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Abstract We evaluate the fermion condensate and the
expectation values of the charge and current densities for
a massive fermionic field in (2 + 1)-dimensional conical
spacetime with a magnetic flux located at the cone apex. The
consideration is done for both irreducible representations of
the Clifford algebra. The expectation values are decomposed
into the vacuum expectation values and contributions com-
ing from particles and antiparticles. All these contributions
are periodic functions of the magnetic flux with the period
equal to the flux quantum. Related to the non-invariance of
the model under the parity and time-reversal transformations,
the fermion condensate and the charge density have indef-
inite parity with respect to the change of the signs of the
magnetic flux and chemical potential. The expectation value
of the radial current density vanishes. The azimuthal current
density is the same for both the irreducible representations of
the Clifford algebra. It is an odd function of the magnetic flux
and an even function of the chemical potential. The behavior
of the expectation values in various asymptotic regions of
the parameters are discussed in detail. In particular, we show
that for points near the cone apex the vacuum parts dominate.
For a massless field with zero chemical potential the fermion
condensate and charge density vanish. Simple expressions
are derived for the part in the total charge induced by the pla-
nar angle deficit and magnetic flux. Combining the results
for separate irreducible representations, we also consider the
fermion condensate, charge and current densities in parity
and time-reversal symmetric models. Possible applications
to graphitic nanocones are discussed.
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1 Introduction

Fermionic field theoretical models in three-dimensional
spacetime rise in a number of physical problems. In par-
ticular, the long-wavelength description of a variety of pla-
nar condensed matter systems can be formulated in terms
of the Dirac-like theory. The examples include models
of high-temperature superconductivity, graphene, d-density-
wave states and topological insulators (for reviews see [1–
5]). The long-wavelength dynamics, equivalent to relativis-
tic Dirac fermions with a controllable mass, is exhibited by
ultracold fermionic atoms in an optical lattice [6]. Another
motivation comes from the connection of three-dimensional
models to high temperature behavior in 4-dimensional field
theories [7]. Field theories in three dimensions also provide
simple models in particle physics. Because of one dimension
less they are easier to handle.

Three-dimensional theories exhibit a number of interest-
ing features, such as flavour symmetry breaking, parity viola-
tion, fractionalization of quantum numbers, that make them
interesting on their own. Some special features of gauge the-
ories, including the supersymmetry breaking, have been dis-
cussed in [8–10]. In three-dimensions, topologically non-
trivial gauge invariant terms in the action provide masses
for the gauge fields. The topological mass term introduces
an infrared cutoff in vector gauge theories providing a way
for the solution of the infrared problem without changing
the ultraviolet behavior [10]. If absent at the classical level,
this term is generated through quantum corrections [11]. In
the presence of an external gauge field, fermions in three-
dimensional spacetime induce a topologically nontrivial vac-
uum current having abnormal parity [11–17]. In models
with fermions coupled to the Chern–Simons gauge field the
Lorentz invariance should be spontaneously broken [18–23]:
there exists a state with nonzero magnetic field and with the
energy lower than the lowest energy state in the absence of
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the magnetic field. Another interesting feature of the models
in two spatial dimensions is the possibility of the excitations
with fractional statistics (anyons) [24].

The presence of a background gauge field gives rise to
the polarization of the fermionic vacuum. As a consequence,
various types of quantum numbers are generated. In par-
ticular, charge and current densities are induced [25–33].
The vacuum currents induced by cylindrical and toroidal
topologies of background space have been investigated in
[34,35]. Applications are given to the electronic subsystem of
graphene made cylindrical and toroidal nanotubes, described
in terms of the effective Dirac-like theory. Vacuum expecta-
tion values of the current density in locally de Sitter and anti-
de Sitter backgrounds with toroidally compactified spatial
dimensions are studied in [36] and [37–39]. Among the most
interesting topics in the studies of (2 + 1)-dimensional theo-
ries is the parity and chiral symmetry-breaking. In particular,
it has been shown that a background magnetic field can serve
as a catalyst for the dynamical symmetry breaking [40–45].
A key point of these considerations is the appearance of a
nonzero fermion condensate induced by the magnetic field.
This phenomenon may be important in the physics of high-
temperature superconductivity [46–49].

In the present paper we investigate the finite temperature
effects on the fermion condensate and on the expectation val-
ues of the charge and current densities for a massive fermionic
field with nonzero chemical potential in a (2+1)-dimensional
conical spacetime in the presence of a magnetic flux located
at the cone apex. The corresponding vacuum expectation val-
ues in the presence of a circular boundary, concentric with
the cone apex, have been studied in [50–52]. The finite tem-
perature effects on the fermionic condensate and current den-
sities in models with an arbitrary number of toroidally com-
pact spatial dimensions are discussed in [53]. The finite tem-
perature charge and current densities in the geometry of a
(3 + 1)-dimensional cosmic string with magnetic flux have
been recently investigated in [54].

The outline of the paper is as follows. In the next section
we consider the fermion condensate for a two-component
spinor field realizing the irreducible representation of the
Clifford algebra. Expressions are derived for the separate
contributions from particles and antiparticles for general val-
ues of the planar angle deficit and for the magnetic flux. Var-
ious asymptotic regions of the parameters are considered in
detail. The expectation values of the charge and current den-
sities are investigated in Sects. 3 and 4, respectively. We pro-
vide simple expressions for the topological part in the total
charge, induced by the planar angle deficit and by the mag-
netic flux. The expectation values in the model with parity
and time-reversal invariance are discussed in Sect. 5. These
expectation values are obtained by combining the results
from the previous section for two irreducible representations
of the Clifford algebra. The main results are summarized in

Sect. 6. In the Appendix we derive the relations used in the
evaluation of the topological part in the total charge.

2 Fermion condensate

We consider a fermionic field ψ(x) on background of (2+1)-
dimensional spacetime assuming that the field is in ther-
mal equilibrium at temperature T . In this section we eval-
uate the fermion condensate (FC) defined as the expecta-
tion value 〈ψ̄ψ〉 = tr [ρ̂ψ̄ψ], with ψ̄ = ψ†γ 0 being the
Dirac adjoint and the angular brackets denote the ensem-

ble average with the density matrix ρ̂ = Z−1eβ(Ĥ−μ′ Q̂),
where β = 1/T . Here Ĥ is the Hamilton operator, Q̂ is a
conserved charge with the related chemical potential μ′ and

Z = tr [e−β(Ĥ−μ′ Q̂)]. The FC is among the most important
characteristic for the system under consideration. In partic-
ular, it plays an important role in the models of dynamical
breaking of chiral symmetry.

The background geometry is described by the (2 + 1)-
dimensional line element

ds2 = gμνdxμdxν = dt2 − dr2 − r2dφ2, (2.1)

where 0 � φ � φ0. For φ0 < 2π , this line element describes
(2 + 1)-dimensional conical spacetime with the planar angle
deficit 2π −φ0. We will discuss the case of two-components
spinor field realizing the irreducible representation of the
Clifford algebra. Assuming the presence of the external elec-
tromagnetic field with the vector potential Aμ, the field oper-
ator obeys the Dirac equation
(
iγ μDμ − sm

)
ψ = 0, Dμ = ∂μ + 
μ + ieAμ, (2.2)

where 
μ is the spin connection and e is the charge of the field
quantum. Here, s = +1 and s = −1 correspond to inequiv-
alent irreducible representations of the Clifford algebra in
(2 + 1)-dimensions (see Sect. 5). With these representations,
the mass term violates the parity and time-reversal invari-
ances. In the coordinates corresponding to (2.1), the gamma
matrices can be taken in the representation

γ 0 =
(

1 0
0 −1

)
, γ l = i2−l

r l−1

(
0 e−iqφ

(−1)l−1eiqφ 0

)
,

(2.3)

with l = 1, 2 and q = 2π/φ0.
In what follows, in the region r > 0, we consider the gauge

field configuration Aμ = (0, 0, A), where A2 = A is the
covariant component of the vector potential in the coordinates
(t, r, φ). For the corresponding physical component one has
Aφ = −A/r . This corresponds to an infinitely thin magnetic
flux � = −φ0A located at r = 0. As it will be seen below,
in the expressions for the expectation values the parameter
A enters in the form of the combination
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α = eA/q = −e�/(2π),

where q = 2π/φ0. We decompose it as

α = α0 + n0, |α0| < 1/2, (2.4)

with n0 being an integer. It is the fractional part α0 which is
responsible for physical effects.

Let us denote by ψ
(+)
σ (x) and ψ

(−)
σ (x) a complete

orthonormal set of the positive- and negative-energy solu-
tions of the Eq. (2.2). These solutions are labeled by a set
of quantum numbers σ . Expanding the field operator ψ(x)
in terms of the functions ψ

(±)
σ (x) and using the commuta-

tion relations for the annihilation and creation operators, the
following decomposition is obtained for the FC:

〈ψ̄ψ〉 = 〈ψ̄ψ〉0 + 〈ψ̄ψ〉+ + 〈ψ̄ψ〉−. (2.5)

Here,

〈ψ̄ψ〉0 =
∑

σ

ψ̄(−)
σ (x)ψ(−)

σ (x), (2.6)

is the FC in the vacuum state and 〈ψ̄ψ〉+ and 〈ψ̄ψ〉− are the
contributions from particles and antiparticles, respectively.
The latter are given by the expressions

〈ψ̄ψ〉± = ±
∑

σ

ψ̄
(±)
σ (x)ψ(±)

σ (x)

eβ(Eσ ∓μ) + 1
, (2.7)

where μ = eμ′ and ±Eσ are the energies corresponding
to the modes ψ

(±)
σ (x). In (2.6) and (2.7),

∑
σ includes the

summation over the discrete quantum numbers and the inte-
gration over the continuous ones. The modes are normal-
ized in accordance with the standard normalization condi-
tion

∫
d2x

√
γψ

(±)†
σ (x)ψ(±)

σ ′ (x) = δσσ ′ , with γ being the
determinant of the spatial metric tensor. The part in the FC
corresponding to the vacuum expectation value, 〈ψ̄ψ〉0, has
been investigated in [51] and here we will be mainly con-
cerned with the finite temperature effects.

For the evaluation of the FC in accordance with (2.7) we
need to know the mode functions. The general solution of the
radial equation for these functions contains the part regular
at the origin and the part which diverges at r = 0. Under the
condition

2|α0| � 1 − 1/q, (2.8)

the irregular modes are eliminated by the normalizability
condition. In the case 2|α0| > 1 − 1/q, there are irregular
normalizable modes and for the unique identification of the
functions an additional boundary condition is required at the
origin. In the literature it has been already shown that the
standard procedure for the self-adjoint extension of the Dirac
Hamiltonian gives rise to a one-parameter family of boundary
conditions in the background of an Aharonov–Bohm gauge
field [55–57]. The specific value of the parameter is related to
the physical details of the magnetic field distribution inside

a more realistic finite radius flux tube (for a more detailed
discussion and for specific models with finite radius magnetic
flux see [58–69]). The idealized model under consideration
is a limiting case of the latter.

Following [50], for irregular modes we consider a special
case of boundary conditions at the cone apex, when the bag
boundary condition is imposed at a finite radius, which is
then taken to zero. The bag boundary condition ensures the
zero flux of fermions and this corresponds to an impenetrable
flux tube. The corresponding mode functions have the form

ψ(±)
σ (x) = c(±)

0 eiq jφ∓i Et

(
Jβ j (γ r)e

−iqφ/2

ε j
γ eiqφ/2

±E+sm Jβ j+ε j (γ r)

)

, (2.9)

where j = ±1/2,±3/2, . . ., Jν(x) is the Bessel function of
the first kind and

β j = q| j + α| − ε j/2, (2.10)

with ε j = 1 for j > −α and ε j = −1 for j < −α. The
spinors (2.9) are specified by the set σ = (γ, j) with 0 �
γ < ∞ and for the energy one has E = Eσ = √

γ 2 + m2.
The normalization coefficients are given by the expression

c(±)2
0 = γ

E ± sm

2φ0E
. (2.11)

The modes (2.9) are eigenfunctions of the angular momen-
tum operator Ĵ= − (i/q)(∂φ + ieA) + σ3/2, σ3 = diag
(1,−1), for the eingenvalues j + α:

Ĵψ(±)
σ (x) = ( j + α)ψ(±)

σ (x). (2.12)

In the mode-sum formulas (2.6) and (2.7) one has
∑

σ =∑
j

∫∞
0 dγ , with the summation over j = ±1/2,±3/2, . . ..

The parameter α is the magnetic flux measured in units of
the flux quantum. In the case when the parameter α is half of
an odd integer the mode with j = −α should be considered
separately. The corresponding mode function is presented in
[50]. In order do not complicate the consideration, in the fol-
lowing discussion we will exclude this case. Note that, under
the condition 2|α0| > 1 − 1/q, the irregular mode corre-
sponds to j = −n0 − sgn(α0)/2. The expectation values
for general case of boundary condition at the cone apex are
considered in a way similar to that described below. The cor-
responding results differ by the contribution of the irregular
mode only.

Using the mode functions (2.9), the contributions to the
FC from particles and antiparticles are presented in the form

〈ψ̄ψ〉± = q

4π

∑

j

∫ ∞

0
dγ

γ

eβ(E∓μ) + 1

×
{ sm
E

[J 2
β j

(γ r) + J 2
β j+ε j

(γ r)]
±[J 2

β j
(γ r) − J 2

β j+ε j
(γ r)]

}
. (2.13)
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For the further transformation of this expression we use the
integral representation of the Bessel function [70]:

J 2
ν (x) = 1

2π i

∫ c+i∞

c−i∞
dt

t
et/2−x2/t Iν(x

2/t), (2.14)

where c is a positive constant and Iν(y) is the modified Bessel
function of the first kind. Inserting into (2.13), the separate
contributions 〈ψ̄ψ〉± are expressed in terms of the series

I(q, α, z) =
∑

j

Iβ j (z). (2.15)

The function I(q, α, z) is periodic with respect to α with the
period 1. Hence, if we present the parameter α in the form
(2.4), then I(q, α, z) does not depend on n0 and I(q, α, z) =
I(q, α0, z). For the second series, appearing after the appli-
cation of (2.14), one has

∑
j Iβ j+ε j (z) = I(q,−α0, z). As

a result, the expression on the right of (2.13) is transformed
as

〈ψ̄ψ〉± = q

4π

∫ ∞

0
dγ

γ

eβ(E∓μ) + 1

× 1

2π i

∫ c+i∞

c−i∞
dt

t
et/2−γ 2r2/t

×
∑

δ=±1

(sm/E ± δ)I(q, δα0, γ
2r2/t). (2.16)

For the series (2.15) one has the representation [50]

I(q, α0, x) = 2

q

p∑′

l=0

(−1)l cos(πl(2α0 − 1/q))ex cos(2πl/q)

− 1

π

∫ ∞

0
dy

e−x cosh y f (q, α0, y)

cosh(qy) − cos(qπ)
, (2.17)

where p is the integer part of q/2, p = [q/2], and

f (q, α0, y) =
∑

δ=±1

δ cos(qπ(1/2 − δα0))

× cosh((qα0 + δq/2 − 1/2)y). (2.18)

The prime on the sign of the summation in (2.17) means that
the term l = 0 and the term l = q/2 = p for even values
of q should be taken with the coefficient 1/2. In the range
1 � q < 2, the sum over l in (2.17) is absent. Note that for
q being an even integer, q = 2p, for the function (2.18) one
has

f (q, α0, y) = 2(−1)p cos(πqα0) sinh

((qα0 − 1/2)y) sinh(py), (2.19)

and the integrand in (2.17) is regular in the lower limit of
integration.

Substituting the representation (2.17) into (2.16), the t -
integral is evaluated with the help of the formula [70]

1

2π i

∫ c+i∞

c−i∞
dt

t
et/2−2b2/t = J0(2b). (2.20)

As a result, the following expression is obtained

〈ψ̄ψ〉± = 〈ψ̄ψ〉(M)
± + 1

π

∫ ∞

0
dγ

γ

eβ(E∓μ) + 1

×
{ p∑

l=1

(−1)l
[ sm
E

cl cos(2πlα0)

± sl sin(2πlα0)
]
J0(2γ rsl)

− q

π

∫ ∞

0
dy

sm
E f1(q, α0, y) ± f2(q, α0, y)

cosh(2qy) − cos(qπ)

× J0(2γ r cosh y)

}

, (2.21)

with the notations

cl = cos(πl/q), sl = sin(πl/q), (2.22)

and

f1(q, α0, y) = − sinh y
∑

δ=±1

cos(qπ(1/2 − δα0))

× sinh((1 + 2δα0)qy),

f2(q, α0, y) = cosh y
∑

δ=±1

δ cos(qπ(1/2 − δα0))

× cosh((1 + 2δα0)qy). (2.23)

Note that we have fl(q, α0, y) =∑n=±1 n
l−1 f (q, nα0, 2y)

/2, n = 1, 2. In (2.21), the part

〈ψ̄ψ〉(M)
± = sm

2π

∫ ∞

0
dγ

γ /E

eβ(E∓μ) + 1
, (2.24)

is the contribution coming from the l = 0 term in the right-
hand side of (2.17) and it coincides with the corresponding
quantity in (2 + 1)-dimensional Minkowski spacetime (q =
1) in the absence of the magnetic flux (α0 = 0).

For an integer q, the expression (2.21) is essentially sim-
plified for special values of α0 defined by

α0 = n + 1/2 − {q/2}
q

, (2.25)

where n is an integer and the figure braces stand for the
fractional part of the enclosed expression. The allowed values
for n are obtained from the condition |α0| < 1/2. For α0 from
(2.25) one has cos(qπ(1/2 − δα0)) = 0 and, hence, both the
functions fl(q, α0, y) in (2.23) become zero. As a result, the
integral term in the figure braces of (2.21) vanishes.

Returning to the general values of the parameters q and
α0, first we will consider the case with |μ| � m. By using
the relation

(
ey + 1

)−1 = −
∞∑

n=1

(−1)ne−ny, (2.26)
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after the evaluation of the γ -integrals, the following repre-
sentation is obtained

〈ψ̄ψ〉± = 〈ψ̄ψ〉(M)
± − 4m2

(2π)3/2

∞∑

n=1

(−1)ne±nβμ

×
{ p∑

l=1

(−1)l
[
scl cos(2πlα0) f1/2(cnl)

± mnβsl sin(2πlα0) f3/2(cnl)
]

− q

π

∫ ∞

0
dy

[
s f1(q, α0, y) f1/2(cn(y))

cosh(2qy) − cos(qπ)

± mnβ
f2(q, α0, y) f3/2(cn(y))

cosh(2qy) − cos(qπ)

]}
, (2.27)

where fν(x) = Kν(x)/xν , with Kν(x) being the Macdonald
function, and

〈ψ̄ψ〉(M)
± = − sm

2πβ

∞∑

n=1

(−1)n

n
e(±μ−m)nβ

= sm

2πβ
ln
(

1 + e(±μ−m)β
)

. (2.28)

In (2.27), we have introduced the notations

cnl = m
√
n2β2 + 4r2 sin2(πl/q),

cn(y) = m
√
n2β2 + 4r2 cosh2 y. (2.29)

For the functions fν(x) in (2.27) we have

f1/2(x) =
√

π

2

e−x

x
, f3/2(x) =

√
π

2

e−x

x3 (1 + x). (2.30)

Now summing all the contributions, for the FC we get

〈ψ̄ψ〉 = 〈ψ̄ψ〉0 + 〈ψ̄ψ〉(M) − 23/2m2

π3/2

∞∑

n=1

(−1)n

×
{

cosh(nβμ)

[ p∑

l=1

(−1)l

× scl cos(2πlα0) f1/2(cnl) − sq

π

×
∫ ∞

0
dy

f1(q, α0, y) f1/2(cn(y))

cosh(2qy) − cos(qπ)

]

+ mnβ sinh(nβμ)

[ p∑

l=1

(−1)l sl sin(2πlα0) f3/2(cnl)

− q

π

∫ ∞

0
dy

f2(q, α0, y) f3/2(cn(y))

cosh(2qy) − cos(qπ)

]}
, (2.31)

with the Minkowskian part

〈ψ̄ψ〉(M) = sm

2πβ

[
ln(1+e−β(m−μ))+ln(1+e−β(m+μ))

]
.

(2.32)

The expression for the FC in the vacuum state can be found
in [51]:

〈ψ̄ψ〉0 = − sm

2πr

[ p∑

l=1

(−1)l
cl
sl

cos(2πlα0)e
−2mrsl

− q

π

∫ ∞

0
dy

f1(q, α0, y)

cosh(2qy) − cos(qπ)

e−2mr cosh y

cosh y

]
.

(2.33)

This contribution can be combined with the sum over n in
(2.31) containing the factor cosh(nβμ) writing

∑∞′
n=0 instead

of
∑∞

n=1. The prime on the summation sign means that the
term n = 0 should be taken with the coefficient 1/2. The FC
is a periodic function of the magnetic flux with the period
equal to the flux quantum. Note that it has no definite parity
with respect to the reflections α0 → −α0 and μ → −μ.
This is related to the non-invariance of the model under the
parity (P-) and time-reversal (T -) transformations (see the
discussion in Sect. 5). Note that the FC in the vacuum state
is an even function of α0.

The general formula (2.31) is further simplified in various
special cases. For a massless fermionic field, because of the
condition |μ| � m, we should also assume that μ = 0 and
the FC vanishes. In the special case when the magnetic flux
is absent, one has α0 = 0, and the Eq. (2.31) becomes

〈ψ̄ψ〉 = 〈ψ̄ψ〉(M) − 2sm2

π

∞∑′

n=0

(−1)n cosh (nβμ)

×
[ p∑

l=1

(−1)l cl
e−cnl

cnl
+ 2q

π
cos (qπ/2)

×
∫ ∞

0
dy

sinh (2qy) sinh y

cosh(2qy) − cos(qπ)

e−cn(y)

cn(y)

]

.

(2.34)

In this case the FC is an even function of the chemical poten-
tial. For the background of Minkowski spacetime with the
magnetic flux we take q = 1 and the FC is given by

〈ψ̄ψ〉 = 〈ψ̄ψ〉(M) + 23/2m2

π5/2
sin(πα0)

∞∑′

n=0

(−1)n
∫ ∞

0
dy

× [−s cosh(nβμ) tanh y sinh(2α0y) f1/2(cn(y))

+mnβ sinh(nβμ) cosh(2α0y) f3/2(cn(y))
]
.

(2.35)

The n = 0 terms in (2.34) and (2.35) correspond to the
vacuum expectation values.

Let us consider the asymptotic behavior of the FC in the
limiting regions of the parameters. For points near the apex of
the cone two separate regions of the values of the parameter
α0 should be distinguished. For 2|α0| < 1−1/q, the thermal
part is finite on the apex and the corresponding expression
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is directly obtained from (2.31) putting r = 0. Recall that,
in this case, all the modes (2.9) are regular at the apex. For
2|α0| > 1 − 1/q the integrals diverge on the apex. In order
to find the leading term in the asymptotic expansion over
the distance from the origin, we note that for points near
the apex the dominant contribution to the integrals in (2.31)
comes from large values of y. Expanding the integrands, it
can be seen that

〈ψ̄ψ〉 ≈ 〈ψ̄ψ〉0 + m2q
(1/2 − ρ)

2ρπ5/2 (mr)1−2ρ
cos (πρ)

∞∑

n=1

(−1)n

× [sgn(α0)mnβ sinh(nβμ) fρ+1(mnβ)

−s cosh(nβμ) fρ(mnβ)
]
, (2.36)

with the notation ρ = q (1/2 − |α0|). Note that in the case
under consideration one has ρ < 1/2. Hence, for 2|α0| >

1 − 1/q the finite temperature part diverges on the apex as
r2ρ−1. The vacuum expectation value 〈ψ̄ψ〉0 behaves as 1/r
and it dominates for small r .

Now we turn to the investigation of the asymptotics for
the FC at low and high temperatures. In the low temperature
limit the main contribution to the thermal part comes from
the n = 1 term and to the leading order we find

〈ψ̄ψ〉 ≈ 〈ψ̄ψ〉0 + m

πβ
e−β(m−|μ|)

×
[ p∑′

l=0

(−1)l cos(πl(2sα0sgn(μ) − 1/q))

−qs

π
sgn(μ)

∑

δ=±1

δ cos(qπ(1/2 − δα0))

∫ ∞

0
dy

cosh((q + 2δα0q − sδsgn(μ)) y)

cosh(2qy) − cos(qπ)

]
.

(2.37)

Here, the term with l = 0 is the contribution of the
Minkowskian part 〈ψ̄ψ〉(M). Hence, for |μ| < m, at low tem-
peratures the thermal contribution in the FC is suppressed by
the factor e−β(m−|μ|).

The representation (2.31) is not well adapted for the inves-
tigation of the high temperature limit. An alternative repre-
sentation, is obtained by using the relations (−1)n cosh(nβμ)

= cos(nb) and (−1)nn sinh(nβμ) = ∂μ cos(nb)/β, with
b = π + iβμ, and then the formula [34,35]

∞∑′

n=0

cos(nb) fν(m
√

β2n2 + a2)

= (2π)1/2

2βm2ν

+∞∑

n=−∞

[
(2πn + b)2β−2 + m2

]ν−1/2

× fν−1/2

(
a
√

(2πn + b)2β−2 + m2

)
, (2.38)

for the series over n in (2.31). With these transformations,
the FC is presented as

〈ψ̄ψ〉 = 〈ψ̄ψ〉(M) − 2mT

π

∞∑

n=−∞

×
⎧
⎨

⎩

⎡

⎣
p∑

l=1

(−1)l scl cos(2πlα0)

×K0 (2rslbn) − q

π

∫ ∞
0

dy

× s f1(q, α0, y)K0 (2rbn cosh y)

cosh(2qy) − cos(qπ)

]

+μ−iπ(2n+1)T

m

⎡

⎣
p∑

l=1

(−1)l sl sin(2πlα0)K0 (2rslbn)

− q

π

∫ ∞
0

dy
f2(q, α0, y)K0 (2rbn cosh y)

cosh(2qy) − cos(qπ)

]}
, (2.39)

where we have introduced the notation

bn = {[π(2n + 1)T + iμ]2 + m2}1/2. (2.40)

In the case of zero chemical potential, μ = 0, the expression
(2.39 ) is simplified to

〈ψ̄ψ〉 = smT

π

{

ln(1 + e−mβ) − 4
∞∑

n=0

×
[ p∑

l=1

(−1)l cl cos(2πlα0)

×K0(2rslb
(0)
n ) − q

π

∫ ∞

0
dy

× f1(q, α0, y)K0(2rb
(0)
n cosh y)

cosh(2qy) − cos(qπ)

]}

, (2.41)

with b(0)
n = √[π(2n + 1)T ]2 + m2.

In the high temperature limit, Tr 
 1, the dominant con-
tribution to the series over n in (2.39) comes from the terms
with n = 0 and n = −1 and from the part containing the
factor μ − iπ(2n + 1)T . In the case q > 2 the leading con-
tribution corresponds to the term with l = 1 and we obtain

〈ψ̄ψ〉 ≈ 〈ψ̄ψ〉(M) − 2
√
s1/r sin(2πα0) sin(2rs1μ)T 3/2

×e−2πs1Tr . (2.42)

For q < 2 the sums over l are absent. At high temperatures
the dominant contribution to the integrals in (2.39) comes
from the region near the lower limit of integration. Assuming
that T 
 1/[πr sin2(πq/2)] (q is not too close to 2), to the
leading order one finds

〈ψ̄ψ〉 ≈ 〈ψ̄ψ〉(M) − q sin (qπα0)

πr sin(πq/2)
sin(2μr)T e−2πTr ,

(2.43)
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and the suppression is stronger. The high-temperature asymp-
totic for the Minkowskian part is given by

〈ψ̄ψ〉(M) ≈ smT

2π
ln 2, (2.44)

and, at high temperatures, the FC is dominated by this part.
The contributions induced by the conical defect and the mag-
netic flux are exponentially small for points not close to the
origin.

For the investigation of the FC at large distances from
the origin it is convenient to use the representation (2.39).
The corresponding procedure is similar to that for the high
temperature asymptotic and the dominant contribution comes
from the terms with n = 0 and n = −1. Considering the
asymptotic expression for the Macdonald function with large
arguments, for q > 2 we obtain

〈ψ̄ψ〉 ≈ 〈ψ̄ψ〉(M) + 2
√

πs1/r sin(2πα0)T
2

×Im
(
b−1/2

0 e−2rs1b0
)

. (2.45)

where b0 = √
(πT + iμ)2 + m2. In the case q < 2,

assuming that sin(πq/2) 
 q/r
√
T 2 + m2, the asymptotic

expression is given by

〈ψ̄ψ〉 ≈ 〈ψ̄ψ〉(M) + qT sin (qπα0)

πr sin(πq/2)

×Re
[
(μ − iπT ) e−2rb0/b0

]
. (2.46)

In both the cases, the parts in the FC induced by the conical
defect and by the magnetic flux are exponentially small and
in the leading order we have 〈ψ̄ψ〉 ≈ 〈ψ̄ψ〉(M).

Now let us turn to the case |μ| > m. For μ > m (μ < −m)
the contribution of the antiparticles (particles) to the FC is
evaluated in a way similar to that described above and the
corresponding expression is given by (2.27) with the lower
(upper) sign. The total FC is expressed as

〈ψ̄ψ〉 = 〈ψ̄ψ〉0 + 〈ψ̄ψ〉± + 1

π

∫ ∞

0
dγ

γ

eβ(E−|μ|) + 1

×
{ p∑′

l=0

(−1)l
[ sm
E

cl cos(2πlα0)∓sl sin(2πlα0)
]
J0(2γ rsl )

− q

π

∫ ∞

0
dy

sm
E f1(q, α0, y)∓ f2(q, α0, y)

cosh(2qy)−cos(qπ)
J0(2γ r cosh y)

}
.

(2.47)

where the upper and lower signs correspond to μ < −m
and μ > m, respectively. Introducing the Fermi momentum
p0 = √μ2 − m2, the integration over γ in the last term can
be divided into two regions with γ < p0 and γ > p0. The
expansion (2.26) can be further applied to the integral over the
second region. At high temperatures, T 
 |μ|, the dominant
contribution to the FC comes from the states with the energies
E 
 |μ| and the asymptotic estimates considered above for
the case |μ| < m are still valid.

Compared to the case |μ| < m, the situation in the range
|μ| > m is completely different at low temperatures. In the
limit T → 0, in the part coming from the particles or antipar-
ticles, the contribution of the states with E � |μ| survives
only and we find

〈ψ̄ψ〉T=0

= 〈ψ̄ψ〉0 + p2
0

π

{ p∑′

l=0

(−1)l

× [scl cos(2πlα0)g1(p0rsl) + sgn(μ)sl sin(2πlα0)g2(p0rsl)
]

− q

π

∫ ∞

0
dy

∑2
l=1 s

l(sgn(μ))l−1 fl(q, α0, y)gl(p0r cosh y)

cosh(2qy) − cos(qπ)

}

.

(2.48)

with the notations

g1(u) = m

p0

∫ 1

0
dx

x J0(2ux)√
x2 + m2/p2

0

, g2(u) = J1(2u)

2u
.

(2.49)

The second term in the right-hand side of (2.48) is the contri-
bution of particles (for μ > m) or antiparticles (for μ < −m)
filling the states with the energies m � E � |μ|. This term
is finite on the apex for 2|α0| < 1 − 1/q and diverges as
1/r1−2ρ for 2|α0| > 1 − 1/q. The vacuum contribution near
the apex behaves as 1/r and it dominates. At large distances
from the apex, p0r 
 1, the corrections induced by the coni-
cal defect and by the magnetic flux are dominated by the part
coming from the particles or antiparticles (the second term
in the right-hand side of (2.48) with the contribution of l = 0
excluded). This part decays oscillatory with the amplitude
decreasing as 1/r3/2. Note that the decay of the vacuum part
for a massive field is exponential. In the case of a massless
field, m = 0, the vacuum part of the FC vanishes and the
formula (2.48) simplifies to

〈ψ̄ψ〉T=0 = sgn(μ)
μ2

π

[ p∑′

l=0

(−1)l sl sin(2πlα0)g2(|μ|rsl)

− q

π

∫ ∞

0
dy

f2(q, α0, y)g2(|μ|r cosh y)

cosh(2qy) − cos(qπ)

]
.

(2.50)

In this case, the only nonzero contribution comes from par-
ticles or antiparticles and the FC is an odd function of both
the chemical potential and the magnetic flux.

In the discussion above we have assumed that the field
ψ(x) is periodic along the azimuthal direction. We may con-
sider a more general case where the spinor field obeys the
quasiperiodicity condition
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ψ(t, r, φ + φ0) = eiχψ(t, r, φ), (2.51)

with a constant phase χ . The corresponding expressions
for the expectation values are obtained from those pre-
sented above (and in what follows) with α given by the
formula

α = χ/(2π) + eA/q. (2.52)

Note that χ and A are changed by a gauge transformation
whereas their combination in the right-hand side of (2.52) is
gauge invariant.

3 Charge density

In this and in the following section we shall investigate the
expectation value of the fermionic current density given by
〈 jν〉 = e tr [ρ̂ψ̄(x)γ νψ(x)]. Similarly to the case of the FC,
the current density is decomposed as

〈 jν〉 = 〈 jν〉0 + 〈 jν〉+ + 〈 jν〉−, (3.1)

where

〈 jν〉0 = e
∑

σ

ψ̄(−)
σ (x)γ νψ(−)

σ (x), (3.2)

is the vacuum expectation value and

〈 jν〉± = ±e
∑

σ

ψ̄
(±)
σ γ νψ

(±)
σ

eβ(Eσ ∓μ) + 1
. (3.3)

The terms 〈 jν〉+ and 〈 jν〉− are the contributions to the current
density coming from particles and antiparticles. The vacuum
expectation value has been investigated in [50] and here we
will be focused with the finite temperature effects. The details
of the calculations are similar to those for the FC and the main
steps only will be given.

We start with the charge density that corresponds to the
component ν = 0 in (3.1). By using the mode functions (2.9),
for the contributions from the particles and antiparticles we
get the representation

〈 j0〉± = ± eq

4π

∑

j

∫ ∞

0
dγ

γ

eβ(E∓μ) + 1

×
{
J 2
β j

(γ r) + J 2
β j+εβ j

(γ r) ± sm

E

×
[
J 2
β j

(γ r) − J 2
β j+εβ j

(γ r)
]}

. (3.4)

As we could expect ±〈 j0〉±/e > 0. By the transformations
similar to those for the FC, one finds the following expression

〈 j0〉± = 〈 j0〉(M)
± + e

π

∫ ∞

0
dγ

γ

eβ(E∓μ) + 1

×
{ p∑

l=1

(−1)l
[ sm
E

sl sin(2πlα0)

±cl cos(2πlα0)] J0(2γ rsl)

− q

π

∫ ∞

0
dy

sm
E f2(q, α0, 2y) ± f1(q, α0, 2y)

cosh(2qy) − cos(qπ)

×J0(2γ r cosh y)

}

, (3.5)

with the Minkowskian part

〈 j0〉(M)
± = ± e

2π

∫ ∞

0
dγ

γ

eβ(E∓μ) + 1
. (3.6)

For a massless field and in the case of the zero chemical
potential, μ = 0, the contributions from the particles and
antiparticles to the total charge density cancel each other:
〈 j0〉+ = −〈 j0〉−. This is not the case for a massive field.

In the case |μ| � m, by using the relation (2.26), we get

〈 j0〉± = 〈 j0〉(M)
± −

√
2em2

π3/2

∞∑

n=1

(−1)ne±nβμ

×
{ p∑

l=1

(−1)l
[
ssl sin(2πlα0) f1/2 (cnl)

±mnβcl cos(2πlα0) f3/2 (cnl)
]

− q

π

∫ ∞

0
dy

[
s f2(q, α0, y) f1/2 (cn(y))

cosh(2qy) − cos(qπ)

±mnβ f1(q, α0, y) f3/2 (cn(y))

cosh(2qy) − cos(qπ)

]}
, (3.7)

with

〈 j0〉(M)
± = ∓ em3β√

2π3/2

∞∑

n=1

(−1)nne±nβμ f3/2 (mnβ) . (3.8)

The vacuum expectation value of the charge density is given
by the expression [50]

〈 j0〉0 = − sem

2πr

[ p∑

l=1

(−1)l sin(2πlα0)e
−2mrsl

− q

π

∫ ∞

0
dy

f2(q, α0, y)

cosh(2qy) − cos(qπ)

e−2mr cosh y

cosh y

]
.

(3.9)

For the case of a massless field, because of the condition
|μ| � m, in (3.7) we should also assume μ = 0. By taking
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into account that fν(x) ≈ 2ν−1
(ν)x−2ν for x → 0, we find
the expression

〈 j0〉± = ±πeT 2

24
∓ e

πT

∞∑

n=1

(−1)nn

⎡

⎣
p∑

l=1

(−1)l cl cos(2πlα0)

(n2β2 + 4r2s2
l )3/2

− q

π

∫ ∞
0

dy
f1(q, α0, y)(n2β2 + 4r2 cosh2 y)−3/2

cosh(2qy) − cos(qπ)

]

,

(3.10)

where the first term in the right-hand side is the Minkowskian
part. In this case the vacuum charge density vanishes. Note
that for a massless field the charge densities (3.10) do not
depend on the parameter s. They are even functions of
α0.

Summing the contributions from the vacuum expectation
value and from particles and antiparticles, for the total charge
density, in the case |μ| � m, we obtain

〈 j0〉 = 〈 j0〉(M) − 23/2em2

π3/2

{ ∞∑′

n=0

(−1)ns cosh (nβμ)

×
[ p∑

l=1

(−1)l sl sin(2πlα0) f1/2 (cnl)

− q

π

∫ ∞

0
dy

f2(q, α0, y) f1/2 (cn(y))

cosh(2qy) − cos(qπ)

]

+mβ

∞∑

n=1

(−1)nn sinh (nβμ)

×
[ p∑

l=1

(−1)l cl cos(2πlα0) f3/2 (cnl)

− q

π

∫ ∞

0
dy

f1(q, α0, y) f3/2 (cn(y))

cosh(2qy) − cos(qπ)

]}
, (3.11)

with the Minkowskian term

〈 j0〉(M) = −
√

2em3

π3/2T

∞∑

n=1

(−1)nn sinh (nβμ) f3/2 (mnβ) .

(3.12)

Note that, in the case of zero chemical potential, the
Minkowskian part in the charge density vanishes as a conse-
quence of the cancellation of the contributions coming from
particles and antiparticles. The magnetic flux acts on these
contributions in different ways and there is no such a can-
cellation for the topological part. The n = 0 term in (3.11)
corresponds to the vacuum expectation value of the charge
density. In the case of a massless field with the zero chem-
ical potential the charge density vanishes. Note that, for a
massive field, the charge density has indefinite parity with
respect to the change of the sign for α0, α0 → −α0, and for
μ, μ → −μ. This is related to the fact that, in the presence of

Fig. 1 Topological part in the charge density as a function of the param-
eterα0 for fields realizing the irreducible representations with s = 1 (full
curves) and s = −1 (dashed curves). The numbers near the curves are
the corresponding values of q. The graphs are plotted for μ/m = 0.25,
mr = 0.5, and T/m = 0.5

the mass term, the model under consideration is not invariant
under the T - and P-transformations.

The quantity 〈 j0〉t = 〈 j0〉−〈 j0〉(M) gives the contribution
to the charge density coming from the planar angle deficit
and from the magnetic flux. For brevity we shall call it the
topological part. In Fig. 1 we have plotted this part versus
the parameter α0. Recall that the charge density is a periodic
function of α0 with the period 1. The full and dashed curves
correspond to the irreducible representation with s = 1 and
s = −1, respectively. The numbers near the curves are the
values of q. The graphs are plotted for μ/m = 0.25, mr =
0.5, T/m = 0.5. For this example, the contribution of the
terms in (3.11) containing the factor s dominates. These terms
are odd with respect to the reflection α0 → −α0. Note that
for the same values of μ/m = 0.25, T/m = 0.5, for the
Minkowskian part one has 〈 j0〉(M) ≈ 0.015em2.

The general formula (3.11) is simplified in special cases.
For integer values of q and for the values of α0 given by
(2.25), the integral terms vanish. In the absence of the mag-
netic flux and for general values of q, the charge density is
given by

〈 j0〉 = − em3β

(π/2)3/2

∞∑

n=1

(−1)nn sinh (nβμ)

[ p∑′

l=0

(−1)l cl f3/2 (cnl)

+2q

π
cos(qπ/2)

∫ ∞

0
dy

sinh y sinh(qy) f3/2 (cn(y))

cosh(2qy) − cos(qπ)

]
,

(3.13)

and it is an odd function of the chemical potential. For the
charge density in the background of Minkowski spacetime
(q = 1) in the presence of a magnetic flux we get
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〈 j0〉 = 〈 j0〉(M) +
√

2em2

π5/2
sin(πα0)

∞∑′

n=0

(−1)n

×
[
s cosh (nβμ)

∫ ∞

0
dy cosh(2α0y) f1/2 (cn(y))

−nmβ sinh (nβμ)

∫ ∞

0
dy tanh y sinh(2α0y) f3/2 (cn(y))

]
.

(3.14)

For 2|α0| < 1 − 1/q, the finite temperature part in the
charge density is finite at the cone apex. This part is given
by the right-hand side of (3.11), excluding the term n =
0. The corresponding expression is obtained by the direct
substitution r = 0. In the case 2|α0| > 1 − 1/q, the analysis
similar to that for the FC leads to the following asymptotic
expression

〈 j0〉 ≈ 〈 j0〉0 + em2q
(1/2 − ρ)

2ρπ5/2(mr)1−2ρ
cos (πρ)

∞∑

n=1

(−1)n

× [sgn(α0)s cosh (nβμ) fρ(mnβ) − mβn

× sinh (nβμ) fρ+1(mnβ)
]
, (3.15)

and the charge density diverges as 1/r1−2ρ . The vacuum
expectation value, 〈 j0〉0, diverges in the limit r → 0 as 1/r
and near the apex it dominates in the total charge density.
Though the charge density diverges on the apex, this diver-
gence is integrable and the total charge induced by the planar
angle deficit and by the magnetic flux is finite (see below).

Now, let us analyze the limits of low and high tempera-
tures. At low temperatures, for a fixed value of mr , the main
contribution to the finite temperature part of the charge den-
sity comes from the n = 1 term in (3.11 ) and it is given
by

〈 j0〉 ≈ 〈 j0〉0 + em

πβ

sgn(μ)

eβ(m−|μ|)

[ p∑′

l=0

(−1)l

× cos(πl(1/q − 2sgn(μ)sα0))

− q

π

∫ ∞

0
dy

f (q, sgn(μ)sα0, 2y)

cosh(2qy) − cos(qπ)

]
, (3.16)

where the l = 0 term corresponds to the Minkowskian part.
In this limit one has an exponential suppression of the thermal
effects.

To evaluate the charge density at high temperatures, it is
convenient to use another representation that is obtained from
(3.11) in the way similar to that we have used for (2.39). The
new representation has the form

〈 j0〉 = 〈 j0〉(M) − 2emT

π

∞∑

n=−∞

{

s
p∑

l=1

(−1)l sl sin(2πlα0)K0(2rslbn)

− sq

π

∫ ∞

0
dy

f2(q, α0, y)K0(2rbn cosh y)

cosh(2qy) − cos(qπ)

+μ − iπ(2n + 1)T

m

[ p∑

l=1

(−1)l cl cos(2πlα0)K0(2rslbn)

− q

π

∫ ∞

0
dy

f1(q, α0, y)K0(2rbn cosh y)

cosh(2qy) − cos(qπ)

]}
, (3.17)

where bn is given by (2.40). For a field with zero chemical
potential we get

〈 j0〉 = −4semT

π

∞∑

n=0

[ p∑

l=1

(−1)l sl sin(2πlα0)K0(2rslb
(0)
n )

− q

π

∫ ∞

0
dy

f2(q, α0, y)K0(2rb
(0)
n cosh y)

cosh(2qy) − cos(qπ)

]

,

(3.18)

with the same b(0)
n as in (2.41).

In the limit of high temperatures, the dominant contribu-
tions comes from the terms with n = 0 and n = −1. For the
case q > 2 the leading term corresponds to the l = 1 term
and one finds

〈 j0〉=〈 j0〉(M)− 2ec1√
rs1

cos(2πα0) sin(2rs1μ)T 3/2e−2πrs1T .

(3.19)

For q < 2 the sums over l in (3.17) are absent and the dom-
inant contribution to the integrals over y comes from the
region near the lower limit of integration. In this case the
effects induced by the conical defect and magnetic flux are
suppressed by the factor e−2πrT . In all cases, for μ �= 0,
at high temperatures the charge density is dominated by the
Minkowskian part 〈 j0〉(M) with the asymptotic

〈 j0〉(M) ≈ eμT

π
ln 2. (3.20)

In the case of zero chemical potential the Minkowskian part
vanishes. For points not too close to the cone apex, the con-
tributions induced by the conical defect and by the magnetic
flux are exponentially small.

The full curves in Fig. 2 present the dependence of the
topological part in the charge density on the temperature. The
dashed curves correspond to the charge density in Minkowski
spacetime in the absence of the magnetic flux,m−2〈 j0〉(M)/e.
The numbers near the curves are the values of the ratio μ/m.
The graphs are plotted for q = 1.5, α0 = 0.25, mr = 0.5,
and for the irreducible representation with s = 1.

In the same way as for the FC, the representation (3.17)
also is convenient for the investigation of the charge density at
large distances from the origin. As before, the corresponding
procedure is similar to that for the high temperature asymp-
totic. The main contributions come from the terms withn = 0
and n = −1. Considering q > 2, one obtains
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Fig. 2 Topological part in the charge density versus the temperature
for the irreducible representation with s = 1 (full curves). The graphs
are plotted for q = 1.5, α0 = 0.25, mr = 0.5. The dashed curves
present the charge density in the Minkowski spacetime. The numbers
near the curves are the values of μ/m

〈 j0〉 ≈ 〈 j0〉(M) + 2eT√
πrs1

×Re

[
sms1 sin(2πα0)+(μ−iπT )c1 cos(2πα0)

b1/2
0 e2rs1b0

]

.

(3.21)

For q < 2, the corresponding asymptotic expression is given
by

〈 j0〉≈〈 j0〉(M) + esqmT

πr

sin(qπα0)

sin(qπ/2)
Re

(
e−2rb0

b0

)
. (3.22)

In both cases, the parts induced by the conical defect and
the magnetic flux are exponentially small and to the leading
order we have 〈 j0〉 ≈ 〈 j0〉(M).

For μ < −m (μ > m) the contribution of the particles
(antiparticles) to the charge density is still given by (3.7) with
the upper (lower) sign. The total charge density is expressed
as

〈 j0〉 = 〈 j0〉0 + 〈 j0〉± + e

π

∫ ∞
0

dγ
γ

eβ(E−|μ|) + 1

×
⎧
⎨

⎩

p∑′

l=0

(−1)l
[ sm
E

sl sin(2πlα0) ∓ cl cos(2πlα0)
]
J0(2γ rsl )

− q

π

∫ ∞
0

dy
sm
E f2(q, α0, 2y)∓ f1(q, α0, 2y)

cosh(2qy)−cos(qπ)
J0(2γ r cosh y)

}

,

(3.23)

where upper and lower signs correspond to μ < −m and
μ > m, respectively, and for 〈 j0〉± one has the expression
( 3.7). Considering the separate regions γ < p0 and γ >

p0, in the integral corresponding to the second region we
can again use the expansion (2.26). The leading terms in the

high temperature asymptotic remain the same as for the case
|μ| � m.

At zero temperature and for the case |μ| > m, the only
nonzero contribution to the γ -integral in (3.23) comes from
the region γ < p0 and one obtains

〈 j0〉T=0 = 〈 j0〉0 + ep2
0

π

{ p∑′

l=0

(−1)l × [ssl sin(2πlα0)g1(p0rsl )

+sgn(μ)cl cos(2πlα0)g2(p0rsl )
]− q

π

∫ ∞

0
dy

×
∑2

l=1 s
l−1(sgn(μ))l fl (q, α0, y)g3−l (p0r cosh y)

cosh(2qy) − cos(qπ)

}

,

(3.24)

with the functions g1(u) and g2(u) from (2.49). The appear-
ance of the second term is related to the presence of antipar-
ticles (for μ < −m) or particles (for μ > m) in the states
having the energy m � E � |μ|. In the absence of the planar
angle deficit and magnetic flux (q = 1, α = 0), the l = 0
term remains only and for the charge density we obtain the
expression: 〈 j0〉(M)

T=0 = sgn(μ)ep2
0/(2π). Subtracting from

the right-hand side of (3.24) the term l = 0, we obtain the
charge density induced by the planar angle deficit and by
the magnetic flux. At large distances from the cone apex the
decay of this part in the charge density is oscillatory with the
amplitude decreasing as 1/r3/2. Similar to the case |μ| � m,
the charge density is finite at the apex for 2|α0| < 1 − 1/q
and diverges in the case 2|α0| > 1 − 1/q. The divergence
in the second case is integrable, as 1/r1−2ρ . For a massless
field the vacuum charge density is zero and from (3.25) we
get the following expression

〈 j0〉T=0 = sgn(μ)
eμ2

π

[ p∑′

l=0

(−1)l cl cos(2πlα0)g2(|μ|rsl)

− q

π

∫ ∞

0
dy

f1(q, α0, y)g2(|μ|r cosh y)

cosh(2qy) − cos(qπ)

]

.

(3.25)

In this case the charge density at zero temperature is the
same for both the irreducible representations of the Clifford
algebra. It is an odd function of the chemical potential and
an even function of the magnetic flux.

In Fig. 3 we displayed the charge density as a function
of the distance from the cone apex for different values of q
(the numbers near the curves). The left panel presents the
topological part in the charge density for the field realizing
the irreducible representation with s = 1 and for μ/m =
0.25, α0 = 0.25, T/m = 0.5. In the right panel the ratio
〈 j0〉/〈 j0〉(M) is plotted at zero temperature for a massless
fermionic field. The full and dashed curves correspond to
α0 = 0.25 and α0 = 0, respectively. Note that for α0 = 0.25
and q = 2 one has 〈 j0〉T=0 = 〈 j0〉(M)

T=0.
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Fig. 3 Charge density as a function of the distance from the apex for
different values of the parameter q (the numbers near the graphs). On
the left panel, the topological part is presented for the representation
s = 1 and for μ/m = 0.25, α0 = 0.25, T/m = 0.5. The right panel

gives the dependence of the ratio 〈 j0〉/〈 j0〉(M) at zero temperature.
The full and dashed curves on this panel correspond to α0 = 0.25 and
α0 = 0

Let us denote by �Q the total charge induced by the planar
angle deficit and by the magnetic flux:

�Q =
∫ ∞

0
dr r

∫ φ0

0
dφ
[
〈 j0〉 − 〈 j0〉(M)

]
. (3.26)

In the case |μ| � m we use the representation (3.11). The
integration over the radial coordinate is done with the help
of the formula
∫ ∞

0
dr r fν(

√
a2 + b2r2) = fν−1(a)/b2. (3.27)

After the summation over n we get

�Q = �Q0 + e

2

∑

δ=±1

δ

eβ(m−δμ) + 1

[
1

q

p∑

l=1

(−1)l

s2
l

× cos(πl (1/q − 2sδα0))

− 1

π

∫ ∞

0
dy

f (q, sδα0, 2y) cosh−2 y

cosh(2qy) − cos(qπ)

]
, (3.28)

where

�Q0 = − se

2q

[ p∑

l=1

(−1)l

sl
sin(2πlα0) − q

π

×
∫ ∞

0
dy

f2(q, α0, y) cosh−2 y

cosh(2qy) − cos(qπ)

]
, (3.29)

is the vacuum charge and the second term in the right-hand
side presents the contribution from particles and antiparti-
cles. These expressions are further simplified by using the
relations (A.4) and (A.6):

�Q = �Q0 + e

2q

∑

δ=±1

δ

eβ(m−δμ) + 1

×
[

1 − q2

12
+ qα0 (qα0 − sδ)

]
, (3.30)

with �Q0 = seα0/2. For |μ| < m, in the zero temperature
limit one has limT→0 �Q = �Q0 and the topological part
of the charge coincides with that for the vacuum state.

In the case |μ| > m, the charge at zero temperature differs
from the vacuum charge �Q0. It is obtained by the integra-
tion of the right-hand side of (3.24), omitting the term l = 0
(the Minkowskian part). By taking into account that

∫ ∞

0
dy ygl(ay) = 1

4a2 , l = 1, 2, (3.31)

and using the relation (A.4), one finds the following expres-
sion

�QT=0 = �Q0 + sgn(μ)
e

2q

×
{

1 − q2

12
+ qα0

[
qα0 − ssgn(μ)

]}
, (3.32)

with the same �Q0 as in (3.30). For a given sign of the chemi-
cal potential, the zero temperature charge is completely deter-
mined by the topological parameters of the model. Note that
in the evaluation of the integral (3.31) with the function g1(u)

from (2.49) one cannot change the order of integrations. In
order to escape this difficulty, we introduce in the integrand
the function e−by , b > 0. With this function, changing the
integrations order, the integral over y involving the Bessel
function is evaluated by using the formula from [71]. Then,
after the evaluation of the integral over x , we take the limit
b → 0. For |μ| = m the expression (3.32) coincides with
that obtained from (3.30) in the limit T → 0.

123



Eur. Phys. J. C (2016) 76 :350 Page 13 of 21 350

4 Current density

In this section we consider the expectation value of the spatial
components for the current density. First of all we can see
that the current density along the radial direction is zero,
〈 j1〉 = 0, and the only nonzero component is along the
azimuthal direction. The contributions to the azimuthal cur-
rent coming from the particles and antiparticles are obtained
from (3.3) by using the mode functions (2.9). For the phys-
ical component, 〈 jφ〉, connected to the contravariant one by
the relation 〈 jφ〉 = r〈 j2〉, one gets the following expression:

〈 jφ〉± = ± qe

2π

∑

j

ε j

∫ ∞

0
dγ

γ 2

E

Jβ j (γ r)Jβ j+ε j (γ r)

eβ(E∓μ) + 1
.

(4.1)

Note that the expectation value of the azimuthal current den-
sity does not depend on the parameter s in (2.2) and it is the
same for both the irreducible representations of the Clifford
algebra.

By making use of the recurrence relation for the Bessel
function we can show that

ε j Jβ j (x)Jβ j+ε j (x) = 1

x

(
ε jβ j − 1

2
x∂x

)
J 2
β j

(x). (4.2)

Substituting this into (4.1) and using the representation
(2.14), the contributions to the azimuthal current from the
particles and antiparticles are presented as

〈 jφ〉± = eqr

2π

∫ ∞

0
dγ

γ 3/E

eβ(E∓μ) + 1

1

2π i

×
∫ c+i∞

c−i∞
dt

t2 e
t/2−γ 2r2/t

∑

δ=±1

δI(q, δα0, γ
2r2/t).

(4.3)

By taking into account (2.17), the integral over t is expressed
in terms of the Bessel function of the order 1 and we get

〈 jφ〉± = e

π

∫ ∞

0
dγ

γ 2/E

eβ(E∓μ) + 1

×
{ p∑

l=1

(−1)l sin (2πlα0) J1(2γ rsl)

− q

π

∫ ∞

0
dy

f2(q, α0, y)J1(2γ r cosh y)

[cosh(2qy) − cos(qπ)] cosh y

}
.

(4.4)

As is seen, the azimuthal current is an odd function of the
parameter α0. Note that for the zero chemical potential, μ =
0, the particles and antiparticles give the same contributions
to the total current density. As before, we will consider the
cases |μ| � m and |μ| > m separately.

For |μ| � m, by using the expansion (2.26), one finds

〈 jφ〉± = −23/2em3r

π3/2

∞∑

n=1

(−1)ne±nβμ

[ p∑

l=1

(−1)l sl sin(2πlα0)

× f3/2 (cnl) − q

π

∫ ∞

0
dy

f2(q, α0, y) f3/2 (cn(y))

cosh(2qy) − cos(qπ)

]
.

(4.5)

For the total current density this gives

〈 jφ〉 = −25/2em3r

π3/2

∞∑′

n=0

(−1)n cosh(nβμ)

⎡

⎣
p∑

l=1

(−1)l f3/2 (cnl )

×sl sin(2πlα0) − q

π

∫ ∞
0

dy
f2(q, α0, y) f3/2 (cn(y))

cosh(2qy) − cos(qπ)

]
,

(4.6)

where the n = 0 term corresponds to the vacuum expectation
value [50]:

〈 jφ〉0 = −23/2em3r

π3/2

[ p∑

l=1

(−1)l sl sin(2πlα0) f3/2 (2mrsl)

− q

π

∫ ∞

0
dy

f2(q, α0, y) f3/2 (2mr cosh y)

cosh(2qy) − cos(qπ)

]
.

(4.7)

Unlike to the FC and charge density, the azimuthal current
density has definite parity with respect to the reflections
α0 → −α0 and μ → −μ: it is an odd function of α0 and an
even function of the chemical potential. For an integer q and
for special values of α0, given by (2.25), the integral terms
in (4.6) and (4.7) vanish.

In Fig. 4, the azimuthal current density is plotted versus
the parameter α0 for μ/m = 0.25, mr = 0.5, T/m = 0.5.

Fig. 4 Azimuthal current density as a function of α0 for separate values
of the parameter q (numbers near the curves) and for μ/m = 0.25,
mr = 0.5, T/m = 0.5
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The numbers near the curves are the values of q. As we have
mentioned, the current density is an odd function of α0.

For the massless field, due to the condition μ � m, we
also should take μ = 0. Using the asymptotic expression for
the Macdonald function for small values of the argument, we
find

〈 jφ〉 = −4er

π

∞∑′

n=0

(−1)n

[ p∑

l=1

(−1)l sl sin(2πlα0)
(
n2β2 + 4s2

l r
2
)3/2

− q

π

∫ ∞

0
dy

(
n2β2+4r2 cosh2 y

)−3/2

cosh(2qy)−cos(qπ)
f2(q, α0, y)

]

.

(4.8)

In the case of the Minkowski bulk with a magnetic flux, the
current density is obtained from (4.6) with q = 1:

〈 jφ〉 = 25/2em3r

π5/2
sin(πα0)

∞∑′

n=0

(−1)n cosh(nβμ)

×
∫ ∞

0
dy cosh(2α0y) f3/2 (cn(y)) . (4.9)

At the cone apex, the thermal part in the azimuthal current
density vanishes as r for 2|α0| < 1 − 1/q and as r2ρ for
2|α0| > 1−1/q. In the first case the leading term is obtained
directly from the n �= 0 term in (4.6) putting r = 0. This is
reduced to the substitutions cnl = cn(y) = mnβ. In the
second case, the leading term in the asymptotic expansion of
the thermal part is found in the way similar to that we have
used for the FC and has the form

〈 jφ〉 ≈ 〈 jφ〉0 + em2q(mr)2ρ

2ρ−1π5/2

(1/2 − ρ)sgn(α0) cos(πρ)

×
∞∑′

n=0

(−1)n cosh(nβμ) fρ+1(mnβ). (4.10)

The vacuum expectation value diverges as 1/r2 and it dom-
inates near the apex.

Considering the limit of low temperatures for a fixed value
of mr , the main contribution for the thermal part of the
azimuthal current comes from the n = 1 term and the leading
term is given by

〈 jφ〉 ≈ 〈 jφ〉0 + 2emT 2r

πeβ(m−|μ|)
[ p∑

l=1

(−1)l sl sin(2πlα0) − q

π

×
∫ ∞

0
dy

f2(q, α0, y)

cosh(2qy) − cos(qπ)

]
. (4.11)

In this limit the contribution of the finite temperature effects
is suppressed by the factor e−β(m−|μ|).

Fig. 5 Azimuthal current density as a function of temperature. The
numbers near the curves are the values of the ratio μ/m and the graphs
are plotted for q = 1.5, α0 = 0.25, mr = 0.5

An alternative representation for the current density in the
case |μ| � m is obtained by using the formula (2.38):

〈 jφ〉 = −2eT

π

+∞∑

n=−∞
bn

{ p∑

l=1

(−1)l sin(2πlα0)K1 (2rslbn)

− q

π

∫ ∞

0
dy

f2(q, α0, y)K1 (2rbn cosh y)

[cosh(2qy) − cos(qπ)] cosh y

}
,

(4.12)

where bn is given by (2.40).
At high temperatures, assuming that rT 
 1, the domi-

nant contribution in ( 4.12) comes from the terms n = 0 and
n = −1. For q > 2 one finds

〈 jφ〉 ≈ 2eT 3/2

√
s1r

sin(2πα0)
cos(2rs1μ)

e2πrs1T
. (4.13)

In the case q < 2, assuming that T 
 1/[πr sin2(qπ/2)],
the leading term is given by

〈 jφ〉 ≈ eqT sin(πqα0) cos(2rμ)

πr sin(πq/2)e2πrT
. (4.14)

The dependence of the current density on temperature is
plotted in Fig. 5 for two values of the ratioμ/m (numbers near
the graphs). The graphs are plotted for q = 1.5, α0 = 0.25,
mr = 0.5.

For the investigation of the asymptotic of the azimuthal
current al large distances from the origin we again use the
representation (4.12). In the case q > 2, the dominant con-
tribution comes from the terms with l = 1, n = 0, 1 and we
get

〈 jφ〉 ≈ 2eT sin(2πα0)√
πs1r

Re
(
b1/2

0 e−2rs1b0
)

. (4.15)
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Fig. 6 Current density versus the distance from the apex for α0 = 0.25
and for different values of the parameter q (the numbers near the
graphs). The graphs on the left panel are plotted for μ/m = 0.25,

T/m = 0.5. The right panel presents the zero temperature (full curves)
and vacuum currents (dashed curves) for a massless field

For q < 2 and not too close to 2, the leading term is given
by the expression

〈 jφ〉 ≈ eq sin(πqα0)T

π sin(πq/2)r
Re
(
e−2rb0

)
. (4.16)

Now let us consider the current density for the case |μ| >

m. The corresponding expression has the form

〈 jφ〉 = 〈 jφ〉0 + 〈 jφ〉± + e

π

∫ ∞

0
dγ

γ 2/E

eβ(E−|μ|) + 1

×
{ p∑

l=1

(−1)l sin (2πlα0)

×J1(2γ rsl) − q

π

∫ ∞

0
dy

× f2(q, α0, y)J1(2γ r cosh y)

[cosh(2qy) − cos(qπ)] cosh y

}
, (4.17)

where the upper and lower signs correspond to the cases
μ < −m and μ > m, respectively. The expression for 〈 jφ〉±
in the right-hand side is given by (4.5). At zero temperature,
T → 0, we get

〈 jφ〉T=0 = 〈 jφ〉0 − ep3
0

2πm

{ p∑

l=1

(−1)l sin (2πlα0) g
′
1(p0rsl)

− q

π

∫ ∞

0
dy

f2(q, α0, y)g′
1(p0r cosh y)

[cosh(2qy) − cos(qπ)] cosh y

}
,

(4.18)

with the function g1(u) from (2.49) and g′
1(u) = ∂ug1(u).

The second term in the right-hand side is the contribution
from the antiparticles for μ < −m and from the particles for
μ > m. In the case of a massless field we get

〈 jφ〉T=0 = e

4πr2

×
{ p∑

l=1

(−1)l

s2
l

sin (2πlα0) g0(|μ|rsl)

− q

π

∫ ∞

0
dy

f2(q, α0, y)g0(|μ|r cosh y)

[cosh(2qy) − cos(qπ)] cosh3 y

}
,

(4.19)

with the function

g0(u) =
∫ 2u

0
dxx J1(x) − 1. (4.20)

The part in (4.19) coming from −1 in the right-hand side of
(4.20) corresponds to the vacuum current density. It depends
on the radial coordinate as 1/r2.

The dependence of the azimuthal current density on the
distance from the cone apex is displayed in Fig. 6 for α0 =
0.25 and for separate values of q (numbers near the curves).
The graphs on the left panel are plotted for μ/m = 0.25,
T/m = 0.5. The full curves on the right panel present the
current density at zero temperature for a massless fermionic
field with the chemical potential μ. The dashed curves are
the vacuum current densities in the same model.

5 Expectation values in parity and time-reversal
symmetric models

In the discussion above we have considered a fermionic field
realizing the irreducible representation of the Clifford alge-
bra. In this representation, the mass term in the Lagrangian
density is not invariant under the parity and time-reversal
transformations (P- and T -transformations). In order to
recover the P- and T -invariance, we note that in (2 + 1)-
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dimensions the γ 2 matrix can be represented in two differ-
ent ways: γ 2 = γ 2

(s) = −is
√−g22γ 0γ 1, with s = ±1.

As a consequence, the Clifford algebra has two inequivalent
representations corresponding to the upper and lower signs.
Our choice in (2.3) corresponds to the representation with
the upper sign. Consider two two-component spinor fields,
ψ(+1) and ψ(−1), with the combined Lagrangian densityL =∑

s=±1 ψ̄(s)(iγ
μ

(s)Dμ −m)ψ(s), where γ
μ

(s) = (γ 0, γ 1, γ 2
(s)).

We can see that, by suitable transformations of the fields (see,
for example [72,73]), this Lagrangian is invariant under P-
and T -transformations (in the absence of magnetic fields).
Defining new fields ψ ′

(+1) = ψ(+1), ψ ′
(−1) = γ 0γ 1ψ(−1),

the Lagrangian density is transformed to the form

L =
∑

s=±1

ψ̄ ′
(s)(iγ

μDμ − sm)ψ ′
(s), (5.1)

with γ μ = (γ 0, γ 1, γ 2
(+1)). From here it follows that the field

ψ ′
(−1) satisfies the same equation as ψ(+1) with the opposite

sign for the mass term. We can write the Lagrangian (5.1) in
terms of the four-component spinor � = (ψ ′

(+1), ψ
′
(−1))

T as

L = �̄(iγ μ

(1)Dμ −mη)� with 4×4 matrices γ
μ

(1) = I2 ⊗γ μ

and η = σ3 ⊗ I2, where I2 = diag(1, 1). Another form
is obtained by using the 4 × 4 reducible representation of
gamma matrices γ

μ

(2) = σ3 ⊗γ μ with the Lagrangian density

L = �̄(iγ μ

(2)Dμ − m)�.
As is seen from (5.1), the expectation values in the cor-

responding models are obtained from the formulas given
above by summing the contributions from the fields ψ(+1)

and ψ(−1). For the first one the expressions are obtained
from those presented in the previous sections taking s = 1.
In order to find the contribution of the field ψ(−1), we note
that ψ̄(−1)ψ(−1) = −ψ̄ ′

(−1)ψ
′
(−1) and ψ̄(−1)γ

μ

(−1)ψ(−1) =
ψ̄ ′

(−1)γ
μψ ′

(−1), with μ = 0, 2. The expectation values

〈ψ̄ ′
(−1)ψ

′
(−1)〉 and 〈ψ̄ ′

(−1)γ
μψ ′

(−1)〉 are obtained from the for-
mulas in the previous sections taking s = −1. As a result,
for the total expectation values we get

〈ψ̄ψ〉 =
∑

s=±1

〈ψ̄(s)ψ(s)〉 =
∑

s=±1

s〈ψ̄ ′
(s)ψ

′
(s)〉,

〈ψ̄γ μψ〉 =
∑

s=±1

〈ψ̄(s)γ
μ

(s)ψ(s)〉 =
∑

s=±1

〈ψ̄ ′
(s)γ

μψ ′
(s)〉. (5.2)

Here we give the final expressions. First of all, note that
the contributions to the azimuthal current density from the
fields ψ(+1) and ψ(−1) coincide and the expression for the
total current is obtained from (4.6) with the additional coef-
ficient 2.

For the FC, summing the separate contributions in accor-
dance with (5.2 ), in the case |μ| � m one has

〈ψ̄ψ〉 = 〈ψ̄ψ〉(M) − 25/2m2

π3/2

∞∑′

n=0

(−1)n cosh(nβμ)

×
[ p∑

l=1

(−1)l cl cos(2πlα0) f1/2(cnl) − q

π

∫ ∞

0
dy

× f1(q, α0, y) f1/2(cn(y))

cosh(2qy) − cos(qπ)

]
, (5.3)

where the contribution 〈ψ̄ψ〉(M) is given by ( 2.32) with
the additional coefficient 2 and taking s = 1. The FC in the
vacuum state, 〈ψ̄ψ〉0, corresponds to the n = 0 term in (5.3).
Now, the FC is an even function of the chemical potential μ

and of the magnetic flux parameter α0. For |μ| > m, the FC
at zero temperature contains two contributions:

〈ψ̄ψ〉T=0 = 〈ψ̄ψ〉0 + 2p2
0

π

⎡

⎣
p∑′

l=0

(−1)l cl cos(2πlα0)g1(p0rsl )

− q

π

∫ ∞
0

dy
f1(q, α0, y)g1(p0r cosh y)

cosh(2qy) − cos(qπ)

⎤

⎦ . (5.4)

The second term comes from the particles for μ > 0 and
antiparticles for μ < 0. It is symmetric under the change of
the sign for the chemical potential, μ → −μ.

In the left panel of Fig. 7 we have plotted the FC, defined by
(5.3), as a function of α0 for different values ofq (the numbers
near the curves). The values of the other parameters are the
same as in Fig. 1. As is seen, in the absence of the planar
angle deficit (q = 1) the FC is positive. With the increasing
q, started from some critical value of the planar angle deficit,
the nodes of the FC appear at which the condensate vanishes.
The corresponding values for |α0| decrease with increasing
q. Note that the nonzero FC is closely related to the symmetry
breaking in field-theoretical models and its vanishing leads
to the symmetry restoration.

For the charge density in P- and T -symmetric models, in
the case |μ| � m, we get

〈 j0〉 = 〈 j0〉(M) − 25/2em3

π3/2T

∞∑

n=1

(−1)nn sinh (nβμ)

×
[ p∑

l=1

(−1)l cl cos(2πlα0) f3/2 (cnl) − q

π

∫ ∞

0
dy

× f1(q, α0, y) f3/2 (cn(y))

cosh(2qy) − cos(qπ)

]

, (5.5)

with the Minkowskian part from (3.12) with the additional
coefficient 2. Note that the vacuum charge density vanishes.
The charge density is an even function of α0 and an odd func-
tion of the chemical potential. In particular, it vanishes for the
zero chemical potential. This is because of the cancellation of
the contributions coming from the separate irreducible rep-
resentations. In the right panel of Fig. 7, the topological part
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Fig. 7 Fermion condensate (left panel) and the charge density (right panel) in a P- and T -invariant model with two spinors ψ(+1) and ψ(−1) as
functions of the parameter α0. The values of the other parameters are the same as in Fig. 1

Fig. 8 The same as in Fig. 2 in a P- and T -invariant model. The num-
bers near the curves are the values of the ratio μ/m

in the charge density is displayed as a function of α0 in the
P- and T -invariant model with two spinors ψ(+1) and ψ(−1).
The numbers near the curves are the values of the parameter
q and we have taken μ/m = 0.25, mr = 0.5, T/m = 0.5.

The dependence of the topological part in the charge den-
sity on the temperature is presented in Fig. 8 for different
values of the ratio μ/m (numbers near the curves). For the
other parameters we have taken the same values as in Fig. 2.

In the case |μ| > m, the charge density is obtained by
summing the expressions in the right-hand side of (3.23) for
s = 1 and s = −1. In particular, at zero temperature we have

〈 j0〉T=0 = 2

π
sgn(μ)ep2

0

[ p∑′

l=0

(−1)l cl cos(2πlα0)g2(p0rsl)

− q

π

∫ ∞

0
dy

f1(q, α0, y)g2(p0r cosh y)

cosh(2qy) − cos(qπ)

]
.

(5.6)

The zero temperature charge density comes from the particles
or antiparticles for the cases μ > 0 and μ < 0 respectively.

In Fig. 9 the dependence of the charge density on the
radial coordinate is plotted for different values of q (numbers
near the graphs). For the left panel we have taken μ/m =
0.25, α0 = 0.25, T/m = 0.5. Note that for these values of
the parameters and in the case q = 2 the topological part
vanishes. On the right panel the ratio 〈 j0〉/〈 j0〉(M) is plotted
at zero temperature. The full and dashed curves correspond
to α0 = 0.25 and α0 = 0, respectively. For α0 = 0.25 and
q = 2 one has 〈 j0〉 = 〈 j0〉(M).

For the chemical potential in the range |μ| � m, the total
charge induced by the planar angle deficit and by the mag-
netic flux is presented as

�Q = eq

(
1/q2 − 1

12
+ α2

0

) ∑

δ=±1

δ

eβ(m−δμ) + 1
. (5.7)

In the case of zero chemical potential the charge vanishes.
For |μ| � m, for the topological part in the charge at zero
temperature one gets

�QT=0 = sgn(μ)eq

(
1/q2 − 1

12
+ α2

0

)
. (5.8)

This charge is completely determined by the topological
parameters of the model.

In summing the contributions from the spinors ψ(+1) and
ψ(−1) we have assumed that the parameter α is the same for
both these spinors. However, in general, this parameter can be
different for separate spinors. In particular, this difference can
be a consequence of different phases in the quasiperiodicity
condition (2.51) along the azimuthal direction.

Among the most important physical systems, with the low-
energy sector described by a Dirac-like theory in two spatial
dimensions, is graphene. The long-wavelength excitations of
the electronic subsystem in graphene are described by a pair
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Fig. 9 Charge density in the P- and T -invariant model as a function
of the distance from the apex for separate values of q (the numbers
near the curves). On the left panel, the topological part is presented

for μ/m = 0.25, α0 = 0.25, T/m = 0.5. The right panel displays
the ratio 〈 j0〉/〈 j0〉(M) at zero temperature. The full and dashed curves
correspond to α0 = 0.25 and α0 = 0

of two-component spinors ψ+ and ψ−, corresponding to the
two different inequivalent pointsK+ andK− at the corners of
the two-dimensional Brillouin zone (see [4,5]). The separate
components of these spinors give the amplitude of the wave
function on the A and B triangular sublattices of the graphene
hexagonal lattice. Graphitic cones are obtained from planar
graphene sheet if one or more sectors with the angle π/3 are
excised and the remainder is joined. The opening angle of the
cone is connected to the number of the removed sectors, Nc,
by the relation φ0 = 2π(1 − Nc/6), with Nc = 1, 2, . . . , 5.
All these angles have been observed in experiments [74,75].
At the apex of the graphitic cone the hexagon of the planar
graphene lattice is replaced by a polygon having 6 − Nc

sites. The periodicity conditions for the combined bispinor
� = (ψ+, ψ−) under the rotation around the cone apex are
discussed in [76–79]. For even values of Nc these conditions
do not mix the spinors ψ+ and ψ−, and we can apply the
formulas given above.

Note that the gap in the energy spectrum, �, is connected
with the Dirac mass m by the relation � = mv2

F , where vF is
the Fermi velocity (for graphene vF ≈ 108 cm/s). It is essen-
tial in many physical applications of the model. In planar con-
densed matter systems the energy gap can be generated by
a number of mechanisms (see, for example, [4,5,46–49,80–
84] and references therein). The latter include the breaking
of symmetry between the sublattices by introducing a stag-
gered on-site energy, the deformations of bonds in the lattice,
fermion contact interactions and the statistical gauge inter-
actions. Another approach is to attach a planar condensed
matter system to a substrate, with an interaction breaking the
sublattice symmetry. The energy gap can also be generated
by the compactification of spatial dimensions (examples are
graphene-made cylindrical and toroidal nanotubes). Some
mechanisms for the gap generation give rise to mass terms

with a matrix structure different from that we have consid-
ered here (for a review of possible mass terms in graphene
see [4,5]).

6 Conclusion

We have investigated the expectation values of the FC, charge
and current densities for a massive fermion field with nonzero
chemical potential in thermal equilibrium on the background
of (2 + 1)-dimensional conical spacetime with an arbitrary
planar angle deficit in the presence of a magnetic flux located
at the cone apex. For both the spinor fields realizing the
two inequivalent representations of the Clifford algebra, the
expectation values are decomposed into three contributions
coming from the vacuum expectation values, from the par-
ticles and from the antiparticles. All these contributions are
periodic functions of the magnetic flux with the period equal
to the flux quantum. The vacuum expectation values have
been investigated earlier and here we are mainly concerned
with the finite temperature effects.

In the case |μ| � m, the FC is presented in the form (2.31),
where s = 1 and s = −1 correspond to two irreducible repre-
sentations of the Clifford algebra. With these representations,
the mass term breaks the P- and T -invariances and, related
to this, the FC has no definite parity with respect to the reflec-
tions α0 → −α0 and μ → −μ. For a massless field with the
zero chemical potential the FC vanishes. In the massive case,
for integer values of the parameter q and for special values of
the magnetic flux given by (2.25), the integral terms in (2.31)
vanish. In the absence of the magnetic flux, the FC is given
by (2.34) and it has opposite signs for two irreducible rep-
resentations with the same modulus. Another special case
corresponds to Minkowski bulk in the presence of a mag-
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netic flux (q = 1) with the FC given in (2.35). In order to
clarify the behavior of the FC, we have considered different
asymptotics of the general formula. The finite temperature
part in the FC is finite on the apex for 2|α0| < 1 − 1/q and
diverges as 1/r1−2ρ , with ρ = q (1/2 − |α0|), in the case
2|α0| > 1 − 1/q. The divergence is related to the irregu-
lar mode. For a massive field, the vacuum FC diverges on
the apex as 1/r and it dominates for points near the origin.
At low temperatures and for |μ| < m the finite temperature
effects are suppressed by the factor e−(m−|μ|)/T . In order to
investigate the high temperature asymptotic, for the FC we
have provided an alternative representation (2.39). At high
temperatures, for points not too close to the origin, the FC
is dominated by the Minkowskian part. The effects induced
by the planar angle deficit and by the magnetic flux are sup-
pressed by the factor e−2πrT sin(π/q) for q > 2 and by the fac-
tor e−2πrT for q < 2. The asymptotics at large distance from
the cone apex are given by the expressions (2.45) and (2.46)
for the cases q > 2 and q < 2, respectively. The expression
for the FC in the case |μ| > m takes the form (2.47) with
the upper and lower signs corresponding to μ < −m and
μ > m. Now, the FC at zero temperature, given by (2.48), in
addition to the vacuum part contains a contribution coming
from the antiparticles (μ < −m) or particles (μ > m) filling
the states with the energies m � E � |μ|. For points near
the apex, the zero temperature FC is dominated by the vac-
uum part whereas at large distances the contributions from
particles or antiparticles dominate.

The contributions from particles and antiparticles to the
charge density are given by (3.5) and are further transformed
to (3.7) in the case |μ| � m. For the total charge density one
has the representation (3.11). In the case of a massless field
with the zero chemical potential, as a consequence of the can-
cellation of the contributions from particles and antiparticles,
the charge density vanishes. Similar to the FC, the charge
density has indefinite parity with respect to the changes of
the signs for α0 and μ. In the absence of the magnetic flux,
the general expression is simplified to (3.13) and the charge
density is an odd function of the chemical potential. The
charge density for another special case of Minkowski bulk
with magnetic flux is given by (3.14). The behavior of the
thermal part in the charge density near the apex is similar to
that for the FC. In this region the total charge density behaves
as 1/r and is dominated by the vacuum part. At large dis-
tances from the origin, the behavior of the topological part
in the charge density is given by (3.21) and (3.22) for q > 2
and q < 2, respectively. In this region one has an exponential
suppression of the topological contributions. At low temper-
atures and for |μ| < m the charge density is dominated by
the vacuum part and the thermal effects are suppressed by the
factor e−(m−|μ|)/T . At high temperatures, the main contribu-
tion comes from the Minkowskian part and the topological
part behaves as e−2πrT sin(π/q) and e−2πrT in the cases q > 2

and q < 2, respectively. For the values of the chemical poten-
tial |μ| > m, the expression for the charge density takes the
form ( 3.23) with the upper and lower signs corresponding to
μ < −m and μ > m. The contribution from the antiparticles
or particles to zero temperature charge density is given by the
second term in the right-hand side of (3.24). For a massless
field this term survives only and the expression is simplified
to (3.25).

The total charge induced by the planar angle deficit and
by the magnetic flux is finite. For |μ| � m it is given by
the expression (3.30) with �Q0 being the vacuum charge. In
the case |μ| > m, the charge at zero temperature receives
an additional contribution from particles or antiparticles,
depending on the sign of the chemical potential. This con-
tribution is given by the second term in the right-hand side
of (3.32). For a given sign of the chemical potential it is
completely determined by the topological parameters of the
model, q and α0.

In the problem under consideration, the only nonzero com-
ponent of the current density is along the azimuthal direction.
This component does not depend on the representation of
the Clifford algebra. For the chemical potential in the region
|μ| � m, the corresponding expectation value is presented
as (4.6). The current density has definite parity with respect
to the reflections α0 → −α0 and μ → −μ: it is an odd
function of α0 and an even function of μ. In particular, the
current density vanishes in the absence of the magnetic flux.
For a massless field the general expression is simplified to
(4.8) and in Minkowski bulk with the magnetic flux one has
the expression (4.9). The thermal part of the physical com-
ponent of the azimuthal current vanishes on the apex as r for
2|α0| < 1−1/q and as r2ρ in the case 2|α0| > 1−1/q. The
vacuum current diverges as 1/r2 and dominates for points
near the apex. At low temperatures and for |μ| < m the
finite temperature contribution is given by the second term
in the right-hand side of (4.10) with the exponential suppres-
sion. At high temperatures the current density is suppressed
by the factor e−2πrT sin(π/q) in the case q > 2 and by e−2πrT

for q < 2. The large distance asymptotics are given by (
4.15) and (4.16) in these two regions of q. For |μ| > m, the
expression for the current density has the form (4.17) and the
zero temperature current density is given by (4.18). The latter
consists two parts: the vacuum current and the current from
particles or antiparticles filling the states with the energies
m � E � |μ|.

One can construct parity and time-reversal symmetric
(2 + 1)-dimensional fermionic model by combining spinors
realizing the two irreducible representations of the Clifford
algebra. The corresponding Lagrangian density can be trans-
formed to the form (5.1) with s = ±1. The expectation values
in this model are obtained by using the formulas for sepa-
rate representations (see (5.2)). The resulting FC is an even
function of both the chemical potential and the parameter α0.
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The charge density is an odd function of the chemical poten-
tial and an even function of α0. The vacuum charge density
vanishes.
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Appendix

In this appendix we derive the formulas used in Sect. 3 for
the simplification of the expressions of the total charge. Let
us consider the integral

P =
∫ ∞

0
dx e−x [I(q, α0, x) − ex/q

]
, (A.1)

where I(q, α0, x) is given by (2.15) with α = α0. From the
formula (2.17) it follows that the integral is convergent. We
evaluate it in two different ways. Firstly, we use the expres-
sion (2.15). Inserting into (A.1), we note that the separate
integrals with the first and second terms in the square brack-
ets diverge. In order to have the right for separate integrations,
we write the integral as limλ→1

∫∞
0 dx e−λx [· · ·]. For λ > 1

both the integrals converge separately. By using the standard
result for the integral with the modified Bessel function [71],
after the summation over j and the limiting transition λ → 1
we get

P = 1 − q2

12q
+ α0 (qα0 − 1) . (A.2)

In the second approach for the evaluation of the integral
(A.1) we use the representation (2.17). After the elementary
integration over x one finds

P = 1

q

p∑

l=1

(−1)l

s2
l

cos(2πl(α0 − 1/2q))

− 1

π

∫ ∞

0
dy

f (q, α0, 2y)/ cosh2 y

cosh(2qy) − cos(qπ)
. (A.3)

From (A.2) and (A.3) it follows that

p∑

l=1

(−1)l

s2
l

cos(2πl(α0 − 1/2q))

− q

π

∫ ∞

0
dy

f (q, α0, 2y)/ cosh2 y

cosh(2qy) − cos(qπ)

= 1 − q2

12
+ qα0 (qα0 − 1) . (A.4)

In the special case α0 = 0 this gives:

p∑

l=1

(−1)l

s2
l

cl + 2q

π
cos(qπ/2)

∫ ∞

0
dy

× sinh(qy) sinh y cosh−2 y

cosh(2qy) − cos(qπ)
= 1 − q2

12
. (A.5)

As another consequence of (A.4) one has

p∑

l=1

(−1)l

sl
sin(2πlα0)

− q

π

∫ ∞

0
dy

f2(q, α0, y)/ cosh2 y

cosh(2qy) − cos(qπ)
= −qα0. (A.6)

Other relations are obtained from (A.4) by differentiation
with respect to α0.

References

1. E. Fradkin (1991) Field Theories of Condensed Matter Systems.
Addison-Wesley Publishing Company, Reading

2. G.V. Dunne, Topological Aspects of Low Dimensional Systems
(Springer, Berlin, 1999)

3. Xiao-Liang Qi, Shou-Cheng Zhang, Rev. Modern Phys. 83, 1057
(2011)

4. V.P. Gusynin, S.G. Sharapov, J.P. Carbotte, Int. J. Modern Phys. B
21, 4611 (2007)

5. A.H. Castro Neto, F. Guinea, N.M.R. Peres, K.S. Novoselov, A.K.
Geim, Rev. Modern Phys. 81, 109 (2009)

6. J. Ruostekoski, J. Javanainen, G.V. Dunne, Phys. Rev. A 77, 013603
(2008)

7. H. Meyer-Ortmanns, T. Reisz, Principles of Phase Structures in
Particle Physics (World Scientific, Singapore, 2007)

8. A.M. Polyakov, Nucl. Phys. B 120, 429 (1977)
9. I. Affleck, J. Harvey, E. Witten, Nucl. Phys. B 206, 413 (1982)

10. S. Deser, R. Jackiw, S. Templeton, Ann. Phys. (N.Y.) 40, 372 (1982)
11. A.J. Niemi, G.W. Semenoff, Phys. Rev. Lett. 51, 2077 (1983)
12. A.N. Redlich, Phys. Rev. Lett. 52, 18 (1984)
13. A.N. Redlich, Phys. Rev. D 29, 2366 (1984)
14. R. Jackiw, Phys. Rev. D 29, 2375 (1984)
15. D. Boyanovsky, R. Blankenbecler, Phys. Rev. D 31, 3234 (1985)
16. R. Blankenbecler, D. Boyanovsky, Phys. Rev. D 34, 612 (1986)
17. A.P. Polychronakos, Nucl. Phys. B 278, 207 (1986)
18. Y. Hosotani, Phys. Lett. B 319, 332 (1993)
19. Y. Hosotani, Phys. Rev. D 51, 2022 (1995)
20. D. Cangemi, E. D’Hoker, G. Dunne, Phys. Rev. D 51, 2513 (1995)
21. D. Wesolowski, Y. Hosotani, Phys. Lett. B 354, 396 (1995)
22. T. Itoh, T. Sato, Phys. Lett. B 367, 290 (1996)
23. P. Cea, Phys. Rev. D 55, 7985 (1997)

123

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


Eur. Phys. J. C (2016) 76 :350 Page 21 of 21 350

24. F. Wilczek, Fractional Statistics and Anyon Superconductivity
(World Scientific, Singapore, 1990)

25. T. Jaroszewicz, Phys. Rev. D 34, 3128 (1986)
26. P. Górnicki, Ann. Phys. (N.Y.) 202, 271 (1990)
27. E.G. Flekkøy, J.M. Leinaas, Int. J. Modern Phys. A 6, 5327 (1991)
28. H. Li, D.A. Coker, A.S. Goldhaber, Phys. Rev. D 47, 694 (1993)
29. V.B. Bezerra, E.R. Bezerra de Mello, Class. Quantum Grav. 11,

457 (1994)
30. E.R. Bezerra de Mello, Class. Quantum Grav. 11, 1415 (1994)
31. YuA Sitenko, Phys. Rev. D 60, 125017 (1999)
32. R. Jackiw, A.I. Milstein, S.-Y. Pi, I.S. Terekhov, Phys. Rev. B 80,

033413 (2009)
33. A.I. Milstein, I.S. Terekhov, Phys. Rev. B 83, 075420 (2011)
34. S. Bellucci, A.A. Saharian, Phys. Rev. D 79, 085019 (2009)
35. S. Bellucci, A.A. Saharian, V.M. Bardeghyan, Phys. Rev. D 82,

065011 (2010)
36. S. Bellucci, A.A. Saharian, H.A. Nersisyan, Phys. Rev. D 88,

024028 (2013)
37. E.R. Bezerra de Mello, A.A. Saharian, V. Vardanyan, Phys. Lett.

B 741, 155 (2015)
38. S. Bellucci, A.A. Saharian, V. Vardanyan, JHEP 11, 092 (2015)
39. S. Bellucci, A.A. Saharian, V. Vardanyan, Phys. Rev. D 93, 084011

(2016)
40. V.P. Gusynin, V.A. Miransky, L.A. Shovkovy, Phys. Rev. D 52,

4718 (1995)
41. R.R. Parwani, Phys. Lett. B 358, 101 (1995)
42. G. Dunne, T. Hall, Phys. Rev. D 53, 2220 (1996)
43. A. Das, M. Hott, Phys. Rev. D 53, 2252 (1996)
44. M. de J. Anguiano-Galicia, A. Bashir, A. Raya, Phys. Rev. D. 76,

127702 (2007)
45. A. Raya, E. Reyes, Phys. Rev. D 82, 016004 (2010)
46. N. Dorey, N.E. Mavromatos, Nucl. Phys. B 386, 614 (1992)
47. K. Farakos, N.E. Mavromatos, Phys. Rev. B 57, 3017 (1998)
48. M. Franz, Z. Tesanovic, Phys. Rev. Lett. 87, 257003 (2001)
49. M. Franz, Z. Tesanovic, O. Vafek, Phys. Rev. B 66, 054535 (2002)
50. E.R. Bezerra de Mello, V. Bezerra, A.A. Saharian, V.M.

Bardeghyan, Phys. Rev. D 82, 085033 (2010)
51. S. Bellucci, E.R. Bezerra de Mello, A.A. Saharian, Phys. Rev. D

83, 085017 (2011)
52. E.R. Bezerra de Mello, F. Moraes, A.A. Saharian, Phys. Rev. D 85,

045016 (2012)
53. S. Bellucci, E.R. Bezerra de Mello, A.A. Saharian, Phys. Rev. D

89, 085002 (2014)
54. A. Mohammadi, E.R. Bezerra de Mello, A.A. Saharian, J. Phys. A

Math. Theor. 48, 185401(2015)

55. P. de Sousa Gerbert, R. Jackiw, Commun. Math. Phys. 124, 229
(1989)

56. P. de Sousa, Gerbert. Phys. Rev. D 40, 1346 (1989)
57. Yu.A. Sitenko, Ann. Phys. (N.Y.) 282, 167 (2000)
58. C.R. Hagen, Phys. Rev. Lett. 64, 503 (1990)
59. C.R. Hagen, Int. J. Modern Phys. A 6, 3119 (1991)
60. C.R. Hagen, Phys. Rev. D 48, 5935 (1993)
61. M. Bordag, S. Voropaev, J. Phys. A Math. Gen. 26, 1631 (1993)
62. M. Bordag, S. Voropaev, Phys. Lett. B 333, 238 (1994)
63. C.R. Hagen, D.K. Park, Ann. Phys. (N.Y.) 251, 45 (1996)
64. J. Audretsch, U. Jasper, V.D. Skarzhinsky, J. Phys. A Math. Gen.

28, 2359 (1995)
65. J. Spinelly, E.R. Bezerra de Mello, Class. Quantum Grav. 20, 873

(2003)
66. J. Spinelly, E.R. Bezerra de Mello, Int. J. Modern Phys. D 13, 607

(2004)
67. F.M. Andrade, E.O. Silva, M. Pereira, Phys. Rev. D 85, 041701(R)

(2012)
68. E.R. Bezerra de Mello, V.B. Bezerra, A.A. Saharian, H.H. Haru-

tyunyan, Phys. Rev. D 91, 064034 (2015)
69. M.S. Maior de Sousa, R.F. Ribeiro, E.R. Bezerra de Mello, Phys.

Rev. D 93, 043545 (2016)
70. G.N. Watson, A Treatise on the Theory of Bessel Functions (Cam-

bridge University Press, Cambridge, 1966)
71. A.P. Prudnikov, Yu.A. Brychkov, O.I. Marichev, Integrals and

Series, vol. 2 (Gordon and Breach, New York, 1986)
72. K. Shimizu, Prog. Theor. Phys. 74, 610 (1985)
73. A. Raya, E.D. Reyes, J. Phys. A Math. Theor. 41, 355401 (2008)
74. A. Krishnan et al., Nature 388, 451 (1997)
75. S.N. Naess, A. Elgsaeter, G. Helgesen, K.D. Knudsen, Sci. Technol.

Adv. Mater. 10, 065002 (2009)
76. P.E. Lammert, V.H. Crespi, Phys. Rev. Lett. 85, 5190 (2000)
77. A. Cortijo, M.A.H. Vozmediano, Nucl. Phys. B 763, 293 (2007)
78. YuA Sitenko, N.D. Vlasii, Nucl. Phys. B 787, 241 (2007)
79. C. Furtado, F. Moraes, A.M.M. Carvalho, Phys. Lett. A 372, 5368

(2008)
80. C. Chamon, Phys. Rev. B 62, 2806 (2000)
81. C.-Y. Hou, C. Chamon, C. Mudry, Phys. Rev. Lett. 98, 186809

(2007)
82. G. Giovannetti, P.A. Khomyakov, G. Brocks, P.J. Kelly, J. van den

Brink, Phys. Rev. B 76, 073103 (2007)
83. S.Y. Zhou et al., Nat. Mater. 6, 770 (2007)
84. G.W. Semenoff, V. Semenoff, F. Zhou, Phys. Rev. Lett. 101, 087204

(2008)

123


	Finite temperature fermion condensate, charge and current densities in a (2+1)-dimensional conical space
	Abstract 
	1 Introduction
	2 Fermion condensate
	3 Charge density
	4 Current density
	5 Expectation values in parity and time-reversal symmetric models
	6 Conclusion
	Acknowledgments
	Appendix
	References




