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Abstract We study the homogeneous gravitational col-
lapse of a spherical cloud of matter in a super-renormalizable
and asymptotically free theory of gravity. We find a picture
that differs substantially from the classical scenario. The
central singularity appearing in classical general relativity
is replaced by a bounce, after which the cloud re-expands
indefinitely. We argue that a black hole, strictly speaking,
never forms. The collapse only generates a temporary trapped
surface, which can be interpreted as a black hole when the
observational timescale is much shorter than the one of the
collapse. However, it may also be possible that the gravita-
tional collapse produces a black hole and that after the bounce
the original cloud of matter evolves into a new universe.

1 Introduction

When a star exhausts all its nuclear fuel, the thermal pressure
of its particles cannot compensate for the gravitational force
any more, and the body contracts until it finds a new equilib-
rium configuration. For very massive stars, there is no known
mechanism capable of compensating their own gravitational
force, and the body will undergo a complete gravitational
collapse. In general relativity, under the assumptions of the
validity of the strong energy condition and of the existence
of global hyperbolicity, the final product of the collapse is
a singularity of the spacetime [1,2]. At the singularity, pre-
dictability is lost and standard physics breaks down. Accord-
ing to the weak cosmic censorship conjecture, singularities
produced in the gravitational collapse must be hidden behind
an event horizon and the final product of the collapse is a
black hole [3,4]. The energy conditions and the cosmic cen-
sorship conjecture are two fundamental ingredients in the
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theory of black hole physics, as they regulate most of the
properties of their horizons (see e.g. Ref. [2], chapter 9).

In this paper, we study the gravitational collapse in a large
class of non-local theories of gravity, which also includes
models inspired by string field theory [5–10]. We consider
the simplest cases of homogeneous collapse of a spherical
cloud of dust and radiation and we find a new picture for the
gravitational collapse. The spacetime singularity appearing
in classical general relativity is replaced by a bounce, after
which the cloud re-expands indefinitely. It seems that black
holes, strictly speaking, never form, in the sense that there
are no regions causally disconnected from future null infin-
ity. We find that the collapse produces a temporary trapped
surface, which appears like the classical apparent horizon in
the weak field regime and is removed when size and density
lead to the regime of asymptotic freedom. The object can
look like a black hole to far-away observers when the obser-
vational timescale is much shorter than the one of the col-
lapse. In terms of the effective theory, in which the Einstein
equations are satisfied by an effective perfect fluid matching
at the boundary to a Vaidya solution, the disappearance of
the horizon can be seen as the result of an ingoing flux of
negative energy. One practical consequence of the model is
that astrophysical black hole candidates should be character-
ized by an apparent mass loss, which might produce some
observational effects. While we study in some detail only a
specific model, we argue that this picture for the gravitational
collapse must be common to many quantum-gravity theories.
Independently of the exact UV completion, in several mod-
els quantum corrections make gravity repulsive at very high
densities [11,12], and this is the key-ingredient to get our
result.

2 Theoretical framework

As classical action, we consider a ‘non-polynomial’ or ‘semi-
polynomial’ extension of Stelle’s quadratic theory [13,14],
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in which the dimensionless coupling constants are replaced
by an entire function of the D’Alembertian operator [15–22]

S =
∫

d4x
2
√|g|
κ2

[
R − Gμν

V (−�/�2)−1 − 1

� Rμν

]
, (1)

where Gμν is the Einstein tensor and κ2 = 32πGN. All the
non-polynomiality is in the form factor V (−�/�2), where
� is the Lorentz invariant energy scale. � is not subject to
infinite or finite (non analytic) renormalizations, and it is only
constrained to be large by observations. The natural value of
� is of the order of the Planck mass. At the classical level, all
the corrections to the Einstein–Hilbert action are suppressed
by 1/�, and therefore the theory reduces to general relativity
at low energies. That is also true at the quantum level, as a
consequence of the Donoghue argument [23] (see Appendix
A for more details).

The entire function V (−�/�2) must have no poles in the
whole complex plane, in order to ensure unitarity, and must
exhibit at least logarithmic behavior in the ultraviolet regime,
to give super-renormalizability at the quantum level. General
form factors suggested by a class of theories consistent at the
quantum level are

V (z)−1 = ∣∣pγ+1(z)
∣∣ e

1
2

[
�
(

0,p2
γ+1(z)

)
+γE

]
, (2)

V (z)−1 = ezn
n ∈ N

+, (3)

where z ≡−�/�2 and pγ+1(z) is a real polynomial of degree
γ + 1 (γ ∈ N, γ > 2). The theory is uniquely specified once
the form factor is fixed, because the latter does not receive
any renormalization: the ultraviolet theory is dominated by
the bare action (that is, counterterms are negligible). In this
class of theories, we only have the graviton pole. Since V (z)
is an entire function, there are no ghosts and no tachyons,
independently of the number of time derivatives present in
the action.

Concerning the difficulties with particular form factors
and non-local operators, we note that the class of operators
introduced by Krasnikov—V (z)−1 as given by Eq. (3) with
n even—and the one introduced by Tomboulis—V (z)−1 as
given by Eq. (2)—are well defined in the Euclidean as well
as in the Lorentzian case, because (k2

E)2 = (k2)2, where kE

is the momentum in the Euclidean space (see Refs. [15,16]).
In the following, we concentrate on the case in Eq. (3) with
n = 1, which is suggested by string theory [5–10,24–26], but
the qualitative behavior holds for a large class of models. In
this paper we do all the calculations in the Lorentzian case,
where the integral of interest is converging. To stress the
genericity of the result, independently of the Wick rotation,
we present the solution with n = 2 in Appendix C and we
have checked the solutions for other even values of n. There
are no qualitative differences for different values of n in the
physical quantities studied in this work.

3 Homogeneous collapse

The most general spherically symmetric metric describing a
collapsing cloud of matter in comoving coordinates is given
by

ds2 = −e2νdt2 + R′2

G
dr2 + R2d�2, (4)

where d�2 represents the line element on the unit two-sphere
and ν, R, and G are functions of t and r . In the homogeneous
marginally bound case, we can choose ν = 0 and G = 1
(see e.g. Ref. [27]). The standard Einstein equations for the
collapse of a perfect fluid are

κ2

4
ρ = F ′

R2 R′ ,
κ2

4
p = − Ḟ

R2 Ṙ
, (5)

where the ′ denotes a derivative with respect to r , and the
˙ denotes a derivative with respect to t . Here ρ and p are,
respectively, the density and the pressure of the fluid, while F
is the Misner–Sharp mass, which is defined by F = R Ṙ2 and
turns out to be twice the total gravitational mass contained
within the shell labeled by r at the time t . In the case of
collapse, the usual prescription is that the area radius R(r, t)
is set equal to the comoving radius r at the initial time ti =
0, R(r, 0) = r . We can then introduce a scale factor a(t),
R(r, t) = ra(t), with a(0) = 1.

Let us first study the radiation case where p = ρ/3. The
classical solution is

a(t)2 =
∣∣∣∣ t0 − t

t0

∣∣∣∣ , (6)

where t = t0 is the time of occurrence of the singularity. For
the theory defined in Eq. (1), it is more convenient to find
the solution of the scale factor with the propagator approach
[29,30], rather than by solving the counterpart of the Einstein
equations (5). The procedure and the details of the calcula-
tions are reported in Appendix B. The final result is

a2(t) = 2e− 1
4 �2(t−t0)2

�
√

π t0
+

(t0 − t) erf
(

�(t0−t)
2

)

t0
, (7)

where erf(z) = 2
∫ z

0 exp(−t2)dt/
√

π . The classical singu-
larity is now replaced by a bounce at t = t0, as can be seen
in the left panel of Fig. 1. In the spirit of Ref. [27], we can
write the effective Einstein equations, in which ρ and p in
Eq. (5) are replaced, respectively, by an effective density ρeff

and an effective pressure peff . The effective pressure is

peff = − 4

κ2

[(
ȧ

a

)2

+ 2
ä

a

]
. (8)

peff is close to the classical value p = ρ/3 far from the time
t = t0, while it becomes negative around t = t0.

123



Eur. Phys. J. C (2014) 74:2767 Page 3 of 10 2767

Fig. 1 Left panel evolution of the scale factor a(t) for the classical
radiation collapse (dashed curve) and the semiclassical radiation col-
lapse (solid curve). Central panel as in the left panel for the square of the
Hubble rate H2 = (ȧ/a)2 and comparison with the effective radiation

model with α = 1 in Eq. (9) (dotted curve). Right panel evolution of
the radius of the apparent horizon rah for the classical radiation collapse
(dashed curve) and semiclassical radiation collapse (solid curve). Here
t0 = 5 and � = 1. See the text for more details

Asymptotic freedom plays a crucial rule in the kind of
approximation we are doing. It allows us to use only the two
points function (propagator) because all the n-graviton inter-
actions go to zero at high densities near the bounce. However,
a generic asymptotic freedom is sufficient to remove the sin-
gularity, but it is not enough to have a bounce. Here, the
asymptotic freedom is due to a higher derivative form factor,
which makes gravity repulsive at very small distances. In par-
ticular, we would like to stress that the repulsion that causes
the cloud to expand is not given by the quantum mechani-
cal nature (Heisenberg uncertainty) of the collapsing mat-
ter in the regime in which gravity vanishes. The bounce
follows from the dynamics of the system. In terms of the
effective picture, the bounce comes from the conservation of
the (effective) energy-momentum tensor: the matter is trans-
formed into a state with ρeff + peff < 0, which is unstable
and therefore the bounce is the only available possibility.

The Hubble rate H = ȧ/a is shown in the central panel
of Fig. 1. It is interesting to compare this H with the one
we obtain from an effective theory in which we introduce an
effective energy density expressed in terms of the radiation
energy density [27,31]

H2 := κ2

12
ρeff = κ2

12
ρ

[
1 −

(
ρ

ρcr

)α]
, (9)

where ρ = ρ0/a4 is the (physical) radiation energy density,
ρ0 = 12/(κ2 t2

0 ), and α is a model-dependent parameter (for
instance, α ≈ 1 in loop quantum cosmology [31]). When
� ∼ MPl, we should expect that the critical density ρcr is of
order the Planck energy density. The plot of H2(t) for α = 1
is shown in the central panel of Fig. 1. The modifications
induced by quantum effects can essentially be incorporated
in a new term proportional to ρ2, which is negligible for
ρ � ρcr and becomes relevant as ρ approaches ρcr. When

ρ = ρcr, gravity is turned off, H = 0, and we have the
bounce.

The same procedure can be followed to study the collapse
of dust. Now the classical solution is

a(t)2 =
∣∣∣∣ t0 − t

t0

∣∣∣∣
4
3

. (10)

The quantum-gravity-corrected solution is

a2(t) = −
2�
(− 2

3

)
�
( 4

3

)
1 F1

(
− 2

3 ; 1
2 ;− (t0−t)2�2

4

)

�4/3
√

3π t4/3
0

, (11)

where 1 F1 is the Kummer confluent hypergeometric func-
tion. Just as in the radiation case, also in the case of dust
matter there is a bounce at the time t0 in place of a classical
singularity.

4 Trapped surfaces and Penrose diagram

The condition for the formation of trapped surfaces is given
by the requirement that the surface R(r, t) = constant is null;
that is, gμν(∂μ R)(∂ν R) = 0. In our homogeneous marginally
bound collapse, this reduces to 1 − Ṙ2 = 0, and therefore

rah = 1

|ȧ| . (12)

The right panel of Fig. 1 shows the evolution of the radius of
the apparent horizon rah for the radiation model, both in the
classical and quantum scenarios. In the classical case, there
is no way to avoid the formation of the apparent horizon:
the latter forms at the boundary of the collapsing cloud at a
time t < t0, before the formation of the singularity, and then
propagates inwards to reach the center at the time of forma-
tion of the singularity. When the collapsing cloud crosses the
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Schwarzschild radius, the event horizon forms in the exterior
spacetime and the formation of a black hole as the final stage
of the collapse is indicated by the instant of formation of the
trapped surfaces.

As shown in the right panel of Fig. 1, the semiclassical
scenario is qualitatively different. In both the radiation and
the dust collapses, the curve rah(t) is delayed with respect to
the classical model and then reaches a minimum at a time t∗,
where ä = 0 and ȧ reaches a maximum value ȧ(t∗) = ȧ∗.
This leads to the existence of a limiting radius r∗

r∗ = 1

|ȧ∗| . (13)

If the boundary of the cloud is rb < r∗, then no trapped sur-
face forms at any time during the collapse. We have thus
a threshold mass, below which the collapsing matter can
always be seen by a distant observer. Of course, this thresh-
old is related to the scale introduced by the quantum theory,
in our case by �, and therefore can be relevant for objects of
planckian size.

Within this semiclassical scenario, it seems that a black
hole, strictly speaking, never forms, in the sense that there
is no region causally disconnected from future null infin-
ity. The whole picture can be summarized as follows. At the
beginning, the semiclassical collapse is close to the classical
scenario. As the matter density increases, the gravitational
force becomes weaker. In the language of the effective pic-
ture, quantum-gravity effects become important when the
physical energy density approaches the critical one and the
effective energy density goes to zero. In both the semiclas-
sical radiation and the dust models, we have a bounce, after
which the collapse turns into an expansion. Near the critical
time of the bounce, gravity is weak (it is completely turned
off at the time t0 of the bounce) and any horizon disappears,
at least in the interior solution, thus leaving the high density
region potentially visible to distant observers. Such a possi-
bility is eventually determined by the form and behavior of
the exterior r > rb spacetime, which we do not know for
the full quantum-gravity theory under consideration. How-
ever, the semiclassical analogy, together with classical mod-
els matching to generalized Vaidya spacetimes with outgoing
radiation, and some arguments related to the continuity of the
trapping horizon suggest that the trapped region disappears
also in the exterior. After the bounce, a new horizon forms,
as a consequence of the decrease in the matter energy density
and the increase of the gravity strength, and then disappears
for ever at later times, when the radius of the apparent horizon
exceeds rb. The formation/evaporation of the trapped surface
is determined by the asymptotically free nature of gravity.
The second trapped surface forms when gravity leaves the
asymptotic freedom regime and it becomes strong again.

The Penrose diagram is shown in Fig. 2. Unlike the clas-
sical case where t0 represents the singularity time, the con-

Fig. 2 Penrose diagram for the semiclassical radiation collapse model
described by Eq. (7). The magenta thick-dashed line is the curve of
the radius of the boundary of the collapsing object (the timeline curve
defined by Rb(t) = rba(t)), while the black thin-dashed lines represent
the trapped surface. In the classical model, there is no bounce; at a certain
time, the behavior departs from the semiclassical solution, as shown by
the dotted-dashed lines (magenta thick line for rb, black thin line for
rah). The blue-dotted lines are curves of constant radial coordinate

formal diagram for the collapse model extends to t going to
future infinity. In the semiclassical picture, the trapped region
develops as in the classical regime, but it then disappears at
the bounce due to the semiclassical corrections, and this is
accompanied by a second trapped region in the correspond-
ing expanding phase. Our theory has small departures from
classical general relativity at low density/curvature and no
superluminal motion. The key-point to understand the Pen-
rose diagram, and in particular the destruction of the horizon,
is the following. Interior homogeneous solutions matched
with an exterior vacuum Schwarzschild spacetime hold in
the special case of classical general relativity with a cloud
of dust. Beyond general relativity, the Birkhoff theorem does
not usually hold. However, we can recast the quantum-gravity
theory in a semiclassical effective theory that describes a fluid
that in general is not dust and violates the energy conditions.
In the general case, therefore including in general relativity

123



Eur. Phys. J. C (2014) 74:2767 Page 5 of 10 2767

but without dust, the matching has to be done with a gen-
eralized Vaidya solution, which represents a spacetime with
ingoing or outgoing null flux of energy. While here we have
only the interior r < rb metric, the external part in the effec-
tive picture is surely a Vaidya metric. In other words, our
collapsing object presumably has a lot of ‘hairs’. If we want
to see the collapse in terms of the effective picture, in which
the Einstein equations are satisfied by an effective fluid cov-
ering the whole spacetime, the exterior solution should be
an ingoing flux of negative energy. It is this external ingoing
flux that allows for the destruction of the horizon. As the the-
ory has small deviations from classical general relativity at
low energy density/curvature, it is clear that this flux is very
low and therefore that the lifetime of the trapped surface—as
measured by a distant observer—must be long for an astro-
physical object with M/� 
 1 (see next section for more
details).

The above picture for gravitational collapse seems plausi-
ble, because the matching with the Vaidya exterior is a well
known procedure and the interpretation appears quite natu-
ral. However, without knowing the exact form of the exterior
solution, one cannot in principle exclude other scenarios. For
example, the outward flux of energy may be irrelevant, thus
leaving an exterior that is almost vacuum and therefore the
gravitational collapse may produce an ordinary black hole
with an almost constant mass Min given by the gravitational
mass of the collapsing cloud. After the bounce, the expand-
ing cloud would then be confined inside the Schwarzschild
radius and would evolve into a new (expanding) universe. In
this case, the Penrose diagram could look like one of those
reported in Ref. [32].

Universes created as offspring of collapse to black holes
have been considered in the literature [33–36]. This kind of
scenario can generally be obtained analytically by means of
a cut and paste procedure in which a singular manifold, such
as the Schwarschild black hole, can be extended beyond the
singularity by removing the same and sewing the spacetime
to a new non singular manifold describing an expanding baby
universe. However, as far as we are aware, even this proce-
dure is feasible only in very simple examples and becomes
highly non trivial if one wishes to consider the dynamical
setup. Typically the matching involves continuity of the first
and second fundamental forms across some hypersurface. To
have the chance to fulfill these requirements one needs a large
enough number of free parameters, which is not the case of
marginally bound collapse.

Therefore, despite the general appeal that such a solution
may have, one is faced with a lot of technical difficulties plus
the important objection that the fact that a certain manifold
can be constructed by hand does not imply necessarily that
it is realistic. In this sense, an interior solution in the form of
a scale factor a obtained from a well posed theory and valid
globally without any junction appears to be more natural

choice. Indeed a selection principle as the one proposed by
Smolin [37] is practically very difficult to achieve even if
one neglects microphysics and considers only some effective
theory of gravity as we do here.

5 Astrophysical objects

A model consistent with observations must be able to explain
the super-massive black hole candidates in galactic nuclei,
and therefore the trapped surface formed in the collapse for
an object with mass M ∼ 105 − 109 M� must survive
for a time at least comparable to the age of the Universe.
For a heavy (M/� 
 1) astrophysical object, it is natu-
ral to expect that this is indeed the case, because the the-
ory has small deviations from classical general relativity at
low curvature and therefore the ingoing flux responsible for
the destruction of the horizon must be very low; that is, the
lifetime of the trapped surface must be long. For a comov-
ing observer, the timescale of the collapse is of order the
dynamical timescale κ M ∼ 1 (M/106 M�) s. For a distant
observer, the timescale is longer, as a consequence of the
gravitational redshift. The exact calculation of the lifetime
of the trapped surface would require the knowledge of the
metric in the whole spacetime, while in our case we have
only the interior solution. An estimate of this time inter-
val can be obtained from the velocity of shrinkage of the
horizon [11,12]

σ =
(

dr

dv

)
g00=0

, (14)

where v = t +r is the advanced time and g00 is the temporal
component of the metric, while g00 = 0 defines the apparent
horizon. The shrinkage vanishes for the classical black hole
case and the lifetime of the horizon is thus infinite in this
case. As discussed in the previous section, one can also see
the evaporation of the trapped surface in terms of an effective
picture, in which the horizon is destroyed by an ingoing flux
of negative energy. As we can play only with two mass scales,
� and M , we may guess that the order of magnitude is given
by �/M , or that it is given by an expansion in �/M and
therefore even more suppressed. The lifetime of the trapped
surface with respect to the distant observer is, in the more
conservative case with dr/dv ∼ �/M ,

τ ∼ κ M

dr/dv
∼ κ M

(
M

�

)
, (15)

which is anyway much longer than the age of the Universe
(for the Sun, M/� ∼ 1038 if � is of order the Planck
mass).

Our theoretical model (homogeneous cloud of dust or radi-
ation) is very simple, but it is easy to figure out how the
picture might change in a more realistic scenario, at least
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qualitatively. It is natural to expect that the cloud is inho-
mogeneous, with a density profile monotonically decreasing
in the outwards radial direction. Our results for the homo-
geneous case should hold along the central shell of the col-
lapsing cloud, while at larger radii, since the density should
be lower, one expects a smaller deviation from the standard
general relativistic case. The bounce will remain, but at larger
radii gravity may still be strong and therefore the instant of
the bounce may not be visible to the distant observers (in the
language of the Penrose diagram in Fig. 2, the two discon-
nected gray areas representing the trapped regions would be
a single region).

An inevitable effect is an apparent mass loss of astro-
physical black hole candidates. This is a consequence of
asymptotic freedom and, strictly speaking, does not require
the presence of the bounce. In other words, the only nec-
essary ingredient is that gravity becomes very weak at high
densities, while a negative effective pressure is not strictly
necessary. As it is more clear in terms of the effective Einstein
equations, the effective density decreases when the physical
density approaches the critical one and increases after the
bounce. The gravitational mass seen by a distant observer,
i.e. Feff(rb, t)/2 where rb is the boundary, does the same (at
the bounce ȧ = 0, so ρeff = 0). A collapsing object should
thus appear as a black hole candidate with a time varying
mass. Such a prediction is robust, even if the exact behav-
ior may depend on both the theoretical framework (e.g. the
choice of the form factor) and the astrophysical content (mat-
ter equation of state, initial conditions, etc.), and it should be
seen as an apparent mass loss of black hole candidates. If the
apparent mass loss rate were to be relatively low and diluted
for a long time, there might be a chance to observe it as
an increase in the orbital period of a black hole binary. The
future discovery of black hole binaries with a pulsar com-
panion can presumably put the strongest constraints on such
a possibility. On the other hand, if the apparent mass loss rate
were high and for a relatively short time, resulting in a sud-
den disappearance of the object, the phenomenon may easily
generate hypervelocity stars, i.e. stars which are observed
with velocities of order 1,000 km/s but whose origin is not
yet clear [38]. Indeed, if the stellar companion were in a close
high velocity orbit and could not feel the gravitational force
of the black hole candidate for a while, it would escape with
a velocity equivalent to its orbital velocity. The phenomenon
may be particularly interesting to produce hypervelocity neu-
tron stars.

6 Summary and conclusions

In this paper, we have studied the homogeneous collapse of
a cloud in a super-renormalizable and asymptotically free
theory of gravity. The final singularity of classical general

relativity is removed and replaced by a bounce. Unitarity is
necessary to have a ‘good’ theory, but it is irrelevant for the
presence of the bounce, as can be seen in conformal grav-
ity (which is asymptotically free, is not unitary, and predicts
the bounce [11,12]). A generic asymptotic freedom is suffi-
cient to remove the singularity, but it is not enough to have
a bounce (see the case of QCD, where the asymptotic free-
dom is given by the matter content). The bounce requires a
repulsive gravitational force at high densities. The key-point
is therefore the form factor, which is related to the propaga-
tor and to the effective potential of the theory. Asymptotic
freedom due to a higher derivative form factor introduces
an effective negative pressure, which is responsible for the
bounce. As in several quantum-gravity approaches correc-
tions to classical general relativity make gravity repulsive at
very high densities, independently of the exact UV comple-
tion, the prediction of the bounce is much more general and
presumably holds in a larger class of theories. We indeed note
that a bounce replacing the classical singularity in the grav-
itational collapse was previously found in different contexts
[39,40].

We argue that in these theories black holes, strictly speak-
ing, never form. The Penrose diagram is shown in Fig. 2.
The theory has small deviations from classical general rela-
tivity at low densities/curvature and no superluminal motion.
The shrinkage of the external horizon is possible due to the
matching of the effective solution describing the quantum
corrections with a Vaidya spacetime in the exterior mani-
fold. For massive astrophysical objects, deviations from gen-
eral relativity are tiny and we can therefore expect that the
lifetime of the trapped surfaces is long for an observer at
infinity. Astrophysical black hole candidates may thus be
objects with a temporary trapped surface, but they would be
interpreted as black holes if the observational time scale is
much shorter than the lifetime of the horizon. However, as we
have derived only the interior solution in the full quantum-
gravity theory, we cannot really conclude that this is only
possible scenario. The effect of the exterior Vaidya solution
may very well be negligible in the dynamics of the collapse,
even when integrated for a very long time. If this were to
be the case, the collapse would produce a black hole with
the usual Schwarzschild event horizon and the matter cloud,
re-expanding after the bounce, would evolve into a new uni-
verse.

While our work neglects Hawking radiation, it, however,
suggests a simple way to resolve the information paradox. In
the first scenario, the information is trapped inside the appar-
ent horizon and released when the latter eventually evapo-
rates. It is an example of a ‘complete evaporation scenario’
according to the terminology of Ref. [41]. In the second case
with a new universe, the spacetime decomposes into two
regions and the information is stored in the new universe.
This is the ‘baby universe solution’ [41].
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Appendix A: Ultraviolet and infrared properties
of the theory

We consider a particular representative theory of the follow-
ing generic class:

L = 2κ−2
√|g|

[
R − Gμν

V (−�/�2)−1 − 1

� Rμν

]
, (16)

where Gμν is the Einstein tensor and V (−�/�2) is an entire
function. At the classical level, all the corrections to the
Einstein–Hilbert action are suppressed by 1/�. Since �

is expected to be of order the Planck mass, at low ener-
gies the theory reduces to the Einstein one. At quantum
level, the introduction of non-local operators in the action
could leads to strong non-localities generated by the renor-
malization group flow toward the infrared, in disagreement
with observations. This is not the case for the Lagrangian in
Eq. (16), as we can see from the Donoghue argument [23].

The Donoghue result can be summarized as follows. If
we start from a general covariant theory of gravity involv-
ing a Taylor expandable classical action, at quantum level
we find analytical as well as non-analytical finite universal
contributions coming from one-loop diagrams. If only mass-
less particles are propagating, around the flat spacetime the
non-analytical contribution has the form

κ2k2 log(−k2). (17)

If we couple the theory to massive particles, we also have

κ2k2

√
m2

−k2 . (18)

The analytical contributions are instead integer powers of the
momentum k. This result also applies to our theory because
the action involves only entire functions. The logarithmic
non-analytic contribution to the one-loop effective action is
related to the quantum corrections due to long distance effects
of massless particles. In QED, one can see something similar
in photon vacuum polarization,

k2�(k2) ∼ k2
(

1

6ε
− γE

6
+ f (k)

)
. (19)

The other finite contributions to the one-loop amplitude are
a series of analytic and sub-leading operators in the infrared
regime k → 0,

lim
k→0

∑
n

Rn = 0, (20)

where R is a general local curvature invariant. On the other
hand, the non-analytic contribution (17) is divergent in the
IR and gives corrections to the gravitational potential [23].
We find the same situation for photon vacuum polarization in
QED if we take the limit of zero electron mass. The finite non-
analytic contributions coming from the divergent integrals in
a massless theory and in our theory read

∫
d4−εk

p2(p − k)2 = �(ε/2) (−k2)ε/2

=
(

2

ε
− γE + O(ε)

)(
1 − ε

2
ln(−k2/μ2) + O(ε2)

)

= 2

ε
− ln

−k2

μ2 + O(ε)

= log
�2

UV

μ2 − ln
−k2

μ2 + O(ε) ≡ − ln

(
−k2

�2
UV

)
+ O(ε).

(21)

Finite contributions are analytical operators O(1/ l4) in D =
4 (for example R2 ∼ 1/ l4) and thus they do not affect the
infrared theory even in our theory because only entire func-
tions are present in the action. In general, the relevant quan-
tities to get the one-loop effective action are [28]

Tr ln �̂, ∇μ1 . . . ∇μp

1̂

�n
δ(x, y)

∣∣∣∣∣
y=x

. (22)

In the coincidence limit, the logarithmic divergent contri-
butions of the universal quantities (22) have the structure of
(21). Other possible finite contributions instead are analytical
and polynomial in the momentum.

In our higher derivative theory, the ultraviolet behavior is
different with respect to the Einstein theory and it depends on
the details of the effective action. The renormalization group
has a non-linear behavior going from the particular ultravio-
let regime associated with our regularized theory to the uni-
versal Einstein regime in the infrared. The Donoghue result
shows that the infrared modifications are independent of the
nature of the fundamental higher derivative theory and thus
equivalent to those of the Einstein theory, Eqs. (17) and (18).

So far we have been generic. However, the theory is
uniquely specified once the form factor is fixed, because it
does not receive any renormalization at the quantum level. In
other words, the ultraviolet theory is dominated by the bare
action. For simplicity, let us assume the following Tomboulis
form factor:
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V −1(z) = eH(z) =
∣∣∣zγ+1

∣∣∣ e
1
2

[
�
(
0,z2γ+2

)+γE
]
. (23)

The theory is therefore completely specified and the asymp-
totic behavior in the ultraviolet regime reads

LUV ≈ 2κ−2eγE/2

�2γ+2

(
1

2
R �γ R − Rμν�γ Rμν

)
, (24)

which depends only on the integer exponent γ . In this paper,
we used the form factor suggested by string field theory to
make easy the classical analysis. However, the main result of
the paper is insensitive to the details of the theory.

The form factor V (z) must have no extra poles in the whole
complex plane, but it is also constrained to have a renormal-
izable or finite theory in the ultraviolet regime. This leaves us
with a class of theories, each of them super-renormalizable
because of the following reasons:

1. only a finite number of couplings is renormalized,
2. only a finite number of diagrams is divergent.

On the other hand, at the phenomenological level the form
factor could be experimentally constrained, for example mea-
suring the corrections to the gravitational potential, or hypo-
thetically measuring a cross section in a scattering process
at high energy. Since V (z) is an entire function, there are no
ghosts and no tachyons, independently of the number of time
derivatives present in the action. This is the main reason to
introduce a non-polynomial Lagrangian.

Concerning the Lorentz invariant scale �, there is no fine
tuning and it is not subject to infinite or finite (non-analytic)
renormalizations. It is only constrained to be a large mass
scale by astrophysical or cosmological observations and it is
natural to expect � to be of the order of the Planck mass. As
a consequence of (21) and (22), in the ultraviolet regime the
one-loop corrections to the classical theory read

R ln(−�)R and Rμν ln(−�)Rμν. (25)

There are no finite renormalizations of � because all the
finite and infinite corrections to the operators R �n R and
Rμν �n Rμν are absorbed in the running couplings of the
theory and not in the scale �. However, these operators do not
move the poles in the propagator, because they are suppressed
by the form factor V (z).

Appendix B: Solution of the scale factor via
the propagator approach

The energy-momentum tensor in comoving coordinates for
the generic spherically symmetric metric describing collapse
given in Eq. (4) is given by

T μ
ν = diag{ρ(r, t), pr (r, t), pθ (r, t), pθ (r, t)}. (26)

Einstein’s equations relate the metric functions to the matter
content and are given by

κ2

4
pr = − Ḟ

R2 Ṙ
,

κ2

4
ρ = F ′

R2 R′ , (27)

ν′ = 2
pθ − pr

ρ + pr

R′

R
− p′

r

ρ + pr
, (28)

Ġ = 2
ν′

R′ Ṙ G, (29)

where the ′ denotes a derivative with respect to r , and the ˙
denotes a derivative with respect to t . The function F(r, t) is
called the Misner–Sharp mass, and in general it is

F = R(1 − G + e−2ν Ṙ2). (30)

In the homogeneous marginally bound case, from the first
of Eq. (27) it follows that F is a function of r only and the
matching to the exterior vacuum Schwarzschild spacetime
is always possible. Furthermore Eq. (28) reduces to ν′ = 0
and we can always choose the time coordinate in such a way
that ν = 0. Integration of Eq. (29) is then trivial and gives
G = 1 + f (r) and in the marginally bound collapse case
we shall take the free integration function f to be zero. The
system is then fully specified once a gauge is fixed for the
scale. This is usually done by fixing the scale at the initial
time. It is common to define R(r, t) = ra(t) with a(0) = 1,
so that to solve the system we only need to find the scale factor
a(t) by solving the corresponding field equations. Here, we
use instead the propagator approach of Refs. [29,30].

We first write the metric as a flat Minkowski background
plus a fluctuation hμν ,

gμν = ημν + κ hμν,

ds2 = dt2 − a(t)2dxi dx jδi j ,
(31)

where ημν = diag(1,−1,−1,−1). The conformal scale fac-
tor a(t) and the fluctuation hμν(t, �x) are related by the fol-
lowing relations [29,30]:

a2(t) = 1 − κh(t), h(t = t0) = 0, gμν(t = t0) = ημν,

hμν(t, �x) = h(t) diag(0, δi j ) ≡ h(t) Iμν. (32)

After a gauge transformation, we can rewrite the fluctuation
in the usual harmonic gauge

hμν(x) → h′
μν(x) = hμν(x) + ∂μξν + ∂νξμ,

ξμ(t) = −3κ

2
diag

⎛
⎝

t∫

0

h(t ′)dt ′, 0, 0, 0

⎞
⎠ . (33)

The fluctuation now reads

h′
μν(t, �x) = h(t) diag(−3, δi j ),

h′μ
μ (t, �x) = −6h(t). (34)

123



Eur. Phys. J. C (2014) 74:2767 Page 9 of 10 2767

We can then switch to the standard gravitational ‘barred’ field
h̄′

μν defined by

h̄′
μν = h′

μν − 1

2
ημν h′ λ

λ = −2h(t) Iμν, (35)

satisfying ∂μh̄′
μν = 0. The Fourier transform of h̄′

μν is

˜̄h′
μν(E, �p) = −2h̃(E)(2π)3δ3( �p) Iμν. (36)

The classical solution for the cosmological scenario in the
radiation fluid model is

a(t)2 = |t/t0| , (37)

where t = 0 is the singularity time. With the solution (37),
we can compute the Fourier transform h̃(E) defined in (36)

h̃(E) = 2

κ t0 E2 + 2π

κ
δ(E). (38)

We can obtain the same solution (38) from the classical prop-
agator if we properly introduce a dimensionless fictitious
source in the momentum space. We can then extend this pro-
cedure to the theory defined in Eq. (16) [29,30]. The gauge
independent part of the graviton propagator for the theory
(16) and energy tensor T̃ ρσ (p) is (see e.g. Ref. [17])

O−1
μνρσ (p) = V (p2/�2)

p2

(
P(2)

μνρσ − 1

2
P(0)

μνρσ

)

�⇒ h̄′
μν(x) = κ

∫
d4 p

(2π)4 O−1
μνρσ (p)T̃ ρσ (p) eipx , (39)

where P(2)
μνρσ and P(0)

μνρσ are the graviton projectors,

P(2)
μνρσ = 1

2

(
θμρθνσ + θμσ θνρ

)− 1

3
θμνθρσ ,

P(0)
μνρσ = 1

3
θμνθρσ ,

(40)

and θμν = ημν − kμkν/k2. Therefore

h(t) = κ

∫
d4 p

(2π)4

1

p2V −1(p2/�2)
ρ̃(E, �p) eipx

= κ

∫
dE

2π

1

E2V −1(E2/�2)
ρ̃(E)ei Et . (41)

For V (p2/�2) = 1, we recover the classical case and the
solution for h(t) is exactly (37) if we use the distribution

ρ̃(E, �p) =
(

2

κ2t0
+ 2π

κ2 E2δ(E)

)
︸ ︷︷ ︸

ρ̃(E)

(2π)3δ3( �p). (42)

We can then use this distribution for the form factor V (z)−1 =
ez . The fluctuation resulting from the integral (41) now
becomes

κ h(t) = 1 − a2(t) = 1 − 2e− 1
4 �2t2

�
√

π t0
− t erf

(
�t
2

)
t0

, (43)

where erf(z) = 2
∫ z

0 exp(−t2)dt/
√

π . The solution is not a
gauge artifact because we use the gauge independent pro-
jected propagator. Since we are interested in gravitational
collapse rather than in the cosmological solution, we replace
the time coordinate t with −t + t0 to have the classical sin-
gularity at t = t0 and the initial time at t = 0. So

a2(t) = 2e− 1
4 �2(t−t0)2

�
√

π t0
+

(−t + t0) erf
(

�(−t+t0)
2

)

t0
. (44)

The same procedure can be followed to study the collapse
of pressureless matter, i.e. dust. In the dust case, the classical
solution for the cosmological scenario is given by

a(t)2 = |t/t0| 4
3 , (45)

and the correct fictitious distribution to get the perturbative
solution starting from the propagator reads

ρ̃(E, �p) =
(

4 �
( 4

3

)
√

3t4/3
0 |E | 1

3

+ 2π E2δ(E)

)
(2π)3

κ2 δ3( �p), (46)

where � is the Euler gamma function. Using the distribution
in (46), we can find the modified solution for the gravitational
fluctuation (41). From a2(t) = 1 − κh(t), we get

a2(t) = −2�
(− 2

3

)
�
( 4

3

)
1 F1

(− 2
3 ; 1

2 ;− 1
4 t2�2

)
�4/3

√
3π t4/3

0

, (47)

where 1 F1 is the Kummer confluent hypergeometric func-
tion. The solution for the gravitational collapse scenario is
obtained by replacing t with −t + t0, as is done for the radi-
ation model.

Appendix C: Models with form factor exp(−�)n

Finally, we have calculated some solutions for the entire func-
tion V (z)−1 = ezn

and higher even values of n. It turns out
that all these models describe exactly the same physics, in
the sense that they have the same qualitative behavior. The
solutions are much more complicated. The case n = 2 has
homogeneous solutions

a2
radiation(t) =

[
2�

(
3

4

)
1 F3

(
−1

4
; 1

4
,

1

2
,

3

4
; t4�4

256

)

+�2t2�

(
5

4

)
1 F3

(
1

4
; 3

4
,

5

4
,

3

2
; t4�4

256

)]
1

π�t0
,

a2
dust(t) = 1

3π (�t0)
4
3

[
2π 1 F3

(
−1

3
; 1

4
,

1

2
,

3

4
; t4�4

256

)

+√
3�2t2�

(
1

3

)
�

(
7

6

)
1 F3

(
1

6
; 3

4
,

5

4
,

3

2
; t4�4

256

)]
.

(48)
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Fig. 3 Left panel evolution of the scale factor a(t) for the classical
radiation collapse (dashed curve) and the semiclassical radiation col-
lapse (solid curve) in the case n = 2. Central panel as in the left panel
for the square of the Hubble rate H2 = (ȧ/a)2. Right panel evolution of

the radius of the apparent horizon rah for the classical radiation collapse
(dashed curve) and semiclassical radiation collapse (solid curve). Here
t0 = 5 and � = 1

The plots of the scale factor, Hubble rate, and apparent hori-
zon are shown in Fig. 3. We have also checked the cases with
n = 4 and 12, finding very similar plots.
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