perform the
variation of S(S) with respect to �, to obtain

− 4

3 f 2
2 M̄

2
Pa

2

∇4 (� + �) − 6H� ′ + 2 
∇2� − 6H2� = 0,

(4.17)

where 
∇4 = ( 
∇2)2.
The main phenomenologically interesting regime is the

superhorizon limit, η → 0, when a → ∞. We therefore
focus on this case first. Then the first term in (4.17) is small
and can be treated perturbatively in an expansion in 1/a. The
solution of (4.17) at next-to-leading order in this expansion
is

� = 1

3H2

∇2� − � ′

H + 2

9 f 2
2 M̄

2
Pa

2H2

∇4

(
� ′

H − �

)
.

(4.18)

We now insert this constraint for � in Eqs. (4.1) and (4.2)
and drop all the terms that go to zero in the a → ∞ limit, to
obtain

M̄2
P

2

∫
d4xa2

[
− 2

H (� 
∇2�)′ − 2� 
∇2� + 2

3H2 � 
∇4�

+ 4

3 f 2
2 M̄

2
Pa

2

(
2� ′ 
∇4�

H − � ′ 
∇4� ′

H2 − � 
∇4�

)]
.

(4.19)

The first two terms in the expression above are apparently the
leading ones, but notice that an integration by parts shows2

that they exactly cancel each other! Therefore, both the Ein-
stein contribution (the third term in this expression) and the
Weyl contribution (the one that is divided by f 2

2 ) have the
same behaviour as a → ∞. By taking the variation with
respect to � and using H = −1/η one obtains the equation

2 In order to see the cancellation one has to use the expression a(η) =
−1/(Hη) valid in de Sitter spacetime.
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� ′′

H2 − 2
� ′

H + f 2
2 M̄

2
Pa

2

2H2 � = 0. (4.20)

Notice that in the limit where f2 → ∞ one recovers Ein-
stein’s theory result for the de Sitter space, � = 0. The last
term in this equation was neither discussed nor shown in
[58], which performed a previous analysis of the �-sector.
We observe, however, that such term is important to recover
Einstein’s result. The general solution of (4.20) is a linear
combination of

η
(−1−

√
1−4M2

2 /H2)/2
, η

(−1+
√

1−4M2
2 /H2)/2

. (4.21)

When M2 = f2M̄P/
√

2 � H very intense oscillations pro-
duced by the last term in (4.20) make effectively � go to zero,
but for M2 < H we find a growth of � at superhorizon scales.
At the end of Sect. 4.2 we will show that this divergence is a
gauge artefact by showing that no divergences are present in
another gauge (the co-moving one). At the same time, how-
ever, (4.21) means that the Weyl term dominates even in the
superhorizon limit because this divergence comes from the
first two terms in (4.20), which come in turn from the Weyl
term. The reason why this happens is because the apparently
leading terms coming from the Einstein–Hilbert action in Eq.
(4.19) actually cancel each other. We conclude that the super-
horizon limit is a particular case of Weyl domination (up to
M2

2 /H2 corrections) not of Einstein domination. This some-
how differs from the classification proposed in [58]. Notice
that if the Weyl term dominates at superhorizon scales then it
dominates at any time because a large a suppresses the Weyl
contribution.

Therefore, we now consider the case of Weyl domination,
from where we will be able to take the superhorizon limit as
we have just explained. During Weyl domination ( f2 small)
the constraint of �, Eq. (4.17), implies

� = −�, (4.22)

which we insert in (4.1) and (4.2) to obtain the action of �:

S(S)
� =

∫
d4xL�, where

L� = a2

2
(−�̂ ′2 − �̂ 
∇2�̂ − 4H2�̂2), (4.23)

where �̂ ≡ √
6M̄P�. We see that �̂ is a ghost; it rep-

resents the helicity-0 component of the spin-2 ghost. This
type of fields require a special quantisation which we will
discuss. However, the usual canonical commutators remain
unchanged [33]. The conjugate momentum of �̂ is

�
�̂

= ∂L�

∂�̂ ′ = −a2�̂ ′ (4.24)

so the canonical commutators are

[�̂(η, 
x), �̂ ′(η, 
y)] = − i

a2 δ(3)(
x − 
y),
[�̂(η, 
x), �̂(η, 
y)] = 0, [�̂ ′(η, 
x), �̂ ′(η, 
y)] = 0.

(4.25)

We can now perform an expansion in three-dimensional plane
waves ei 
q·
x of the field,

�̂(η, 
x) =
∫

d3q

(2π)3/2 e
i 
q·
x�0(η, 
q). (4.26)

Notice that the hermiticity condition on � implies

�0(η, 
q)† = �0(η,−
q). (4.27)

The mode functions �̂0 are the solutions of the field equation
in momentum space

� ′′
0 + 2H� ′

0 + (q2 − 4H2)�0 = 0. (4.28)

The two independent solutions are

g0(η, q) = H |η|√
2q

(
1 − 3i

qη
− 3

q2η2

)
e−iqη

and its complex conjugate. (4.29)

We see that these functions reproduce the two solutions in
(4.21) up to M2

2 /H2 corrections; these corrections are the
effect of the Einstein–Hilbert term, which here we have
neglected, but which is of course important to recover Ein-
stein’s gravity when M2 � H . So, by using the hermiticity
condition in (4.27), we have

�0(η, 
q) = b0(
q)g0(η, q) + b0(−
q)†g0(η, q)∗, (4.30)

where b0(
q) is an operator, which will be identified with the
annihilation operator of the quanta of the scalar field under
study.

One can show now that the canonical commutators (4.25)
imply3

[b0(
k), b0(
q)†] = −δ(
k − q), [b0(
k), b0(
q)] = 0. (4.31)

In Appendix B we show that, by introducing a negative norm
to the states with an odd number of quanta created and anni-
hilated by b†

0 and b0, respectively, one obtains a Hamiltonian
that is bounded from below. A possible way of addressing
the issues generated by negative norms will be discussed in
Sect. 9. The expression of the Hamiltonian in terms of b†

0
and b0 found in Appendix B and the commutation relations

3 The fact that these commutation relations for b0 and b†
0 are implied

by the canonical commutators of the fields (for the normalisation of the
modes given in (4.29)) can be proved in the same way as we did for
scalar fields: one expresses b0 and b†

0 in terms of the field with a relation
analogue to (4.15) and then one uses the canonical commutators for the
fields. A normalisation of the modes different from the one in (4.29)
would have lead to a constant in front of δ(
k − q) in (4.31) different
from −1.
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in (4.31) allow us to interpret them as creation and annihila-
tion operators, respectively.

4.2 Inclusion of slow-roll

We now turn to the effect of a non-zero slow-roll.

4.2.1 Newtonian gauge

We start from the curvature perturbation R, which, in the
Newtonian gauge, reads

R = −� − H Ki jφ
′iϕ j

Klmφ′lφ′m . (4.32)

In our case R can be simplified by using the expression of
Ki j given in Eq. (2.20), which leads to

R = −� − H
∑

i φ
′iϕi∑

j φ
′ jφ′ j . (4.33)

As is well known, from R we can extract important observ-
able quantities, such as its power spectrum PR(q) and the
spectral index ns. In particular we are interesting in R at
superhorizon scales. Here we show that R in this case is
insensitive to the metric perturbation �, at least in the slow-
roll approximation and is therefore given by its known value
in the absence of the Weyl-squared term.

We start by considering the field equation for the scalar
field perturbations ϕi from Eq. (4.2):

0 = Ki jϕ
′′ j + 2HKi jϕ

′ j + 2γ a
jl Kaiφ

′lϕ′ j + 2HK ji,lφ
′ jϕl

+(K ji,lφ
′ j )′ϕl − Ki j 
∇2ϕ j + a2U,i, jϕ

j

−H(6� + 2�)K jiφ
′ j − (3� ′ + �′)K jiφ

′ j

−(3� + �)(K jiφ
′ j )′

+3� + �

2
Kl j,iφ

′lφ′ j + a2(� − 3�)U,i .

In the leading non-trivial slow-roll approximation we can
approximate � = −�, which was derived in the pure de
Sitter case, because � and � always appear multiplied by
some derivative of background quantities and therefore we
can use for them the zeroth-order slow-roll approximation.
We can also use the slow-roll approximations φ′iφ′ j ≈ 0,
φ′′i ≈ Hφ′i and the scalar field equation (2.28). By multi-
plying by Kim and summing over i we then obtain

ϕ′′m + 2Hϕ′m + 2γm
jl φ

′lϕ′ j + 3HKimK ji,lφ
′ jϕl

−
∇2ϕm + a2KimU,i, jϕ
j = 2φ′m� ′ + 2a2U ,m�. (4.34)

We now restrict the analysis to the scalar field perturbations
that are effectively massless. Indeed, as shown in the zeroth-
order slow-roll approximation in Sect. 4.1, only those fields
contribute in the superhorizon case. This means that we can

neglect the term a2KimU,i, jϕ
j in the equation above, which

can now be written

ϕ′′m + 2Hϕ′m − 
∇2ϕm = 2φ′m� ′ + 2a2U ,m� − 2γm
jl φ

′lϕ′ j

−3HKimK ji,lφ
′ jϕl . (4.35)

Since we want to find the solution ϕm in the next-to-leading
order in the slow-roll approximation we can substitute in
the right-hand-side of this equation the values for � and ϕi

that we have found in Sect. 4.1 in the pure de Sitter case;
we refer to these quantities as �dS and ϕi

dS. Equation (4.35)
then becomes an inhomogeneous equation with the following
source term:

2φ′m� ′
dS + 2a2U ,m�dS − 2γm

jl φ
′lϕ′ j

dS − 3HK imK ji,lφ
′ jϕl

dS

≈ 2φ′m� ′
dS + 2a2U ,m�dS, (4.36)

where in the latter approximation we have used the fact
that γm

jl φ
′lϕ′ j

dS goes as a and 3HKimK ji,lφ
′ jϕl

dS as a2 in

the superhorizon limit (having used φ′i ≈ −a2U ,i/(3H)

and ϕ′ j , ϕ j ∼ constant in that limit), while the other
terms 2φ′m� ′

dS + 2a2U ,m�dS go as a3 (having used the
behaviour of � given in Eq. (4.21) for a moderate ghost
mass4, M2 � H ). Equation (4.35) then becomes

ϕ′′m + 2Hϕ′m − 
∇2ϕm = 2φ′m� ′
dS + 2a2U ,m�dS. (4.37)

Moreover, notice that H appearing in the second term of
the left-hand-side of this equation can be replaced by the
corresponding quantity in the pure de Sitter case: indeed, Eq.
(2.25) shows that the difference between the pure de Sitter
H and the spacetime that takes into account the dynamics of
the scalar fields is beyond the next-to-leading order slow-roll
approximation that we are using here.

By using now the slow-roll equations φ′′i ≈ Hφ′i , φ′′′i ≈
2H2φ′i and H′ ≈ H2, as well as the equations of motion
(4.5) and (4.28), one finds that the following configuration is
a solution in the next-to-leading slow-roll approximation:

ϕi = ϕi
dS − φ′i

H �dS. (4.38)

By using this solution in Eq. (4.33) we find

R = −�dS − H
∑

i φ
′iϕi∑

j φ
′ jφ′ j = −H

∑
i φ

′iϕi
dS∑

j φ
′ jφ′ j , (4.39)

where we have substituted � → �dS in the first term of R
because in the second term we have two time-derivatives in
the denominator and only one in the numerator and thus going
to the next-to-leading order in the slow-roll approximation
in ϕi corresponds to the zeroth-order approximation in the

4 The opposite limit M2 � H corresponds to the limit in which Einstein
theory is recovered, together with its prediction for R.
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first term of R. We see that the dependence on the ghost can-
cels in R, which therefore reproduces the expression that we
have when gravity is described by Einstein’s theory coupled
to an arbitrary number of scalar fields. The corresponding
power spectrum and the spectral index ns will be recalled in
Sect. 7.

4.2.2 Co-moving gauge

We conclude this section by showing that the superhorizon
divergence of � is a gauge artefact. We extend the validity of
a previous argument of [58] to theories with a generic number
of scalar fields.

To do so we consider the co-moving gauge defined by5

δu = 0. Given that generically

δu = −a
Ki jφ

′iϕ j

Klmφ′lφ′m , (4.40)

setting δu = 0 with a gauge transformation starting from
the Newtonian gauge produces a non-diagonal metric for the
scalar perturbations of the form

ds2
scalar = a2(1 + 2A)dη2 − 2a∂i Bdηdxi

−a2(1 + 2R)δi jdx
idx j , (4.41)

where R is the curvature perturbation defined in (4.32),

B = Ki jφ
′iϕ j

Klmφ′lφ′m (4.42)

and A is obtained from the Newtonian potential � by adding
a term proportional to the time-derivative of aB and thus
does not represent another independent degree of freedom.

We have just shown thatR is not sensitive to the superhori-
zon divergence of �. As far as B is concerned, we observe
that Eq. (4.33) tells us

B = − 1

HR − 1

H�. (4.43)

The first term in B go to zero at superhorizon scales. Regard-
ing the second one we have to distinguish between two situ-
ations.

• M2
2 /H2 � 1/N . In this case also �/H is suppressed at

superhorizon scales, η ∼ e−N 	 1, where we have taken
into account the contribution of the Einstein–Hilbert term
to the superhorizon behaviour of �, Eq. (4.21).

5 Even in the multi-field case, the energy momentum tensor up to the
linear level in the perturbations has the form of a perfect fluid Tμν =
pgμν + (p + ρ)uμuν , where p is the pressure, ρ is the energy density
and uμ is the four-velocity of the perfect fluid (see e.g. [51]). We define
δu as the scalar component of the spatial part of the four-velocity, that
is, δui = ∂i δu + . . ., where the dots represent a divergenceless spatial
vector.

• M2
2 /H2 � 1/N . In this case the behaviours in (4.21)

practically reduce to 1/η and 1, meaning that B does
not vanish at superhorizon scales. Also in this situation,
however, B remains finite because H ≈ −1/η.

Reference [58] did not consider the first case. Here we include
it to keep the analysis general. Therefore, we conclude not
only that the divergence of � is a gauge artefact, but also
that this extra degree of freedom due to the ghost is either
suppressed in the superhorizon limit (for M2

2 /H2 � 1/N )
or remains finite (for M2

2 /H2 � 1/N ).

5 Vector perturbations

The contribution of SES to the quadratic action for the tensor
perturbations is

S(V )
ES = M̄2

P

4

∫
d4x a2(∂i V j )

2, (5.1)

where the space indices are contracted with the flat metric
δi j . The contribution of SW is instead

S(V )
W = − 1

2 f 2
2

∫
d4x(∂i V

′
j∂i V

′
j − Vi 
∇4Vi ). (5.2)

We explicitly checked that the presence of an arbitrary num-
ber of scalar fields does not change the form of S(V )

ES and

S(V )
W . In the case of S(V )

ES the check requires the use of the
background equations (2.24)–(2.25).

Thus the full action for vector perturbations SV = S(V )
ES +

S(V )
W is given by SV = ∫

d4xLV where

LV = M̄2
P

4

[
−a2Vj 
∇2Vj + 1

M2
2

(V ′
j

∇2V ′

j + Vi 
∇4Vi )

]
.

(5.3)

We observe that this action does not contain terms with four
time-derivatives. This follows from the fact that the Einstein–
Hilbert action (plus an arbitrary number of scalar fields) does
not lead to any propagating field with helicity 1 or −1, while
the massive ghost should provide two fields, one with helicity
1 and the other one with helicity −1. The Vi account for these
two fields. If we had found terms with four time-derivatives
for the Vi we would have a number of degrees of freedom
doubled with respect to the correct one.

We now introduce the conjugate momenta

Pi = ∂L

∂V ′
i

= M̄2
P

2M2
2


∇2V ′
i . (5.4)

The Laplace operator 
∇2 in the expression of the conjugate
momenta was missed in the previous studies of vector per-
turbations of [55]. As we will see, the presence of such an
operator modifies the momentum dependence of the vector
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modes and the commutation rules of the creation and anni-
hilation operators.

The quantisation is obtained as usual by imposing the
canonical commutators. In order to do so, however, one
should identify the independent degrees of freedom. The
condition in (3.2) tells us that for a plane wave with given
momentum 
q there are only two independent components.
So to identify the two independent degrees of freedom we go
to momentum space and write for Fj ≡ {Vj , Pj }

Fj (η, 
x) =
∫

d3q

(2π)3/2 e
i 
q·
x ∑

λ=±1

Fλ(η, 
q)eλ
j (q̂), (5.5)

where eλ
j (q̂) are the usual polarisation vectors for helicities

λ = ±1. We recall that for q̂ along the third axis the polari-
sation tensors that satisfy (3.2) are given by

e+1
1 = 1/

√
2, e+1

2 = i/
√

2, e+1
3 = 0, e−1

j = (e+1
j )∗

(5.6)

and for a generic momentum direction q̂ we can obtain eλ
j (q̂)

by applying to (5.6) a rotation that connects the third axis with
q̂ . The polarisation vectors defined in this way obey

eλ
j (q̂)(eλ′

j (q̂))∗ = δλλ′
. (5.7)

We can now impose the canonical commutators:

[Vλ(η, 
q), (Pλ′(η, 
k))†] = iδλλ′δ(3)(
q − k),

(and all the other commutators vanishing), (5.8)

which, according to the expansion in (5.5) and the condi-
tion in (5.7), lead to the following canonical commutators in
coordinate space:

[Vj (η, 
x), Pj (η, 
y)] = 2iδ(3)(
x − y),

(and all the other commutators vanishing). (5.9)

By taking the variation of the action we obtain the equations
of motion for the vector perturbations, which, working in
momentum space, read

V ′′
λ = −(q2 + M2

2a
2)Vλ. (5.10)

We now solve these equation in the pure de Sitter case, for
which a2(η) = 1/(H2η2). Indeed (2.25) shows that the error
that is produced in this way is beyond the next-to-leading
order slow-roll approximation that we are using here. By
defining z ≡ −qη and ρ ≡ H2/M2

2 we find

d2Vλ

dz2 +
(

1 + 1

ρz2

)
Vλ = 0, (5.11)

whose linearly independent solutions are6

f1(z) ≡ √
z J√

ρ−4
2
√

ρ

(z) + i
√
zY√

ρ−4
2
√

ρ

(z)

and its complex conjugate. (5.12)

We can therefore expand

Vλ(η, 
q) = γλ(
q) f1(−qη) + γ
†
−λ(−
q) f ∗

1 (−qη), (5.13)

where we have used the reality condition Vj (η, 
x)† =
Vj (η, 
x) for the fields in coordinate space, which corresponds
to Vλ(η, 
q)† = V−λ(η,−
q) in momentum space. The quan-
tities γλ(
q) are to be interpreted as operators in the quantum
theory, but their normalisation is not fixed. From the analysis
of the scalar sector we have learned that the way to properly
normalise them is to impose the canonical commutators and
require that the γλ together with their hermitian conjugate
satisfy the commutation rules for creation and annihilation
operators. To achieve this goal we observe that the γλ can be
expressed as a functional of Vi with a relation analogue to
(4.15). This shows that there is only one assignment for the
commutation rules satisfied by γλ. This assignment turns out
to be

[γλ(
q), γ
†
λ (
k)] = −cγ (q)

FF∗ δλλ′δ(3)(
q − 
k), (5.14)

and all the other commutators equal to zero, where

cγ (q) ≡ M2
2

M̄2
Pq

3
and F ≡ (1 − i)e

− 1
4 iπ

√
ρ−4
ρ

√
π

. (5.15)

Notice that without knowing ρ we cannot simplify FF∗ as
we leave open the possibility that ρ < 4. These commutators
can be brought into the more standard form

[cλ(
q), c†
λ(


k)] = −δλλ′δ(3)(
q − 
k) (5.16)

by defining

cλ(
q) ≡ F√
cγ (q)

γλ(
q), (5.17)

which also leads to the properly normalised modes

g1(η, q) =
√

πM2e
i π

4

(
1+

√
1−4

M2
2

H2

)

√
2M̄Pq3/2

×√−qη

⎛
⎝J√

1
4 − M2

2
H2

(−qη) + iY√
1
4 − M2

2
H2

(−qη)

⎞
⎠

(5.18)

6 The label 1 on f1 has been introduced to emphasise that we are in the
helicity ±1 sector.

123



267 Page 12 of 22 Eur. Phys. J. C (2017) 77 :267

such that the initial function can be expressed as follows:

Vλ(η, 
q) = cλ(
q)g1(η, q) + c†
−λ(−
q)g∗

1(η, q). (5.19)

In a previous calculation Ref. [55] found the opposite result
for the commutator in (5.16). This difference is due to the fact
that we took into account the operator 
∇2 in the definition of
the conjugate momenta, Eq. (5.4), which effectively changes
the overall sign when going to momentum space: 
∇2 →
−q2.

The expression of g1 we find differs from the previous
determinations of Ref. [55]: we have a factor of q3/2 in the
denominator, instead of q1/2; this difference is also due to
the fact that we took into account the operator 
∇2 in the
definition of the conjugate momenta. We also observe that for
M2 > H/2 a complex exponential appearing in g1 becomes
real,

e
i π

4

√
1−4

M2
2

H2 = e
− π

4

√
4
M2

2
H2 −1

, (M2 > 2H), (5.20)

and exponentially suppresses the ghost mode g1 for M2 �
H . This is what we expect because for M2 � H the effect of
the ghost on the inflationary perturbations should disappear.
Notice, moreover, that for any value of M2 the vector modes
g1 are suppressed7 at superhorizon scales.

We have seen from the analysis of the scalar perturba-
tions that the commutation rules in (5.16) are not enough
to identify cλ and c†

λ as annihilation and creation operators,
respectively, but one should see how these operators appear
in the Hamiltonian. This is done in Appendix A, where this
identification is justified and it is also shown that the Hamil-
tonian does not have negative eigenvalues, at least when it is
conserved, if one introduces a negative norm for the states
with an odd number of quanta created by c†

λ.

6 Tensor perturbations

The contribution of SES to the quadratic action for the tensor
perturbations is well known (see for example the textbook
[50])

7 To see this one can use the expansions of the Bessel functions for
small z:

Jn(z) = zn
(

2−n

�(n + 1)
+ O(z2)

)
, (5.21)

Yn(z) = z−n
(

−2n�(n)

π
+ O(z2)

)

+zn
(

−2−n cos(nπ)�(−n)

π
+ O(z2)

)
. (5.22)

Notice that the superhorizon limit consists in taking η ∼ e−N , but
even if M2

2 /H2 � 1/N , we would have a suppression of order M2/H
(compared to the scalar modes in (4.13)) due to the overall coefficient
in (5.18).

S(T )
ES = M̄2

P

8

∫
d4x a2(h′

i j h
′
i j + hi j 
∇2hi j ). (6.1)

The contribution of SW is instead

S(T )
W = − 1

4 f 2
2

∫
d4x(h′′

i j h
′′
i j + 2h′

i j

∇2h′

i j + hi j 
∇4hi j ).

(6.2)

One can explicitly check that the presence of an arbitrary
number of scalar fields do not change the form of S(T )

ES and

S(T )
W ; the check for S(T )

ES requires the use of the background
equations (2.24)–(2.25).

The quadratic action for the tensor perturbations ST =
S(T )

W + S(T )
EH can be written in terms of the Lagrangian in the

usual way ST = ∫
d4xLT , where

LT = M̄2
Pa

2

8
(h′

i j h
′
i j + hi j 
∇2hi j )

− M̄2
P

8M2
2

(h′′
i j h

′′
i j + 2h′

i j

∇2h′

i j + hi j 
∇4hi j ). (6.3)

We now introduce the canonical formalism that is suitable
to quantise the system. To do so we use the Ostrograd-
sky canonical method [78,79]; this method was introduced
for Lagrangians without explicit dependence on time, but
they can be applied without significant modifications in the
present case where the Lagrangian does have such depen-
dence (due to the cosmological scale factor), as explained in
Appendix A. This system with four derivatives can be trans-
formed into one with two derivatives by doubling the degrees
of freedom

h(1)
i j = hi j , h(2)

i j = h′
i j . (6.4)

We can define the conjugate variables as follows:

p(1)
i j = δL

δh′(1)
i j

, p(2)
i j = δL

δh′(2)
i j

, (6.5)

where we have introduced the variational derivatives for a
generic variable X

δL

δX
= ∂L

∂X
− d

dt

∂L

∂ Ẋ
, (6.6)

which generalises the usual formula to four-derivative theo-
ries. We obtain

p(1)
i j = M̄2

P

4

(
a2h′

i j − 2

M2
2


∇2h′
i j + 1

M2
2

h′′′
i j

)
,

p(2)
i j = − M̄2

P

4M2
2

h′′
i j . (6.7)

The quantisation is obtained as usual by imposing the canon-
ical commutators. In order to do so, however, one should
identify the independent degrees of freedom. The conditions
in (3.3) tell us that for a plane wave with given momentum 
q
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there are only two independent components for each canon-
ical variable. So to identify the two independent degrees of
freedom we go to momentum space and write for Fi j ≡
{h(1)

i j , p(1)
i j , h(2)

i j , p(1)
i j },

Fi j (η, 
x) =
∫

d3q

(2π)3/2 e
i 
q·
x ∑

λ=±2

Fλ(η, 
q)eλ
i j (q̂), (6.8)

where eλ
i j (q̂) are the usual polarisation tensors for helicities

λ = ±2. We recall that for q̂ along the third axis the polari-
sation tensors that satisfy (3.3) are given by

e+2
11 = −e+2

22 = 1/2, e+2
12 = e+2

21 = i/2, e+2
3i = e+2

i3 = 0,

e−2
i j = (e+2

i j )∗, (6.9)

and for a generic momentum direction q̂ we can obtain eλ
i j (q̂)

by applying to (6.9) a rotation that connects the third axis with
q̂ . The polarisation tensors defined in this way obey

eλ
i j (q̂)(eλ′

i j (q̂))∗ = δλλ′
. (6.10)

As expected the tensor sector includes two fields with helic-
ities ±2: they correspond to the graviton and the helicity
±2 components of the spin-2 ghost. These two fields make
together the field hi j with a four-derivative Lagrangian. We
can now impose the canonical commutators to the variable
Fλ:

[h(l)
λ (η, 
q), p(l ′)

λ′ (η, 
k)†] = iδλλ′δll
′
δ(3)(
q − 
k),

(and all the other commutators vanishing), (6.11)

which, according to the expansion in (6.8) and the condition
in (6.10), lead to the following canonical commutators in
coordinate space:

[h(l)
i j (η, 
x), p(l ′)

i j (η, 
y)] = 2iδll
′
δ(3)(
x − y).

(and all the other commutators vanishing). (6.12)

Now that we know how to quantise we come back to the
action in (6.3) and the associated equation

(a2h′
i j )

′ − a2 
∇2hi j + 1

M2
2

(h′′′′
i j − 2 
∇2h′′

i j + 
∇4hi j ) = 0.

(6.13)

By using the expansion in (6.8) for hi j we obtain

(a2h′
λ)

′ + a2q2hλ + 1

M2
2

(h′′′′
λ + 2q2h′′

λ + q4hλ) = 0.

(6.14)

Notice that, again, we can replace a2 and H here with the
their pure de Sitter expressions, a2(η) = 1/(H2η2) and
H = −1/η: indeed (2.25) shows that the error that is pro-
duced in this way is beyond the next-to-leading order slow-
roll approximation, which we are using here. We then obtain

d4

dz4 hλ + 2
d2

dz2 hλ + hλ + 1

ρ

[
d

dz

(
1

z2

d

dz
hλ

)
+ 1

z2 hλ

]
= 0,

(6.15)

where we have introduced again z ≡ −qη and ρ ≡ H2/M2
2 .

We now follow the method of [52,54] to solve this equation
and improve it, showing that it provides all the linearly inde-
pendent solutions. We write the differential operator appear-
ing in this equation,

Dz ≡ d4

dz4 + 2
d2

dz2 + 1 + 1

ρ

(
1

z2

d2

dz2 − 2

z3

d

dz
+ 1

z2

)
,

(6.16)

in two equivalent ways

Dz =
(

d2

dz2 + 2

z

d

dz
+ 1 + 1

ρz2

)(
d2

dz2 − 2

z

d

dz
+ 1

)
,

(6.17)

Dz =
(

1

z2

d2

dz2 − 2

z3

d

dz
+ 1

z2

)

×
(
z2 d2

dz2 − 2z
d

dz
+ 2 + z2 + 1

ρ

)
. (6.18)

Therefore, the solutions of the two second order equations

(
d2

dz2 − 2

z

d

dz
+ 1

)
hλ = 0,

×
(
z2 d2

dz2 − 2z
d

dz
+ 2 + z2 + 1

ρ

)
hλ = 0 (6.19)

are all solutions of the four-derivative equation in (6.15); we
also show now that they are all linearly independent. Substi-
tuting hλ → zμ(1)

λ in the first equation and hλ → zμ(2)
λ in

the second one we obtain the equivalent equations

d2μ
(1)
λ

dz2 +
(

1 − 2

z2

)
μ

(1)
λ = 0,

d2μ
(2)
λ

dz2 +
(

1 + 1

ρz2

)
μ

(2)
λ = 0. (6.20)

The two linearly independent solutions of the first equation
are

1 − i z

z
eiz and its complex conjugate, (6.21)

while the two linearly independent solutions of the second
one are

√
z J√

ρ−4
2
√

ρ

(z) + i
√
zY√

ρ−4
2
√

ρ

(z) and its complex conjugate.

(6.22)
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Now, given the hermiticity condition of the field in momen-
tum space, hλ(η, 
q)† = h−λ(η,−
q) we can write8

hλ(η, 
q) = αλ(
q)w2(−ηq) + βλ(
q) f2(−ηq)

+α
†
−λ(−
q)w∗

2(−ηq) + β
†
−λ(−
q) f ∗

2 (−ηq),

(6.23)

where

w2(z) ≡ (1 − i z)eiz,

f2(z) ≡ z3/2
(
J√

ρ−4
2
√

ρ

(z) + iY√
ρ−4

2
√

ρ

(z)

)
(6.24)

and αλ(
q) and βλ(
q) are suitable coefficient (to be interpreted
as operators in the quantum theory). Their normalisation can
be fixed with a method similar to the one used for scalar
and vector perturbations. However, the situation here is more
complicated because we have four functions instead of two.
We find that these four functions w2, w∗

2 , f2, f ∗
2 are linearly

independent: their Wronskian,

Wronskian =

∣∣∣∣∣∣∣∣

w2 w∗
2 f2 f ∗

2
w′

2 w′∗
2 f ′

2 f ′∗
2

w′′
2 w′′∗

2 f ′′
2 f ′′∗

2
w′′′

2 w′′′∗
2 f ′′′

2 f ′′′∗
2

∣∣∣∣∣∣∣∣
, (6.25)

is never zero as shown in Fig. 1. It follows that we can
always express αλ(
q), βλ(
q), α

†
−λ(−
q), β

†
−λ(−
q) as linear

functionals of hλ(η, 
q). Therefore, there exists only one
assignment of the commutation rules of these four oper-
ators, which satisfy the canonical commutators in (6.11)
(this result eliminates a loophole of previous determina-
tions where the uniqueness of the commutation rules of
αλ(
q), βλ(
q), α

†
−λ(−
q), β

†
−λ(−
q) was not proved).

The commutation rules we find are

[αλ(
q), α
†
λ′(
k)] = cα(q)δλλ′δ(3)(
q − 
k),

[βλ(
q), β
†
λ′(
k)] = − cα

F∗F δλλ′δ(3)(
q − 
k) (6.26)

and all the other commutators are equal to zero, where

cα(q) ≡ 2H2

M̄2
Pq

3(1 + 2ρ)
, F ≡ (1 − i)e

− 1
4 iπ

√
ρ−4
ρ

√
π

. (6.27)

These commutators can be brought into the more standard
form

[aλ(
q), a†
λ′(
k)] = δλλ′δ(3)(
q − 
k),

[bλ(
q), b†
λ′(
k)] = −δλλ′δ(3)(
q − 
k), (6.28)

by defining

aλ(
q) ≡ 1√
cα(q)

αλ(
q), bλ(
q) ≡ F√
cα(q)

βλ(
q), (6.29)

8 The label 2 on these functions reminds us that we are dealing with
the helicity ±2 sector.
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Fig. 1 The Wronskian of the four solutions of the tensor perturbations
on de Sitter space, defined in Eq. (6.25) as a function of the ratio between
the Hubble rate and the ghost mass, showing that the solutions are
linearly independent. The inset shows the behaviour for H < 2M2
with a logarithmic vertical scale. The Wronskian does not depend on
z because the fourth order equation (6.15) does not have the term with
three derivatives (Liouville theorem)

which also leads to properly normalised modes

y2(η, q) =
√

2H

M̄Pq3/2
√

1 + 2 H2

M2
2

(1 + iqη)e−iqη, (6.30)

g2(η, q) =
√

πHe
i π

4

(
1+

√
1−4

M2
2

H2

)

M̄Pq3/2
√

1 + 2 H2

M2
2

(−qη)3/2

⎛
⎝J√

1
4 − M2

2
H2

(−qη) + iY√
1
4 − M2

2
H2

(−qη)

⎞
⎠

such that the initial function can be expressed as follows:

hλ(η, 
q) = aλ(
q)y2(η, q) + bλ(
q)g2(η, q)

+a†
−λ(−
q)y∗

2 (η, q) + b†
−λ(−
q)g∗

2(η, q).

(6.31)

The commutator on the left of (6.28) is the standard one
for the graviton while the one on the right corresponds to
the ghost. In Appendix B.3 we give a rationale for identi-
fying aλ and bλ as annihilation operators and a†

λ and b†
λ as

creation operators; we also show there that the Hamiltonian
does not have any negative energy eigenvalue provided that
the norms of the states created by a†

λ are positive and those
with an odd number of b-quanta are negative. Notice that the
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expression for y2 we find reduces to the standard graviton
de Sitter mode when M2 � H , but for H 	 M2 it is sup-
pressed. The expressions of y2 and g2 agree with the previous
determinations of Refs. [52,54]. However, we observe here
that for M2 > 2H a complex exponential appearing in g2

becomes real,

e
i π

4

√
1−4

M2
2

H2 = e
− π

4

√
4
M2

2
H2 −1

, (M2 > 2H), (6.32)

and exponentially suppresses the ghost mode g2 for M2 � H
(just like what happened for the vector mode g1). This is what
we expect because for M2 � H the effect of the ghost on
the inflationary perturbations should disappear.

Notice that the tensor modes associated with the ghost,
g2(η, q), vanish at superhorizon scales, η → 0, even faster
than the vector modes. On the other hand, the modes y2(η, q),
associated with the ordinary graviton, do not vanish in this
limit.

7 Observational quantities

We consider the power spectrum of the perturbations that sur-
vive at superhorizon scales, namely the curvature perturba-
tion and the perturbations associated with the ordinary gravi-
ton, with modes given in Eq. (6.30), and, if M2

2 /H2 � 1/N ,
the extra scalar perturbation B. Besides these ones, as usual,
the presence of several scalar fields might lead to additional
isocurvature modes, which are constrained by observations
(see e.g. [60]). We do not enter the analysis of such effects
because they are model-dependent and we wish to keep the
analysis general here. Such perturbations can be suppressed
by an inflationary attractor that effectively reduces the sys-
tem to a single-field one. The presence of such an attractor
has been established in [10] in some models of the sort we
analyse here (see also the analysis of the specific model of
Sect. 8).

In Sect. 4 we have seen that the curvature perturbation
R does not receive sizeable corrections from the ghost in
the slow-roll approximation. Therefore, the associated power
spectrum PR(k) is (see e.g. [61])

PR(q) =
(

H

2π

)2

N,i N
,i . (7.1)

Here the field dependent number of e-folds N (φ) is defined in
Eq. (2.35) and in this section we compute the power spectra
at horizon exit q = aH . The corresponding spectral index
ns is given in terms of the slow-roll parameters ε and ηi j in
(2.31) and (2.32) by [61,62]

ns = 1 − 2ε − 2

M̄2
PlN,i N ,i

+ 2ηi j N ,i N , j

N,k N ,k
. (7.2)

In Sect. 6, we have seen that the perturbation associated with
the ordinary graviton is suppressed with respect to the usual
expression in Einstein gravity (see for example the textbook
[63]) by a factor of (1+2H2/M2

2 )−1/2. Therefore, the power
spectrum of tensor perturbations is given by

Pt = 1

1 + 2H2

M2
2

8

M̄2
Pl

(
H

2π

)2

. (7.3)

By taking the ratio between this equation and (7.1) we obtain
the tensor-to-scalar ratio

r ≡ Pt

PR
= 1

1 + 2H2

M2
2

8

M̄2
PlN,i N ,i

. (7.4)

Also, we have seen in Sect. 4 that, in addition to R, there
is another scalar perturbation, denoted with B, that survives
at superhorizon scales for M2

2 /H2 � 1/N . The power spec-
trum PB of the spatial gradient of B has been computed in
[58] for a single-field inflationary model. The results of Sect.
4 show that the same formula holds for a general matter sec-
tor. It turns out to be the same as the tensor power spectrum
in Einstein’s gravity, except that it is smaller by a factor of
about ≈ 5:

PB = 3

2M̄2
P

(
H

2π

)2

. (7.5)

We will conveniently parameterise the effect of B as is done
for the tensor perturbations: we introduce the ratio

r ′ ≡ PB

PR
= 3

2M̄2
PlN,i N ,i

. (7.6)

Many models of inflation based on Einstein’s gravity pre-
dict a tensor power spectrum that is small compared to the
curvature power spectrum. Notice also that the correlation
between the power spectrum of this isocurvature mode and
R is suppressed at superhorizon scales: indeed, B contains
only the creation and annihilation operators of �, while R
only those of the scalar field fluctuations ϕi at these scales
and in the slow-roll approximation. Therefore, the bounds on
isocurvature power spectra of the last Planck data [60] can
easily be fulfilled.

We see that the main observational implication of the pres-
ence of the ghost in the inflationary perturbations is to sup-
press r and to introduce another scalar perturbation for small
ghost masses, M2 � H/

√
N . The spectral index ns and the

power spectrum PR in general is insensitive to the ghost. We
also stress that this conclusion is independent of the matter
content of the theory.
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8 An example: the Higgs and the planckion

We apply now the results we obtained to a simple, yet realistic
setup: we assume that the only scalar fields that can be active
during inflation are the Higgs field, a scalar s that generates
the Planck scale9 through its VEV 〈s〉, that is M̄2

P = ξs〈s〉2,
and of course ζ , which corresponds to the R2 term in the
Lagrangian (see Sect. 2.1). Because the Planck mass is due
to s, this field can be thought of as a Higgs of gravity. In Refs.
[10,64,65] it has been shown that ordinary Higgs inflation
[66–72] (because of the sizeable running of its quartic self-
coupling [73–75]) always plays a subdominant role during
inflation. One can therefore restrict attention to s and ζ .

There is mixing between s and ζ and the mass eigenvalues
are [3,10]

M± = M2
s + ξcM2

0

2
± 1

2

√
(M2

s + ξcM2
0 )2 − 4M2

s M
2
0 ,

(8.1)

where M2
0 ≡ f 2

0 M̄
2
P/2, M2

s ≡ 〈∂2V/∂s2〉 and ξc ≡ 1 + 6ξs.
In Refs. [3,10] inflation has been considered in this setup,

but assuming that the ghost does not play a significant role.
This is always the case at the background level as the FRW
metric is conformally flat and the effect of the Weyl-squared
term vanishes. That is also the case at the linear level in the
perturbations whenever the ghost mass satisfies M2 � H .
Here we would like to extend this analysis to smaller val-
ues of M2. By taking into account the Weyl-squared term, in
addition to R and the tensor perturbation there is in general
another relevant perturbation: the isocurvature scalar mode

9 The conditions on the field content to achieve this dynamical gen-
eration of the Planck scale have been discussed in [3]. Here ξs is the
non-minimal coupling between s and the Ricci scalar, appearing in the
Lagrangian as −ξss2R/2.

B. The corresponding power spectra have been given in the
general case in Sect. 7. We assume here M2

2 /H2 � 1/N
because the other case M2

2 /H2 � 1/N can be simply
obtained by neglecting B.

As shown in [10], there is an inflationary attractor that
effectively reduces the system to a single-field inflationary
model: this single field is in general a combination of s and
ζ , which, however, reduces to s when M0 � Ms and to z in
the other limit. These two cases correspond to the following
predictions.

• For M0 � Ms (s-inflation) the inflationary predictions
are

ns ≈ 1 − 2

N

N≈60≈ 0.967, r ′ ≈ 3

2N

N≈60≈ 0.025

r ≈ 1

1 + 2H2

M2
2

8

N

N≈60≈ 0.13

1 + 2H2

M2
2

. (8.2)

The scalar amplitude PR = M2
s N

2/(6π2M̄2
P) is repro-

duced for Ms ≈ 1.4 × 1013 GeV.
• In the opposite limit (ζ -inflation) one realises Starobin-

sky’s inflation and the inflationary predictions are

ns ≈ 1 − 2

N

N≈60≈ 0.967, r ′ ≈ 9

4N 2

N≈60≈ 0.0006,

r ≈ 1

1 + 2H2

M2
2

12

N 2

N≈60≈ 0.003

1 + 2H2

M2
2

. (8.3)

The scalar amplitude PR = f 2
0 N

2/(48π2) is reproduced
for f0 ≈ 1.8 × 10−5.

In Fig. 2 we present r ′ and ns for intermediate values of
M0/Ms. The corresponding value of r is given by

/

/

/

/

Fig. 2 The ratio r ′ between the isocurvature power spectrum PB of
(the gradient of) B and the curvature power spectrum PR as defined in
Eq. (7.6), as a function of the ratio between the two mass parameters of
ζ and s, respectively, setting the dominant inflaton (as explained in the

text). The corresponding values of r are given in Eq. (8.4). The insets
show the values of ns. An interval of e-folds of 55 < N < 65 is con-
sidered (N suppresses r ′ and enhances ns). The plot on the left show
the results for ξs = 0.1, while that on the right for ξs = 1

123



Eur. Phys. J. C (2017) 77 :267 Page 17 of 22 267

r = 16r ′

3

(
1 + 2H2

M2
2

) , (8.4)

where we combined (7.5), (7.6), (7.3) and (7.4). We see that
r is strongly suppressed when M2 	 H : this limit is relevant
because, for example, the maximal value of M2 compatible
with the solution of the hierarchy problem discussed in [3] is
∼1011 GeV, while the typical value of the inflationary H in
this setup is ∼1013 GeV. We find that r ′ satisfies the bound on
isocurvature power spectra of [60] by taking an appropriate
value of f0 (this condition is required to match the observed
PR and leads typically to f0 ∼ 10−5); in the limit of pure
s-inflation we find, however, that the bounds are very close
to the predictions, which suggests that this possibility can be
tested with future observations [76]. The prediction of ns is
quite stable as a function of M0/Ms and agrees well with
the bounds of [60]. Finally, r always satisfies the bounds of
[60] when M0 	 Ms. In the opposite limit there is some
tension when M2 � H as s-inflation is essentially due to a
quadratic potential that predicts a rather large value of r . This
tension, however, disappears if we take instead M2 	 H , as
suggested by Ref. [3]. We see that a relatively light ghost can
allow even an inflation due to a quadratic potential.

9 Issues due to the Weyl-squared term

Depending on how the probability is defined, the decay width
of the ghost, �2, may be negative leading to interpretational
issues. Feynman has pointed out that negative probabilities
are still acceptable if the corresponding events are somewhat
unobservables [77]. The processes affected by �2 < 0 in
our case might be interpreted as nothing but intermediate
processes of complete events with positive total probability,
along the lines of [29,77]. In the early universe these consist
typically of decays of the inflaton into ghosts and other par-
ticles followed by ghost decays, which lead to total positive
probabilities.

Ref. [49] pointed out,10 however, that such intermediate
processes lead to a microscopic violation of causality; to
show this the authors considered two stable particles pre-
pared in some initial state that come close enough to interact
through the exchange of a ghost, and they are later detected.
Reference [49] considered a scalar ghost on flat space; it is
not known whether the same result holds for a spin-2 state
on de Sitter spacetime and we leave a complete analysis for
future work. However, even if it were the case some neces-
sary conditions should be met to conclude that causality is
violated: first, the energy should not be much smaller than the
ghost mass in order to see these effects; second, one should

10 See also [48] for a previous discussion by Coleman.

be able to tell where the initial and final particles are and
what their momenta are (otherwise it would not be possible
to reconstruct where and when the ghost is annihilated and
produced). The first condition forces H orT to be comparable
or larger than the ghost mass. The second condition implies
that the initial and final particles should be non-relativistic
and can only be met if H and the temperature T are much
smaller than the mass of the colliding particles. We observe
that stable particles with masses fulfilling the second condi-
tion do not necessarily exist in a given no-scale model; for
example, in the case of Sect. 8 the inflatons have typically
masses of order 1013 GeV, but they are unstable [10]. Even if
all the necessary conditions to have acausality were satisfied
we now argue that the possible acausal processes are diluted
by the expansion of the universe.

First ignore finite temperature effects and consider the
inflationary period. In this section we denote with Hinf the
corresponding Hubble rate. Given that (for moderate exten-
sions of the Standard Model) |�2| � M3

2/M̄2
P [42], for11

M2 � Hinf we see that �2 is small compared to the Hubble
rate during inflation.

Indeed, the observational constraint on Hinf from the
Planck observatory, Hinf < 3.6 × 10−5M̄P (see sec 5.1 of
[60]) implies �2 � 10−9Hinf . Therefore, the effect of the
possible acausal processes would be diluted by the universe
expansion. The dilution takes place even later, as long as
|�2| � H , and is described by the Boltzmann equation for
the ghost number density ng, ṅg + 3Hng ∼ −�2ng, which
leads to a decreasing ng for H � |�2|.

On the other hand, when H becomes smaller than �2 it
is also much smaller than the ghost mass and the possible
acausal processes cannot be observable as argued before (we
are using here M2 � �2 which is amply satisfied whenever12

M2 	 M̄P).
Finally, let us consider the finite temperature effects.

Effectively, the maximal temperature reached during the uni-
verse expansion is the reheating temperature. This quantity
has been computed in [10], at least in some realisations of
the no-scale scenario, and turns out to be not larger than 109

GeV. This is much smaller than M2 if one saturates the bound
M2 � 1011 GeV of [3], required to solve the hierarchy prob-
lem, and no sizeable effects due to the ghost are expected.

10 Conclusions

In this work we have analysed all inflationary perturba-
tions in the most general (classically) scale-invariant the-

11 The case M2 � Hinf should be viable because corresponds to a
decoupled ghost during inflation.
12 The opposite case M2 � M̄P obviously does not create phenomeno-
logical problems because it corresponds to a ghost decoupled for ener-
gies below the Planck scale.
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ory: this includes all terms quadratic in curvature (the R2

and the Weyl-squared terms), the most general no-scale mat-
ter Lagrangian and the non-minimal couplings between the
scalar fields and R. The scales we observe in nature are gen-
erated dynamically through dimensional transmutation, in
which scale-invariance is broken by quantum effects.

The main results we have found are the following.

• We have performed a detailed and careful analysis of all
sectors: scalar, vector and tensor perturbations. The cor-
responding modes are found by means of a Lagrangian
approach. We have also shown that the full conserved
Hamiltonian for all the perturbations does not feature
negative energies if appropriately quantised. An expla-
nation is provided for how the behaviour of ordinary
Einstein’s gravity coupled to a generic matter sector is
recovered when the ghost mass M2 is much bigger than
the Hubble rate during inflation Hinf .

• The expressions of all the (potentially) observable quan-
tities derived from the relevant power spectra are pre-
sented for the most general scale-invariant theory: the
curvature power spectrum with the corresponding scalar
spectra indexns, the tensor power spectrum and the power
spectrum of an isocurvature mode B associated with the
helicity-0 component of the spin-2 ghost.

• Then these general results have been applied to a spe-
cific concrete model where the scalar sector features
the planckion s (the scalar field whose VEV generates
the Planck scale) and the Higgs field, in addition to, of
course, the Starobinsky scalar ζ due to the R2 term. When
M2 � Hinf we recover the results of [10]. For smaller
values of M2 the tensor-to-scalar ratio r becomes sup-
pressed and allows s-inflation (which is instead generi-
cally in tension with observations for M2 > Hinf ). More
generally, M2 < Hinf render viable a large class of mod-
els which were in tension with the most recent obser-
vations by Planck [60], such as inflationary models with
quadratic potentials. For these small values of M2 there is
a scalar isocurvature mode, B, which, however, is consis-
tent with the bounds on the isocurvature power spectra of
[60]. Interestingly, however, its power spectrum is rather
close to the observational bounds for s-inflation, leading
to the possibility to test this model with future observa-
tions.

• We have also argued that the possible issues due to the
spin-2 ghost associated with the Weyl-squared term do
not create phenomenological problems in some no-scale
models, at least when M2 is close to the upper bound
which ensures the naturalness of the Higgs mass, M2 ≤
1011 GeV.

The present work has several possible future applica-
tions. For example, it would be interesting to apply the gen-

eral formulae derived here to no-scale models where scale-
invariance is broken by non-perturbative effects [1] and in
general to many no-scale models, other than the one consid-
ered in Sect. 8. Also, the identification of the quantum pertur-
bations we have performed, with the associated Hilbert space
and energy spectra, opens the way to a consistent analysis of
non-linear quantum effects on cosmological backgrounds.
Perhaps the results of [33] on the quantisation of interacting
four-derivative theories can be useful in such analysis.
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A Lagrange and Hamilton methods in four-derivative
theories

Let us consider a physical system described by a certain num-
ber of coordinates qi . The case of fields can be obtained by
promoting the index i to a space coordinate 
x . We restrict
our attention to systems described by equations of motion
with at most four time-derivatives and with a Lagrangian
that depends on q, q ′, q ′′ (we here understand the index i)
and a possible explicit dependence on time η:

L(q, q ′, q ′′, η). (A.1)

The case in which L does not explicitly depend on time has
been considered in [79]. We here extend this formalism to a
possible time-dependence, which is relevant when studying
the perturbations around cosmological backgrounds (see e.g.
Sect. 6).

The minimal action principle tells us that the variation δS
of the corresponding action with respect to variations δq of
the coordinates that vanish on the time boundaries should be
zero:13

0 = δS =
∫ (

∂L

∂q
δq + ∂L

∂q ′ δq
′ + ∂L

∂q ′′ δq
′′
)

. (A.2)

By integrating by parts the second term once and the third
term twice we obtain the Lagrange equations of motion for
four-derivative theories

13 The summation on the index i is understood: for example ∂L
∂q δq ≡∑

i
∂L
∂qi

δqi .
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d

dη

(
∂L

∂q ′ − d

dη

∂L

∂q ′′

)
= ∂L

∂q
. (A.3)

We can move to the Hamilton approach by defining two
canonical coordinates

q1 ≡ q, q2 ≡ q ′. (A.4)

In this case the useful way of defining the conjugate momenta
is

pl ≡ δL

δq ′
l

≡ ∂L

∂q ′
l

− d

dη

∂L

∂q ′′
l

, (A.5)

where the index l runs over 1, 2. Let us see why. First, we
assume that we can invert the relations (A.4) and (A.5) and
obtain q, q ′, q ′′ as a function of q1, q2, p1, p2. This assump-
tion is satisfied for example in the tensor sector studied in
Sect. 6. Then define as usual the Hamiltonian H as

H = q ′
l pl − L(q, q ′, q ′′, η) (A.6)

and regard H as a function of ql , pl and η only:

H = H(ql , pl , η). (A.7)

We now consider an infinitesimal variation of the Hamilto-
nian and we compute it in two different ways, by using (A.6)
and (A.7). Respectively we have

dH = pldq
′
l + q ′

ldpl − ∂L

∂q
dq − ∂L

∂q ′ dq ′ − ∂L

∂q ′′ dq ′′ − ∂L

∂η
,

(A.8)

dH = ∂H

∂ql
dql + ∂H

∂pl
dpl + ∂H

∂η
. (A.9)

By using

∂L

∂q ′′ = ∂L

∂q ′
2

= ∂L

∂q ′
2

− d

dη

∂L

∂q ′′
2

= p2 (A.10)

(where we observed that L does not depend on q ′′
2 = q ′′′ in

four-derivative systems) and

∂L

∂q ′ = p1 + d

dη

∂L

∂q ′′ (A.11)

in the first expression of dH we obtain

dH = q ′
ldpl − ∂L

∂q
dq − d

dη

∂L

∂q ′′ dq ′ − ∂L

∂η

= q ′
ldpl − ∂L

∂q
dq − p′

2dq ′ − ∂L

∂η
. (A.12)

The use of the Lagrange equation allows one to write the
term ∂L

∂q dq as follows:

∂L

∂q
dq = d

dη

(
∂L

∂q ′ − d

dη

∂L

∂q ′′

)
dq = p′

1dq (A.13)

so

dH = q ′
ldpl − p′

ldql − ∂L

∂t
. (A.14)

By comparing now this expression with the one in (A.9) we
obtain

q ′
l = ∂H

∂pl
, p′

l = −∂H

∂ql
,

∂H

∂η
= −∂L

∂η
. (A.15)

Therefore we see that in four-derivative systems with a
possible time-dependence the Hamilton equations have the
standard form provided that the definition of the conjugate
momenta are modified according to (A.5).

B Hamiltonian approach

We study here the Hamiltonian of the system on de Sitter
spacetime and its spectrum. We show that, with an appro-
priate quantisation, the full Hamiltonian has a non-negative
spectrum when it is conserved.

B.1 Scalar perturbations

Let us start with the scalar fields ϕ. We will consider this stan-
dard case in detail first and then extend the methods devel-
oped here to the other sectors.

From the expression of the Lagrangian (4.6) and the con-
jugate momentum (4.7) we obtain the Hamiltonian

Hϕ =
∫

d3xHϕ, Hϕ = a2

2

(
π2

ϕ

a4 − ϕ 
∇2ϕ + m2a2ϕ2

)
.

(B.1)

In general the Hamiltonian on de Sitter spacetime is not con-
served, even on the solutions of the equations of motion.
However, it becomes conserved at early times, η → −∞.
Notice that in this limit Eqs. (4.11) and (B.1) tell us that
the effect of the mass, m, becomes negligible and we can
therefore set m = 0. We have

Hϕ = 2a2
∫

d3q q2 |y0(η, 
q)|2 1

2
(a†

0(
q)a0(
q) + a0(
q)a†
0(
q)),

(η → −∞) (B.2)

and by using the expression of y0 in (4.13) anda2 = 1/(Hη)2

we find

Hϕ =
∫

d3q
q

2
(a†

0(
q)a0(
q) + a0(
q)a†
0(
q)), (η → −∞).

(B.3)

The fact that a†
0 and a0, respectively, creates and annihilates

quanta of positive norm guarantees that the Hamiltonian has
positive eigenvalues.

If one repeats the same steps for the scalar perturbation �̂

of the metric one finds that its term in the Hamiltonian is

H� = −
∫

d3q
q

2
(b0(
q)†b0(
q) + b0(
q)b0(
q)†),

(η → −∞). (B.4)
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In this case one can ensure that the spectrum of H� is
bounded from below by introducing a negative norm for the
states with an odd number of quanta created and annihilated
by b†

0 and b0, respectively.

B.2 Vector perturbations

By using the Lagrangian in (5.3) and the momenta in (5.4)
the Hamiltonian for vector perturbations turns out to be

HV =
∫

d3x

[
M2

2

M̄2
P

Pj 
∇−2Pj + M̄2
P

4

(
a2Vj 
∇2Vj − 1

M2
2

Vj 
∇4Vj

)]
.

(B.5)

Notice that it contains the inverse Laplacian operator 
∇−2.
This inverse operator can be treated by going to momentum
space: by inserting the Fourier decomposition (5.5) in HV

we obtain

HV = −
∑

λ=±1

∫
d3q

[
M2

2

M̄2
Pq

2
(Pλ)

†Pλ

+ M̄2
Pq

2

4
(Vλ)

†

(
a2 + q2

M2
2

)
Vλ

]
. (B.6)

By using the equations of motion in (5.10) again one can show
that the Hamiltonian is conserved at early times, η → −∞.
Also, in the same limit, we find

HV = −
∑

λ=±1

∫
d3q

q

2
(c†

λ(
q)cλ(
q) + cλ(
q)c†
λ(
q)),

(η → −∞). (B.7)

and we can proceed to stabilise the Hamiltonian as we did
for the helicity zero field �̂.

B.3 Tensor perturbations

The Hamiltonian for the tensor perturbations is

HT =
∫

d3x(p(a)
i j h′(a)

i j − LT )

=
∫

d3x

[
p(1)
i j h

(2)
i j − 2M2

2

M̄2
P

p(2)
i j p(2)

i j

− M̄2
P

8
h(2)
i j

(
a2 − 2

M2
2


∇2

)
h(2)
i j

− M̄2
P

8
h(1)
i j

(
a2 
∇2 − 1

M2
2


∇4

)
h(1)
i j

]
. (B.8)

Notice that inserting the expansion (6.8) in (B.8) leads to

HT =
∑

λ=±2

∫
d3q

[
(p(1)

λ )†h(2)
λ − 2M2

2

M̄2
P

(p(2)
λ )† p(2)

λ

− M̄2
P

8
(h(2)

λ )†

(
a2 + 2q2

M2
2

)
h(2)

λ

+ M̄2
Pq

2

8
(h(1)

λ )†

(
a2 + q2

M2
2

)
h(1)

λ

]
. (B.9)

By using the field decomposition in (6.31) and the expres-
sions for the canonical variables in (6.4) and (6.7) we find
(in the η → −∞ limit)

HT =
∑

λ=±2

∫
d3q

{
qM2

2

2H2 + M2
2

[
a†
λ(
q)aλ(
q)

−
(

1 + 4
H2

M2
2

)
b†
λ(
q)bλ(
q)

−2i H2

M2
2

(a†
λ(
q)bλ(
q) − b†

λ(
q)aλ(
q))

]

+q

2
([aλ(
q), a†

λ(
q)] − [bλ(
q), b†
λ(
q)])

}
. (B.10)

This shows that also the tensor Hamiltonian is conserved in
this limit, but it is non-obvious whether its spectrum is non-
negative.

In order to see that this is the case we consider the set of
transformations

ãλ = 1√
c

(
aλ + i

√
1 − c bλ

)
, (B.11)

b̃λ =
√

1 − c

c

(
aλ + i

bλ√
1 − c

)
, (B.12)

where c is a real number constrained by 0 < c < 1, but other-
wise arbitrary. Notice that, for any c, the commutation rules
of ãλ and b̃λ are the same as those of aλ and bλ, respectively
(see Eq. (6.28)):

[ãλ(
q), ã†
λ′(
k)] = δλλ′δ(3)(
q − 
k), [b̃λ(
q), b̃†

λ′(
k)]
= −δλλ′δ(3)(
q − 
k). (B.13)

By inserting the transformation (B.11)–(B.12) in the Hamil-
tonian HT one finds an expression that apparently depends on
c. However, this dependence is spurious because c is only an
arbitrary parameter of the transformation and cannot affect
the physical properties. In particular we can take the small c
limit, where the Hamiltonian simply reduces to

HT =
∑

λ=±2

∫
d3q

q

2
[ã†

λ(
q)ãλ(
q) + ãλ(
q)ã†
λ(
q)

−(b̃†
λ(
q)b̃λ(
q) + b̃λ(
q)b̃†

λ(
q))]. (B.14)
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Therefore, we see that HT does not have negative eigenvalues
provided that the norms of the states created by ã†

λ are all pos-

itive, while those with an odd number of quanta created by b̃†
λ

are negative. It is easy to see that the same conditions hold for
the original operators a†

λ and b†
λ by using the transformation

for (B.11) and (B.12).
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