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Abstract We investigate further (cf. Borowiec et al. JCAP
1601(01):040, 2016) the Starobinsky cosmological model
R+γ R2 in the Palatini formalism with a Chaplygin gas and
baryonic matter as a source in the context of singularities.
The dynamics reduces to the 2D sewn dynamical system of
a Newtonian type (a piece-wise-smooth dynamical system).
We demonstrate that the presence of a sewn up freeze singu-
larity (glued freeze type singularities) for the positive γ is,
in this case, a generic feature of the early evolution of the
universe. It is demonstrated that γ equal zero is a bifurcation
parameter and the dynamics qualitatively changes as the γ

sign is changing. On the other side for the case of negative
γ instead of the big bang the sudden bounce singularity of a
finite scale factor does appear and there is a generic class of
bouncing solutions. While the �γ > 0 is favored by data only
very small values of �γ parameter are allowed if we require
agreement with the �CDM model. From the statistical anal-
ysis of astronomical observations, we deduce that the case
of only very small negative values of �γ cannot be rejected.
Therefore, observation data favor the universe without the
ghost states ( f ′(R̂) > 0) and tachyons ( f ′′(R̂) > 0).

1 Introduction: cosmology with Chaplygin gas in
Palatini formalism

Today’s modern cosmology suffers problems which the stan-
dard theory, that is the �CDM model derived from Einstein’s
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general relativity (GR), is not able to explain. Issues like the
nature of dark matter and dark energy, the origin and source
of inflation or large scale structure are widely investigated
from many different points of view. Satisfactory explana-
tions have not been set so far, which makes searching and
examination of new models still desirable. Due to that fact
we have proposed [1] and examined a model which modifies
the standard one in two different ways. The first modifica-
tion refers to the gravitational Lagrangian, which we have
enriched with the so-called Starobinsky term γ R̂2 [2] keep-
ing in mind that the parameter γ is small and estimated by
observational data and analytical analysis. We have used the
Palatini formalism [3–5], which treats the metric and the
symmetric connection as independent dynamical variables.
The Palatini formalism modifies the Starobinsky model by
providing the other field equations and degrees of freedom in
comparison to the original purely metric Starobinsky model.
The torsion free connection is used to construct Riemann and
Ricci tensors, while the contraction with the metric provides
a (generalized) Ricci scalar (see e.g. [4,6]).

Let us notice that the Palatini approach we are using for
the description of the gravitational field was originally intro-
duced by Einstein himself (see e.g. [7, p. 415] and references
therein) but historical misunderstanding decided on its name
in this context [7, p. 191, 485]. The main idea of this formal-
ism is to treat the symmetric (i.e. torsion free) connection �

in the definition of the Ricci tensor as a variable independent
of the spacetime metric g. That is, the connection is not nec-
essarily a Levi-Civita connection of the metric g, since the
dependence � on g arises from solutions of field equations.
E.g., there is no special reason to apply the Palatini variational
principle in GR where the two formalisms are equivalent.
The situation changes if one considers the extended theory of
gravity (ETG) because in these cases both metric and Palatini
variational principles satisfy different field equations, which
lead to different physics [7, p. 486, 769]. The applications of
the Palatini approach in the context of cosmological investi-
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gations have been the subject of many papers [7, p. 211, 721,
722, 843, 1129] and references therein. A Newtonian poten-
tial can be obtained if we considered the weak-field limit of
ETG and its relations with a conformal factor [7, p. 794].
In particular, it has been shown [8,9] that vacuum solutions
of Palatini gravity differ from GR by the presence of a cos-
mological constant. It appears that the values of the cosmo-
logical constant which are admitted by solar system tests are
many orders of magnitude bigger than the values obtained
from cosmological estimations [10]. The Palatini approach
is very important in cosmology as the equations of motion
are second order differential equations, to be compared to the
standard metric approach in which the field equations give
rise to fourth order ones (see e.g. [1] and references therein).

The second modification in our approach is performed to
the matter part of the modified Einstein equations. Instead
of considering a perfect fluid with the barotropic equation of
state, p = ωρ, we study the so-called generalized Chaplygin
gas, which has also, similarly to cosmological constant, a
negative pressure. Chaplygin gas has recently gained a lot
of attention in cosmology [11–21] as it merges dark energy
(cosmological constant) and dark matter into one component.
Moreover, this is the only fluid known up to now which has
a supersymmetric generalization [22,23]. For this reason it
seems to be an important and interesting object to study.

We would like to mention that in [1] we have obtained,
under the same assumptions, a model which reaches very
good agreement with observational data. We were also able to
find an upper bound on the value of the parameterγ in order to
locate a singularity, which has appeared in the model, before
the recombination epoch. It turns out that this singularity is
of type III and provides an intermediate ephemeral inflation
era to the evolution of our universe. More exactly, the model
possesses four phases of cosmic evolution while the big bang
singularity is preserved: the decelerating phase dominated
by matter, an intermediate ephemeral inflation phase corre-
sponding to the type III singularity, a phase of matter domi-
nation (decelerating phase) and finally, the phase of acceler-
ation of the current universe. The present paper extends and
intensifies the analysis presented in [1]. Now on, for conve-
nience of the reader, let us briefly recall the main properties
of the formalism which is used in the paper.

The general action of the Palatini f (R)-gravity is written
in the standard way,

S = 1

2

∫
d4x

√−g f (R̂) + Sm, (1)

where f (R̂) is a function of the generalized Ricci scalar
R̂ = gμν R̂μν(�̂). One should notice that the Palatini scalar
R̂ is constructed with both objects, that is, the metric and
the torsion free connection. The action Sm is a matter action
which is independent of the connection but includes other
scalar fields and depends on gμν . Because the Lagrangian for

matter does not depend on the connection [1] in the model
with a generalized barotropic matter satisfying equation of
state p = p(ρ), it can be postulated similar to GR to have
the following form [24]:

Lm = −ρ

(
1 +

∫
p(ρ)

ρ2 dρ

)
. (2)

The variation of the total action with respect to the metric
gives rise to the following field equations:

f ′(R̂)R̂μν − 1

2
f (R̂)gμν = Tμν, (3)

where a prime denotes differentiation with respect to R̂, while
the energy-momentum tensor Tμν is obtained by variation of
the matter action with respect to gμν . We have also used the
geometric units 8πG = c = 1. By taking the g-trace of (3)
one obtains a structural equation in the form

f ′(R̂)R̂ − 2 f (R̂) = T, (4)

where T is the g-trace of the energy-momentum tensor. We
shall discuss these equations later.

The variation with respect to the independent symmetric
connection �̂ provides

∇̂λ(
√−g f ′(R̂)gμν) = 0, (5)

which is the indication that the connection is the Levi-Civita
connection of the metric hμν = f ′(R̂)gμν . That is, the met-
ric hμν is a metric conformally related to the physical metric
gμν . It gives rise to the conclusion that the conformal factor
f ′(R̂), later labeled by b, must be a non-negative function.
One should also notice that in the scalar–tensor representa-
tion of f (R̂) gravity in the Palatini approach the scalar field
φ is represented by f ′(R̂). Moreover, converting the action
to the Einstein frame one gets the negative coupling to the
matter part for the case of f ′(R̂) < 0.

Equation (4) for different choices of the function f (R̂)

leads to the algebraic type equation depending on R̂. Such an
equation may happen to be difficult to solve. Postulating the
dependence R̂(T ), the structural equation becomes a linear
differential equation. If we put R̂(T ) = −T in an analogous
way to GR, then we obtain a differential equation in the form

T
d f (T )

dT
− 2 f (T ) = T . (6)

One gets immediately a simple solution

f (T ) = const T 2 − T or f (R̂) = R̂ + const R̂2 (7)

and therefore this class of functions f (R̂) defines a full range
of choices based on the analogy to GR.

The energy-momentum tensor Tμν satisfies the metric
covariant conservation law ∇μTμν = 0, since we are consid-
ering the Palatini f (R̂) gravity as a metric theory [6]. Hence,
the continuity equation is given by
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ρ̇ + 3H(ρ + p) = 0, (8)

where ˙ ≡ d
dt denotes the differentiation with respect to the

cosmological time, and ρ and p are energy density and pres-
sure, respectively, of the energy-momentum for the perfect
fluid. The variable H = d(log a)

dt denotes, as usual, the Hub-
ble parameter. For completeness, the form of the equation
of state p = p(ρ) should be postulated in order to obtain
the dependence on the scale factor a(t) for the pressure and
energy density. Due to that fact, we would like to consider a
very special case, which is perfect fluid for the generalized
Chaplygin gas as a source of gravity [12]. The equation of
state is taken as

p = − A

ρα
, (9)

where A is positive constant and 0 ≤ α ≤ 1. Note that a
negative pressure of generalized Chaplygin gas, for A > 0,
suggests naively that as ρ goes to zero, p diverges to minus
infinity. But this reasoning is not true. The pressure as well as
energy density satisfy the continuity condition, which gives
rise to the relation

ρ = ρ(a) =
(
A + B

a3(1+α)

) 1
1+α

. (10)

We parametrize the ρ(a) dependence through the physical
parameters ρch,0 and assume 0 ≤ As ≤ 1 (and B > 0)1

following Bento et al.’s parametrization, where As = A
ρ1+α

ch,0

[11]. In this parametrization the square of the speed of sound
is αρ1+α

ch,0 Asρ
−(α+1), today c2

s = αAs < 1 as a consequence
of 0 < α ≤ 1. Note that ρ(a) has a lower limit, that is,

ρ(a) ≥ ρch,0(As)
1

1+α . Moreover, the Chaplygin gas does
not violate the null energy condition ρ + p ≥ 0 because

ρ+ p = ρ− Aρ−α = Ba−3(1+α)ρ−α , where ρ ≥ A
1

1+α > 0
and B = ρ1+α

ch,0 (1 − As) > 0 in the case under consideration.
Therefore, for small values of the scale factor, the density
ρ(a) behaves like dust matter, ρ(a) ≈ a−3, while for the
large scale factor one gets ρ(a) = A1/(1+α), i.e. the effect of
the cosmological constant. We use the idea of a Chaplygin gas
[26] because such an equation of state interpolates between
the matter dominating phase and the quintessence epoch at
which�dominates. There is also an intermediate phase mim-
icking the Zeldovich stiff matter domination. Moreover, for
α = 0 the Chaplygin gas corresponds exactly to the pres-
ence of the cosmological constant (dark energy) and dust
(dark and baryonic matter).2 We recall that in the modified
gravity framework ‘fluid dark energy’ can be replaced by
the cosmological constant ensuing from the modification of

1 In some models of fluid inflation negative values are also allowed
[25].
2 One should notice that the best fit obtained in [1] corresponds to a
small value of α = 0.0194.

the gravitational action. Therefore, in the model under con-
sideration, the null energy condition is not violated and the
bounce is a consequence of the modification of the Einstein
equations, i.e. the presence of the additional term γ R2 in the
Lagrangian, when γ is negative.

Since an exact form of the function f (R) is not known, one
needs to consider some effective theories, probing theoretical
possibilities of this approach to gravity. Usually some a priori
truncated polynomial form with respect to the scalar fields
and their inverses are proposed. It enables us to study how
different problems of contemporary cosmology like the dark
energy and dark matter issues can be solved [1,6,12,27–30].
Now let us choose the simplest modification of the general
relativity Lagrangian already mentioned as a simple solution
of the structural equation, that is, let us consider

f (R̂) = R̂ + γ R̂2 (11)

for which one deals with the relation obtained from (4),

R̂(T ) = −T = ρ − 3p. (12)

Finally, after substituting formulas (9) and (10) we obtain the
following a(t)-dependence for the Palatini scalar:

R̂ =
(
A + Ba−3(1+α)

)− α
1+α

(
4A + Ba−3(1+α)

)
. (13)

In this case the generalized Friedmann equation can be rewrit-
ten in the form H2 = H2(a) as was done in [1]. Following
that result, the relation H2

H2
0

for our model, where H0 is the

present value of the Hubble function, is written as

H2

H2
0

= b2

(
b + d

2

)2

(
�γ �2

ch
(K − 3)(K + 1)

2b
+ �ch + �k

)
,

(14)

where

�k = − k

H2
0 a

2
, K = 3As

As + (1 − As)a−3(1+α)
,

�γ = 3γ H2
0 , �ch = ρch,0

3H2
0

(
3As

K

) 1
1+α

,

b = f ′(R̂) = 1 + 2�γ �ch(K + 1),

d = 1

H

db

dt
= 2�γ �ch(3 − K )[α(1 − K ) − 1].

(15)

Here, the quantity ρch,0 denotes the present value of ρch, k =
−1, 0,+1 is the space curvature and As = A

ρ1+α
ch,0

[1,27,28].

This model was examined by us [1] where we demon-
strated how the Palatini formulation modifies evolutionary
scenarios with respect to the �CDM model. Henceforth, it
can be considered as a natural extension of the standard cos-
mological model. In this paper we focus our attention on
an investigation of the dynamics of this model provided by
dynamical systems methods. We show that the dynamics of
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the model can be treated as a two-dimensional dynamical sys-
tem of a Newtonian type [28,29]. It turns out that the phase
space structure is more complicated than for the standard
dynamical system because of the presence of the sewn up
singularity which belongs to type III [31,32]. This singularity
has an intermediate character [33] and divides evolutionary
paths into two �CDM types of evolution (two-phases model
with matter and dark energy domination epochs). The math-
ematical model of such dynamics is formulated with the help
of notion of ‘sewn dynamical systems’ [34]. Following this
approach the full trajectories are sewn up trajectories of two
cuts of half-trajectories along the singularity. We have found
that a weak sewn up singularity of type III appears. This is a
generic feature of the dynamics in the early universe.

Barrow and Graham have introduced the concept of sin-
gular inflation [35]. In this context the presence of a freeze
singularity in the early evolution of the universe opens a dis-
cussion of modeling the inflation through a singularity of
type III.

Let us summarize the work that we are going to present.
The main goal of the paper is the investigation of the dynam-
ics of homogeneous and isotropic cosmological model with
the Lagrangian R̂+ γ R̂2 in the Palatini formalism. It will be
demonstrated that the dynamics can be in general reduced to
the form of a two-dimensional dynamical system of a New-
tonian type. This enables us to investigate the dynamics in
detail in the configuration space as well as the phase space
where the phase portrait revealing the global dynamics can
be constructed. Due to this representation of dynamics it is
possible to study all evolutionary paths for all admissible
initial conditions.

2 Dynamical system approach in study of evolution of
the universe

As already mentioned above, our case belongs to a class of
cosmological models of modified gravity whose dynamics
can be reduced to the form of a two-dimensional dynam-
ical system in a Newtonian form [28,29]. The Lagrangian
has a form of one for standard mechanical systems. There-
fore, the Hamiltonian H has a kinetic term quadratic in the
momenta and the potential as a function of the state vari-
ables. The motion of the system is along the energy levels
H = E = const. Due to this reduction the universe dynamics
can be treated as a particle of unit mass moving in the one-
dimensional potential. This enables us to classify all evolu-
tionary paths in the configuration space and in the phase too.
Dynamical systems of a Newtonian type are special because
they describe the evolution of conservative systems as in clas-
sical mechanics. For such systems the construction of a phase
portrait can be obtained directly from the functional form of
the potential.

In cosmological applications the scale factor a ≥ 0 plays
the role of positional variable x , while the localization of the
critical points as well as their type are determined by a shape
of the potential V (x). Let us recall some commonly used
terminology and properties:

1. A static universe is represented by a critical point of the
system ẋ = y, ẏ = − ∂V

∂x and it always lies on the x-axis„
that is, y = y0 = 0, x = x0.

2. We say that the point (x0, 0) is a critical point of a
Newtonian system if it is a critical point of the func-
tion of the potential V (x), it means: V (x) = E , where

E = y2

2 + V (x) is the total energy of the system. Spa-
tially flat models admit the case y = ẋ ; E = 0, while
the ones with the spatial curvature k 	= 0 (constant) have
E = − k

2 .
3. A critical point (x0, 0) belongs to a saddle type if it is a

strict local maximum of the potential V (x).
4. If (x0, 0) is a strict local minimum of the analytic function

V (x) then one deals with a center.
5. (x0, 0) is a cusp if it is a horizontal inflection point of the

V (x).

From the above classification it should be clear that the
shape of the potential function determines critical points and
their stability. The integral of the energy levels defines the
algebraic curves in the phase space (x , y) which imitate
the evolution of the system with time. Eigenvalues of the
linearized matrix satisfy the characteristic equation of the
form λ2 + ∂2

∂x2 V |x=x0 = 0. They may be real or imaginary
with vanishing real parts (non-hyperbolic critical points) and
hence there are other critical points apart from the mentioned
ones. The centers are structurally unstable [36], opposite to
saddles which represent structurally stable critical points.

3 Classification of the trajectories representing
evolution of the model

3.1 Classification of the possible evolutional scenarios in
the configuration space

In order to classify all evolutionary paths in the configuration
space we treat the cosmic evolution as a simple mechanical
system with the natural form of the Lagrangian L = ȧ2

2 −
Ṽ (a).

From Eq. (14) after the substitution H2 ≡
(

da
dt
a

)2

we

obtain

ȧ2

2
+ Ṽ (a) = 0, (16)

where from now on we will use dot as ˙ ≡ d
dτ

and τ is a
rescaled cosmological time, that is, H0t = τ . The potential
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Fig. 1 The diagram presents the potential Ṽ (a) for As = 0.7264,
α = 0.0194, and �γ = 10−9. The shaded region represents a non-
physical domain forbidden for motion of a classical system for which
ȧ2 ≥ 0

Ṽ is defined as

Ṽ = −a2

2

b2

(
b + d

2

)2

(
�γ �2

ch
(K − 3)(K + 1)

2b
+ �ch+�k

)
.

(17)

As already mentioned, Eq. (16) has the simple mechani-
cal interpretation of the evolution of the universe in terms of
the positional type variable a(t). Hence the dynamics of the
model is the same as the dynamics of a particle of unit mass
moving in the potential Ṽ along a constant energy level. Such
an interpretation enables us to examine admissible trajecto-
ries and their classification in the configuration and phase
space. All information as regards the dynamics is encoded in
the geometry of the potential function.

The diagram of the potential function (17) for typical val-
ues of model parameters is presented in Fig. 1.

We also define function V (a) in the form

V = −a2

2

(
�γ �2

ch
(K − 3)(K + 1)

2b
+ �ch + �k

)
. (18)

The motion of the system takes place in the configura-
tion space {a : a ≥ 0} over the ‘energy’ level E = 0, i.e.,
the Hamiltonian is of the form H(p, a) = 1

2 p
2
a + V (a) =

0 ≡ E = 0. Different energy levels determine corresponding
types of evolution (Fig. 2).

The boundary of the domain admissible for motion is

DE=0 = {a : V ≤ 0}, (19)

with the boundary

∂DE=0 = {a : V = 0}. (20)

Note that the domain E − V < 0 beyond this boundary is
forbidden for classical motion. Let us classify all possible
evolutionary scenarios in the configuration space:

1. O1 – oscillating universes with initial singularities;
2. O2 – ‘oscillatory solutions’ without the initial and final

singularity but with the freeze singularity;

E1

E2

O1 O2

B

A1 A2

0.5 1.0 1.5 2.0
a

2.0

1.5

1.0

0.5

V a

Fig. 2 Diagram of the potential of dynamical system of Newtonian
type. The classification of trajectories is presented in the configuration
space. The shaded domain E − V < 0 is forbidden for the motion of
classical systems

3. B – bouncing solutions;
4. E1, E2 – solutions representing the static Einstein uni-

verse;
5. A1 – the Einstein–de Sitter universe starting from the

initial singularity and approaching asymptotically static
Einstein universe;

6. A2 – a universe starting asymptotically from the Ein-
stein universe, next it undergoes the freeze singularity
and approaches a maximum size. After approaching this
state it collapses to the Einstein solution E1 through the
freeze singularity;

7. A1 – expanding universe from the initial singularity
toward the Einstein universe E2 with an intermediate
state of the freeze singularity;

8. EM – an expanding and emerging universe from a static
E2 solution (Lemaitre–Eddington type of solution);

9. I – an inflectional model (the relation a(t) possesses an
inflection point), an expanding universe from the initial
singularity undergoing the freeze type of singularity.

The last two solutions EM and I are situated above the max-
imum of the potential Ṽ .

Moreover, one deals with a singularity at which the accel-
eration ä is ill defined. The left-hand side limit of the deriva-
tive of the potential is positive while the right-hand side limit
is negative. This kind of a singularity should be treated as
sewing together two singularities: a type III singularity with
time running forward and a type III singularity with reverse
time. In other words, this special type of singularity goes
beyond the classification of four types of finite-time singu-
larities [37–39].

In the paper we have considered the cosmological model
with a new kind of singularities which is beyond the stan-
dard classification of cosmological singularities. The stan-
dard classification of singularities concerns only one-side
future (big crunch type) or past (big bang type) singularities
which are isolated. Notice that big bang and big crunch are
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mirror images of each other. In the model under consider-
ation the compound singularity appears. It consists of two
singularities sewn together: i.e. a future singularity on the
evolution path for a < asing sewn up with the past singu-
larity on the evolution path in the domain a > asing. The
two components of this singularity are of the same type.
In the domain a < asing the universe expands toward a
sudden future singularity at a = amin. Reversing the time
in the domain a > asing one sees that the universe col-
lapses to a sudden past singularity and reaches a = amin.
At this point the two singularities meet and the new singu-
larity is created. It is the sewn up singularity of the future
sudden singularity and past sudden singularity. We called
it the sewn up sudden singularity. For the case of the sewn
up freeze singularity the future and past freeze singulari-
ties meet at the point a = asing. Summing up, we have
found that the existence of sewn up (i.e. double-sided) non-
isolated singularities is a generic feature of cosmological
models in the Palatini formalism. Note that in such singu-
larities the pressure is not well defined because its value
on the left-hand side (future singularity) has different sign
from the value taken at the right-hand side (past singular-
ity).

Recently several dark energy models have been postulated
as a hypothetical explanation of the conundrum of acceler-
ation. The appearance of such a phase in evolution requires
the violation of the strong energy condition, which is related
with the presence of singularities in the future evolution of
the universe [37].

Among them is the big freeze singularity [40–42], which
takes place at a finite scale factor, in a (flat) Friedmann–
Robertson–Walker (FRW) universe. For example the future
big freeze singularity can appear in a FRW universe with a
(phantom) generalized Chaplygin gas (GCG) [40].

The big freeze singularity (or type-III singularity in the
nomenclature of [37]) takes place at a finite scale factor and
a finite cosmic time in the (flat) FRW universe. At this sin-
gularity, both the Hubble rate and its cosmic time derivative
blow up.

It is interesting that a big freeze singularity might be sim-
ply evidence of the change from a Lorentzian to a Euclidean
signature in the brane cosmology [43].

3.2 Phase portrait from a potential

Due to the Hamiltonian formulation of the dynamics it is also
possible to classify all evolution paths in the phase space by
constructing the phase portrait of the system,

p = ȧ = x, (21)

ä = ẋ = −∂ Ṽ (a)

∂a
= x2

m

∂m

∂a
− m2 ∂V (a)

∂a
, (22)

on the phase plane (a, x) with the constraint a′2 = −2V (a),

i.e. τ − τ0 = ∫ a
0

da√−2V (a)
and ′ ≡ d

dσ
= b+ d

2
b

d
dτ

. We have

the quantity m = b
b+ d

2
.

It would be useful to look at the dynamical problem from
the point of view of sewn dynamical systems [44,45]. Our
strategy is as follows. For the construction of a global phase
portrait one divides the dynamics in two parts, that is, one
for the scale factor a < afsing and the other for a > afsing.
Such a construction divides the configuration space which is
glued along the singularity.

The re-parametrization τ → σ can be performed and the
corresponding dynamical system assumes the following form
for a < afsing:

ȧ = x, (23)

ẋ = x2

m

∂m

∂a
− m2 ∂V1(a)

∂a
, (24)

where V1 = V (1 − η(a − as)) is a function with respect to
the new time, σ , where η(a) denotes the Heaviside function.

In an analogous way for the domain {a : a > afsing} in
configuration space we have

ȧ = x, (25)

ẋ = x2

m

∂m

∂a
− m2 ∂V2(a)

∂a
, (26)

where V2 = Vη(a−as) and η is the Heaviside function. The
phase portrait is presented in Fig. 3 and belongs to the class of
sewn dynamical systems. Recently such systems have been
applied to the modeling of cosmological evolution and infla-
tion [31,32,46].

The classification of all possible evolutionary paths in the
phase space completed our previously classification in the
configuration space.

Note that the trajectory representing the evolution of our
universe is located in a close neighborhood of the trajectory
of the spatially flat model, i.e. the universe is expanding and
starting from the initial singularity, going through a freeze
singularity, and after an accelerating phase is going toward
the de Sitter attractor.

3.3 Classification of trajectories for �γ < 0

For completeness let us consider the case of the spatially
flat model with �γ < 0. Because the value of γ = 0 is
a bifurcation parameter (the dynamics qualitatively changes
under the change of sign γ ) we consider separately both these
cases.

In this case one can apply a simple method for the classi-
fication of the evolutionary paths, which takes into consider-
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Fig. 3 The diagram represents the phase portrait of the system (21)–
(22) for positive �γ . The red trajectories represent the spatially flat
universe. Trajectories under the top red trajectory and below the bottom
red trajectory represent models with negative curvature. Trajectories
between the top and bottom red trajectory are ones with positive curva-
ture. The phase portrait belongs to the class of the sewn dynamical sys-
tems [34]. The point of sewing is located at infinity (a = afsing, ȧ = ∞).
Note that all trajectories of open and flat models are passing through the
freeze singularity. The phase portrait possesses the reflectional symme-
try x → −x . The freeze singularity lies on the line a = afsing on which
b + d

2 = 0. In the domain x < 0 contracting models are situated

ation the boundary of the domain admissible for a motion in
the configuration space H2 ≡ 0.

From (14) the equation of the boundary curve assumes the
following form:
(

1 + 2�γ �ch(K + 1)

1 + �γ �ch(αK 2 + (3 − 4α)K − 1 + 3α)

)2

×
(

�γ �ch
(K − 3)(K + 1)

2(1 + 2�γ �ch(K + 1))
+ 1

)
≡ 0,

(27)

where �ch = �ch,0

(
3As
K

) 1
1+α

. This idea of a classification

comes from celestial mechanics, where one may classify
solutions through the analysis of the curve of zero velocity,
i.e., levels of constant of �γ . Finally, for {b = 0}

�γ (a) = − 1

�ch,0
(
As + (1 − As)a−3(1+α)

) 1
1+α

×
(

3As

As + (1 − As)a−3(1+α)
+ 1

)−1

, (28)

or

�γ (a) = − 2

�ch,0
(
As + (1 − As)a−3(1+α)

) 1
1+α

×
(

3As

As + (1 − As)a−3(1+α)
+ 1

)−2

. (29)

0.5 1.0 1.5 2.0
a

0.15

0.10

0.05

γ a

Fig. 4 Diagram of �γ (a) dependence used for a classification of all
evolutional paths of the spatially flat models with a negative γ . The type
of evolution we obtain after consideration of levels � = �γ . We can
simply discover oscillating models without the initial and final singu-
larity, oscillating models with the initial and final singularity, models
evolving to infinity with the initial singularity and bouncing models.
From this analysis we conclude that for the physical case of sufficiently
small values of �γ all models possess a bounce instead of the initial
singularity. The blue line represents b = 0 (Eq. (28)). Above the blue
line is the region for b > 0 and this region corresponds to the physical
domain. The region below the blue line is for b < 0 and represents the
non-physical domain. The red line represents the function (29). Between
the red line and the blue line H2 < 0 (light gray domain). The gray
domain also represents a non-physical region

The diagram of the �γ (a) function derived from (27) is
shown in Fig. 4.

The functions (28) and (29) are always negative and their
approximations for large and small values of the scale factor
are, respectively:

�γ (a) = − a3

�ch,0(1 − As)
1

1+α

(
3Asa3(1+α)

(1−As)
+ 1

) (30)

or

�γ (a) = − 2a3

�ch,0(1 − As)
1

1+α

(
3Asa3(1+α)

(1−As)
+ 1

)2 if a � 1

(31)

and

�γ (a) = − 1

4�ch,0A
1

1+α
s

(32)

or

�γ (a) = − 1

8�ch,0A
1

1+α
s

if a  1. (33)

From the asymptotes for small (but not extremely small) val-
ues of the scale factor the effects of curvature and non-zero
�γ are negligible. The dynamics of the model corresponds
to the matter dominated era in the �CDM model. From the
asymptotes for the large scale factor we see that the effects
of both matter and curvature are negligible. The dynamics
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Fig. 5 Diagram of H2(a) relation for the spatially flat model with a
negative value of γ parameter. Note the existence of a domain forbidden
for classical motion

corresponds to the accelerating phase caused by dark energy,
again similar to the �CDM model.

Now on, let us consider levels of �γ = const ≤ 0. In
consequence we obtain two types of possible evolutionary
paths:

O – oscillating models without the initial and final sin-
gularities;

B – models with a bounce instead of an initial singu-
larity like in the case of �γ > 0.

Note that the class of bouncing models as well as oscillating
ones is generic.

In Fig. 5 we plot the diagram of the H2(a) relation. It
demonstrates that the admissible domain for the motion of
classical trajectories is the union of two separated and disjoint
domains occupied by the trajectories. In the domain situated
on the left in which H2 > 0 the motion is bounded by a big
bang singularity: a = 0, H = ∞, and a maximum value of
the scale factor on the �k,0.

In the domain {a : a > amin} of the configuration space
there is the bouncing type of the universe evolution. Of course
the value amin depends on the initial conditions, i.e., �k,0.
This relation is illustrated in the diagram of function V (a)

shown in Fig. 6. Taking different energy levels depending on
the value of �k,0 one gets different evolutionary scenarios.
In the domain of the configuration space {a : a < amax} we
have an oscillating solution with the big bang which after
reaching the maximum size will re-collapse to the second
singularity.

In turn, in the domain {a : a > asing : b(asing) = 0} there
are two types of trajectories: one representing evolution of
the oscillating closed models without initial and final sin-
gularities, while the second one for flat (�k,0 = 0), closed
(�k,0 > 0), and open (�k,0 < 0) models with the bounce.

There is a vertical line, which separates two disjoint
domains of the configuration space. The equation a = asing

0.0005 0.0010 0.0015 0.0020
a

600

400

200

200

400

V a

Fig. 6 Diagram of the potential function V (a) for the system (39)–
(40). Different evolutionary paths of the system model are obtained by
consideration of the energy levels E = 1

2 �k,0. The shaded regions are
forbidden for classical motion. The vertical line has the equation b = 0
(a = asud.sing)

can be simply obtained from the definition of b function,
namely

1 = −2�γ �ch,0 (3As)
1

1+α K
−1

1+α (K + 1). (34)

In the special case of the Chaplygin gas (α = 1) we obtain
(
−2�γ �ch,0 (3As)

1
2

)−1 = K
−1
2 (K + 1), (35)

and hence one deals with the algebraic equation of second
order

K 2 + (2 − β2)K + 1 = 0, (36)

where β2 =
(

12�2
γ �2

ch,0As

)−1
.

Because K ∈ [0, 3), the above equation has one solution
which is

Ksing = β2 − 2 −
√(

2 − β2
)2 − 4

2
(37)

or, in terms of the scale factor asing,

asing =
⎛
⎝ 1

1 − As

⎛
⎝ 6As

β2 − 2−
√(

2 − β2
)2 − 4

−As

⎞
⎠
⎞
⎠

−1
3(1+α)

.

(38)

Equation (36) has a real solution for K ∈ [0, 3) if the param-
eter β2 > 4.

On the line {b = 0} there is a singularity point (see Fig. 7),
that is, a = asing, a′

sing = ∞. If we go back to the original
time then ȧ = 0. It is a singularity of type II, called a sud-
den singularity at which a, ρeff, and the Hubble parameter
remains finite (Ḣ diverges). They are past singularities like a
big demarrage arising in models with the generalized Chap-
lygin gas.

Figure 7 is the phase portrait of the original system under
re-parametrization of time t → σ : dσ = |b|

|b+d/2|dt . The
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Fig. 7 The phase portrait of the model with the negative γ for the flat,
closed, and open models for the system (39)–(40). The scale factor a
is measured in a logarithmic scale. In the generic case the trajectories
start from the sudden singularity and go toward the de Sitter model.
The trajectory of the flat model separates closed and open ones. Let us
concentrate on the trajectory of the flat model (red line). The universe
collapses toward the sudden singularity as ȧ goes to zero. Therefore H
approaches zero. Because the phase portrait possesses the reflectional
symmetry ȧ → −ȧ (σ → −σ ) this singularity is a bounce. Due to this
symmetry one can identify the corresponding points located at infinity
on the line {b = 0}. From the physical point of view singularities at
the infinity (in σ time) should be sewn up because they represent the
same physical state. Finally the red trajectory represents a bounce type
solution with two sudden singularities glued in the past and in the future.
Note that this type of behavior is generic for the class of all models with
the curvature. The shaded region is occupied by trajectories with b < 0
and this region can be removed if we postulate that f ′(R) > 0. The
dashed line is a line of singularity {a : a = asing} on which b = 0

function σ = σ(t) is drawn in Fig. 8. For this case the dynam-
ical system is expressed by

da

dσ
= x, (39)

dx

dσ
= −∂V (a)

∂a
. (40)

This re-parametrization is singular on the line {b = 0}. One
should notice that there is no inverse transformation t = t (σ ).
Figure 9 illustrates that the function b(a) changes sign if it
passes through the zero on the a-axis. On the other hand the
function (b + d/2) is not singular (see Fig. 10). Since the
re-parametrization is a non-smooth function when b changes
sign, the corresponding dynamical system possesses a dis-
continuity point on the line {b = 0}.

All properties of the model dynamics under considera-
tion are summarized in the phase portrait, which is a picture
of the global dynamics (see Fig. 7). The phase space is the
union of the disjoint domains A = {a : a < asud.sing} and
B = {a : a > asud.sing}. In both regions trajectories repre-

0.077985 0.077990 0.077995 0.078000
t
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0.0020
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0.0030

σ t

Fig. 8 Diagram of the σ = σ(t) time parametrization introduced for
the dynamical system for the negative �γ . The new parameter σ(t)
is a monotonic function of the original cosmological time t . Because
of the singularity on the line {b = 0} this parametrization is not a
diffeomorphism. We assume that 8πG = 1 and we choose s Mpc

100 km as a
unit of time t
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Fig. 9 Diagram of the function b(a). It illustrates the sign changing
for the negative �γ
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Fig. 10 Diagram of the function b + d/2 versus the scale factor for
the negative �γ . For a going to zero this function blows up to infinity,
while for a  1 the function goes to 1

senting flat (k = 0), open (k = −1), and closed (k = +1)
models appeared. The trajectory of the flat model separates
models with k = +1 from those with k = −1. In the region
A all solutions are oscillating ones and they possess the initial
and final singularity. In the domain B we obtain dynamics
equivalent to the dynamics of the �CDM model but in the
enlarged phase space {(ȧ, a) : a  0}. In the domain B the
curvature effect is negligible near the singularity of the finite
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Fig. 11 Diagram of the scale factor a(t) for the flat model with the
negative γ . This type of behavior well approximates the behavior of the
closed and open models near the sudden singularity: the scale factor,
ρeff, as well as the Hubble parameter are finite and Ḣ diverge. Note that
for the small values of a time derivative ȧ goes to zero. Therefore, H is
asymptotically zero. We assume that 8πG = 1 and the unit of time t is
s Mpc

100 km

scale factor. The typical trajectory starts from this critical
point (representing a sudden singularity) and evolves toward
the Sitter universe where the effects of the curvature are also
negligible. On the phase portrait there is also the critical point
of the saddle type. This critical point corresponds to the max-
imum of the potential V = V (a). That is, it is a decreasing
function of its argument so the universe is a decelerating one.
Therefore, the trajectories on the right-hand side of the saddle
point represents accelerating models.

Finally, from the comparison of �CDM dynamics with
our model it is seen that the initial singularity is replaced by
the sudden singularity in the past like the demarrage singu-
larities appearing in the cosmological models with the Chap-
lygin gas.

Figure 11 shows the scale factor for the flat models as a
function of time with the generic description of the evolu-
tion near sudden singularity. On the phase portrait this sin-
gularity lies on the circle at infinity a′2 + a2 = ∞, where
a = asud.sing.. If we return to the original cosmological time
t then ȧ at this critical point at the infinity corresponds to
ȧ = 0. In consequence, the Hubble parameter is finite. For
the FRW model with initial singularity this is a divergence of
conformal time

∫ dt
a(t) because

∫ dt
a(t) > 1

const

∫ dt
t diverges

as t → 0. The diagram of the relation between asud.sing.(�γ )

is presented in Fig. 12.
The dynamical systems under consideration belongs to the

class of dynamical systems for which the r.h.s. are in general
piece-wise smooth functions of state variables (a, da/dτ ).
In the phase space there are present vertical lines given by
the equation a = asing which on the r.h.s. are undefined at a
finite domain. These lines are called lines of discontinuity or
lines of singularity because the system breaks down in this
domain. The lines of singularity divide the phase space into
disjoint domains in which the trajectories are determined by
smooth dynamical systems.

1. 10 9 8. 10 10 6. 10 10 4. 10 10 2. 10 10 γ

0.0002

0.0004

0.0006

0.0008

asud.sing

Fig. 12 Diagram of the relation between positive �γ and asud.sing
obtained for As = 0.6908 and α = 0.0373. We see that this relation is
a monotonic function. If �γ −→ 0 then afsing −→ 0

The lines of discontinuity correspond to the poles of the
potential function. In any part of the diagram apart from
the singularity points the potential is a smooth function and
defines a part of smooth dynamical systems. In each smooth
piece of the potential the dynamics is modeled by a smooth
dynamical system, therefore the Cauchy problem is well
defined. The global dynamics of the universe is obtained
through the construction of sewing up solutions from the
separate regions.

In the phase space the sewn up sudden singularity or the
sewn up freeze singularity does appear. They are singularities
of a finite scale factor type. Trajectories of the sudden-like
singularity are sewn up by identification of opposite points
at infinity (a = asing, x = ∞) with (a = asing, x = −∞).

For the case of the freeze like singularity the trajectories
are connected from both separate regions at the point at infin-
ity (a = asing, x = ∞). This construction guarantees us the
continuity of a solution which is passing through the singu-
larity. The Cauchy problem is then well defined.

It was shown in [47] that, as in general relativity, the initial
value problem is well formulated when the Palatini f (R)

gravity is considered as a scalar–tensor theory with w =
−3/2. The difference between the Cauchy problem in general
relativity and Palatini f (R) theory is the appearance of the
secondary constraint, which turns out to be the field equation
for the scalar field f ′(R). It has an algebraic form relating
the trace of the energy-momentum tensor and the scalar field.
Moreover, the detailed discussion in [48] suggests that the
Cauchy problem is also well posed but the analysis should
be done case by case, since it cannot be performed for a
general function f (R).

The dynamics of the model is governed by the first order
differential equation called the Friedmann equation. There-
fore the solution of the Cauchy problem requires specifying
initial conditions. In the model that we are considering, the
phase space is divided on two disjoint domains separated
by the line a = asing. Let us try initial conditions in the
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domain a < asing. Then the solutions are determined in this
domain breaking their evolution at asing. Beyond this domain
the Cauchy problem is unsolved. A similar construction can
be performed in the domain a > asing. If we choose the
initial condition in this domain and inverse time, the Fried-
mann equation determines the evolution of the system, which
breaks at the singularity point asing.

This singularity point is of course a discontinuity point,
but one can glue any trajectory at the left domain with the
corresponding trajectory in the right domain at the singular-
ity point using the symmetry of the a(t) function with respect
to the singularity point. The behavior of the scale factor in
the neighborhood of a singularity has the universal character
because a = asing is an inflectional point. We have a sym-
metry of a(t) with respect to asing. Because of this symme-
try any trajectory in the left domain is prolonged uniquely
along the trajectory in the right domain. In this sense the
Cauchy problem is solved and the relation a(t) is continuous
(limt→t−sing

a(t) = limt→t+sing
a(t) = asing).

The sudden type singularities (type II) are weak in Kro-
lak’s classification and they can be passed through. An exam-
ple for the continuation of geodesics through the weak sin-
gularities can be found in [49]. In the case of the sudden sin-
gularity, trajectories pass through the bounce because in this
singularity is the reflectional symmetry ȧ → −ȧ (σ → −σ ).
Therefore there is a natural identification of these points in
the singularity of this type.

4 Sewn up singularity of type III as a model of
endogenous intermediate ephemeral inflation

From Eq. (14) it is possible to detect the singularity of type III,
also called a freeze singularity. Our analysis shows that this
type singularity is a generic property of the early evolution
of the universe.

If we consider singularities in FRW models, which is filled
with a perfect fluid with effective energy density ρeff and
pressure peff then all singularities can be classified on the
four groups [38,39]. The first class is a big rip (type I) sin-
gularity, where the energy density, pressure, and the scale
factor diverge. A sudden singularity (type II) happens when
the scale factor and effective energy density are finite values
while pressure diverges. A big freeze singularity (type III)
is observed when the effective energy density and pressure
diverge at a finite value of the scale factor. A big brake (type
IV) holds for the finite scale factor; the effective energy den-
sity and pressure exhibit divergences in the time derivative
of the pressure or changes of the energy density rate. In that
context our singularities belong to the type III.

In cosmology a singularity can occur not only at vanishing
of the scale factor but even at an infinite value of the scale
factor (the big rip singularity), or at a finite value of the scale
factor (the sudden or big freeze singularities) [50]. They can

appear in the past or in the future history of the universe. Fur-
ther, singularities can be classified as being strong or weak
[51–54]. The strong singularities are identified by the tidal
forces which are infinite. In the case of the weak singular-
ities we can have a divergence in the spacetime curvature
but they are not strong enough to destroy arbitrarily strong
detectors. For example, big bang and big rip as well as big
freeze singularities are examples of the strong singularities
beyond which the geodesics cannot be extended.

Different types of singularities in the FRW spacetime are
considered for matter satisfying the barotropic equation of
state in the form p = p(ρ) (of course other types of singu-
larities are possible if we do not specify a form of equation of
state. We do not considered them here.). The pressure in this
classification is understood as an effective pressure which is a
function of the effective energy density. Unlike big bang/big
crunch singularities, these singularities need not occur at a
vanishing scale factor, but may even occur at infinite volume.
Such singularities in general relativity can be classified using
the scale factor a, the energy density ρ, and the pressure p
in the following types:

– Type-I singularities: In this case, the scale factor diverges
in finite time. The energy density and pressure diverge,
causing curvature invariants to become infinite. This type
of singularities is known as big rip singularities.

– Type-II singularities: These events, also known as sudden
singularities [55], occur at a finite value of the scale factor
and at a finite time. In this case the energy density is finite,
but the pressure diverges, which causes the divergence in
the curvature invariants.

– Type-III singularities: As in the case of type-II singulari-
ties, these singularities occur at a finite value of the scale
factor, but they are accompanied by the divergence in the
energy density as well as the pressure. These singularities
are also known as big freeze singularities [40].

– Type-IV singularities: Unlike the case of big bang/crunch,
and other singularities in this case the curvature invari-
ants remain finite at these singularities. But their deriva-
tives blow up [56]. In this sense, such singularities can be
regarded as soft singularities. The type-IV singularities
are the weakest, because they do involve any divergence
of the curvature invariants. The type-I and type-III sin-
gularities, on the other hand, share the properties of big
bang or big crunch singularities, in the sense that they are
strong and geodesically inextensible events.

In our approach the effective energy density and pressure
(as well as the coefficient of the equation of state weff) can
be simply expressed in terms of the potential, namely

ρeff = −6V

a2 , (41)
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peff = −ρeff

(
1 + 1

3

d(ρeff)

d(ln a)

)
, (42)

weff = −1 − 1

3

d(ln ρeff)

d(ln a)
. (43)

The potential as well as the effective pressure diverges. This
singularity is a singularity of acceleration as the derivative of
the potential goes to plus infinity on the left of this point while
on the right side one has minus infinity. At this singularity
da/dt also diverges, while the scale factor is finite. In the
diagram of the scale factor as a function of time one can
observe how the function a(t) changes an inflection along
the vertical line t = tfsing.

Such types of singularities appear in the context of Loop
Quantum Cosmology [38,40,57,58] where they are called
a hyper-inflation state [59]. There exists a close relation
between Palatini gravity and an effective action of Loop
Quantum Gravity that reproduces the dynamics [60,61] of the
considered f (R) models of polytropic spheres in the Palatini
formalism f (R) = R ± λR2 (λ is of the order of a squared
Planck length). The freeze type of singularity in the model
under consideration is a solution of the algebraic equation

(2b + d)2 = 0 �⇒ f (K , α, As,�γ ) = 0 (44)

or

αK 2 − 3(1 + α)K − K
1

1+α

�γ �ch,0 (3As)
1

1+α

+ 1 = 0, (45)

where K ∈ [0, 3).
If α = 0 then Eq. (45) simplifies to

− 3K − K

�γ �ch,0 (3As)
+ 1 = 0. (46)

The solution of the above equation is

Ksing = 1

3 + 1
3�γ �ch,0As

. (47)

From Eqs. (15) and (47) one finds the expression for the value
of the scale factor for the sewn up freeze singularity,

asing =
(

1 − As

8As + 1
�γ �ch,0

) 1
3

, (48)

or in the term of the redshift,

zsing =
(

8As + 1
�γ �ch,0

1 − As

) 1
3

− 1. (49)

This singularity, which is the horizontal inflection singu-
larity point a = afsing, is depicted on the diagram of the scale
factor of t (Fig. 13). Note that at this singularity the potential
Ṽ diverges.

For the special case of a Chaplygin gas (α = 0) the exact
formulas or value of afsing can be obtained [1]. The diagram
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Fig. 13 The diagram represents a function a(t) for positive �γ . For
the scale factor of the freeze singularity, the function a(t) has a vertical
inflection point. The continuous line is for �γ = 10−10, the dashed line
is for �γ = 10−9, and the dotted line is for �γ = 10−8. Is is assumed
that As = 0.7264 and α = 0.0194. We assume that 8πG = 1 and we
choose s Mpc

100 km as a unit of time t
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Fig. 14 The diagram represents function b(a) + d(a)/2 for different
values of the positive �γ and shows that it is growing function of scale
factor. A zero of this function represents the value of the scale factor
for the freeze singularity afsing. The continuous line is for �γ = 10−10,
the dashed line for �γ = 10−9, and the dotted line is for �γ = 10−8.
It is assumed that As = 0.7264 and α = 0.0194. One observes a single
isolated zero of the function corresponding to the single singularity
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Fig. 15 The diagram shows the relation between positive �γ and afs
obtained for As = 0.7264 and α = 0.0194. We see that this relation is
a monotonic function. If �γ −→ 0 then afsing −→ 0

of the function b + d
2 = f (As,�ch,0,�γ , α) is presented in

Fig. 14. From our numerical analysis (see Fig. 15) we have
found that a single freeze type singularity is a generic prop-
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erty of dynamics for the broad range of model parameters
(As, α, �ch,0, �γ ).

5 Singularities and astronomical observations

In this section, we discuss the status of singularities appearing
in the model under consideration. If we compare this model
with the �CDM model, which formally can be obtained after
putting α = 0, then one can conclude that the latter inherits
these singularities.

Taking into account the estimation of the model parame-
ters performed in our previous paper [1] one can compute the
value of the scale factor (or redshift) corresponding to this
event in the history of the universe when singularities appear.
This value depends on the value of density parameters �γ ,
As, α, H0. From numerical simulations we see that this value
is only sensitive on the �γ parameter and the dependence on
the parameter α is very weak. This means that corresponding
values of redshifts obtained for these singularities in the case
α ∈ (0, 1) do not differ. Figures 12 and 15 illustrate how val-
ues of redshifts (the scale factor marked in the figures) depend
on the crucial value of the density parameter �γ . While for a
positive �γ this is a growing function of the scale factor, for
negative values of �γ it is a decreasing function of the scale
factor. In both cases it is a monotonic relation. Of course,
for the case of �γ = 0 the correspondence with the �CDM
model is achieved and both sudden and freeze singularities
vanish. Therefore the presence of singularities of the model
under consideration should be treated as a property which is
strictly related to the Palatini formalism.

For the best fitted values of the model parameters obtained
in our previous paper [1] one could estimate simply the value
of the redshift corresponding to the sudden singularity at the
bounce. This value is 1103.67. In the case of positive �γ ,
this parameter lies on the boundary, which disables us to
formulate an analogous conclusion.

In the monograph by Capozziello and Faraoni [7, p. 73],
section 3.4.2, some problems with the Palatini formalism
were addressed. The authors remarked that f (R̂) gravity suf-
fers from two serious problems. The first problem is the pres-
ence of curvature singularities at the surface of stars and the
second one is the incompatibility with the Standard Model
of particle physics. Let us consider our model in the context
of singularities. Our remark in the context of cosmology is
that the Palatini formalism rather generates singularities than
suffers from the singularities like in the case of stars.

Capozziello and Faraoni also noted that a different for-
mulation of gravity can give rise to new physical effects. If
we assume that freeze singularities can appear before the
recombination epoch and sudden singularities being before
the nucleosynthesis then such requirements should be treated
as minimal conditions, which guarantee that physics does not

change in comparison to the �CDM model. In consequence
if we assume that the nucleosynthesis epoch was for redshift
z = 3 × 108 (see e.g. [62]) then the value of �γ parameter
should belong to the interval (−10−25, 0) for the case the
negative �γ parameter. If we analyze the likelihood func-
tions for values of the model parameters [1] for a negative
�γ parameter, then we find that the probability of the sud-
den singularity appearing after the nucleosynthesis epoch is
1–10−16, while the probability of one appearing before the
nucleosynthesis epoch is 10−16. In consequence, one can
reject the case with the negative values of �γ even if it is
favored by the data. If the recombination epoch takes place
after the freeze singularity then it is required that the values
of the positive �γ parameter belong to the interval (0, 10−9).

6 Conclusions

We have classified all evolutionary paths of the cosmological
model f (R̂) = R̂ + γ R̂2 in the Palatini formulation due to
reduction of the model to a dynamical system of a Newtonian
type. We have found that its phase space structure is organized
through the existence of two saddle points representing the
static Einstein universe and the center.

Moreover, the localization of a freeze singularity during
the cosmic evolution of early universe was discussed. We
investigated in detail how this localization depends on a den-
sity parameters and a contribution originating from the pres-
ence of a R2 term in the Lagrangian. The model possesses
four phases: a first matter dominated deceleration phase, an
intermediate accelerated phase of ephemeral inflation, a sec-
ond matter dominated decelerated phase, and, finally, a sec-
ond accelerating phase of current universe evolution. This
evolutionary scenario becomes in agreement with the �CDM
model only if the freeze singularity is shifted back to the mat-
ter dominated initial singularity.

The obtained singularity is similar to a singularity of type
III (finite scale factor singularity) at which the scale factor
remains finite, but both ρ and p diverge (as well as the Hubble
parameters H and Ḣ ). A particular example of such a sin-
gularity is a ‘big freeze’ singularity (both in the past and the
future). They are characterized by the generalized Chaplygin
equation of state [57]. In the model under consideration one
deals with the situation in which freeze singularities in the
past and in the future are glued together. This type of degen-
eration is beyond the standard classification, which requires
that the acceleration parameter ä is a well-defined function
for which one can calculate the limits. In our case the acceler-
ation (and in consequence the pressure) is ill defined. We will
call this type of weak singularity a sewn up freeze singularity.
Note that trajectories in the phase (as well as in the configu-
ration) space pass through this singularity and continue their
evolutions.
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We would like to draw the reader’s attention to the conclu-
sion that the Newtonian type dynamics enables us to classify
all evolutionary paths when the dynamics is reduced to the
two-dimensional sewn up dynamics. We have constructed
the phase portrait which represents the global dynamics.
From the construction, one gets all evolutionary paths admis-
sible for all initial conditions. The set of sewn up trajec-
tories is a critical point located at the infinity (ȧ = ∞,
a = afsing). The trajectories pass through this critical point.
On the phase portrait the trajectory of the flat model (k = 0)
divides trajectories in the phase space on the domains occu-
pied by closed (k = +1) and open (k = −1) models.
From the phase portrait one can derive the conclusion that,
while all open models possess a freeze singularity, there
are also present bouncing models and closed ones with ini-
tial and final singularities without the freeze singularity.
The latter class of models is also generic. Note that there
also exists a class of generic models without the initial
singularity.

We have also classified all solutions for the nega-
tive �γ . This case is favored by the astronomical data
[1]. The classification is performed in both configuration
and phase spaces. From the classification one can con-
clude that there is a generic class of cosmological mod-
els in which the big bang singularity is replaced by the
bounce.

For the case of negative γ the phase space is in the form of
two disjoint domains corresponding to negative and positive
values of the parameter b. There is no causal communication
between them. A simple way to avoid one of the domains
is by assumption that f ′(R) 	= 0. For our model this means
that b 	= 0 at the very beginning. The domain of the phase
space for a negative value of b can be interpreted as a region
occupied by trajectories with a negative constant coupling
between matter and scalar field.

The final conclusion is that the extended cosmology
with γ R2 term in the Palatini formalism has the status
of sewn dynamical systems. A point of sewing represents
the freeze singularity for γ > 0 or a sudden singular-
ity in the opposite case. From the cosmological point of
view a sudden singularity is represented by a bounce, while
a freeze one is represented by an ephemeral inflationary
phase.

The type of singularities in the Starobinsky model in
the Palatini formalism crucially depends on the sign of the
parameter γ . If γ is positive then we obtain a new singularity
apart from the big bang singularity. This type of singularity is
formally similar to the singularity of type III but has a more
complex nature, because is composed de facto with two finite
scale factor singularities of type III (in a past and a future).
The behavior of the scale factor near this type of singularity
can be obtained from the expansion of the function t = t (a)

near an inflection point. We have

t − ts � ± 1

2

d2t

da2

∣∣∣∣
a=asing

(a − asing)
2. (50)

Therefore,

a − asing ∝
{

−(tsing − t)1/2 for t → t−sing,

+(t − tsing)
1/2 for t → t+sing.

(51)

The acceleration p = ä goes to +∞ as t → t−sing and −∞ as

t → t+sing. In consequence p is indefinite because of the lack
of continuity in this point of gluing. Note that the system
under consideration is an example of a piece-wise-smooth
dynamical system [63].

Our general conclusion is that the presence of a sudden
singularity in the model falsifies the negative case of γ in the
Palatini cosmology. The agreement with observations which
implies the evolutionary scenario for the universe requires
that the value of the �γ parameter should be extremely small,
beyond the possibilities of contemporary observational cos-
mology. From the statistical analysis of astronomical obser-
vations, we deduce that the case of negative values of �γ can
be rejected.

For avoiding ghost states in ETG it is sufficient to sat-
isfy the condition f ′(R) > 0. In turn, to avoid the negative
mass squared of a scalar-field degree of freedom (tachyon)
f ′′(R) > 0 [4] is required. From estimations of our model
one can conclude that the universe without the ghost and
tachyon is favored.

There are in principle two interpretations of the results
obtained here. In the first interpretation, we treated singular-
ities as artifacts of the Palatini variational principle, which
in consequence limits its application. However, there is also
another interpretation: considering ETG we took the sim-
plest, quadratic correction to general relativity. Of course,
we do not know the exact form of f (R) and our the-
ory plays the role of an effective one. It is possible that
after including additional higher order terms in the Tay-
lor series expansion the singularities disappear in a natu-
ral way. Therefore, it seems to be interesting to study cos-
mological models with higher order terms (with respect
to the Ricci scalar R or its inverse R−1) in the Taylor
expansion for checking whether the above-mentioned sin-
gularities can appear during the cosmic evolution. It may
also happen that after adding more terms into Lagrangian
one can find that more consecutive freeze type singulari-
ties are allowed in the early universe, enforcing inflationary
effects.
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