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Abstract. There has been much interest in the superconducting properties of metal hydrides for the last
few years. The hydrogen-rich compounds are regarded as a way of hydrogen metallization at lower pressures
than that required for pure hydrogen. This paper deals with the thermodynamic properties of the super-
conducting state in niobium hydride (NbH4) at 300 GPa. All theoretical calculations have been conducted
within the framework of the strong-coupling Eliashberg theory. It has been stated that the critical temper-
ature (TC) is equal to 49.57 K when the Coulomb pseudopotential takes the commonly accepted value of
0.1. In the considered case, the ratio of the energy gap to the critical temperature (RΔ ≡ 2Δ (0) /kBTC),
the ratio of the specific heat jump to the heat of the normal state (RC ≡ ΔC (TC) /CN (TC)) and the
ratio connected with the thermodynamic critical field (RH ≡ TCCN (TC) /H2

C (0)) are equal to 3.91, 2.12
and 0.154, respectively. Above results differ significantly from the values predicted by the weak-coupling
Bardeen-Cooper-Schrieffer theory, which omits a very important role of the strong-coupling and phonon
retardation effects.

1 Introduction

Since Ashcroft suggested the possibility of the existence of
superconducting state in a metallic hydrogen [1] and in the
dense group IVa hydrides [2] there has been great inter-
est in compressed hydrogen-rich compounds [3–5]. These
materials are promising candidates for high-temperature
superconductors at lower pressures than pure hydro-
gen. Such a situation may occur owing to chemical pre-
compression exerted by heavier atoms in compounds with
a large hydrogen content [2].

For example, in the case of silane (SiH4) independent
experimental and theoretical works [6–8] have confirmed
the metallization at pressures of the order of 50−60 GPa.
Moreover, the transition from the normal to the supercon-
ducting state with critical temperature (TC) of 17 K has
been observed at 96 and 120 GPa [6].

On the other hand, in paper [9] the decomposition of
silane has been observed at a higher pressure of 50 GPa
and the transition to the metallic phase has not been
observed up to at least 130 GPa [10]. As a result of
the discussion, it was suggested that the previously mea-
surements could relate the PtH compound that has been
formed upon the decomposition of silane and the reac-
tion of released hydrogen with platinum metal that is
present in the diamond anvil cell [9]. These suppositions
were confirmed by performing the first-principles calcula-
tions [11,12]. However, there are currently no reports on
the experimental results.
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Other high-pressure hydrogenated materials have been
investigated mainly theoretically so far. The results pre-
sented in the literature suggest the existence of the
superconducting state at relatively high critical temper-
ature exceeding the boiling point of liquid nitrogen. In
particular, in the family of hydrogenated silicon: Si2H6

at 275 GPa and SiH4(H2)2 at 250 GPa, application of the
Allen-Dynes modified McMillan equation gives the highest
superconducting transition temperatures amounts 153 K
and 107 K, respectively [13,14]. In hydrogenated germane
GeH4(H2)2 at 250 GPa, TC is equals to 90 K [15] and
hydrogenated gallane GaH3 at 120 GPa is characterized
by TC = 102 K [16] (TC rises to 123 K when calculations
are conducted in the framework of the Eliashberg formal-
ism [17]).

One of the more interesting predictions is the existence
of the superconducting state in CaH6 compound at critical
temperature equal to 235 K or 243 K, depending on the
assumed method [18,19]. It should be noted that calcium
holds the record for the highest superconducting transi-
tion temperature (TC = 29 K) among all elements at high
pressure (p = 220 GPa) [20].

Motivated by the recent experimental and theoretical
progress in this area, we have carried out numerical calcu-
lation to explore in detail the thermodynamic properties
of superconducting state in hydrogenated niobium [21].
Let us note that at the atmospheric pressure, niobium
has the highest critical temperature of the elemental su-
perconductors (9.2 K). The theoretical studies conducted
for NbH, NbH2 and NbH4 also suggest an existence of
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the superconducting state. However, at normal condition
stable are only NbH and NbH2 with critical temperatures
lower than pure niobium, in particular [TC ]NbH = 2.4 K
and [TC ]NbH2 = 2.6 K. NbH4 is stable solely at high
pressure and can be a candidate for high-temperature su-
perconductor with a preliminary estimate of TC around
47 K [21]. Therefore, we focused our attention only on
this case.

Due to the high value of the electron-phonon cou-
pling constant (λ = 0.82) predicted for NbH4 our studies
have been conducted within the framework of the strong-
coupling Eliashberg formalism [22]. It should be under-
lined that materials with strong electron-phonon coupling
are poorly described by Bardeen-Cooper-Schrieffer (BCS)
theory of superconductivity. In these strong-coupling ma-
terials, phonon retardation effects play a very important
role [23]. A proper treatment of those effects was devel-
oped in Eliashberg theory which allows to reproduce the
superconducting properties of a conventional supercon-
ductor within an experimental accuracy. This approach
has been described in paper [24] and successfully used in
the study of other hydrogen-rich compounds [17,19,25],
and also in the study of materials for which is a possi-
bility of comparison of the theoretical and experimental
results (e.g. simple elements: Ca, S, Li, and compounds:
CaLi2, K3C60, Rb3C60, MgB2) [26–31]. Let us note that
our calculated results agree quantitatively with the avail-
able experimental data.

The central quantity in Eliashberg theory is the
electron-phonon spectral function α2F (Ω) which can be
determined from tunnelling experiments or calculated the-
oretically. In presented paper, all calculations were based
on the α2F (Ω) function determined by using the plane-
wave pseudopotential method within density functional
perturbation theory in paper [21].

2 Eliashberg formalism

The superconducting properties of conventional supercon-
ductors (materials with phonon-mediated pairing) can be
calculated within experimental accuracy by solving the
Eliashberg equations. The Eliashberg equations, formu-
lated on the imaginary-axis, can be written as [22,32]:

Zn = 1 +
1

ωn

π

β

M∑

m=−M

λ (iωn − iωm)√
ω2

mZ2
m + φ2

m

ωmZm, (1)

and

φn =
π

β

M∑

m=−M

λ (iωn − iωm) − μ∗θ (ωc − |ωm|)√
ω2

mZ2
m + φ2

m

φm. (2)

In equations (1) and (2), Zn ≡ Z (iωn) is the electron
mass renormalization parameter due to electron-phonon
interaction, and φn ≡ φ (iωn) is the order parameter func-
tion. Symbol ωn ≡ (π/β) (2n − 1), with n = 0,±1,±2, . . .
is the nth Matsubara frequency. β denotes the inverse
temperature β ≡ (kBT )−1, where kB is the Boltzmann

Fig. 1. (A) The order parameter on the imaginary axis for the
selected values of the temperature. (B) The full dependency of
the maximum value of the order parameter as a function of the
temperature.

constant. The pairing electron-phonon interaction is con-
tained in the kernel:

λ (z) ≡ 2
∫ Ωmax

0

dΩ
Ω

Ω2 − z2
α2F (Ω) , (3)

where the value of the maximum phonon frequency (Ωmax)
is equal to 275 meV. The effective Coulomb depairing in-
teraction between the electrons is described by the di-
mensionless Coulomb pseudopotential μ�. The quantity
θ denotes the Heaviside function, and ωc is a cut-off fre-
quency, chosen as ten times the maximum phonon fre-
quency: ωc = 10Ωmax.

The Eliashberg equations have been solved for
2201 Matsubara frequencies (M = 1100) with a typical
choice of Coulomb pseudopotential μ� as 0.1. In the con-
sidered case, the convergence of the solutions has been
obtained from T0 = 5 K.

3 Results and discussion

The dependency of the order parameter, defined as the
ratio: Δm ≡ φm/Zm, on the number of the Matsubara
frequencies m for the selected values of the temperature
and the full dependency of Δm=1(T ) have been presented
in Figures 1A and 1B, respectively. We can notice that
the maximum value of the order parameter (Δm=1) is de-
creasing with the growth of the temperature. This prop-
erty allows us to defined TC as the temperature at which
the order parameter becomes zero. In the case of NbH4 at
300 GPa TC = 49.57 K. At this point it should be noted
that the obtained result is different from the results pro-
vided by the analytical McMillan (McM) and Allen-Dynes
(AD) equations [33,34]. In particular, [TC ]McM = 44.22 K
and [TC ]AD = 46.77 K. This means that the value of the
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Fig. 2. (A) The wave function renormalization factor on the
imaginary axis for the selected values of the temperature.
(B) The full dependency of the maximum value of the wave
renormalization factor as a function of the temperature.

critical temperature in a strict way can be determined us-
ing the Eliashberg equations. Recently, it has been proved
for various conventional phonon-mediated superconduc-
tors in which the critical temperatures have been also de-
termined experimentally [26,29].

In Figure 2, the form of the wave function renormaliza-
tion factor on the imaginary axis, has been presented. Like
in the case of the order parameter, for the increasing values
of the Matsubara frequencies the values of Zm are decreas-
ing. However, in comparison with the order parameter, the
decrease is much slower (Fig. 2A). The dependence of the
maximum value of the wave function renormalization fac-
tor on the temperature has been presented in Figure 2B. It
can be seen, that together with the growth of temperature
Zm=1 slightly increases and reaches maximum at TC .

Thermodynamic properties of a superconductor can
be calculated from the free energy difference between the
superconducting and the normal state ΔF . Based on the
imaginary frequency axis solutions of the Eliashberg equa-
tions, the ΔF function has been calculated:

ΔF

ρ (0)
= −2π

β

M∑

n=1

(√
ω2

n + Δ2
n − |ωn|

)

×
(

ZS
n − ZN

n

|ωn|√
ω2

n + Δ2
n

)
, (4)

where ρ (0) is the value of the electron density of states at
the Fermi energy level. Symbols ZS

n and ZN
n denote the

wave function renormalization factors for the supercon-
ducting and the normal state, respectively.

In the next steep, the thermodynamic critical field has
been calculated from the free energy difference:

HC√
ρ (0)

=
√
−8π [ΔF/ρ (0)]. (5)

Fig. 3. The free energy difference (ΔF/ρ (0)) and the ther-

modynamic critical field (HC/
√

ρ (0)) as a function of the
temperature.

Fig. 4. The specific heat for the superconducting and the nor-
mal state as a function of the temperature. The inset shows
the differences of entropy (ΔS) and internal energy (ΔU).

The temperature dependencies of ΔF/ρ (0) and
HC/

√
ρ (0) have been shown in Figure 3.

The difference in the specific heat between the super-
conducting and the normal state (ΔC = CS−CN ) should
be calculated using the expression:

ΔC (T )
kBρ (0)

= − 1
β

d2 [ΔF/ρ (0)]
d (kBT )2

. (6)

The specific heat in the normal state can be calculated
from: CN (T )/kBρ (0) = γ/β, where the Sommerfeld con-
stant is given by: γ ≡ (2/3)π2 (1 + λ). The dependencies
of the specific heats on the temperature have been pre-
sented in Figure 4. Moreover, the inset of Figure 4 shows
entropy (ΔS) and internal energy (ΔU) differences be-
tween the superconducting and the normal state calcu-
lated from the following equations [35]:

ΔS ≡
∫ T

TC

CS (T ) − CN (T )
T

dT (7)
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Fig. 5. The real and the imaginary parts of the order parameter on the real axis for selected values of the temperature and
frequency range: ω ∈ 〈0, ωc〉. Additionally, the insets present the results for ω ∈ 〈0, Ωmax〉 on the background of rescaled
Eliashberg function (30α2F (ω)).

and

ΔU ≡
∫ T

TC

[
CS (T ) − CN (T )

]
dT. (8)

On this basis, we can conclude that the entropy and the in-
ternal energy of the superconducting state are lower than
that of the normal state owing to the ordering of the elec-
trons into pairs [36].

Based on the knowledge of the value of the critical
temperature, the thermodynamic critical field and the spe-
cific heat of the superconducting and the normal state, it
is possible to calculate the fundamental thermodynamic
relations:

RH ≡ TCCN (TC)
H2

C (0)
and RC ≡ ΔC (TC)

CN (TC)
. (9)

Due to the strong-coupling and retardation effects existing
in studied system, the values determined for dimension-
less ratios RH and RC differ from the predictions of the
BCS theory (0.168 and 1.43, respectively) [37,38]. In par-
ticular, for NbH4 at 300 GPa we obtained RH = 0.154
and RC = 2.12. Above ratios play very important role
in theory of superconductivity because they can be eas-
ily determined in experimental way and compared with
theoretical predictions. However, in the case of NbH4 the
experimental results are still lacking.

In order to calculate the third dimensionless ratio
of the energy gap to the critical temperature RΔ ≡
2Δ (0) /kBTC , the imaginary axis solution should be ana-
lytically continuing to the real frequencies.

In Figure 5, the shape of the order parameter for se-
lected values of temperature and for the range of the fre-
quencies from 0 to ωc has been presented on the real axis.
It can be observed, that for the low frequencies, the non-
zero values are taken only by the real part of Δ(ω). The

imaginary part is linked to dissipative processes (absorp-
tion or emission of phonons). At zero temperature and
zero frequency these processes are not possible and the gap
function is real [39]. At non-zero temperature and low fre-
quency they are very small, which explains the behaviour
noticed in the insets of Figure 5. For the high frequency we
can note that functions Re[Δ(ω)] and Im[Δ(ω)] are corre-
lated with the shape of the Eliashberg function. Next, we
can observe the characteristic sequence of the local max-
imums and minimums. Let us note, that because of the
repulsive Coulomb pseudopotential, the real and imagi-
nary part of the order parameter can give negative values.
In the range of the frequencies higher than 1500 meV,
the values of the order parameter becomes saturated and
focuses around the value of zero.

Moreover, in Figure 6 the order parameter on the com-
plex plane for the selected temperatures and for the fre-
quencies range from 0 to 2Ωmax has been plotted. We have
found that the values of Δ (ω) form the spirals with the ra-
dius that decreases together with the temperature growth.
One can also see, that the effective electron-electron in-
teraction is attractive (Re[Δ (ω)] > 0) in the range of the
frequencies from zero to ∼0.89Ωmax.

The physical value of the energy gap at the Fermi en-
ergy level has been calculated on the basis of the equa-
tion [40]:

Δ (T ) = Re [Δ (ω = Δ (T ) , T )] . (10)

In Figure 7A, the full dependence of the energy gap at
the Fermi level as a function of the temperature has been
presented. The obtained result proves, that the maxi-
mum value of the energy gap becomes saturated for the
temperature equal to 5 K. For this reason we assumed
Δ (0) � Δ (T (0)) = 8.35 meV. Next, the dimensionless
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Fig. 6. The order parameter on the complex plane for the
selected values of the temperature. The bold lines represent the
solutions for ω ∈ 〈0, Ωmax〉; whereas regular lines correspond
to the solutions for ω ∈ (Ωmax, 2Ωmax〉.

ratio RΔ has been determined. For NbH4 at 300 GPa, we
have obtained: RΔ = 3.91. The above result is bigger than
in the BCS model, where the dimensionless parameter RΔ

is equal to 3.53 [37]. It proved that the Eliashberg theory
for strong-coupling NbH4 superconductor should be used
instead of the BCS model. This is due to the fact that the
thermodynamic properties of the compounds with λ > 0.5
cannot be properly calculated within the framework of the
weak-coupling theory [41]. It is worth emphasising that
from the physical point of view, this is caused by the exis-
tence of the strong-coupling and retardation effects, which
are omitted in the BCS theory. In the framework of the
Eliashberg approach, these effects are characterized by the
parameter kBTC/ωln, where ωln denotes the logarithmic
phonon frequency:

ωln ≡ exp

[
2
λ

∫ Ωmax

0

dΩ
α2F (Ω)

Ω
ln (Ω)

]
. (11)

For the examined compound we have received ωln =
76.59 meV. In the case of NbH4 at 300 GPa, we have
obtained: kBTC/ωln � 0.056, when in the weak-coupling
limit, one can assume zero.

In the last step, the value of the electron effective mass
(m�

e) has been determined on the basis of the real part of
the wave function renormalization factor:

m�
e = Re [Z (0)] me, (12)

where me is the electron band mass.
In Figure 7B the functions Re[Z (ω)] and Im[Z (ω)] for

TC and ω ∈ 〈0, Ωmax〉 have been presented. Moreover, the
full dependence of Z (ω) as a function of the temperature
has been presented in Figure 7C. The obtained results
prove, that the maximum value of Z (ω) is observed for

Fig. 7. (A) The full dependence of the order parameter on
the temperature. (B) The dependence of the real and imag-
inary part of the wave function renormalization factor on
the frequency for the critical temperature (in the background
the rescaled Eliashberg function (3α2F (ω)) has been plotted).
(C) The full dependence of the wave function renormalization
factor on the temperature.

the critical temperature. For this reason we assumed that
the effective mass m�

e is high in the whole range of the
considered temperatures, and its highest value is equal to
1.96me for T = TC .

4 Conclusions

In the present paper, we have studied the superconduct-
ing state of the NbH4 compound at 300 GPa. The high
value of electron-phonon coupling constant (λ = 0.82) in-
dicating the necessity of using the Eliashberg equations
to determine the thermodynamic properties of this mate-
rial. In the first step, it has been stated that the critical
temperature is high for considered value of the Coulomb
pseudopotential (TC = 49.57 K for μ� = 0.1). Then, the
order parameter, the specific heat and the thermodynamic
critical field have been determined. On the basis of these
results, it has been proven that the values of the dimen-
sionless ratios RΔ, RC and RH differ significantly from
the predictions of the BCS theory. In particular, we ob-
tained the following results 3.91, 2.12, 0.154, respectively.
It is connected with fact that the Eliashberg formalism in
contrast to BCS model does not omit the strong-coupling
and retardation effects. The electron effective mass has
been also calculated. The maximum value of m�

e is equal
to 1.96me for critical temperature.
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