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Abstract This paper is devoted to an investigation of the
interactions between stationary sources of the electromag-
netic field, in a model which exhibits explicit Lorentz-
symmetry breaking due to the presence of a single back-
ground vector. We focus on physical phenomena that emerge
from this kind of breaking and which have no counterpart in
Maxwell electrodynamics.

1 Introduction

Since the proposal of Carroll et al. in [1], a great deal
of effort has been devoted to the study of models which
exhibit explicit Lorentz-symmetry breaking in many con-
texts. Among them, models stand out where the Lorentz-
symmetry is broken in the gauge field sector. We mention, for
instance, the study of classical electrodynamics with Lorentz-
symmetry violation [2–6], QED effects [7–15], electromag-
netic wave propagation [9,11–13,16–21], the extension of
the Standard Model for Lorentz-symmetry breaking sce-
narios [22,23], non-minimal couplings [24–26], extensions
of Lorentz-symmetry breaking with derivatives of higher
order [27], the Casimir effect [28], classical point-like parti-
cles dynamics [29], connections between axion physics and
Lorentz-symmetry breaking models [14,15,30], and so on.

Regarding the Abelian gauge fields, we have two kinds of
models which exhibit Lorentz-symmetry breaking: the ten-
sorial model [2] and the Carroll–Field–Jackiw one [1], which
is a generalization of the Chern–Simons model for (3 + 1)

dimensions. The former is richer in comparison with the lat-
ter, once it has more parameters, and thus may lead to more
physical effects with no counterpart in Lorentz-invariant the-
ories.

a e-mail: luizhenriqueunifei@yahoo.com.br
b e-mail: fbarone@unifei.edu.br
c e-mail: helayel@cbpf.br

One of the most fundamental questions that can be asked
in any gauge theory concerns the interaction between external
field sources. This subject has been considered in the con-
text of Lorentz-symmetry breaking theories [2], but some
points are still worth considering, not only for their theoret-
ical aspects, but also because of their possible experimental
relevance in the search for physical phenomena with no coun-
terparts in Maxwell theory.

This paper is devoted to the investigation of electromag-
netic phenomena in a Lorentz-symmetry breaking scenario,
with no counterpart in Maxwell theory. We consider a ten-
sorial model and restrict our analysis to the non-birefringent
sector [2], parameterizing the background tensor in such a
way as to reduce it to one background vector, which allows
us to obtain exact results. We also focus attention on the case
of stationary sources.

Specifically, we obtain exactly the photon propagator of
the model in Sect. 2. In Sect. 3 we consider effects due to
the presence of point-like stationary charges. In Sect. 4 we
compute the interaction energy between a steady line current
and a point-like stationary charge. Section 5 is devoted to the
study of physical phenomena due to the presence of one or
two Dirac strings, and Sect. 6 is devoted to our final remarks
and conclusions.

2 The model

In this paper let us consider the electromagnetic field in a
Lorentz-symmetry breaking scenario parametrized by just
one background vector. The Lorentz-symmetry breaking is
accomplished by a tensorial coupling of the electromagnetic
field in the Lagrangian, as follows:

L = −1

4
Fμν Fμν − 1

2γ

(
∂μ Aμ

)2− 1

2
vμvν FμλFνλ+ Jμ Aμ,

(1)
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where Aμ is the electromagnetic field, Fμν = ∂μ Aν −∂ν Aμ

is the field strength, Jμ is the external source, γ is a gauge
parameter, and vμ is the background vector. We will be work-
ing in a 3+1 dimensional space-time with Minkowski metric
ημν = (+,−,−,−).

As the Lorentz-symmetry breaking must be very tiny, the
vector vμ, which is a dimensionless quantity, must be small.

In reference [26], two points are discussed in connection
with the model (1). The first one is the fact that the Lagrangian
(1) can be obtained from a model with a non-minimal cou-
pling of the electromagnetic field with the spinorial one. The
second point relies on the fact that Eq. (1) is a special case
of the Lagrangian proposed in [2], where we have a ten-
sorial parameter controlling the Lorentz-symmetry break-
ing with a term ∼ kμναβ Fαβ Fμν . That is, when kμναβ ∼
ημαvνvβ − ηναvμvβ + ηνβvμvα − ημβvνvα the model dis-
cussed in [2] is given by Eq. (1).

The propagator Dμν(x, y) satisfies the differential
equation
[(

∂2 + (v · ∂)2
)

ημν −
(

1 − 1

γ

)
∂μ∂ν + vμvν∂2

− (v · ∂) vμ∂ν − (v · ∂) vν∂μ

]
Dν

λ (x, y)

= ημλδd+D+1 (x − y) , (2)

where ∂2 = ∂μ∂μ and v · ∂ = vμ∂μ.
Finding the Fourier transform and taking the Lorentz

gauge condition, with γ = 1, one readily shows that the
propagator is given by

Dμν(x, y) = −
∫

d4 p

(2π)4

e−i p·(x−y)

[p2 + (p · v)2]
[
ημν − vμvν

1 + v2

− v2

1 + v2

(p · v)2

p2

pμ pν

p2 + 1

1 + v2

(p · v)

p2 (pμvν +vμ pν)

]
.

(3)

3 Point-like charges

In this section we study the interaction energy between two
stationary point-like field sources in (3+1) dimensions. The
results can easily be extended to an arbitrary number of spa-
tial dimensions.

In the first model, we consider the field sources described
by the time-independent current

J I
μ(x) = σ1η

0
μδ3 (x − a1) + σ2η

0
μδ3 (x − a2), (4)

where we have two spatial Dirac delta functions, concen-
trated at the positions a1 and a2. The parameters σ1 and σ2

are the coupling constants between the field and the delta
functions, and they can be seen as electric charges.

Once we have a quadratic Lagrangian in the field variables,
as discussed in references [31–33], the contribution due to
the sources to the ground state energy of the system is given
by

E = 1

2T

∫ ∫
d4x d4 y Jμ(x)Dμν(x, y)J ν(x), (5)

where T is the time variable.
Substituting Eqs. (3) and (4) into Eq. (5), discarding the

self-interacting contributions (that is, the interactions of a
given point charge with itself), computing the integrals in
the following order: d3x, d3y, dx0, d p0, and dy0, using the
Fourier representation for the Dirac delta function δ(p0) =∫

dx/(2π) exp(−i px), and identifying the time interval as
T = ∫

dy0, we write

E I = σ1σ2

(
1 − (v0)2

1 + v2

) ∫
d3p

(2π)3

exp(ip · a)

[p2 − (v · p)2] , (6)

where we have defined a = a1 − a2, which is the distance
between the two electric charges.

In order to calculate the integral in Eq. (6), we first split
the vector p into two parts, one parallel, pp, and the other
normal, pn , to the vector v, namely

p = pn + pp, pp = v
(v · p

v2

)
, pn = p − v

(v · p
v2

)
, (7)

where pn · v = 0. Now we define the vector q by

q = pn + pp

√
1 − v2 = p + v

(v · p
v2

)
(
√

1 − v2 − 1). (8)

With the definitions (7) and (8) one may write

pp = v(v · q)

v2
√

1 − v2
, pn = q − v(v · q)

v2

⇒ p = q + (v · q)v
v2

(
1√

1 − v2
− 1

)
, (9)

q2 = p2 − (v · p)2. (10)

With the aid of the definition

b = a + 1 − √
1 − v2

√
1 − v2

v · a
v2 v (11)

and Eq. (9), we also have

p · a = b · q. (12)

The Jacobian of the transformation from p to q can be cal-
culated from Eq. (9),

det

[
∂p
∂q

]
= 1√

1 − v2
. (13)

Substituting Eqs. (10) and (12) into Eq. (6) and using
Eq. (13) we have

E I = σ1σ2√
1 − v2

(
1 − (v0)2

1 + v2

) ∫
d3q

(2π)3

exp(ib · q)

q2 . (14)
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Using the fact that [32]
∫

d3q
(2π)3

exp(ib · q)

q2 = 1

4π |b| (15)

and Eq. (11), and performing some simple manipulations we
have, finally,

E I = σ1σ2

4π

√
1 − v2

1 + v2

[
a2 + (v · a)2

1 − v2

]−1/2

. (16)

Equation (16) is an exact result and gives the interac-
tion energy between two point-like charges for the model
(1). If we take vμ = 0, the expression (16) reduces to the
well-known Coulomb interaction. In Eq. (16) the coefficient√

1 − v2/(1 + v2) can be absorbed into the definition of the
electric charges σ1 and σ2 and does not indicate a Lorentz-
symmetry breaking. The extra factor proportional to (v · a)2

inside the brackets is an evident contribution which evinces
the Lorentz-symmetry breaking. It leads to an anisotropic
interaction between the charges. This fact can be clarified if
we compute the force on the charge 2; for instance,

FI = −∇E I = σ1σ2

4π

1 − v2

1 + v2

1

a2

(1 − v2)â + (v · â)v
[
1 − v2 + (v · â)2

]3/2 .

(17)

Notice that Eq. (17) is a long-range but anisotropic inter-
action. In the special situation where v and â are perpen-
dicular to each other, the force (17) becomes a Coulomb

interaction with effective charges σ → σ

√
(1−v2)1/2

1+v2 . In the
special case where v = 0 the force (17) still exhibits a
Coulomb-like behavior, with electric charges renormalized
by σ → σ [1 + (v0)2]−1/2.

Since vμ is a small quantity, it is relevant to expand the
expression (17) in lowest order in vμ,

FI ∼= σ1σ2

4π

1

a2

[(
1 − (v0)2 + 1

2
v2

)
â

+(v · â)

(
v − 3

2
(v · â)â

)]
. (18)

The first contribution inside the brackets in Eq. (18), propor-
tional to â, exhibits a typical inverse-square radial law. The
second contribution inside the brackets is a long-range one,
but it exhibits anisotropy.

An important consequence of the anisotropies in expres-
sion (16) is the emergence of a spontaneous torque on an elec-
tric dipole. In order to investigate this effect, let us consider
a typical dipole composed by two opposite electric charges
placed at a fixed distance apart. For this task we use the
expression (17) with σ1 = −σ2 = σ , a1 = R + A

2 , and
a2 = R − A

2 , where we take the distance vector A fixed (and
small). Thus, the interaction energy between two charges (16)
becomes

Edipole = − σ 2

4π A

1 − v2

1 + v2

(
1 − v2 sin2 θ

)−1/2
, (19)

where A = |A| and θ is the angle between the vectors A
and v. Notice that 0 ≤ θ ≤ π . The energy (19) leads to a
spontaneous torque on the dipole, as follows:

τdipole = −∂ E

∂θ
= σ 2

8π A

1 − v2

1 + v2

v2 sin(2θ)
(
1 − v2 sin2 θ

)3/2

∼= σ 2v2

8π A
sin(2θ). (20)

Equation (20) shows that the torque on a dipole is an
exclusive effect due to the Lorentz-symmetry breaking. For
θ = 0, π/2, π the torque vanishes. When θ = π/4, the
torque exhibits a maximum value.

It is worth mentioning that the results above can be nat-
urally generalized to an arbitrary number of spatial dimen-
sions, as in [32,33].

4 A steady current line and a point-like charge

In this section we study the interaction energy between a
steady line current and a point-like stationary charge, the
second model studied in this paper. The steady current line
shall be taken to flow parallel to the z-axis, along the straight
line located at A = (A1, A2, 0). The electric charge is placed
at position a(2). The whole external source of the system is
given by

J I I
μ (x) = σ1η

3
μδ2 (x⊥ − A) + σ2η

0
μδ3 (

x − a(2)

)
, (21)

where x⊥ = (x1, x2, 0) is the position vector perpendicular
to the straight line current. The parameters σ1 and σ2 stand
for the current intensity and electric charge strength, respec-
tively.

Substituting Eq. (21) into Eq. (5), discarding self-
interacting terms and using the fact that D30(x, y) =
D03(x, y), which can be seen from Eq. (3), one shows that

E I I = σ1σ2

T

∫ ∫
d4x d4 y D30(x, y)

×δ2 (x⊥ − A) δ3 (
y − a(2)

)
. (22)

Substituting the propagator (3) in Eq. (5), performing (in
this order) the integrals d2x⊥, d3y, dx3, d p3, dx0, d p0, and
dy0, and identifying the time interval

∫
dy0 = T , we have

E I I = −σ1σ2

(
v3v0

1 + v2

)∫
d2p⊥
(2π)2

exp(ip⊥ · a⊥)

[p2⊥ − (v⊥ · p⊥)2] ,
(23)

where we defined p⊥ = (p1, p2, 0) and the distance between
the charge and the line current a⊥ = A − a(2) = (A1 −
a1
(2), A2 − a2

(2), 0).
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In order to solve the integral above we employ the same
method as used in the previous section, with the transforma-
tions (7), (8), and (11) carried out only for the perpendicular
components to the straight line current of the vector involved,

E I I =− σ1σ2√
1−v2⊥

(
v3v0

1+v2

)∫
d2q⊥
(2π)2

exp(iq⊥ · b⊥)

q2⊥
. (24)

The integral in Eq. (24) is divergent. In order to circumvent
this problem we proceed as in reference [32], introducing a
mass regulator parameter, as follows:

E I I = − σ1σ2√
1 − v2⊥

(
v3v0

1 + v2

)

lim
m→0

∫
d2q⊥
(2π)2

exp(iq⊥ · b⊥)

q2⊥ + m2
, (25)

and using the fact that [32]
∫

d2q⊥
(2π)2

exp(iq⊥ · b⊥)

q2⊥ + m2
= 1

2π
K0(mb⊥), (26)

we write

E I I = − σ1σ2

2π

√
1 − v2⊥

(
v3v0

1 + v2

)
lim

m→0
[K0(mb⊥)], (27)

where K0(mb⊥) stands for the K-Bessel function and b⊥ =
|b⊥|.

Now, we use the fact that [34] K0(mb⊥)
m→0→

− ln (mb⊥/2)− γ , where γ is the Euler constant, in order to
handle the expression (27); thus

E I I = σ1σ2

2π

√
1 − v2⊥

(
v3v0

1 + v2

)
lim

m→0

[
ln

(
mb⊥

2

)
+ γ

]

= σ1σ2

2π

√
1 − v2⊥

(
v3v0

1 + v2

)
lim

m→0

[
ln

(
mb⊥

2

)
+ γ

+ ln(ma0) − ln(ma0)

]

= σ1σ2

2π

√
1 − v2⊥

(
v3v0

1 + v2

)

×
[

ln

(
b⊥
a0

) [
γ − ln 2 + lim

m→0
ln(ma0)

]]
. (28)

Here, in the third line, we added and subtracted the quantity
ln(ma0), where a0 is an arbitrary constant having the dimen-
sion of length. We can neglect the last line of Eq. (28) since
it does not depend on the distance a⊥ and, therefore, does
not contribute to the force between line current and the point
charge. Defining Î as the unit vector along the straight line
current and noticing that v3 is the projection of the vector v
along the straight line current, one can identify v3 = v · Î .

Therefore, the energy can be written as

E I I = σ1σ2

2π

v · Î
√

1 − v2⊥

(
v0

1 + v2

)
ln

(
b⊥
a0

)
, (29)

where

b⊥ =
√

a2⊥ + (v⊥ · a⊥)2

1 − v2⊥
. (30)

At this point, some comments are in order. The interaction
energy (29) is an effect due solely to the Lorentz-symmetry
breaking and has no counterpart in Maxwell theory, where a
point-like charge does not interact with a steady line current.
This fact can be seen by noticing that in the limit vμ = 0, the
energy (29) vanishes. The energy (29) is proportional to the
electric charge σ2 as well as to the projection of the Lorentz-
symmetry breaking vector v along the current line, which is
proportional to σ1v · Î . If the current line flows perpendicular
to v, there is no interaction. If vμ is a space-like vector and
v0 = 0 the energy, Eq. (29) vanishes too. The spatial depen-
dence of the force between the charge and the steady current
falls off as the distance increases with an inverse law, in a
first order approximation. The exact expression for the force
is

FI I = −∇a⊥ E I I = σ1σ2

2π

v · Î
√

1 − v2⊥

(
v0

1 + v2

)

×
[

a2⊥ + (v⊥ · a⊥)2

1 − v2⊥

]−1[
a⊥ + (v⊥ · a⊥)

1 − v2⊥
v⊥

]
. (31)

As a final comment, we point out that if we fix the point
charge, the energy (29) leads to a torque on the steady current,
which can be calculated. We denote by θ the angle between
v⊥ and a⊥, and we proceed as follows:

τ I I = −∂ E I I

∂θ

= −σ1σ2

4π

v · Î
√

1 − v2⊥

(
v0

1 + v2

)
v2⊥ sin(2θ)

1 − v2⊥ sin2(θ)
. (32)

If θ = 0, π/2, π the torque (32) vanishes.

5 Dirac strings

In this section we consider the system composed by a point-
like charge placed at position a and a Dirac string. This sys-
tem is described by the external source,

Jμ,I I I (x) = Jμ

(D) (x) + ση0μδ3(x − a), (33)

where Jμ

(D) (x) stands for the external field source produced
by the Dirac string and the second term on the right hand side
for the source produced by the point-like charge.

123
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Now, we choose a coordinate system where the Dirac
string lies along the z-axis with internal magnetic flux Φ.
Its corresponding source is given by [35,36]

Jμ

(D)(x) = iΦ(2π)2
∫

d4 p

(2π)4 δ(p0)δ(p3)ε
0μ
ν3 pνe−i px .

(34)

If Φ > 0 we have the internal magnetic field along ẑ. For
Φ < 0, the internal magnetic field points in the opposite
direction.

From now on, in this section, the sub-index ⊥ means that
we are taking just the components of a given vector perpen-
dicular to the string. For instance, p⊥ = (px , py, 0) is the
momentum perpendicular to the string.

Substituting Eq. (34) into Eq. (33) and employing the
result with Eq. (5), using the Fourier representation (3) for
the propagator Dμν(x, y), discarding self-interacting terms,
which do not contribute to the force between the string and
the charge (the self-interacting terms are proportional to σ 2

or Φ2), and following similar steps employed in the previous
sections, we show that

E I I I = −iσΦ

(
v0

1 + v2

)∫
d2p⊥
(2π)2

[
ẑ · (p⊥ × v⊥)

]

[p2⊥ − (v⊥ · p⊥)2]
× exp (ip⊥ · a⊥) . (35)

Now, we make a change of the integration variables (8),
(9), (10), (11), and (12) just for the ⊥ coordinates in order to
rewrite the expression (35) in the form

E I I I = − σΦ
√

1 − v2⊥

(
v0

1 + v2

)
[
ẑ · (∇b⊥ × v⊥

)]

× lim
m→0

∫
d2q⊥
(2π)2

exp (iq⊥ · b⊥)

q2⊥ + m2
, (36)

where we inserted a regulator parameter m with the dimen-
sion of a mass in order to eliminate divergences and we
defined the differential operator

∇b⊥ =
(

∂

∂b1 ,
∂

∂b2

)
. (37)

Substituting Eq. (26) in Eq. (36) and performing some
simple calculations we show that

E I I I = lim
m→0

σΦ

2π

√
1 − v2⊥

(
v0

1 + v2

)[
mK1 (mb⊥)

|b⊥|
]

× [
ẑ · (b⊥ × v⊥)

]
. (38)

We now take the limit m → 0, and we use definition (11)
and the fact that Φ ẑ = |Φ|B̂int, where B̂int is the unit vector
pointing in the internal magnetic field direction. This leads
to

E I I I = σ |Φ|
2π

√
1 − v2⊥

(
v0

1 + v2

) [

a2⊥ + (v⊥ · a⊥)2

1 − v2⊥

]−1

×
[

B̂int · (a⊥ × v⊥)
]
. (39)

We notice that Eq. (39) is also an exclusive effect due to
the Lorentz-symmetry breaking. In the limit vμ → 0 the
energy (39) vanishes.

The energy (39) leads to a force between the Dirac string
and the charge as well as a torque on the string, by fixing the
charge position.

The fourth example is given by two parallel Dirac strings
placed a distance a apart. We take a coordinate system where
the first string lies along the z-axis, with internal magnetic
flux Φ1 and where the second one, lying along the line a =
(a1, a2) has Φ2. The corresponding external source is given
by

J I V
μ (x) = Jμ(D,1) (x) + Jμ(D,2) (x) , (40)

where Jμ

(D,1) (x) has the same form as Eq. (34), with Φ

replaced by Φ1, and

Jμ

(D,2) (x)= iΦ2

∫
d4 p

(2π)2 δ(p0)δ(p3)ε
0μ
ν3 pνe−i px e−ip⊥·a.

(41)

Proceeding as in the previous cases, we show that the
interaction energy between the two Dirac strings is given by

E I V = LΦ1Φ2√
1 − v2⊥

[
−

(
1 + v2⊥

1 + v2

)∫
d2q⊥
(2π)2 eiq⊥·b⊥

+
(

1

1 + v2 − 1

1 − v2⊥

) ∫
d2q⊥
(2π)2

(v⊥ · q⊥)2

q2⊥
eiq⊥·b⊥

]
,

(42)

where we identified the Dirac string length L = ∫
dx3.

The first term inside the brackets of Eq. (42) is the Dirac
delta function δ2(b⊥) and provided that a⊥ is nonzero (and
therefore b⊥ is also nonzero), this term vanishes. Using def-
inition (37) and inserting a mass parameter, as we have in
Eq. (25), we find

E I V = − LΦ1Φ2√
1 − v2⊥

(
1

1 + v2 − 1

1 − v2⊥

)

× (
v⊥ · ∇b⊥

)2 lim
m→0

∫
d2q⊥
(2π)2

exp (iq⊥ · b⊥)

q2⊥ + m2
. (43)

123
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Using the result (26), taking the limit m → 0, acting with
the differential operators, and using Eq. (30), we have

E I V = E I V

L
= 1

2π

Φ1Φ2√
1 − v2⊥

(
1

1 + v2 − 1

1 − v2⊥

)

×
(

a2⊥ + (v⊥ · a⊥)2

1 − v2⊥

)−2

×
[

v2⊥a2⊥−
(

2 − v2⊥
1 − v2⊥

)
(v⊥ · a⊥)2

]
, (44)

where we defined the energy per unit of string length E .
It can be seen that the energy given above vanishes in

the limit vμ = 0, where we do not have Lorentz-symmetry
breaking. The interaction energy (44) is an effect due solely
to the Lorentz-symmetry breaking and has no counterpart in
Maxwell theory.

The fifth and last model we consider is given by a Dirac
string and a steady line current, the two parallel to each other.
The corresponding external source is

J V
μ (x) = ση3

μδ2 (x⊥ − A) + Jμ

(D) (x) (45)

where Jμ

(D) (x) is given by Eq. (34).
Following similar steps as previously we have

EV = E V

L
= σ |Φ|

2π

√
1 − v2⊥

(
v · Î

1 + v2

)

×
[

a2⊥ + (v⊥ · a⊥)2

1 − v2⊥

]−1 [
B̂int · (a⊥ × v⊥)

]
. (46)

We note that Eq. (46) also represents an exclusive effect
of Lorentz-symmetry breaking.

6 Conclusions and final remarks

In this paper, the interactions between stationary electromag-
netic field sources were investigated in a Lorentz-symmetry
breaking scenario in (3 + 1) dimensions. The Lorentz-
symmetry breaking parameter has been chosen to be a vector
one, in such a way that all the results obtained are exact. We
observed effects with no counterpart in Maxwell electrody-
namics and that have not been explored in the literature up to
now. We showed the emergence of a spontaneous torque on a
classical electromagnetic dipole and an interaction between
a steady straight line current and a point-like charge. Both
phenomena are due solely to the Lorentz-symmetry breaking.

We also investigated some phenomena due to the presence
of a Dirac string. We showed that this string can interact with
a point charge as well as with a straight line steady current.
We also studied the interaction between two parallel Dirac
strings. These results suggest that in models which exhibit

explicit Lorentz-symmetry breaking the Aharonov–Bohm
effect can be modified in comparison with the results pre-
dicted by Maxwell electrodynamics. This subject deserves
more investigations not only in the context of the model con-
sidered in this paper, but also for other kinds of models with
Lorentz-symmetry breaking.

Finally, we would like to comment that taking into account
the spin of the sources would be a natural follow-up of the
investigation we have pursued in the present paper. If we
consider the situation where the charge carriers (our sources)
may have spin 1/2 or 1 (here our sources are spinless), the
expressions for the interacting energies and forces worked out
here shall display a spin dependence; not only a spin–spin
interaction between the sources appears, but also a non-trivial
coupling between the source’s spin and the background vec-
tor shows up. Then the spin dependence of the interaction
energy and force may disclose reveal a number of peculiar
effects with no counterpart in the usual Maxwellian electro-
dynamics. We shall soon be reporting on the results of these
studies [37].
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