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Abstract We construct a new Godunov type relativistic
hydrodynamics code in Milne coordinates, using a Riemann
solver based on the two-shock approximation which is sta-
ble under the existence of large shock waves. We check
the correctness of the numerical algorithm by comparing
numerical calculations and analytical solutions in various
problems, such as shock tubes, expansion of matter into
the vacuum, the Landau–Khalatnikov solution, and prop-
agation of fluctuations around Bjorken flow and Gubser
flow. We investigate the energy and momentum conserva-
tion property of our code in a test problem of longitudi-
nal hydrodynamic expansion with an initial condition for
high-energy heavy-ion collisions. We also discuss numer-
ical viscosity in the test problems of expansion of mat-
ter into the vacuum and conservation properties. Further-
more, we discuss how the numerical stability is affected by
the source terms of relativistic numerical hydrodynamics in
Milne coordinates.

1 Introduction

Relativistic hydrodynamics has been widely used for the
description of macroscopic dynamics in various fields rang-
ing from nuclear physics to astrophysics. The high-energy
heavy-ion collision experiment is one of the active areas of
relativistic hydrodynamics applications.

In 2005 at the relativistic heavy-ion collider (RHIC), the
production of a strongly interacting quark–gluon plasma
(QGP) was achieved, which was supported not only by the
experimental data but also theoretical analyses [1]. Studies
based on relativistic hydrodynamics have shown remarkable
success in understanding various observables such as particle
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distributions, collective flows, particle correlations, and so on
[2–5]. The strong elliptic flow at RHIC is a highlight of the
success of hydrodynamic models and is one piece of evidence
that the QGP is not a weakly interacting gas but strongly
interacting matter. Since then the hydrodynamic model has
been one of the promising phenomenological models for the
description of dynamics of hot and dense matter produced in
the heavy-ion collisions.

The construction of relativistic viscous hydrodynamic
model has been of practical importance and has formed a
basis for the analyses of the heavy-ion collisions [6–12].
In the last decade, the hydrodynamic model itself has also
been developed through the analyses of experimental data of
heavy-ion collisions at RHIC and the large hadron collider
(LHC). By comparing the hydrodynamic model calculations
and the experimental observables such as particle distribu-
tions and collective flows, detailed bulk properties of QGP
such as the QCD equation of state and its transport coeffi-
cients have been investigated. Also, physical QCD equation
of state is now available by lattice QCD simulations at van-
ishing chemical potential [13,14] and is applied to the hydro-
dynamic model. This enables us to bridge the first principle
lattice QCD simulations and the experimental data in the
heavy-ion collisions.

In spite of the success of hydrodynamic models in high-
energy heavy-ion collisions, there are still several issues
under discussion. Currently the hydrodynamic models often
adopt Israel–Stewart theory [15] and a second-order vis-
cous hydrodynamics from AdS/CFT correspondence [16] as
their basic equations. However, we have not reached a con-
clusion on which relativistic viscous hydrodynamic equa-
tion is suitable for the description of relativistic heavy-ion
collisions. This is because the extension from a relativis-
tic ideal hydrodynamic equation to a viscous hydrodynamic
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equation is not straightforward and several possible candi-
dates exist. Also viscous second-order anisotropic hydrody-
namics is proposed which reproduces the exact solution of
the Boltzmann equation in the relaxation-time approxima-
tion [17]. Furthermore it remains an enormous challenge
to understand why hydrodynamics can be applied to the
dynamics shortly after a heavy-ion collision takes place. Con-
clusive understanding of the mechanism of thermalization
and hydrodynamization on such a short time scale is still
missing.

Here we emphasize that a numerical algorithm for solving
the relativistic hydrodynamic equation is one of the impor-
tant ingredients in developing the hydrodynamic models.
Recent high statistical experimental data at RHIC and the
LHC imposed a more rigorous numerical treatment on the
hydrodynamical models. For example, at RHIC and the LHC,
higher harmonic anisotropic flow, which is expressed by the
higher Fourier coefficient of particle yields as a function of
azimuthal angle, is reported [18–22]. The origin of the higher
harmonics is considered to be event-by-event initial fluctua-
tions in the particle distributions. When comparing with those
high statistical data, reducing the numerical dissipation of the
numerical algorithm for relativistic hydrodynamic equations
should allow us an access to more precise value of transport
coefficients of the QGP. Usually each algorithm has advan-
tages or disadvantages in terms of coding, computational
time, numerical precision, and stability. Up to now, unfor-
tunately, only little attention has been paid to the numerical
aspects in the hydrodynamic models for high-energy heavy-
ion collisions.

Recently we developed a state-of-the-art numerical algo-
rithm for solving the relativistic hydrodynamic equation with
the QGP equation of state [23]. In the algorithm, we use a
Riemann solver based on the two-shock approximation [25–
28] which is stable under the existence of large shock waves
[29]. The new numerical scheme is stable even with a small
numerical viscosity and can reduce the numerical uncer-
tainly when extracting the physical viscosity of the QGP
from the experimental data. However, this algorithm in Ref.
[23] is developed in Cartesian coordinates. Meanwhile, at
the high-energy heavy-ion collisions such as RHIC and the
LHC, the expansion in longitudinal direction is rapid com-
pared with that in transverse direction. For the description
of a space-time evolution of high-energy heavy-ion colli-
sions, Milne coordinates are more suitable than Cartesian
coordinates. Therefore we extend our algorithm of relativis-
tic ideal hydrodynamics in Cartesian coordinates to that in
Milne coordinates so that we can efficiently apply it to the
analyses of high-energy heavy-ion collisions. The algorithm
that we shall present here plays an important role in solv-
ing the relativistic viscous hydrodynamic equation numeri-
cally [23,24]. For the viscous hydrodynamics, we split the
hydrodynamic equations into an ideal part and a viscous part.

The ideal part can be solved by the Riemann solver for ideal
hydrodynamics.

The present article is organized as follows. We begin in
Sect. 2 by showing the basic equations for the hydrodynamic
models in Milne coordinates. In Sect. 3 we explain the numer-
ical algorithm; the Riemann problem in Milne coordinates
and our numerical scheme. Section 4 is devoted to several
numerical tests, such as relativistic shock tubes and a com-
parison with analytic solutions which describe the dynamics
of realistic high-energy heavy-ion collisions. In addition, we
discuss the propagation of longitudinal fluctuations. In Sect.
5 we investigate the conservation property of our code. We
end in Sect. 6 with our conclusions.

2 Relativistic hydrodynamics

Relativistic hydrodynamics is based on the conservation
equations of net charge, energy, and momentum,

Jμ

;μ = 0, (1)

Tμν

;μ = 0, (2)

where Jμ is the baryon number current andT μν is the energy-
momentum tensor. For the ideal fluid, the energy-momentum
tensor and the baryon number current are given by

Jμ = nuμ, (3)

Tμν = (e + p)uμuν − pgμν, (4)

where n is the baryon number density, e is the energy density,
p is the pressure, uμ is the normalized four-velocity of the
fluid, uμuμ = 1, and gμν is the metric tensor.

In high-energy heavy-ion collisions at RHIC and the LHC,
approximate invariance under the longitudinal Lorentz boost
is observed in particle rapidity distributions around mid-
rapidity [30–36]. In such situations, Milne coordinates are
suitable for the description of space-time evolution of the
hot and dense matter after the collisions. Milne coordinates
η and τ are described by the rapidity η = tanh−1(z/t)
and the proper time τ = √

t2 − z2 with Cartesian coor-
dinates. The coordinate transformation of the four-velocity
between Milne coordinates and Cartesian coordinates is
given by

uτ = coshηut − sinhηuz, (5)

uη = − sinhη

τ
ut + coshη

τ
uz, (6)

where the transverse components of the four-velocity, ux and
uy , are the same in both coordinates. The four-velocity in
Milne coordinates is written by the three-dimensional veloc-
ity as

123



Eur. Phys. J. C (2016) 76 :579 Page 3 of 20 579

uα = (uτ , ux , uy, uη) = W (1, wx , wy, wη), (7)

where wi = ui/uτ (i = x, y, η) is the three-dimensional
velocity in Milne coordinates and W represents the Lorentz
factor,

W = uτ =
(

1 − (wx )2 − (wy)2 − τ 2(wη)2
)−1/2

. (8)

The coordinate transformation of the three-dimensional
velocity vector between Milne coordinates and Cartesian
coordinates is given by

wη = 1

τ

−sinhη + vzcoshη

coshη − vzsinhη
, (9)

wi = vi

coshη − vzsinhη
, (i = x, y). (10)

where vi = ui/ut (i = x, y, z) is the three-dimensional
velocity in Cartesian coordinates. In contrast to ux and uy ,
the x and y components of the three-dimensional veloc-
ity in Milne coordinates are different from those in Carte-
sian coordinates. The metric tensor is given by gαβ =
diag(1,−1,−1,−1/τ 2) and the nonzero components of the
Christoffel symbols are

�η
ητ = �η

τη = 1

τ
, �τ

ηη = τ. (11)

In Milne coordinates, the charge conservation equation
Eq. (1) and the equation of energy and momentum conserva-
tion Eq. (2) are written by

∂τ J
τ + ∂i J

i + ∂η J
η = −J τ /τ, (12)

∂τT
τ j + ∂i T

i j + ∂ηT
η j = −T τ j/τ, (13)

∂τT
τη + ∂i T

iη + ∂ηT
ηη = −3T τη/τ, (14)

∂τT
ττ + ∂i T

iτ + ∂ηT
ητ = −T ττ /τ − τT ηη. (15)

There are geometric source terms in the right-hand side of
Eqs. (12)–(15), which contain the effect from the coordinate
expansion with τ . One can rewrite Eqs. (12)–(15)

∂τ (τ J
τ ) + ∂i (τ J

i ) + ∂η(τ J
η) = 0, (16)

∂τ (τT
τ j ) + ∂i (τT

i j ) + ∂η(τT
η j ) = 0, (17)

∂τ (τT
τη) + ∂i (τT

iη) + ∂η(τT
ηη) = −2T τη, (18)

∂τ (τT
ττ ) + ∂i (τT

iτ ) + ∂η(τT
ητ ) = −τ 2T ηη. (19)

Here the effect from the coordinate expansion with τ is
absorbed into the Jacobian τ in the derivative terms. There
are the source terms in the right-hand side of Eqs. (18) and
(19), which indicates that T ττ and T τη are not the conserved
quantities. Instead of them, the conserved quantities are T τ t

and T τ z . T τ t and T τ z are related to T ττ and T τη through

the coordinate transformation between Milne and Cartesian
coordinates,

T τ t = coshηT ττ + τ sinhηT τη, (20)

T τ z = sinhηT ττ + τcoshηT τη. (21)

Using the conserved quantities, T τ t and T τ z , one can express
the hydrodynamic equations in the conservative forms [37]

∂τ (τ J
τ ) + ∂i (τ J

i ) + ∂η(τ J
η) = 0, (22)

∂τ (τT
τ j ) + ∂i (τT

i j ) + ∂η(τT
η j ) = 0, (23)

∂τ (τT
τ z) + ∂i (τT

iz) + ∂η(τT
ηz) = 0, (24)

∂τ (τT
τ t ) + ∂i (τT

it ) + ∂η(τT
ηt ) = 0. (25)

Here, Eq. (24) corresponds to the conservation of the z com-
ponent of momentum. T τ z represents the density of the z
component of momentum at specific proper time. T ηz rep-
resents the flux of the z component of momentum passing
through the surface perpendicular to the η coordinate. Equa-
tion (25) corresponds to energy conservation. We construct
a new algorithm for the relativistic hydrodynamic equations
using Eqs. (22)–(25), which do not have source terms. In
numerical tests, Sect. 4, we shall discuss the effects of the
existence of source terms from the point of view of stability
and numerical viscosity.

3 Numerical simulations in Milne coordinates

3.1 Riemann problem in Milne coordinates

The Riemann problem is an initial-value problem for the
hydrodynamic equation. The initial condition is given by two
arbitrary constant hydrodynamic states V L and V R separated
by a discontinuity,

V (t = t0, x, y, z) =
{
V L (z < zi ),
V R (z > zi ),

(26)

where t0 and zi stand for an initial time and a location
of the discontinuity, respectively. The hydrodynamic state
V = (n, vx , vy, vz, p) contains information on the fluid
variables, namely baryon number density, fluid velocities,
and pressure. The initial discontinuity at z = zi decays into
three nonlinear waves [38,39]. Two of them are shock waves
and/or rarefaction waves. The other is a contact disconti-
nuity moving with hydrodynamic flow. These waves evolve
between the constant hydrodynamic states V L and V R with
a constant velocity. The hydrodynamic states V L and V R do
not change until characteristic information from the discon-
tinuity arrives. Therefore, the hydrodynamic state outside
the light cone of the discontinuity (t0, zi ) remains V L or
V R .
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We can also define a Riemann problem in Milne coordi-
nates. The initial condition of the Riemann problem in Milne
coordinates is set to

V (τ = τ0, x, y, η) =
{
V L (η < ηi ),

V R (η > ηi ),
(27)

where τ0 and ηi are the initial proper time and the location
of the discontinuity and they represent the same point as
(t0, zi ) in Eq. (26) in Cartesian coordinates. Note that the
components of V are not (n, wx , wy, wη, p) but the same
as those in Eq. (26), (n, vx , vy, vz, p). The velocity fields in
Cartesian coordinates ui/ut = (vx , vy, vz) are constant in
the rapidity direction. However, the velocity fields in Milne
coordinates ui/uτ = (wx , wy, wη) depend on rapidity. Now
we show that the analytical solution for the Riemann problem
in Milne coordinates is obtained from that in Cartesian coor-
dinates by proper coordinate transformations, in which the
key issue is to represent the hydrodynamic states as variables
independent of η.

Now we compare the two initial-value problems Eqs. (26)
and (27). Without loss of generality, we can assume that the
initial discontinuity represented by the solid circle is located
at zi = ηi = 0 as in Fig. 1a, b. In Fig. 1a, the thick solid line
stands for the time at which we define the initial condition
of the Riemann problem in Cartesian coordinates, Eq. (26).
In Milne coordinates, the initial condition of the Riemann
problem is set on a hyperbola τ = τ0 as in Fig. 1b. By com-

Fig. 1 The Riemann problem in Cartesian coordinates (a) and that in
Milne coordinates (b). The solid circle stands for the initial discon-
tinuity at zi = 0 (a) and ηi = 0 (b). The thick solid lines indicate
the hypersurfaces on which the initial conditions of the Riemann prob-
lems are defined. LC stands for the light cone that originates from the
discontinuity

parison between Fig. 1a, b, the hyperbola τ = τ0 in Milne
coordinates is located inside the constant hydrodynamic state
V L or V R in Cartesian coordinates. This suggests that the
initial condition of Eq. (27) is satisfied by the solution of the
Riemann problem in Cartesian coordinates Eq. (26). In brief,
the Riemann problems in both coordinates are identical and
thus so are their solutions. A detailed explanation as regards
this proof is given in Appendix A.

3.2 Numerical scheme

3.2.1 τ–η system

Assuming that the hydrodynamic variables in the x and y
directions are constant, from Eqs. (23)–(25) we obtain

∂τ (τT
τν) + ∂η(τT

ην) = 0, (28)

where ν = t, x, y or z. If the transverse components of the
four-velocity ux and uy are vanishing, Eq. (28) expresses the
one-dimensional longitudinal expansion. In our numerical
scheme, we utilize the Lagrange step [40] in which the grid-
cell boundary itself moves together with the hydrodynamic
flow during a time step from τ n to τ n+1 = τ n + 	τ . We
discretize Eq. (28) by space-time integration in a grid cell
based on the Lagrangian approach (Fig. 2),

∫ τ n+1

τ n

∫ ηi+1+δηi+1(τ
′)

ηi+δηi (τ
′)

∂α(τT αν)dηdτ = 0, (29)

where α = τ or η. Here ηi is the location of the i th grid-cell
boundary at the proper time τ n , δηi (τ

′) expresses a moving
distance of the grid-cell boundary from τ = τ n to τ = τ n+τ ′
(0 ≤ τ ′ ≤ 	τ), and ηi + δηi (τ

′) indicates the location of
the i th grid-cell boundary at the proper time τ . The center of

Fig. 2 The Lagrange step in Milne coordinates. The solid closed path
represents the domain of integration in Eq. (29). The cell boundary at
(τn, ηi ) moves with fluid. 	η

lag
i ≡ 	η + (δηi (	τ) − δηi−1(	τ)) is

the Lagrange grid-cell size at the proper time τ n+1. See text for detailed
explanation
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the i th grid cell is located at ηi + 	η/2 at τ = τ n , where
	η = ηi − ηi−1. Using Gauss’ theorem for integration of
Eq. (29), we find the value of T τν of the i th grid cell at the
next time step τ n+1,

(T τν)n+1
i = τ n	η

τ n+1	η
lag
i

(T τν)ni − 1

τ n+1	η
lag
i

×
[∫

Ci

T ανnα,ids −
∫

Ci−1

T ανnα,i−1ds

]
,

(30)

where 	η
lag
i ≡ 	η+(δηi (	τ)−δηi−1(	τ)) is the Lagrange

grid-cell size at the proper time τ n+1, Ci is the trajectory of
the Lagrange grid-cell boundary at ηi and nα,i is the unit
normal vector to Ci (Fig. 2). The average values of the con-
served quantities in the grid cell at the proper times τ n and
τ n+1 are defined, respectively, by

(T τν)ni ≡ 1

	η

∫ ηi

ηi−1

T τν(τ n, η)dη, (31)

(T τν)n+1
i ≡ 1

	η
lag
i

∫ ηi+δηi (	τ)

ηi−1+δηi−1(	τ)

T τν(τ n+1, η)dη. (32)

The second term of Eq. (30) indicates the flux of the con-
served quantities passing through the grid-cell boundary.

Using the analytical solution of the Riemann problem in
Milne coordinates, we evaluate the 	η

lag
i and the flux term

in Eq. (30). The grid-cell boundary corresponds to the initial
discontinuity in the Riemann problem and moves together
with the contact discontinuity in the solution of the Riemann
problem. This indicates that the physical quantities on the
trajectory δηi (τ

′) are given by those on the contact disconti-
nuity. We obtain the moving distance δηi (	τ) of the grid-cell
boundary

δηi (	τ) = 1

2
log

(
(1 + V z

0,i )δt (	τ) + τ n

(1 − V z
0,i )δt (	τ) + τ n

)
, (33)

using δt (	τ)

δt (	τ) = 1

1 − (V z
0,i )

2

{
−τ n

+
√

(τ n)2 + (1 − (V z
0,i )

2)(2τ n	τ + 	τ 2)

}
.

(34)

In Eqs. (33) and (34), V z
0.i is the velocity of the grid-cell

boundary at ηi seen from an observer sitting at η = ηi in
Milne coordinates. In the construction of algorithm, we use
the Lorentz boost transformation which is explained in the
next paragraph. Here we show the explicit form of Eq. (30).

For a detailed derivation of it please see Appendix B. Up to
the third order in 	τ , the flux terms are given by

∫

Ci

T αt nα,ids = Pi (sinhηi + V z
0,icoshηi )

{
	τ

+ (V z
0,i )

2

2τ n
	τ 2 + 1

2(τ n)2

(
(V z

0,i )
4 − (V z

0,i )
2
)

	τ 3
}
,

(35)

∫

Ci

T αznα,ids = Pi (coshηi + V z
0,i sinhηi )

{
	τ

+ (V z
0,i )

2

2τ n
	τ 2 + 1

2(τ n)2

(
(V z

0,i )
4 − (V z

0,i )
2
)

	τ 3
}
,

(36)
∫

Ci

T α j nα,ids = 0, j = x, y, (37)

where Pi is the pressure on the cell boundary located at ηi .
From now we explain the numerical algorithm for solv-

ing the discretized equation Eq. (30). We express the
hydrodynamic variables in Milne coordinates as W ≡
(n, wx , wy, wη, p). The first step is the interpolation pro-
cedure in which the left and right hydrodynamic states at
the grid-cell boundary W S,i = (nS,i , w

x
S,i , w

y
S,i , w

η
S,i , pS,i )

(S = L , R) are determined from the reconstruction of the
distribution of volume-averaged hydrodynamic variables W
in a grid cell. If a linear interpolation method is used for the
reconstruction of the distribution of hydrodynamic variables,
second-order accuracy is achieved (the MC limiter [40]). For
third-order accuracy, we need to utilize a quadratic curve
(the piecewise parabolic method (PPM) [28,41,42]) in recon-
struction of the distribution of hydrodynamic states. For the
test calculation in the next section, we use the PPM. Next,
using the constructed left and right states W S,i in Milne coor-
dinates, we prepare the initial condition of the Riemann prob-
lem in terms of V S,i in Cartesian coordinates. To obtain V S,i ,
we move a grid cell to η = 0 with the Lorentz boost trans-
formation and perform the coordinate transformation to V .
Here W is invariant under the Lorentz boost transformation.
Using these relations, vx,y = wx,y and vz = τwη at η = 0,
we obtain

V S,i = (nS,i , w
x
S,i , w

y
S,i , τw

η
S,i , pS,i ). (38)

In the second step, we solve the Riemann problem Eq.
(26) with the initial condition Eq. (38). Pi and V z

0,i in Eqs.
(33)–(37) are determined by the analytical solution of the
Riemann problem.1 For solving the Riemann problem we

1 At the boundary between the matter and the vacuum in Sect. 4.1.2 we
use the values of the vacuum, V z

0 = 1, P = 0, instead of solving the
Riemann problem.

123



579 Page 6 of 20 Eur. Phys. J. C (2016) 76 :579

employ the two-shock approximation [25–28]. In the approx-
imation, we can avoid solving the ordinary differential equa-
tion for the rarefaction wave which takes a lot of computa-
tional time in the multidimensional problem. The numerical
procedure of this step depends on the equation of state. The
Riemann solution with the QCD equation of state is described
in Ref. [23]. After solving the Riemann problem, we per-
form the inverse Lorentz transformation to the original frame.
Here 	η

lag
i is Lorentz invariant. The flux terms Eqs. (35)–

(37) are defined on the original frame but written in terms
of V z

0,i .
In the third step, solving the discretized hydrodynamic

equation Eqs. (30), (33)–(37) with the values of Pi and V z
0,i ,

we obtain distribution of the conservative quantities T τν(ν =
t, x, y, z) at the next time step using the Lagrange scheme.
We remap the grids which move in the Lagrange step on the
Eulerian coordinate [40].2

In the final step, we construct the primitive variables W
from the conserved quantities [23]. We obtain T τα(α =
τ, x, y, η) from T τμ(μ = t, x, y, z) from the coordinate
transformation. The numerical method for construction of
W from T τα is the same as that in Ref. [23].

3.2.2 (3 + 1)-dimensional systems

The one-dimensional code is easily extended to a multidi-
mensional code by the Strang splitting method [43], that is to
say, multidimensional hydrodynamic evolution is realized by
successive one-dimensional hydrodynamic calculations. To
avoid counting the expansion effect of coordinates more than
once, we extract one-dimensional hydrodynamic equations
from Eqs. (12)–(15), which have source terms in the right-
hand side. Then we rewrite each one-dimensional hydrody-
namic equation as that without the source terms.

To be explicit, we express Eqs. (13)–(15) as

∂τT
τα + ∂i T

iα + ∂ηT
ηα = Sα, (39)

where the source term Sα is given by

Sα =
(

− 1

τ
T ττ − τT ηη,− 1

τ
T τ x ,− 1

τ
T τ y,− 3

τ
T τη

)
. (40)

Applying the dimensional splitting method to Eq. (39), we
obtain the one-dimensional hydrodynamic equations,

∂τT
τα + ∂x T

xα = 0, (41)

∂τT
τα + ∂yT

yα = 0, (42)

∂τT
τα + ∂ηT

ηα = Sα. (43)

2 We do not perform the remap step at the boundary between matter
and the vacuum to keep the exact location of the boundary determined
by the Lagrange grid.

Solving the one-dimensional equations Eqs. (41)–(43) suc-
cessively, we carry out the (3 + 1)-dimensional calculations.

For expansion in the rapidity direction, transforming
Eq. (43) into Eq. (28), we use the algorithm mentioned in
Sect. 3.2.1. In the x and y directions, we use the same algo-
rithm in Cartesian coordinates in Ref. [23]. For example,
for expansion in the x direction, we discretize Eq. (41) as
explained in Sect. 3.2.1,

(T ττ )n+1
i = 	x

	x lag
i

(T ττ )ni

− 	τ

	x lag
i

(
PiV

x
0,i − Pi−1V

x
0,i−1

)
, (44)

(T τ x )n+1
i = 	x

	x lag
i

(T τ x )ni − 	τ

	x lag
i

(Pi − Pi−1) , (45)

(T τ y)n+1
i = 	x

	x lag
i

(T τ y)ni , (46)

where Pi and V x
0,i are determined by the solution of the Rie-

mann problem whose initial condition is given by Eq. (38).
The grid-cell size after the Lagrange step is given by

	x lag
i = 	x + (V x

0,i − V x
0,i−1)	τ. (47)

Using the operator Lk
i which represents one-dimensional

evolution in the i direction during the proper time k	τ , two-
dimensional expansion in (x, η) coordinates is given by Lk

x
and Lk

η,

(T τα)n+1 = L1/2
x L1

ηL
1/2
x (T τα)n . (48)

Similarly the three-dimensional expansion in (x, y, η) coor-
dinates is written by

(T τα)n+1 = L1/6
x L1/6

y L1/3
η L1/6

y L1/3
x L1/6

η L1/3
y L1/6

x

× L1/3
η L1/6

x L1/3
y L1/6

η L1/6
x (T τα)n . (49)

3.3 The Courant–Friedrichs–Lewy condition

The Courant–Friedrichs–Lewy (CFL) condition helps us
determine an appropriate time-step size in solving partial
differential equations. The CFL condition is determined so
that the numerical propagating speed on the grid is larger
than the physical propagating speed,

τ	η

	τ
> τ |wη

c |, (50)

where 	η/	τ and w
η
c are the numerical signal velocity and

the characteristic velocity in the rapidity direction, respec-
tively. Note that the proper time τ is multiplied for a dimen-
sionless expression. This condition is important for the sta-
bility of the numerical calculations. If the CFL condition Eq.
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(50) is written as a function of the characteristic velocity in
z direction vzc ,

τ	η

	τ
>

∣∣∣∣
−sinhη − |vzc |coshη

coshη + |vzc |sinhη

∣∣∣∣ for η > 0, (51)

τ	η

	τ
>

∣∣∣∣
−sinhη + |vzc |coshη

coshη − |vzc |sinhη

∣∣∣∣ for η < 0, (52)

the CFL condition in Milne coordinates has a rapidity depen-
dence. At large rapidity the right-hand side of Eqs. (51) and
(52) approaches 1, which is the same condition as that in
the case of |vzc | = 1. Therefore the CFL condition in Milne
coordinates is determined by

	τ

τ	η
< 1. (53)

Equation (53) indicates that the proper time of the denomi-
nator is larger, a possible time-step size 	τ is larger. With
these considerations, we define the Courant number as

C ≡ 	τ

τ0	η
(0 < C < 1), (54)

with an initial proper time τ0.

3.4 Boundary conditions

When we numerically solve partial differential equations and
update the value of a cell, the values of its neighboring cells
are necessary. For the cell on the boundary of hydrodynamic
grid, we need to prepare additional cells which are called
ghost cells and put appropriate information to them. In the
next section we shall discuss several numerical tests using
our code; shock tube problems in Milne coordinates, expan-
sion of matter to the vacuum, Landau–Kahlatnikov solution,
fluctuations in longitudinal expansion, Gubser flow, and the
conservation property. For the shock tube problem in Milne
coordinates, we input an analytical solution as a boundary
condition at the ghost cells. For the numerical test of expan-
sion of matter to the vacuum, we use the physical values of
the vacuum at the cell on the boundary. We employ the peri-
odic boundary condition for the investigation of fluctuations
in longitudinal expansion. For the Landau–Khalatnikov solu-
tion and the Gubser flow, we copy the values of the cells on
the boundary onto those of the ghost cells.

In addition, we point out that in some cases we need a care-
ful procedure at the boundary. For example, for the shock tube
problem in Milne coordinates, we use the MC limiter at the
boundary and ghost cells to reduce numerical errors which
originate from inward flow at the boundary. In the expan-
sion of matter to the vacuum, we observe that a numerical
instability occurs at the discontinuity between matter and the
vacuum. To stabilize the difficulty we employ the minmod
limiter which is dissipative and smears out discontinuities
compared to the MC limiter.

4 Numerical tests

We employ several problems to check correctness of the
numerical algorithm in Milne coordinates. For one-dimen-
sional tests, we analyze with our code the Riemann problem
and Landau–Khalatnikov solution [44–46] in order to ver-
ify our Riemann solver. The Landau–Khalatnikov solution
is used for understanding the experimental data of the par-
ticle rapidity distributions in the high-energy heavy-ion col-
lisions. Next we discuss propagation of fluctuations around
Bjorken flow. We derive analytical solutions from linearized
hydrodynamics and compare them to numerical calculations
with our code. For multidimensional tests, we use the Gubser
flow [47,48], which gives us a three-dimensional hydrody-
namic expansion of hot and dense matter created after the
high-energy heavy-ion collisions. In the test problems we
use the ideal gas equation of state, e = 3p.

4.1 Riemann problem

4.1.1 Shock tubes

Using the property that the initial-value problem of Eq. (27)
in Milne coordinates is the same as the Riemann problem
in Cartesian coordinates, we carry out the shock tube test in
Milne coordinates. We solve the initial-value problem of Eq.
(27) with our numerical scheme in Milne coordinates and
compare the numerical results with the analytical solution
of the Riemann problem Eq. (26). The analytical solution of
the Riemann problem in Milne coordinates is obtained by the
coordinate transformation from that in Cartesian coordinates
[38,39] (see Appendix C).

We perform test calculations in two cases. In the first case
we set the discontinuity at η = 0 and in the second case we
put it at η = 1 at the initial time τ0 = 1 fm. In the first
test problem, the temperature in η > 0 (η < 0) is set to
TL = 400 MeV (TR = 200 MeV) and in both regions the
z component of the velocity vz is vanishing. In our numer-
ical scheme, we directly calculate the time evolution of the
rapidity component of the velocity wη, instead of vz . The
transformation between vz and wη is given by Eq. (9), which
suggests that wη is not vanishing even if vz = 0. The initial
condition of wη is given by wη = 1

τ0

−sinhη
coshη

, which has an
η dependence. We perform the numerical calculations with
grid size 	η = 0.01 and time-step size 	τ = 0.1τ0	η. Fig-
ure 3 shows the energy density distribution, the velocity wη,
and the velocity vz , which is transformed by Eq. (9) from
wη as a function of rapidity η together with the analytical
solutions (solid lines). The rarefaction wave moves to the
negative direction from η = 0 and the shock wave moves to
the positive direction from η = 0. Our numerical results are
consistent with the analytical solutions.
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Fig. 3 Comparison between the analytical solution (solid line) and the
numerical calculations for the shock tube problem at τ = 5 fm. The
initial discontinuity is located at η = 0. Top left the energy density

distribution as a function of η. Top right the velocity distribution wη as
a function of η. Bottom the velocity distribution vz as a function of η

For the second numerical test, we put the initial dis-
continuity at η �= 0. Other conditions, TL , TR and vz are
the same as those in the first test calculation. In Carte-
sian coordinates the first and second numerical tests are
essentially identical. In Milne coordinates, however, the sec-
ond numerical problem is different from the first problem,
because the wη depends on η differently from the first prob-
lem. The energy density distribution e, the velocity distri-
bution wη, and the velocity distribution vz are shown in
Fig. 4. Again, our numerical calculations show good agree-
ment with the analytical solutions in the second numerical
test.

4.1.2 Expansion of matter into the vacuum

As one of the specific problems of the Riemann problem,
we consider the one-dimensional expansion of matter into
the vacuum; a rarefaction wave appears at the discontinu-
ity and expands between the matter and the vacuum [49].
This problem is useful for a realistic description of expan-
sion of the QGP and hadronic matter into the vacuum in the
high-energy heavy-ion collisions. We set the initial condition
to

p = 1000 fm−4, wη = − sinhη

coshη
for |η| ≤ 1.5,

p = 0, wη = 0, for |η| > 1.5, (55)

where wη in |η| ≤ 1.5 corresponds to vz = 0 in Cartesian
coordinates and in |η| > 1.5 lies the vacuum. Setting the
vacuum for the boundary condition as in Eq. (55), one can
avoid the matter from flowing into the system through the
boundaries. In the shock tube problems in Milne coordinates
in Sect. 4.1.1, the matter comes in through the boundaries,
which is a possible source of numerical error.

Here we discuss the importance of description of the
hydrodynamic equation in the conservative form in develop-
ing numerical algorithm. For the investigation, we discretize
the hydrodynamic equation with the source terms Eq. (43)
and construct a code based on the same procedure explained
in Sect. 3.2.1. In the code, T ττ and T τη are updated in the
Lagrange step, instead of T τ t and T τ z . Then we compare the
results of the code without the source terms, Eq. (28), and
those with the source terms. In both numerical calculations
the grid size 	η and the time-step size are set to 0.02 and
0.1τ0	η, respectively. The hydrodynamic expansion starts
at τ0 = 1 fm.
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Fig. 5 The numerical results of codes with and without the source
terms and the analytical solution (the solid line) of wη as a function of
η for the expansion into vacuum at τ = 1.1 fm

Figure 5 shows the wη distribution as a function of η at
τ = 1.1 fm. In 0 < η < 1.46, the matter is at rest in Cartesian
coordinates, which corresponds to the negative flow in Milne
coordinates. In 1.46 < η < 1.58, the rarefaction wave starts
to expand; it propagates with the sound velocity inward the
matter at rest in Cartesian coordinates and expands with the
speed of light to the vacuum. In the rarefaction wave the steep

velocity gradient is produced, where both of the codes with
and without the source terms cannot reproduce the analytical
result, though the code without the source terms is closer to
the analytical solution.

Figure 6 shows the numerical results of the energy den-
sity, wη and vz distributions as a function of η together
with the analytical solution at later time τ = 4 fm. In
|η| < 0.27 the velocity vz is vanishing in Cartesian coor-
dinates, which indicates the negative wη in Milne coordi-
nates. In 0.27 < |η| < 2.89 the rarefaction wave is spread-
ing and at η = ±2.89 the boundary to the vacuum exits,
which moves out to the vacuum at the speed of light. For the
energy density distribution, both codes with and without the
source terms reproduce the analytical solution, though near
the boundary between the matter and the vacuum a small dif-
ference between them is observed. In both codes, the value
of wη around the boundary is larger than that of the analyt-
ical solution near the boundary. The stronger flow near the
boundary in the numerical solution causes the smaller energy
density compared with the analytical solution. On the other
hand, there is no difference between the behaviors of vz of
both codes. The stability of numerical calculation is sensi-
tive to the differences in wη of codes which are seen near

123



579 Page 10 of 20 Eur. Phys. J. C (2016) 76 :579

 0

 200

 400

 600

 800

 1000

 0  0.5  1  1.5  2  2.5  3

e(
fm

-4
)

η

conservative form
with souce term

analytic

 0

 0.02

 0.04

 0.06

 0.08

 2.5  2.6  2.7  2.8  2.9

-0.1

-0.05

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0  0.5  1  1.5  2  2.5  3

w
η (fm

-1
)

η

conservative form
with source term

analytic

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

 1

 0  0.5  1  1.5  2  2.5  3

vz

η

conservative form
with source term

analytic

Fig. 6 The numerical results of codes with and without the source
terms of the energy density (top left), wη (top right) and vz (bottom)
distributions as a function of η together with the analytical solution
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the boundary between matter and the vacuum, because at
the boundary pressure becomes zero and the Lorentz factor
becomes infinity in the analytical solution.

To investigate the numerical accuracy of the codes with
and without the source terms, we calculate the L1 norm which
is defined by

L(u, Ncell) =
∑
i

|u(ηi ; Ncell) − uexact(ηi )| 	η, (56)

where u is the energy density e or the rapidity component of
the velocity wη, 	η is a grid-cell size. Using Eq. (56), we
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Fig. 7 The L1 norm of the energy density e (top panel) and the veloc-
ity wη (bottom panel) for the expansion into vacuum as a function of
number of cell for the codes with and without the source terms

evaluate the deviation of the numerical results u(ηi ; Ncell)

from the exact solutions. At the same time we can know
the convergence speed to the exact solution of numerical
algorithm. In Fig. 7, the L1 norms of energy density and wη

are shown. In both energy density and velocity, the values of
the L1 norm of the code without the source terms are smaller
than those with the source terms, which means that the code
without the source term has smaller numerical viscosity than
that with the source terms. As expected, the existence of the
source terms produces more artificial viscosity.

If the initial discontinuity is set at the larger rapidity, this
makes the velocity slope at rarefaction wave larger and gives
more severe problems to the codes in Milne coordinates. We
find that the code without the source terms is more stable than
that with the source terms. For example, if we set the initial
discontinuity at η = 1.7, we find that numerical instability
occurs in the code with the source terms.

4.2 Landau–Khalatnikov solution

We employ the Landau–Khalatnikov solution [44–46] as a
one-dimensional numerical test problem. The initial condi-
tion of it is expressed by a thin slab of hot and dense matter
created after the collisions, which is the same as the prob-
lem discussed in Sect. 4.1.2. In the expansion of the slab of
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matter, two rarefaction waves travel into the slab from both
sides and start to overlap at the center of the slab. The region
where rarefaction waves overlap is described by the Landau–
Khalatnikov solution. The asymptotic form of the Landau–
Khalatnikov solution for sufficiently later time τ � 	 is
written by

e = e0exp

{
−4

3

[
2ln

( τ

	

)
−

√
ln

( τ

	

)2 − η2

]}
(57)

and wη = 0, where 	 is the thickness of the slab. The asymp-
totic solution Eq. (57) is used for an investigation of the rapid-
ity distributions of the produced particles at RHIC [50–55].

In the numerical calculation, we start the simulation at
τ0 = 500 fm with the initial condition given by Eq. (57),
where e0 and the thickness size are set to 10 GeV/fm3 and
	 = 0.5 fm, respectively. The numerical calculation is per-
formed with the grid size 	η = 0.1, the time-step size
	τ = 0.1 fm and 	τ = 0.1τ0	η = 5 fm, which is deter-
mined by the CFL condition in Sect. 3.3. Figure 8 shows the
energy density distributions at τ = 510, 600, 700, and 1000
fm together with the analytical solution. Calculations with the
time-step sizes 	τ = 5 fm and 0.1 fm can explain the ana-
lytical solution, which suggests that the computational time
can be saved if the time-step size is determined by the CFL
condition in Sect. 3.3. There is a small deviation between
numerical calculations and the analytical solution at large
|η|, which implies that the asymptotic form of the Landau–
Khalatnikov solution Eq. (57) cannot be applicable at large
rapidity [45,46].

4.3 Propagation of longitudinal fluctuations around
Bjorken flow

The longitudinal fluctuation in particle distributions and col-
lective flows is one of the interesting topics in high-energy

heavy-ion collisions at LHC [56]. For instance, the prop-
agation of fluctuations around Bjorken flow in heavy-ion
collisions are investigated from linear analyses [7,57]. The
small longitudinal fluctuations around Bjorken flow propa-
gate according to the following linearized equations:

e = eB + δe, wη = δwη, (58)

∂τ δe + (1 + λ)eB∂ηδw
η + 1 + λ

τ
δe = 0, (59)

∂τ δw
η + λ

1 + λ

1

τ 2eB
∂ηδe + 2 − λ

τ
δwη = 0. (60)

Here eB = e0
(

τ0
τ

)1+λ is the energy density from Bjorken’s
scaling solution [58] for the equation of state p = λe.3

Since the background is rapidity independent, we can
obtain solutions with a definite wave number δe, δwη ∝ eikη.
The solutions consist of two modes, as Eq. (60) is essen-
tially a second-order ordinary differential equation in the
k-space. The nature of the modes depends on the sign of
D ≡ (1 − λ)2 − 4k2λ �= 0. For D > 0 the fluctuations do
not propagate but just attenuate, while for D < 0 the fluc-
tuations propagate as well as attenuate. The condition for
D = 0 is satisfied by k = (1 − c2

s )/2cs , where cs = √
λ is

the sound velocity. General solutions of the linearized equa-
tions including the case D = 0 are given in Appendix D.

Here we compare the analytical solutions and the numer-
ical calculation with our hydrodynamic code for two cases,
D > 0 and D < 0. In both cases, we choose initial condi-
tions so that we can single out a particular mode of attenuation
(D > 0) and propagation (D < 0). To be specific, for D > 0
we choose

δe(τ, η) = A

(
τ

τ0

)(−3−λ−√
D)/2

sin(kη), (61)

δwη(τ, η) = λ − 1 − √
D

2ke0(1 + λ)τ0
A

(
τ

τ0

)(−3+λ−√
D)/2

cos(kη),

(62)

and for D < 0

δe(τ, η) = A

(
τ

τ0

)−(3+λ)/2

sin(kη − θ), (63)

δwη(τ, η) = A

2ke0(1 + λ)τ0

(
τ

τ0

)(λ−3)/2

×
[
(λ − 1)cos(kη − θ) + √−Dsin(kη − θ)

]
,

(64)

3 In comparison between the analytical solutions and the numerical
calculation, we set λ equal to 1/3.
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Fig. 9 Analytical and numerical results for the propagation of fluctuations around Bjorken flow at τ = 4, 5, and 6 fm (D > 0). The numerical
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where θ is defined by θ ≡ 1
2

√−Dlog(τ/τ0). The phase
velocity of the fluctuation is

√−D/(2kτ).
We set the initial time to τ0 = 1 fm and use the ideal gas

equation of state, e = 3p and λ = 1/3. The initial energy
density e0 in Bjorken flow is given by e0 = 1000 fm−4. In
the case of D > 0, we choose k = 0.5, D = 0.111 and
A = 0.1 fm−4. In the case of D < 0, we choose k = 2π ,
D = −52.193 and A = 0.1 fm−4.

Figures 9 and 10 show the analytical and numerical results
of the fluctuations of the energy density and the velocity
around Bjorken flow for D > 0 and D < 0. In the numerical
calculation, we use the periodic boundary condition. When
the value of D is positive, the fluctuation does not propa-
gate and its amplitude decreases with time (Fig. 9). On the
other hand, when the value of D is negative, the fluctua-
tion propagates and its amplitude decreases with time (Fig.
10). However, if we chose different initial conditions such
that more than one mode were involved, the amplitude of
the fluctuation would at first grow and then reduce for both
D > 0 and D < 0 due to the interference of two modes. The

similar amplification of the fluctuations around Bjorken flow
is reported in Ref. [57]. Our numerical results show good
agreement with the analytical solutions.

4.4 Gubser flow

An analytic solution to the relativistic, conformally invariant
Navier–Stokes equation is constructed based on symmetry
considerations in (τ, η, x⊥, φ) coordinate system [47,48].
The Gubser flow and its related solutions are utilized for
checking or improvement of hydrodynamic codes [12,59–
64]. The solution is a generalization of Bjorken flow where
the medium expands both longitudinally and radially, which
gives us a realistic description of the space-time evolution of
high-energy heavy-ion collisions. According to the solution
for an inviscid fluid, the transverse or radial velocity w⊥ and
energy density e are given by

w⊥ = u⊥

uτ
= 2q2τ x⊥

1 + q2τ 2 + q2x2⊥
, (65)
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e = ê0

τ 4/3

(2q)8/3

[1 + 2q2(τ 2 + x2⊥) + q4(τ 2 − x2⊥)2]4/3
, (66)

where ê0 is a dimensionless integration constant, q is an arbi-
trary dimensional constant with the unit of inverse length of
the system size [47,48].

We compare our numerical calculations and the analyti-
cal solution in Figs. 11 and 12. In our numerical calculation,
the parameters are set to q = 1 fm−1 and ê0 = 400. The
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hydrodynamic expansion starts at τ0 = 1 fm. The numerical
simulation is performed with the grid size 	x = 	y = 0.05
fm, 	η = 0.1 and the time-step size 	τ = 0.1	x . First
the consistency between our numerical calculations and the
analytical solution suggests the Strange splitting method in
Sect. 3.2.2 works correctly. In the Gubser flow, the existence
of the initial transverse flow is at the origin of the strong
transverse flow at later time. To reproduce the strong trans-
verse flow in the Gubser flow, we find that a careful choice of
the interpolation method is required in the numerical calcula-
tion. For example, if the second-order interpolation method is
employed, the energy density around x = 0 fm of the numer-
ical calculations is larger than that of the analytical solutions.
However, if we use the PPM interpolation method, we can
reproduce the analytical solutions numerically. It is discussed
in Appendix E.

5 Conservation property

We check the energy and momentum conservation of our
code. The conserved quantities in our algorithm in Milne
coordinates are given by τT τν(ν = t, x, y, z). Their time
evolution in our algorithm is schematically written by

τ n+1(T τν)n+1
i = τ n(T τν)ni − 	τ

	η
(Fν

i − Fν
i−1), (67)

where Fν
i represents the flux of the conserved quantities

which flow into and out of i th grid cell during 	τ . Equa-
tion (67) contains two steps: the Lagrange and remap steps.
Integrating Eq. (67) on all spatial grids, we obtain

imax∑
i=imin

τ n+1(T τν)n+1
i =

imax∑
i=imin

τ n(T τν)ni

− 	τ

	η
(Fν

imax
− Fν

imin−1), (68)

which suggests that the total variation of the conserved quan-
tities depends on the amount of inflow and outflow from the
boundary. If the equations with the source terms, Eqs. (16)–
(19), are used in the code, the right-hand side of Eq. (68) has
an additional term from the source terms, which can spoil the
conservation property and affects the numerical accuracy in
application to physical problems.

Here we focus on the effects of existence of the source
terms in Milne coordinates on conservation property. We per-
form our numerical calculation with the initial energy density
and flow distributions which are usually used in study of the
relativistic heavy-ion collisions,

e(τ0, η) = e0exp

[
− (|ηs | − ηflat/2)2

σ 2
η

θ(|η| − ηflat/2)

]

× θ(Yb − |η|), (69)
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Table 1 The violation of the
total energy and momentum
conservation

	η E0 (GeV) Conservative form With source term

εE
∑ |Mn+1 − Mn | (GeV) εE

∑ |Mn+1 − Mn | (GeV)

0.02 1117 7.48E−10 6.00E−07 6.42E−04 2.02E−02

0.1 1117 2.85E−10 1.68E−07 3.77E−03 1.10E−01

0.2 1133 6.46E−10 1.65E−07 7.48E−03 7.90E−02

0.5 1148 1.48E−10 7.17E−08 4.36E−02 1.60E−01

wη(τ0, η) = 0, (70)

whereYb = 5.3 is the beam rapidity, ση = 2.1 and ηflat = 2.6
show the size of the flat structure of the initial energy den-
sity distribution in the rapidity, and e0 = 30 GeV/fm3 is the
maximum value of the energy density. We choose a typical
parameter set which is tuned for the RHIC collision energy
[61,65]. To discuss the source-term effect in Milne coordi-
nates clearly, we carry out the numerical calculation only in
the rapidity direction. In Ref. [61] one calculates the total
energy and entropy in the beginning and at the end of 3D
hydrodynamic evolution, using the Glauber model with a
limited rapidity profile for an initial condition. From com-
parison between them they find that the energy is conserved
on a level of better than 3 % in their code.

To check the conservation property of our code, we eval-
uate the total energy and momentum in the hydrodynamic
expansion,

E(τ n) = τ n	η
∑

all grid

(T τ0)ni , (71)

M(τ n) = τ n	η
∑

all grid

(T τz)ni . (72)

We carry out a numerical calculation from τ0 = 1 fm to
τ = 10 fm on 	η = 0.02, 0.1, 0.2, and 0.5 grid sizes
with 	τ = 0.1τ0	η time-step size. The total momentum
in the beginning is vanishing in the numerical precision. We
observe that in the case where the source terms are explic-
itly included, the total energy and momentum increase with
the proper time τ monotonically on 	η = 0.5. On other
grid sizes, first the total energy and momentum increase
with τ and after some time steps they start to decrease.
If there are no source terms, sometime the total energy
and momentum increase and at other times they decrease.
This behavior suggests that the simple comparison between
total conserved quantities in the beginning and those at the
end is not suitable for an investigation of the conserva-
tion property. Instead of the simple comparison, we eval-
uate the violation of the energy and momentum conserva-
tion at each time step and sum it from the beginning to the
end,

εE ≡
∑

all step

|E(τ n) − E(τ n−1)|
E(τ0)

, (73)

εM ≡
∑

all step

|M(τ n) − M(τ n−1)|
|M(τ0)| . (74)

We show the calculated results of them in Table 1. We find that
the numerical calculation based on the equations without the
source terms keeps the energy and momentum conservation
with high accuracy compared with that with source terms
on every grid size. In the case where the source terms are
explicitly included, enough numerical accuracy is still kept,
but the amount of the violation of the conservation property
increases with grid size. On the other hand, in the numerical
algorithm with the conservative form, it does not depend on
the grid size. Even on a coarse grid, the conservation property
is kept with very high accuracy.

Next we investigate the total energy and momentum con-
servation in the hydrodynamic evolution which starts from
a fluctuating initial condition. We add the fluctuation to the
energy density and velocity distributions in Eqs. (69) and
(70),

e(τ0, η) = eflat(τ0, η)

×
(

1 +
10∑
n=0

δencos

(
n

2π(η − ηen)

L

))
, (75)

wη(τ0, η) =
10∑
n=0

δwη
ncos

(
n

2π(η − ηv
n)

L

)
, (76)

where eflat is given by Eq. (69) and values of ηen and ηv
n

are chosen between η = −Yb and Yb at random. We set
δen = 0.05 and δwη = 0.05 fm−1 for all n. We carry out
numerical calculations with the grid size 	η = 0.2, which is
often chosen in calculations of high-energy heavy-ion colli-
sions [61]. We set the time-step size equal to 	τ = 0.1τ0	η.
In Fig. 13 the energy density and velocity distributions at
τ = 10 fm with and without the source terms are shown. At
the mid-rapidity the energy density and the flow distributions
of numerical calculations with and without the source terms
are consistent with each other. In the region of |η| > 4, how-
ever, the differences between them are observed in the small
structure of both distributions. The growth of the velocity to
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Fig. 13 The numerical results for longitudinal expansion with the fluc-
tuating initial condition at τ = 10 fm.Top panel the energy distributions
from the codes with the conservative form and with the source terms.
The dotted line stands for the initial energy distribution. Bottom panel
the velocity distribution from the codes with the conservative form and
with the source terms. The dotted line stands for the initial velocity
distribution

Table 2 The violation of the total energy and momentum conservation
with fluctuating initial conditions. The initial total energy and momen-
tum are E0 = 2224 GeV and M0 = −94 GeV

εE εM

Conservative 1.38E−09 8.59E−09

With souce 1.27E−02 5.61E−02

the vacuum |η| ∼ 8 gives a difficulty of numerical calculation
and becomes the reasons for the differences.

The deviation from the energy and momentum conserva-
tion are listed in Table 2. For both cases, we find that they are
around ten times as large as those with the smoothed initial
condition. Nevertheless, the code based on the conservative
form keeps conservation property with high accuracy. On the
other hand, in the code with the source terms a few % devi-
ation from the energy and momentum conservation appears,
which is still acceptable. In the code with the source terms,
numerical calculation with fine grid size is indispensable for
the energy and momentum conservation. There exist other
ingredients which can cause additional error, and violation

of the conservation property originates from the geometric
source term, for instance shock waves and jets in medium
[66–68]. In addition, the existence of the viscosity can be the
origin of the breakdown of the conservation property [61]. To
avoid such problems, we need to construct the codes based on
constitutive equations with the conservative form or perform
numerical calculations on sufficiently fine grids.

6 Summary

We constructed a new Godunov type relativistic hydrody-
namic code in Milne coordinates based on the algorithm
in Cartesian coordinates [23]. We evaluated the flux terms,
using the numerical solution of the Riemann problem with
the initial condition at the constant proper time τ . We
checked the correctness of our algorithm from the com-
parison between numerical calculations and analytical solu-
tions of shock tube, expansion of matter into the vacuum,
the Landau–Khalatnikov solution, propagation of fluctuation
around Bjorken flow and the Gubser flow. We investigated
the energy and momentum conservation of our code from a
calculation of the longitudinal hydrodynamic expansion with
an initial condition for high-energy heavy-ion collisions.

In particular, we focused on the effects of the source
terms in relativistic numerical hydrodynamics in Milne coor-
dinates on stability and numerical viscosity. We analyzed
those effects in the test problems of expansion into the vac-
uum and the conservation property. In expansion of matter
into the vacuum, we showed that numerical results from the
code without the source terms closer to the analytical solu-
tion compared with that with source terms. Besides, the code
without the source terms is more stable and has less numeri-
cal viscosity than the code with the source terms. In addition,
we observed that the code written in the conservative form
keeps the conservation property with high accuracy in the
expansion from the fluctuating initial longitudinal profile for
high-energy heavy-ion collisions, even on a coarse grid.

Our algorithm is easily extended to the code with the QCD
equation of state and finite viscosities [23,24]. After that, we
shall employ our hydrodynamic code to investigate experi-
mental results at RHIC and LHC and understand the detailed
QGP bulk property using a reliable 3D relativistic viscous
hydrodynamic expansion with small numerical viscosity.
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Appendix A: Riemann problem in Milne coordinates

We show that the two initial problems Eqs. (26) and (27) have
the same analytic solution. First, we prove that the hydrody-
namic state which satisfies the condition ∂ηV = 0 at some
proper time keeps ∂τV = 0. In other words, if the hydro-
dynamic state V is uniform at some initial proper time, it
remains the initial uniform state at all times. This state cor-
responds to the initial condition of the Riemann problem in
Milne coordinates Eq. (27). For the (1+1)-dimensional case,
we rewrite the energy conservations, Eqs. (24) and (25), as

∂τ (τcoshηT tt − τ sinhηT tz)

+ ∂η(−sinhηT tt + coshηT tz) = 0, (A.1)

∂τ (τcoshηT tz − τ sinhηT zz)

+ ∂η(−sinhηT tz + coshηT zz) = 0. (A.2)

Inserting the conditions, ∂ηV = 0, namely ∂ηT tt = 0,
∂ηT tz = 0 and ∂ηT zz = 0, into Eqs. (A.1), (A.2), and the
derivative of Eq. (A.1) or (A.2) with respect to rapidity, we
obtain

∂τT
tt = 0, ∂τT

zz = 0, ∂τT
tz = 0, (A.3)

which means ∂τV = 0. This result indicates that in the Rie-
mann problem in Milne coordinates Eq. (27), the hydrody-
namic state outside the light cone of the discontinuity (τ0, ηi )

remains V L or V R , based on the fact that the signal velocity
in the ideal hydrodynamic equation is smaller than the speed
of light.

In Fig. 14b, the initial condition of the Riemann problem
is set on the hyperbolic curve τ = τ0 with the discontinuity at
ηi , the hydrodynamic state outside the light cone of the dis-
continuity is given by V L or V R . Figure 14a shows the initial
condition of the Riemann problem in Cartesian coordinates
with the same discontinuity point at (t0, zi ), which corre-
sponds to (τ0, ηi ) in Fig. 14b. From a comparison between
Fig. 14a, b, the analytical solutions for initial-condition prob-
lems which are given by Eqs. (26) and (27) satisfy the same
boundary conditions on the light cone at the discontinuity
(τ0, ηi ). We conclude that the analytical solution of the Rie-
mann problem in Milne coordinates, Eq. (27) is the same as
that in Cartesian coordinates, Eq. (26).

Appendix B: Discretized hydrodynamic equation with
Lagrange step

We show the detailed calculation of numerical flux terms
Eqs. (35)–(37). We represent the velocity and pressure of the

Fig. 14 The Riemann problem in Cartesian coordinates (a) and that
in Milne coordinates (b). The solid circle stands for the initial discon-
tinuity. The thick solid lines indicate initial conditions of the Riemann
problem in Cartesian coordinates (a) and Milne coordinates (b). LC
stands for the light cone of the discontinuity

grid-cell boundary at ηi as V z
i and Pi , respectively. First we

shift the grid-cell boundary at ηi to η = 0 by the Lorentz
boost transformation to derive the moving distance δηi (τ

′)
of the grid-cell boundary during τ ′(0 ≤ τ ′ ≤ 	τ). Under
the Lorentz boost transformation, δηi (τ

′) is invariant. The
velocity of the grid-cell boundary V z

0,i after the Lorentz boost
transformation is related to V z

i by

V z
i = sinhηi + V z

0,icoshηi

coshηi + V z
0,i sinhηi

. (B.1)

The moving distance δηi (τ
′) of the grid-cell boundary from

η = 0 during τ ′ is given by Eq. (33) with Eq. (34). Equation
(34) is derived from the simultaneous equations z = V z

0,i (t−
τ n) and (τ n + τ ′)2 = t2 − z2 with t = τ n + δt (τ ′).

Next we evaluate the numerical flux term of Eq. (30) on the
original frame (where the grid-cell boundary moves from ηi ).
In the integration of Eq. (30), the unit vector nα,i is written
by

nα,i = γi (sinhη − V z
i coshη, τ(coshη − V z

i sinhη)) (B.2)

with γi = {1 − (V z
i )2}−1/2. The integrands of the flux terms

become

T αt nα,i = γi Pi V
z
i , (B.3)

T αznα,i = γi Pi , (B.4)

T α j nα,i = 0, ( j = x, y). (B.5)
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The integral element ds on Ci is given by

ds = γ −1
i

dτ ′

cosh(ηi + δηi (τ ′)) − V z
i sinh(ηi + δηi (τ ′))

.

(B.6)

Expanding Eq. (B.6) in terms of τ ′ with Eq. (33), we perform
the integration of τ ′ in 0 ≤ τ ′ ≤ 	τ . Then we can get the
explicit form of the numerical flux terms as Eqs. (35)–(37).

Appendix C: Riemann problem from Cartesian to Milne
coordinates

We represent the analytical solution of the Riemann problem
in Cartesian coordinates [38,39], as that in Milne coordi-
nates. The analytical solution is composed of the four uni-
form hydrodynamic states, V L , V L∗ , V R∗ , and V R , which
are separated by three nonlinear waves; two of them are
shock waves and/or rarefaction waves, the other is a con-
tact discontinuity which separates V L∗ and V R∗ . The four
hydrodynamic states and the three nonlinear waves move
with constant velocity. Suppose that the initial discontinuity
in Milne coordinates is located at (τ0, ηi ). At proper time
τ f = τ0 + 	τ , the location of the discontinuity surface of
the shock front, rarefaction front, and contact discontinuity,
which move with constant velocity V z from ηi , η f is written

η f = 1

2
log

(1 + V z)δt + τ0coshηi + τ0sinhηi

(1 − V z)δt + τ0coshηi − τ0sinhηi
, (C.1)

where δt is given by

δt = 1

1 − (V z)2

{
−τ0(coshηi − V zsinhηi )

+
(
τ 2

0 (coshηi − V zsinhηi )
2

+ (1 − (V z)2)(	τ 2 + 2τ0	τ)
)1/2

}
. (C.2)

The state of the rarefaction wave depends on ξ = (z −
zi )/(t − t0) in Cartesian coordinates, where t0 is the initial
time and zi is the location of the initial discontinuity. Here t0
and zi are related with τ0 and ηi in Milne coordinates through
the relations τ0 = (t2

0 − z2
i )

1/2 and ηi = tanh−1(zi/t0).
In Milne coordinates, the state of the rarefaction wave is
described by

ξ = τ sinhη − τ0sinhηi

τcoshη − τ0coshηi
. (C.3)

In the case of the expansion of matter into the vacuum,
the location of the boundary to the matter at rest in Cartesian
coordinates is obtained by Eq. (C.1), where V z is replaced by
negative sound velocity, −cs . The boundary to the vacuum

which moves with the speed of light is given by

η f = ηi + 1

2
log

(
τ f

τ0

)
. (C.4)

AppendixD:General solutionof longitudinal fluctuations
around Bjorken flow

We derive analytical solutions for fluctuations around Bjorken
flow [58]. We start from the (1 + 1)-dimensional relativistic
ideal hydrodynamic equations in Milne coordinates,

(∂τ + wη∂η)(τe) = −τ(e + p)

uτ
∂μu

μ

+ τ 2(e + p)(uη)2 − p, (D.1)

(∂τ + wη∂η)w
η = − 1

(uτ )2(e + p)

(
1

τ 2 ∂η p + wη∂τ p

)

+ τ(wη)3 − 2

τ
wη, (D.2)

which are obtained from Eqs. (4), (14), and (15). Focusing
on the propagation of fluctuations around Bjorken flow, we
put a small perturbation on top of the Bjorken expansion in
Eqs. (D.1) and (D.2),

e = eB + δe, wη = δwη, eB = e0

(τ0

τ

)1+λ

, (D.3)

where eB is the energy density from Bjorken’s scaling solu-
tion [58], the equation of state is given by p = λe, the sound
velocity is cs = √

λ. Assuming that the fluctuations are small,
we neglect the second- and higher-order terms of fluctuations
in Eqs. (D.1) and (D.2) and derive the linearized relativistic
hydrodynamic equations,

∂τ δe + (1 + λ)eB∂ηδw
η + 1 + λ

τ
δe = 0, (D.4)

∂τ δw
η + λ

1 + λ

1

τ 2eB
∂ηδe + 2 − λ

τ
δwη = 0. (D.5)

We input the following initial conditions for δe and δwη

at τ = τ0:

δe(τ0, η) = A1e
ikη, (D.6)

δwη(τ0, η) = A2e
ikη. (D.7)

Using the Fourier transform of δe(τ, η) and δwη(τ, η),

δe(τ, η) =
∫

dk

2π
δẽ(τ, k)eikη, (D.8)

δwη(τ, η) =
∫

dk

2π
δṽη(τ, k)eikη, (D.9)
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we obtain the analytical solutions,

δe(τ, η) = 1√
D

(
τ

τ0

)−(3+λ)/2

×
[
(a1A1 + ike0(1 + λ)τ0A2)

(
τ

τ0

)−√
D/2

− (a2A1 + ike0(1 + λ)τ0A2)

(
τ

τ0

)√
D/2]

eikη,

(D.10)

δwη(τ, η) = 1√
D

(
τ

τ0

)(λ−3)/2

×
[(

−a2A2 + i
kλA1

τ0e0(1 + λ)

)(
τ

τ0

)−√
D/2

+
(
a1A2 − i

kλA1

τ0e0(1 + λ)

) (
τ

τ0

)√
D/2]

eikη,

(D.11)

where a1, a2, and D( �= 0) are given by

a1 = 1

2

(
λ − 1 + √

D
)

, a2 = 1

2

(
λ−1−√

D
)

, (D.12)

D = (1 − λ)2 − 4k2λ, (D.13)

respectively. Equation (D.13) indicates that the value of D is
always less than (1−λ)2 and decreases with the wave number
k. As a result, the first and second terms of Eqs. (D.10) and
(D.11) have a negative power of τ , which indicates that the
amplitude of the fluctuation decreases with τ .

In the case of D > 0, the initial fluctuations are attenuated
without propagation. In the particular cases of Eq. (D.10) and
(D.11), if A1 and A2 satisfy the following relation:

a2A1 + ike0(1 + λ)τ0A2 = 0, (D.14)

then only the first-term mode in Eqs. (D.10) and (D.11)
remains. The analytical solutions become

δe(τ, η) = A1

(
τ

τ0

)(−3−λ−√
D)/2

eikη, (D.15)

δwη(τ, η) = A2

(
τ

τ0

)(−3+λ−√
D)/2

eikη, (D.16)

where the fluctuations with the smaller wave number atten-
uate faster.

In the case of D < 0, the first and the second terms of Eqs.
(D.10) and (D.11) represent the progressive and regressive
waves, respectively. If the coefficients A1 and A2 satisfy Eq.
(D.14), then the analytical solutions become

δe(τ, η) = A1

(
τ

τ0

)−(3+λ)/2

ei(kη−θ), (D.17)

δwη(τ, η) = A2

(
τ

τ0

)(λ−3)/2

ei(kη−θ), (D.18)

where θ is defined by θ ≡ 1
2

√−Dlog(τ/τ0). The propagat-
ing speed of the fluctuations is

√−D/(2kτ). The condition
of D < 0 is given by

k >
1 − c2

s

2cs
, (D.19)

where the fluctuation with the larger wave number propagates
faster. In the case of D = 0, the analytical solutions are given
by

δe(τ, η) =
(

τ

τ0

)−(3+λ)/2

×
[
A1 +

(
1 − λ

2
A1 − ike0(1 + λ)τ0A2

)
log

τ

τ0

]
eikη,

(D.20)

δwη(τ, η) =
(

τ

τ0

)(λ−3)/2

×
[
A2 −

(
1 − λ

2
A2 + i

kλA1

τ0e0(1 + λ)

)
log

τ

τ0

]
eikη.

(D.21)

If A1 and A2 satisfy

1 − λ

2
A1 = ike0(1 + λ)τ0A2, (D.22)

then the analytical solutions, Eqs. (D.20) and (D.21), become

δe(τ, η) = A1

(
τ

τ0

)−(3+λ)/2

eikη, (D.23)

δwη(τ, η) = A2

(
τ

τ0

)(λ−3)/2

eikη. (D.24)

Appendix E: Importance of the interpolation scheme in
Gubser flow

We discuss the importance of the interpolation procedure
for the description of strong radial expansion like Gubser
flow. Figure 15 shows the energy distributions at τ = 2 fm
and τ = 5 fm which are obtained by the second- and third-
order interpolation procedures. In the calculation, we use the
same parameters as those in Sect. 4.4. The numerical calcula-
tions with the third-order interpolation procedure reproduce
the analytical solutions. On the other hand, the energy den-
sity with the second-order interpolation procedure is slightly
larger than that of the analytical solutions. In particular, we
observe the deviation from the analytical solution of energy
density in |x | < 2 fm (|x | < 5 fm) at τ = 2 (τ = 5 fm).
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We find the same behavior in other second-order interpola-
tion procedures, minmod and superbee limiters. However, in
the case of the one-dimensional expansion, even if the strong
expansion exists, the numerical calculation with the second-
order interpolation procedures shows good agreement with
the analytical solution. We observe the deviation between the
analytical solution and the numeral results in the multidimen-
sional calculation, which suggests that the operator splitting
method is also a possible key issue for the problem.

In Fig. 16, we show the transverse velocities at τ = 2 and
τ = 5 fm. The gradient of the transverse velocity increases
rapidly up to x ∼ 2 (x ∼ 5) fm at τ = 2 (τ = 5) fm, where
the value of the transverse velocity is slightly smaller than
that of the analytical solutions, which implies that the second-
order interpolation schemes do not satisfy the description
of such a rapid expansion. The inadequate velocity growth
causes the delay of the decrease of the energy density which
is observed in Fig. 15.

In Ref. [62] one points out the importance of adjusting
the flux limiter in the algorithm (KT algorithm), using the
relativistic viscous hydrodynamics. One shows that a free
parameter ξ in the van Leer minmod filter is fixed from a
comparison between the solutions of the shear-stress tensor
from Gubser flow and the numerical calculations.

References

1. T.D. Lee et al, Quark gluon plasma, new discoveries at RHIC: case
for the strongly interacting quark–gluon plasma. Nucl. Phys. A
750, 1–172 (2005)

2. R. Derradi de Souza, T. Koide, T. Kodama, Prog. Part. Nucl. Phys.
86, 35 (2016). doi:10.1016/j.ppnp.2015.09.002. arXiv:1506.03863
[nucl-th]

3. C. Gale, S. Jeon, B. Schenke, Int. J. Mod. Phys. A 28, 1340011
(2013). doi:10.1142/S0217751X13400113. arXiv:1301.5893
[nucl-th]

4. T. Hirano, P. Huovinen, K. Murase, Y. Nara, Prog. Part. Nucl. Phys.
70, 108 (2013). doi:10.1016/j.ppnp.2013.02.002. arXiv:1204.5814
[nucl-th]

5. C. Nonaka, M. Asakawa, PTEP 2012, 01A208 (2012). doi:10.1093/
ptep/pts014. arXiv:1204.4795 [nucl-th]

6. H. Song, U.W. Heinz, Phys. Rev. C 77, 064901 (2008). doi:10.
1103/PhysRevC.77.064901. arXiv:0712.3715 [nucl-th]

7. R. Baier, P. Romatschke, Eur. Phys. J. C 51, 677 (2007). doi:10.
1140/epjc/s10052-007-0308-5. arXiv:nucl-th/0610108

8. K. Dusling, D. Teaney, Phys. Rev. C 77, 034905 (2008). doi:10.
1103/PhysRevC.77.034905. arXiv:0710.5932 [nucl-th]

9. G.S. Denicol, T. Kodama, T. Koide, P. Mota, Phys. Rev.
C 80, 064901 (2009). doi:10.1103/PhysRevC.80.064901.
arXiv:0903.3595 [hep-ph]

10. B. Schenke, S. Jeon, C. Gale, Phys. Rev. Lett. 106, 042301 (2011).
doi:10.1103/PhysRevLett.106.042301. arXiv:1009.3244 [hep-ph]

11. P. Bozek, Phys. Rev. C 85, 034901 (2012). doi:10.1103/PhysRevC.
85.034901. arXiv:1110.6742 [nucl-th]

12. L.G. Pang, Y. Hatta, X.N. Wang, B.W. Xiao, Phys. Rev.
D 91, 074027 (2015). doi:10.1103/PhysRevD.91.074027.
arXiv:1411.7767 [hep-ph]

13. S. Borsanyi, Z. Fodor, C. Hoelbling, S.D. Katz, S. Krieg, K.K.
Szabo, Phys. Lett. B 730, 99 (2014). doi:10.1016/j.physletb.2014.
01.007. arXiv:1309.5258 [hep-lat]

14. A. Bazavov et al., HotQCD, Phys. Rev. D 90, 094503 (2014).
doi:10.1103/PhysRevD.90.094503. arXiv:1407.6387 [hep-lat]

15. W. Israel, J.M. Stewart, Ann. Phys. (N.Y.) 118, 341 (1979). doi:10.
1016/0003-4916(79)90130-1

16. R. Baier, P. Romatschke, D.T. Son, A.O. Starinets, M.A.
Stephanov, JHEP 04, 100 (2008). doi:10.1088/1126-6708/2008/
04/100. arXiv:0712.2451 [hep-th]

123

http://dx.doi.org/10.1016/j.ppnp.2015.09.002
http://arxiv.org/abs/1506.03863
http://dx.doi.org/10.1142/S0217751X13400113
http://arxiv.org/abs/1301.5893
http://dx.doi.org/10.1016/j.ppnp.2013.02.002
http://arxiv.org/abs/1204.5814
http://dx.doi.org/10.1093/ptep/pts014
http://dx.doi.org/10.1093/ptep/pts014
http://arxiv.org/abs/1204.4795
http://dx.doi.org/10.1103/PhysRevC.77.064901
http://dx.doi.org/10.1103/PhysRevC.77.064901
http://arxiv.org/abs/0712.3715
http://dx.doi.org/10.1140/epjc/s10052-007-0308-5
http://dx.doi.org/10.1140/epjc/s10052-007-0308-5
http://arxiv.org/abs/nucl-th/0610108
http://dx.doi.org/10.1103/PhysRevC.77.034905
http://dx.doi.org/10.1103/PhysRevC.77.034905
http://arxiv.org/abs/0710.5932
http://dx.doi.org/10.1103/PhysRevC.80.064901
http://arxiv.org/abs/0903.3595
http://dx.doi.org/10.1103/PhysRevLett.106.042301
http://arxiv.org/abs/1009.3244
http://dx.doi.org/10.1103/PhysRevC.85.034901
http://dx.doi.org/10.1103/PhysRevC.85.034901
http://arxiv.org/abs/1110.6742
http://dx.doi.org/10.1103/PhysRevD.91.074027
http://arxiv.org/abs/1411.7767
http://dx.doi.org/10.1016/j.physletb.2014.01.007
http://dx.doi.org/10.1016/j.physletb.2014.01.007
http://arxiv.org/abs/1309.5258
http://dx.doi.org/10.1103/PhysRevD.90.094503
http://arxiv.org/abs/1407.6387
http://dx.doi.org/10.1016/0003-4916(79)90130-1
http://dx.doi.org/10.1016/0003-4916(79)90130-1
http://dx.doi.org/10.1088/1126-6708/2008/04/100
http://dx.doi.org/10.1088/1126-6708/2008/04/100
http://arxiv.org/abs/0712.2451


579 Page 20 of 20 Eur. Phys. J. C (2016) 76 :579

17. D. Bazow, U.W. Heinz, M. Strickland, Phys. Rev. C 90, 054910
(2014). doi:10.1103/PhysRevC.90.054910. arXiv:1311.6720
[nucl-th]

18. A. Adare et al., PHENIX Collaboration, Phys. Rev. Lett.
107, 252301 (2011). doi:10.1103/PhysRevLett.107.252301.
arXiv:1105.3928 [nucl-ex]

19. P. Sorensen, STAR Collaboration, J. Phys. G 38, 124029 (2011).
doi:10.1088/0954-3899/38/12/124029. arXiv:1110.0737 [nucl-
ex]

20. K. Aamodt et al., ALICE Collaboration, Phys. Rev. Lett.
107, 032301 (2011). doi:10.1103/PhysRevLett.107.032301.
arXiv:1105.3865 [nucl-ex]

21. G. Aad et al., ATLAS Collaboration, Phys. Rev. C 86, 014907
(2012). doi:10.1103/PhysRevC.86.014907. arXiv:1203.3087 [hep-
ex]

22. S. Chatrchyan et al., CMS Collaboration, Phys. Rev. C 89, 044906
(2014). doi:10.1103/PhysRevC.89.044906. arXiv:1310.8651
[nucl-ex]

23. Y. Akamatsu, S. Inutsuka, C. Nonaka, M. Takamoto, J.
Comput. Phys. 256, 34 (2014). doi:10.1016/j.jcp.2013.08.047.
arXiv:1302.1665 [nucl-th]

24. M. Takamoto, S. Inutsuka, J. Comput. Phys. 11, 38 (2011). doi:10.
1016/j.jcp.2011.05.030. arXiv:1106.1732 [astro-ph]

25. P. Celella, SIAM J. Sci. Stat. Comput. 3, 76 (1982). doi:10.1137/
0903007

26. D.S. Balsara, J. Comput. Phys. 114, 284 (1994). doi:10.1006/jcph.
1994.1167

27. W. Dai, P.R. Woodward, SIAM. J. Sci. Stat. Comput. 18, 982
(1997). doi:10.1137/S1064827595282234

28. A. Mignone, T. Plewa, G. Bodo, ApJS 160, 199 (2005). doi:10.
1086/430905. arXiv:astro-ph/0505200

29. P.R. Woodward, P. Colella, J. Comput. Phys.54, 115 (1984). doi:10.
1016/0021-9991(84)90142-6

30. I.G. Bearden et al., BRAHMS Collaboration, Phys. Lett.
B 523, 227 (2001). doi:10.1016/S0370-2693(01)01333-8.
arXiv:nucl-ex/0108016

31. I.G. Bearden et al., BRAHMS Collaboration, Phys. Rev.
Lett. 88, 202301 (2002). doi:10.1103/PhysRevLett.88.202301.
arXiv:nucl-ex/0112001

32. B.B. Back et al., PHOBOS Collaboration, Phys. Rev. Lett.
91, 052303 (2003). doi:10.1103/PhysRevLett.91.052303.
arXiv:nucl-ex/0210015

33. B. Alver et al., PHOBOS Collaboration, Phys. Rev. C 83. 024913
(2011). doi:10.1103/PhysRevC.83.024913. arXiv:1011.1940
[nucl-ex]

34. S. Chatrchyan et al., CMS Collaboration, J. High Energy Phys.
08, 141 (2011). doi:10.1007/JHEP08(2011)141. arXiv:1107.4800
[nucl-ex]

35. G. Aad et al., ATLAS Collaboration, Phys. Lett. B 710, 363 (2012).
doi:10.1016/j.physletb.2012.02.045. arXiv:1108.6027 [hep-ex]

36. E. Abbas et al., ALICE Collaboration, Phys. Lett. B 726,
610 (2013). doi:10.1016/j.physletb.2013.09.022. arXiv:1304.0347
[nucl-ex]

37. S. Jeon, U. Heinz, in Quark-gluon plasma 5, ed. by X.N. Wang.
(World Scientific, New Jersey, 2016), p. 131. arXiv:1503.03931
[hep-ph]

38. J.M. Marti, E. Müller, J. Fluid Mech. 258, 317 (1994). doi:10.1017/
S0022112094003344

39. J.A. Pons, J.M. Marti, E. Müller, J. Fluid Mech. 422, 125 (2000).
doi:10.1017/S0022112000001439. arXiv:astro-ph/0005038

40. B. Van Leer, J. Comput. Phys. 32, 101 (1979). doi:10.1016/
0021-9991(79)90145-1

41. P. Colella, P.R. Woodward, J. Comput. Phys.54, 174 (1984). doi:10.
1016/0021-9991(84)90143-8

42. J.M. Marti, E. Müller, J. Comput. Phys. 123, 1 (1996). doi:10.1006/
jcph.1996.0001

43. G. Strang, SIAM J. Numer. Anal. 5, 506 (1968). doi:10.1137/
0705041

44. L.D. Landau, Izv. Akad. Nauk SSSR 17, 51 (1953)
45. S.Z. Belenkij, L.D. Landau, Usp. Fiz. Nauk 56, 309 (1955)
46. S.Z. Belenkij, L.D. Landau, Nuovo Cimento Suppl. 3, 15 (1956).

doi:10.1007/BF02745507
47. S.S. Gubser, Phys. Rev. D 82, 085027 (2010). doi:10.1103/

PhysRevD.82.085027. arXiv:1006.0006 [hep-th]
48. S.S. Gubser, A. Yarom, Nucl. Phys. B 846, 469 (2011). doi:10.

1016/j.nuclphysb.2011.01.012. arXiv:1012.1314 [hep-th]
49. D.H. Rischke, S. Bernard, J.A. Marhn, Nucl. Phys. A

595, 346 (1995). doi:10.1016/0375-9474(95)00355-1.
arXiv:nucl-th/9504018

50. M. Murray, BRAHMS Collaboration, J. Phys. G 30, S667 (2004).
doi:10.1088/0954-3899/30/8/004. arXiv:nucl-ex/0404007

51. I.G. Bearden et al., BRAHMS Collaboration, Phys. Rev.
Lett. 94, 162301 (2005). doi:10.1103/PhysRevLett.94.162301.
arXiv:nucl-ex/0403050

52. P. Steinberg, Nucl. Phys. A 752, 423 (2005). doi:10.1016/j.
nuclphysa.2005.02.139. arXiv:nucl-ex/0412009

53. M. Murray, BRAHMS Collaboration, J. Phys. G 35, 044015 (2008).
doi:10.1088/0954-3899/35/4/044015. arXiv:0710.4576 [nucl-ex]

54. C.Y. Wong, Phys. Rev. C 78, 054902 (2008). doi:10.1103/
PhysRevC.78.054902. arXiv:0808.1294 [hep-ph]

55. Z.J. Jiang, Q.G. Li, H.L. Zhang, Phys. Rev C 87, 044902 (2013).
doi:10.1103/PhysRevC.87.044902

56. V. Khachatryan et al., CMS Collaboration, Phys. Rev. C 92, 034911
(2015). doi:10.1103/PhysRevC.92.034911. arXiv:1503.01692
[nucl-ex]

57. S. Floerchinger, U.A. Wiedemann, J. High Energy Phys. 11, 100
(2011). doi:10.1007/JHEP11(2011)100. arXiv:1108.5535 [nucl-
th]

58. J.D. Bjorken, Phys. Rev. D 27, 140 (1983). doi:10.1103/PhysRevD.
27.140

59. J. Noronha-Hostler, G.S. Denicol, J. Noronha, R.P.G. Andrade, F.
Grassi, Phys. Rev. C 88, 044916 (2013). doi:10.1103/PhysRevC.
88.044916. arXiv:1305.1981 [nucl-th]

60. L. Del Zanna, V. Chandra, G. Inghirami, V. Rolando, A.
Beraudo, A. De Pace, G. Pagliara, A. Drago, F. Becattini, Eur.
Phys. J. C 73, 2524 (2013). doi:10.1140/epjc/s10052-013-2524-5.
arXiv:1305.7052 [nucl-th]

61. I. Karpenko, P. Huovinen, M. Bleicher, Comput. Phys.
Commun. 185, 3016 (2014). doi:10.1016/j.cpc.2014.07.010.
arXiv:1312.4160 [nucl-th]

62. H. Marrochio, J. Noronha, G.S. Denicol, M. Luzum, S. Jeon, C.
Gale, Phys. Rev. C 91, 014903 (2015). doi:10.1103/PhysRevC.91.
014903. arXiv:1307.6130 [nucl-th]

63. C. Shen, Z. Qiu, H. Song, J. Bernhard, S. Bass, U. Heinz, Comput.
Phys. Commun. 199, 61 (2016). doi:10.1016/j.cpc.2015.08.039.
arXiv:1409.8164 [nucl-th]

64. F. Becattini, G. Inghirami, V. Rolando, A. Beraudo, L. Del
Zanna, A. De Pace, M. Nardi, G. Pagliara, V. Chandra, Eur.
Phys. J. C 75, 406 (2015). doi:10.1140/epjc/s10052-015-3624-1.
arXiv:1501.04468 [nucl-th]

65. T. Hirano, U. Heinz, D. Kharzeev, R. Lacey, Y. Nara, Phys.
Lett. B 636, 299 (2006). doi:10.1016/j.physletb.2006.03.060.
arXiv:nucl-th/0511046

66. A.K. Chaudhuri, U. Heinz, Phys. Rev. Lett. 97, 062301 (2006).
doi:10.1103/PhysRevLett.97.062301. arXiv:nucl-th/0503028

67. B. Betz, M. Gyulassy, D.H. Rischke, H. Stocker, G. Torrieri,
J. Phys. G 35, 104106 (2008). doi:10.1088/0954-3899/35/10/
104106. arXiv:0804.4408 [hep-ph]

68. Y. Tachibana, T. Hirano, Phys. Rev. C 90, 021902 (2014). doi:10.
1103/PhysRevC.90.021902. arXiv:1402.6469 [nucl-th]

123

http://dx.doi.org/10.1103/PhysRevC.90.054910
http://arxiv.org/abs/1311.6720
http://dx.doi.org/10.1103/PhysRevLett.107.252301
http://arxiv.org/abs/1105.3928
http://dx.doi.org/10.1088/0954-3899/38/12/124029
http://arxiv.org/abs/1110.0737
http://dx.doi.org/10.1103/PhysRevLett.107.032301
http://arxiv.org/abs/1105.3865
http://dx.doi.org/10.1103/PhysRevC.86.014907
http://arxiv.org/abs/1203.3087
http://dx.doi.org/10.1103/PhysRevC.89.044906
http://arxiv.org/abs/1310.8651
http://dx.doi.org/10.1016/j.jcp.2013.08.047
http://arxiv.org/abs/1302.1665
http://dx.doi.org/10.1016/j.jcp.2011.05.030
http://dx.doi.org/10.1016/j.jcp.2011.05.030
http://arxiv.org/abs/1106.1732
http://dx.doi.org/10.1137/0903007
http://dx.doi.org/10.1137/0903007
http://dx.doi.org/10.1006/jcph.1994.1167
http://dx.doi.org/10.1006/jcph.1994.1167
http://dx.doi.org/10.1137/S1064827595282234
http://dx.doi.org/10.1086/430905
http://dx.doi.org/10.1086/430905
http://arxiv.org/abs/astro-ph/0505200
http://dx.doi.org/10.1016/0021-9991(84)90142-6
http://dx.doi.org/10.1016/0021-9991(84)90142-6
http://dx.doi.org/10.1016/S0370-2693(01)01333-8
http://arxiv.org/abs/nucl-ex/0108016
http://dx.doi.org/10.1103/PhysRevLett.88.202301
http://arxiv.org/abs/nucl-ex/0112001
http://dx.doi.org/10.1103/PhysRevLett.91.052303
http://arxiv.org/abs/nucl-ex/0210015
http://dx.doi.org/10.1103/PhysRevC.83.024913
http://arxiv.org/abs/1011.1940
http://dx.doi.org/10.1007/JHEP08(2011)141
http://arxiv.org/abs/1107.4800
http://dx.doi.org/10.1016/j.physletb.2012.02.045
http://arxiv.org/abs/1108.6027
http://dx.doi.org/10.1016/j.physletb.2013.09.022
http://arxiv.org/abs/1304.0347
http://arxiv.org/abs/1503.03931
http://dx.doi.org/10.1017/S0022112094003344
http://dx.doi.org/10.1017/S0022112094003344
http://dx.doi.org/10.1017/S0022112000001439
http://arxiv.org/abs/astro-ph/0005038
http://dx.doi.org/10.1016/0021-9991(79)90145-1
http://dx.doi.org/10.1016/0021-9991(79)90145-1
http://dx.doi.org/10.1016/0021-9991(84)90143-8
http://dx.doi.org/10.1016/0021-9991(84)90143-8
http://dx.doi.org/10.1006/jcph.1996.0001
http://dx.doi.org/10.1006/jcph.1996.0001
http://dx.doi.org/10.1137/0705041
http://dx.doi.org/10.1137/0705041
http://dx.doi.org/10.1007/BF02745507
http://dx.doi.org/10.1103/PhysRevD.82.085027
http://dx.doi.org/10.1103/PhysRevD.82.085027
http://arxiv.org/abs/1006.0006
http://dx.doi.org/10.1016/j.nuclphysb.2011.01.012
http://dx.doi.org/10.1016/j.nuclphysb.2011.01.012
http://arxiv.org/abs/1012.1314
http://dx.doi.org/10.1016/0375-9474(95)00355-1
http://arxiv.org/abs/nucl-th/9504018
http://dx.doi.org/10.1088/0954-3899/30/8/004
http://arxiv.org/abs/nucl-ex/0404007
http://dx.doi.org/10.1103/PhysRevLett.94.162301
http://arxiv.org/abs/nucl-ex/0403050
http://dx.doi.org/10.1016/j.nuclphysa.2005.02.139
http://dx.doi.org/10.1016/j.nuclphysa.2005.02.139
http://arxiv.org/abs/nucl-ex/0412009
http://dx.doi.org/10.1088/0954-3899/35/4/044015
http://arxiv.org/abs/0710.4576
http://dx.doi.org/10.1103/PhysRevC.78.054902
http://dx.doi.org/10.1103/PhysRevC.78.054902
http://arxiv.org/abs/0808.1294
http://dx.doi.org/10.1103/PhysRevC.87.044902
http://dx.doi.org/10.1103/PhysRevC.92.034911
http://arxiv.org/abs/1503.01692
http://dx.doi.org/10.1007/JHEP11(2011)100
http://arxiv.org/abs/1108.5535
http://dx.doi.org/10.1103/PhysRevD.27.140
http://dx.doi.org/10.1103/PhysRevD.27.140
http://dx.doi.org/10.1103/PhysRevC.88.044916
http://dx.doi.org/10.1103/PhysRevC.88.044916
http://arxiv.org/abs/1305.1981
http://dx.doi.org/10.1140/epjc/s10052-013-2524-5
http://arxiv.org/abs/1305.7052
http://dx.doi.org/10.1016/j.cpc.2014.07.010
http://arxiv.org/abs/1312.4160
http://dx.doi.org/10.1103/PhysRevC.91.014903
http://dx.doi.org/10.1103/PhysRevC.91.014903
http://arxiv.org/abs/1307.6130
http://dx.doi.org/10.1016/j.cpc.2015.08.039
http://arxiv.org/abs/1409.8164
http://dx.doi.org/10.1140/epjc/s10052-015-3624-1
http://arxiv.org/abs/1501.04468
http://dx.doi.org/10.1016/j.physletb.2006.03.060
http://arxiv.org/abs/nucl-th/0511046
http://dx.doi.org/10.1103/PhysRevLett.97.062301
http://arxiv.org/abs/nucl-th/0503028
http://dx.doi.org/10.1088/0954-3899/35/10/104106
http://dx.doi.org/10.1088/0954-3899/35/10/104106
http://arxiv.org/abs/0804.4408
http://dx.doi.org/10.1103/PhysRevC.90.021902
http://dx.doi.org/10.1103/PhysRevC.90.021902
http://arxiv.org/abs/1402.6469

	A new relativistic hydrodynamics code for high-energy heavy-ion collisions
	Abstract 
	1 Introduction
	2 Relativistic hydrodynamics
	3 Numerical simulations in Milne coordinates
	3.1 Riemann problem in Milne coordinates
	3.2 Numerical scheme
	3.2.1 τ–η system
	3.2.2 (3 + 1)-dimensional systems

	3.3 The Courant–Friedrichs–Lewy condition
	3.4 Boundary conditions

	4 Numerical tests
	4.1 Riemann problem
	4.1.1 Shock tubes
	4.1.2 Expansion of matter into the vacuum

	4.2 Landau–Khalatnikov solution
	4.3 Propagation of longitudinal fluctuations around Bjorken flow
	4.4 Gubser flow

	5 Conservation property
	6 Summary
	Acknowledgements
	Appendix A: Riemann problem in Milne coordinates
	Appendix B: Discretized hydrodynamic equation with Lagrange step
	Appendix C: Riemann problem from Cartesian to Milne coordinates
	Appendix D: General solution of longitudinal fluctuations around Bjorken flow
	Appendix E: Importance of the interpolation scheme in Gubser flow
	References




