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Abstract. The bifurcation of slugs to bubbles within two-phase flow patterns in a minichannel is analyzed.
The two-phase flow (water-air) occurring in a circular horizontal minichannel with a diameter of 1 mm
is examined. The sequences of light transmission time series recorded by laser-phototransistor sensor is
analyzed using recurrence plots and recurrence quantification analysis. Recurrence parameters allow the
two-phase flow patterns to be found. On changing the water flow rate we identified partitioning of slugs or
aggregation of bubbles.

1 Introduction

The identification of flow patterns in minichannels of-
ten depends on the subjective evaluation of the observer
and the experimental technique [1–3] employed. To in-
crease the ability to identification and interpretation,
Wang et al. [4], used the non-linear methods including the
Hurst and Lyapunov exponents, correlation dimension,
and pseudo-phase-plane trajectory to analyze the pres-
sure fluctuations of two-phase flow through a T-junction.
It was possible to classify the characteristic flow struc-
tures of air in water. Jin et al. [5] showed that the correla-
tion dimension and Kolmogorov entropy were suitable to
identify the flow patterns of an oil/water mixture. Non-
linear approaches in temperature and pressure fluctua-
tions of boiling water in minichannels flow were applied
by Mosdorf et al. [6], who estimated the correlation coef-
ficient, correlation dimension and largest Lyapunov expo-
nent and reconstructed the attractor for unstable boiling
in parallel silicon microchannels. Wang et al. [7] used non-
linear based statistics, to identify the main flow patterns
of an oil-gas-water mixture. In particular, the combina-
tions of Lempel-Ziv complexity and approximate entropy
have been used for pattern classification.

The methods of Recurrence Plots (RP) and Recur-
rence Quantification Analysis (RQA) have been of interest
to characterize the non-linear dynamics of the flow of oil-
water mixtures [8] and is an efficient approach to classify
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of flow complexity. Following these studies Faszczewski
et al. [9] used the RP and RQA to analyze the flow
patterns in a vertical minichannel. The subject of their
studies was the application of multi-criterion methods to
identify the types of flow patterns which occur during the
movement of the liquid-gas mixture in the minichannel. In
the current paper we extend this analysis focusing on flow
bifurcation and slug (in the form of an fairly elongated
bubble) to bubbles transition.

2 Experimental setup and measurement
results

We have undertaken the experiments by decreasing qua-
sistatically the water volume flow rate q with a constant
air volume flow rate qa = 0.0216 l/min through a horizon-
tal cylindrical transparent minichannel with a diameter
of 1 mm. The flow was recorded by a digital camera and
additionally laser transmission light was measured with a
sampling frequency of 5 kHz.

The scheme of the experimental approach is shown in
Figure 1. The compressed air generated by a pump (6),
passes through the tank (14), valve (10), constant pres-
sure air tank (9) rotameter (7) and a micro bubble gen-
erator (8). The scheme of the laser-phototransistor sensor
is shown in Figure 1b.

The camera snapshots for increasing q are presented
in Figure 2. Slugs are represented as elongated cylindrical
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Fig. 1. Schematic of experimental stand. (a) Experimental
setup: 1. horizontal minichannel with a diameter of 1 mm, 2.
pressure sensors (MPX12DP), 3. laser-phototransistor sensor,
4. Phantom v. 1610 digital camera, 5. lighting, 6. pumps (air or
water), 7. flow meters, 8. mini bubble generator, 9. air tank, 10.
automatic valve to maintain a constant pressure in the tank 9,
11. data acquisition station (DT9800), 12. computer, 13. water
tank, 14 air tank. (b) Schematic of laser-phototransistor sensor.

Fig. 2. Sequence of the air-flow flashes for different water vol-
ume flow rates q (increasing downward), (a)−(d) and q = 0.068
(a), 0.049 (b), 0.029 (c), 0.010 l/min (d), respectively.

air structures while bubbles are smaller and more spherical
ones. Two interesting features can be found: (a) reduction
of the slugs with increasing q, (b) a change in the reg-
ularity (periodicality) in the mass (air-water) transport.
To quantify the flows we analyze the corresponding time
series of laser light transmission. The selected cases are
presented in Figure 3. Note that light transmission are ef-
fected by the content of air in a number of ways. Firstly,
we can notice that water volume has a better transmis-

Fig. 3. Laser transmission time series x [V] for four chosen
cases from (Fig. 2). Water flow rates are q = 0.068 (a), 0.049
(b), 0.029 (c), 0.010 l/min (d), with a constant air volume flow
rate qa = 0.0216 l/min. Notations (a)−(d) correspond to the
cases denoted in Figure 2.

Fig. 4. Average laser transmission x̄ [V] versus water volume
flow rate q.

sion than the air volume (Figs. 3a−3d evolve from water-
rich to water-poor conditions). However, the above men-
tioned effect is changed by the onset of fluctuating shapes
in the slugs and bubbles as well as their edges during
passing through the minichannel (note, the high level of
Figs. 3a−3c).

It should be noted that the complexity in the air bub-
bles and slugs formation contributes to increasing levels of
light scattering (Fig. 3) and therefore a decrease in laser
light transmission. Consequently, the above feature is also
reflected in Figure 4. Here we show the average light trans-
mission x̄ versus water volume flow rate q. Interestingly,
this curve is not a monotonic function. Partially, this is
an effect of defragmentation of slugs but also the change
in the flow regularity. We study these phenomena more
systematically in the next section.
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3 Recurrence plot and recurrence
quantification analysis

The periodicity of the underlying dynamics can be inves-
tigated by means of recurrences which are calculated for
each point of the reconstructed trajectory. This method
was developed by Eckmann et al. [10] and extended by
Webber and Zbilut [11], Casdagli [12] later by Marwan
et al. [13–15] and others. This method can be applied for
both short deterministic and noise experimental data (see
the data analysis from the technical systems [16,17]). Two
points on a trajectory are marked as neighbours if they are
close enough to each other and this can be expressed by
the recurrence matrix Rε with its element Rε

ij given by
reference [10]:

Rε
ij = Θ(ε − ||xi − xj ||), (1)

where ε is the threshold value and Θ(.) denotes the
Heaviside function. The number of recurrence points de-
pends on both the underlying dynamics and the thresh-
old value ε. A standard technique for approximations
is that the threshold value should not give more re-
currences than a few percentage of the total number
of points [14].

Following Takens [18] we define the following vectors x
based on the laser light transmission x(t) which can be
written in an embedded space:

x(t) = (x(t), x(t − δiΔt), x(t − 2δiΔt),
. . . , x(t − (m − 1)δiΔt), (2)

where Δt = 0.2 ms is a sampling period.
The embedding dimension m = 8, and the delay in

the reconstructed coordinates δi = 8 is estimated by
the standard methods using the first minimum of aver-
aged mutual information and nodal fraction of the false
neighbours [19–21].

Figure 5 compares recurrence plots (RP) for given ε,
ε = 3σ, calculated with the Euclidean distance in a frame
of the reconstructed phase space. The horizontal and ver-
tical axes represent the time instants i and j for which
the distance formula (Eq. (4)) is applied. The presented
cases correspond to those denoted by (a)−(d) in Figures 2
and 3. Therefore Figure 5a is characterized by a large num-
ber of short slugs rarely mediated by bubbles. The forma-
tions of black squares (like a checkerboard) could corre-
spond to intermittences [22,23] corresponding to the self
organization phenomenon. In Figures 5b and 5c the black
squares disappear and correspond to the larger complexity
in bubble and slug sizes and their speeds. The intermit-
tency returns in Figure 5d and the slugs are relatively
long. Consequently, the RP structure exhibits more clear
checkerboard structures. Namely, long slug formation are
separated by water content and in the laser transmis-
sion one can have the intermittent switching between two
states. However the nature of this switching seems to differ
from the periodic small slugs recorded in Figures 2d, 3d,
and 5d.

periodic short slugs slugs/bubbles

unstable long slugs stable long slugs

Fig. 5. RP for laser transmission for the cases (a)−(d) speci-
fied in Figures 2 and 3. The dimension of the embedding space
was m = 9, while the delay in the reconstructed coordinates
δi = 5Δt, where Δt = 0.2 ms is the sampling time, respectively.
The threshold was ε = 3σ.

An additional approach can be employed to quan-
tify and compare the dynamics of a system with a sys-
tematic change of q. Webber and Zbilut [11] and later
Marwan et al. [13,14] developed the Recurrence Quan-
tification Analysis (RQA) for recurrence plots. The RQA
analysis includes the recurrence rate variable, RR, which
is a measure of ability for the system to return to the
neighbourhood of a previous state and has the following
definition,

RR =
1

N2

N∑

i,j �=i

Rε
ij . (3)

Furthermore, the RQA can be used to identify diagonal
and vertical lines through their maximal lengths Lmax,
Vmax for diagonal and vertical lines, respectively. The
RQA provides the probability p(l) or p(v) of a line dis-
tribution according to their lengths l or v (for diagonal
and vertical lines). They are calculated as:

p(z) =
P ε(z)

∑N
x=xmin

P ε(z)
, (4)

where z = l or v depending on diagonal or vertical struc-
tures in the specific recurrence plot. P ε(z) denotes the
histogram of z lengths and a fixed value of ε.

RQA measures such as: determinism DET , laminar-
ity LAM , trapping time TT , average length L, are based
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on probabilities P ε(z):

DET =

∑N
l=lmin

lP ε(l)
∑N

l=1 lP ε(l)
, (5)

LAM =

∑N
v=vmin

vP ε(v)
∑N

v=1 vP ε(v)
, (6)

L =

∑N
l=lmin

lP ε(l)
∑N

l=lmin
P ε(l)

, (7)

TT =

∑N
v=vmin

vP ε(v)
∑N

v=vmin
P ε(v)

, (8)

ENTRL = −
N∑

l=lmin

p(l) log p(l), (9)

where lmin and vmin (here lmin = vmin = 2) denote mini-
mal values which should be chosen for a specific dynamical
system. The determinism DET is a measure of the pre-
dictability of the examined dynamical system and provides
the ratio of the recurrence points formed in diagonals to
all recurrent points. Note that in a periodic system all
recurrence points would be included in the lines parallel
to the main diagonal. On the other hand, the laminarity
LAM is a similar measure which corresponds to points
formed in vertical lines. This measure indicates the dy-
namics behind sampling point changes. For small (slow)
point-to-point changes the consecutive points form a ver-
tical line. Finally, the average diagonal length L refers
to the predictability time of a dynamic system while the
trapping time TT indicates the average length of the ver-
tical lines measuring the time scale (in terms of sampling
intervals) of small changes in the examined time history.
Furthermore, the recurrence of the first kind [24,25], T 1 is
an average of empty space between the points. This mea-
sure is related the mean period of the dynamical system.
In analogy to the probabilities of the diagonal and ver-
tical lengths distributions it is possible to estimate the
probability distributions of periods t between the diago-
nal lines pt(t) and estimate the recurrence period density
entropy

ENTRt = −
N∑

l=lmin

pt(t) log pt(t). (10)

T 1 together with ENTRt are very sensitive to periodic
responses of the system and can detect some bifurcations
as period doubling and intermittency.

RNA (Recurrence Network Analysis) measures such
as: clustering coefficient C and transitivity TRAN are
based on the recurrence matrix elements Rε [26]:

C =
1
N

N∑

i=1

∑N
j,k=1 Aε

jkAε
ijA

ε
ik∑N

j,k=1 Aε
ijA

ε
ik(1 − δjk)

, (11)

TRAN =

∑N
i,j,k=1 Aε

jkAε
ijA

ε
ik∑N

i,j,k=1 Aε
ijA

ε
ik(1 − δjk)

, (12)

where

Aε
ij = Rε

ij − δij . (13)

The clustering coefficient, C, measures the mean fraction
of triangles that include the different vertices of the re-
currence network, while TRAN is related to the network
complexity and can distinguish regular from irregular
dynamics.

Note that by introducing the above statistical defini-
tions it is possible to parametrize any RP of the physi-
cal data. We have done such a parametrization along the
change of the water volume rate flow q. The results are
presented in Figure 6.

The first observation from Figure 6 is related to the
limit of small water volume rate of flow q. In this case we
see larger values of recurrence rate by 5 times, laminarity
by 5 times, determinism by 7 times and also the trapping
time by 8 times, comparing to the rest values, which are
signaling that the system behaves fairly regular. The flow,
in this limit, is related to very long slugs (Fig. 2) and
in the laser light transmission we observe a collection of
long (Fig. 3d) quasistatic intervals which generate very
stable dynamics. This is the most important feature for
this limit.

Interestingly, the chosen RQA coefficients show highly
non-monotonic behaviour (Fig. 6). This is particularly
clear from the divergence (1/Lmax − Fig. 6f), T 1 (recur-
rence of the first type − Fig. 6i), and from ENTRt (recur-
rence period density entropy- Fig. 6j) where characteris-
tic two large peaks are formed. By reaching higher values,
these measures indicate the non-regular (chaotic) charac-
ter of the two-phase flow. In the same time, the charac-
teristic minimum between the maxima is associated with
the slightly higher values of RR, DET , ENTRL, LAM ,
C, TRAN (see Figs. 6a, 6b, 6d, 6e, 6k, and 6l, respec-
tively). That is the information that the stochasticity of
the system decreases. Namely, the system becomes more
deterministic/regular here. To estimate the errors of the
above RQA calculations we used the method proposed by
Schinkel et al. [27]. It appeared that in the examined cases
the error is not significant. It is three orders of magnitude
smaller than the RQA parameter values.

4 Conclusions

Evidently, in our case, a small divergence (1/Lmax) is re-
lated with large determinism DET and vice versa (see
Fig. 7). Note that these two parameters are sensitive
for regular-chaotic and deterministic-stochastic proper-
ties [14,28]. Most cases have low determinism and low
1/Lmax which implies that the dynamical system is mainly
governed by stochastic process. As it clear from Figure 6
the level of stochasticity is not the same showing the small
window with series of small regular slugs flow for q ≈ 0.065
(Fig. 2a).

The results can be concluded as follows. After fairly
stable flow in the limit of small q → 0 with a fairly long
air slugs flow the systems is defragmented for larger q. On
increasing q the system becomes less stable since the slugs
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Fig. 6. RQA parameters versus the water volume rate flow, q, for laser transmission: recurrence rate − RR (a), determinism −
DET (b), average diagonal length − L (c), entropy of diagonal lengths − ENTRL (d), laminarity − LAM (e), divergence −
1/Lmax (f), trapping time − TT (g), length of the longest vertical line − Vmax (h), recurrence of the first type − T 1 (i),
recurrence period density entropy − ENTRt (j), clustering coefficient − C (k), transitivity − TRAN (l). The calculations of
RQA parameters were done by using the Matlab toolbox developed by Marwan [29]. The number of the sampled points was
5000 (as in Fig. 5).

Fig. 7. Divergence − 1/Lmax versus determinism − DET .

break into smaller pieces. Rather then long slugs we ob-
serve air slugs and air bubbles of different sizes. Obviously,
they are moving in the water environment with different

speeds. For the condition q ≈ 0.065 (Fig. 5a) we observe
the spectacular effect of structure self-organizing which
corresponds to formation of series of short slugs with re-
peatable sizes (see Fig. 2). Interestingly, the parameters:
determinism − DET and laminarity − LAM are very
low but they are slightly increased around q ≈ 0.065. The
above tendency is confirmed also by the topological struc-
ture of the RPs measured by clustering (Fig. 6k) transi-
tivity − TRAN (Fig. 6l).

This small increase could be a spacio-temporal effect
similar to a coherent resonance in a noisy system [30]. Here
the turbulent based defragmentation of slugs generate an
increasingly stochastic component while the geometry of
minichannel with the determined diameter allows the res-
onating air formations of the specific length and volume.
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