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1 National Centre for Nuclear Research, Pasteura 7, 02-093 Warsaw, Poland
2 Faculty of Physics, University of Warsaw, Pasteura 5, 02-093 Warsaw, Poland

Received: 25 July 2022 / Accepted: 8 November 2022 / Published online: 29 November 2022
© The Author(s) 2022
Communicated by Nicolas Alamanos

Abstract This article summarizes recent progress in our
understanding of the reaction mechanisms leading to the for-
mation of superheavy nuclei in cold and hot fusion reactions.
Calculations are done within the Fusion-by-Diffusion (FBD)
model using the new nuclear data tables by Jachimowicz et
al. (At Data Nucl Data Tables 138, 101393, 2021). The syn-
thesis reaction is treated in a standard way as a three-step
process (i.e., capture, fusion, and survival). Each reaction
step is analysed separately. Model calculations are compared
with selected experimental data on capture, fissionlike and
fusion cross sections, fusion probabilities, and evaporation
residue excitation functions. The role of the angular momen-
tum in the fusion step is discussed in detail. A set of fusion
excitation functions with corresponding fusion probabilities
is provided for cold and hot synthesis reactions.

1 Introduction

One of the biggest challenges in low-energy nuclear physics
is the synthesis and study of new superheavy nuclei (SHN).
Systematic experimental research performed over the past
30 years has finally led, with the discovery of element 118,
oganesson, to the completion of the 7th row of the peri-
odic table [1–5]. Unfortunately, experimental attempts to go
beyond Og have not been successful so far [2,6–9], mainly
due to the extremely low production cross sections. Many
theoretical models have been developed aiming at describ-
ing the SHN synthesis process (see, e.g. the review article
by Bao [10] and references therein). The overriding goal for
such models is to state the most suitable projectile-target
combintion and predict the optimal bombarding energy in
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the entrance channel at which the production cross-section
in a given exit channel is greatest. The other equally important
goal is to give a physical explanation of the fusion process in
collisions between heavy-ions.

This article provides an overview of the results obtained
within the Fusion-by-Diffusion (FBD) model, in which the
merging of the colliding ions is described using a diffusion
approach. The presented results were obtained using new
nuclear data tables for SHN [11], providing a consistent set
of masses, deformations, fission barriers, shell corrections,
etc. Both cold and hot fusion reactions will be discussed in
detail.

By cold fusion reactions, we understand reactions lead-
ing to the production of actinide and superheavy nuclei with
atomic numbers 102 ≤ Z ≤ 113 in the 1n evaporation chan-
nel [1,3]. In these reactions:

– The strongly bound target nuclei (208Pb or 209Bi) are
bombarded with projectiles ranging from Ca to Zn;

– The excitation energy of the resulting compound nucleus
is usually in the range of 10 to 20 MeV;

– As the target-projectile symmetry increases, the com-
pound nucleus production cross section decreases.

By hot fusion reactions, we understand reactions leading
to the synthesis of SHN with atomic numbers 112 ≤ Z ≤
118 in which [4]:

– The deformed actinide target nuclei (from U to Cm) are
bombarded with a doubly magic 48Ca projectile;

– The excitation energy of the resulting compound nucleus
is usually in the range of 30 to 40 MeV, and the dominant
evaporation channels are the 3n and 4n channels;

– The evaporation residue cross sections do not show any
strong dependence on the target-projectile symmetry and
are at the picobarn level.
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2 FBD model—physical background

The Fusion-by-Diffusion (FBD) model in its first form was
developed as a simple tool to calculate cross sections and
optimum bombarding energies for the class of 1n cold fusion
reactions [24,25]. A significant development of this model
was the incorporation of the angular momentum dependence,
that is, the contributions from successive partial waves to the
reaction cross section [26]. Further development of the model
included the incorporation of xn channels [27], which made
the description of the class of hot fusion reactions possi-
ble [28,29]. Recently, the model was extended by including
evaporation channels with light-charged particles emission
[30].

The fundamental assumption used to describe the for-
mation of superheavy nuclei (SHN) in fusion reactions is
Bohr’s hypothesis, which implies that all stages of the pro-
cess are independent. This hypothesis can be justified due
to the different time scales of the consecutive steps. There-
fore, the partial evaporation residue cross section, σER(l)
can be described as a product of the following factors: the
partial capture cross section σcap(l) = πλ̄2(2l + 1)T (l),
the fusion probability Pfus(l), and the survival probability
Pxn

surv(l). Thus, the total evaporation residue cross section for
the production of a given superheavy nucleus in its ground
state is

σER = πλ̄2
∞∑

l=0

(2l + 1)T (l) × Pfus(l) × Pxn
surv(l), (1)

where λ̄ is the wavelength, and λ̄2 = h̄2/2μEc.m.. Here μ is
the reduced mass of the colliding system, and Ec.m. is the
center-of-mass energy at which the reaction takes place.

Details of the calculations using the FBD model are
described in the following subsections. The capture and
fusion cross sections are descibed in Sects. 2.1 and 2.3, while
Sect.2.4 deals with the survival probability. Discussion of the
results is provided in Sect. 3. Finally, Sect. 4 provides a sum-
mary and prospects.

2.1 Capture cross section

In the FBD approach the capture transmission coefficients
T (l) in Eq. (1) are calculated in a simple sharp cut off approx-
imation. The upper limit lmax of full transmission (T (l) = 1)
is determined from the empirical systematics of the capture
cross sections for heavy nuclear systems [25,31].

Based on experimental results, it is assumed that the
entrance channel barrier B is not described by a single value
but by a distribution that can be well approximated by a Gaus-

sian function

D(B) = 1√
2πω

exp
(

− (B − B0)
2

2ω2

)
, (2)

described by two parameters, the mean barrier B0 and the
distribution width ω [25,31]. By folding the Gaussian bar-
rier distribution with the classical expression for the fusion
cross section one can obtain the formula for the capture cross
section

σcap = πR2 ω

Ec.m.

√
2π

[
X

√
π(1 + erf(X)) + exp(−X2)

]

= πλ̄2(lmax + 1)2, (3)

where: X = Ec.m.−B0

ω
√

2
, and erf(X) is the Gaussian error func-

tion.
The free parameters of formula 3: B0, ω, and the normal-

ization factor R are calculated using empirical systematics
obtained from analyzing experimentally measured fusion or
capture excitation functions for about 50 heavy nuclear sys-
tems for which the fusion probability is equal or close to
unity [31]. The distribution width ω was parametrized, tak-
ing into account the β2 deformations of both projectile and
target nuclei. In this paper we use the parametrization of B0,
ω, and R of Ref. [26].

2.2 Entrance channel barrier distribution

The entrance channel barrier distribution is a valuable source
of information for assessing the impact of structural effects
(such as vibrations) or the nucleon transfer processes on the
reaction dynamics [32–35]. The experimental barrier distri-
butions D(Ec.m.), which give the probability of encountering
a barrier of height B equal to Ec.m., are obtained from pre-
cisely measured fusion excitation functions [36] (for systems
with the fusion probability equal or close to one) or quasielas-
tic back-scattering cross section measurements [37].

The entrance channel barrier distribution depends on the
deformations of the projectile and target nuclei involved in
the reaction and their mutual arrangement. In the case of cold
fusion reactions, both 208Pb and 209Bi target nuclei, and the
vast majority of the projectiles have a spherical shape, which
makes the barrier distributions for these reactions very simi-
lar to the Gaussian function. In hot fusion reactions, deformed
target nuclei are bombarded with the spherical 48Ca projec-
tile. However, the barrier distribution can still be well approx-
imated by the Gaussian shape. As will be shown later, such an
approach reproduces the experimentally measured capture or
fissionlike cross-sections reasonably well.

In Fig. 1, panels (a) and (b), we compare barrier distribu-
tions derived from the quasielastic back-scattering data for
two cold fusion reactions, 48Ca + 208Pb and 50Ti + 208Pb
[12], with formula 2. Experimental barrier distributions,
−d(dσQE/dσR)/dEc.m., were obtained from the measured
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(a) (b)

(c) (d)

Fig. 1 a, b Entrance channel barrier distributions for 48Ca and 50Ti
projectiles incident on 208Pb target. Black points show the experimen-
tal data of Tanaka et al. [12], blue lines are the predictions of the FBD
model, and black lines show Gaussian fits to the data. c, d Points repre-
sent the experimentally measured capture or fissionlike cross sections
taken from Refs. [13–18], solid lines show calculations corresponding
to the barrier distributions in a and b. See text for details

excitation functions for the quasi-elastic back scattering cross
section (σQE) relative to the Rutherford cross section (σR).
The blue line shows the barrier distribution obtained with
the empirical systematics of B0 and ω of Ref. [26], while the
black line is the fit of formula 2 to the experimental data with
B0 and ω as free parameters.

The colored arrows in Fig. 1 indicate the correspond-
ing values of the mean barriers B0 from the fit and the
model. It is difficult unequivocally to decide which of the
two approaches describes the experimental distributions bet-
ter. For 48Ca induced reactions, both methods lead to a similar
barrier distribution, while in the case of 50Ti, the two distri-
butions have different widths. In both cases, calculated and
fitted values of the mean barriers do not differ by more than
2 MeV.

The corresponding capture cross sections calculated using
Eq. (3) are shown in panels (c) and (d) in Fig. 1, along with
the experimental data on capture or fissionlike cross sections
from various measurements [13–18]. As before, the blue lines
show calculations using parameters from the systematics.
The black lines are the capture cross sections calculated with
the B0 and ω obtained from the fits to the experimental bar-
rier distributions. For the 48Ca +208 Pb reaction, the cap-
ture excitation functions are simply shifted relative to each
other by the difference in B0. For the 50Ti +208 Pb reaction,
the observed discrepancies result mainly from the difference
in the widths, ω. However, the discrepancies decrease with

increasing energy and both functions are in good agreement
at energies around and above B0.

Panels (a) and (b) in Fig. 2 show the barrier distributions
for two 48Ca induced reactions on actinide targets, 238U and
248Cm [19]. The data were analyzed in the same way as in
Fig. 1. In both cases, the calculated and fitted mean barrier
values do not differ by more than 2 MeV. However, the widths
are different, which leads to discrepancies in the predicted
capture cross sections (see panels (c) and (d)). Comparison
with the experimental data from Refs. [20–23] favors the
parametrization used in the FBD model at energies below the
mean barrier, B0. For higher incident energies, both capture
excitation functions overlap. Since in hot fusion reactions the
incident energies are close to or above the mean barrier B0,
we consider the parametrization of Ref. [26] valid for these
reactions.

The target and projectile deformations may generally lead
to various configurations of colliding ions in the entrance
channel [19]. In our simple approach, these effects (although
not directly) are partially taken into account in the width ω

and the mean value of the barrier distribution B0. The edges
of the barrier distribution correspond to the tip-to-tip orien-
tation on the lower energy side and the equatorial configu-
ration of the two interacting ions on the higher energy side.
Since, in hot fusion reactions, all possible orientations can
appear, we interpret B0 (disregarding vibrations of the nuclei
and the couplings of these vibrations to rotations and other
dynamical second-order effects) as the barrier height which
corresponds to the optimal geometrical configuration in the
entrance channel.

For superheavy systems, calculated capture cross sections
(Eq. (3)) usually exceed the experimental values. There are
two reasons for this. The first is related to the difficulty in
determining capture or fissionlike cross sections in the exper-
iments. The measured cross sections for the same system
made by different groups may differ significantly from each
other due to the use of different experimental setups and anal-
ysis methods (see lower panels in Figs. 1 and 2).

The second reason is physical in nature. At higher inci-
dent energies, especially above B0, the contribution from the
higher partial waves to the total cross section increases. The
more peripheral collisions lead to projectile-target geomet-
ric configurations close to the “asymmetric” fission saddle,
bringing the system to a fast asymmetric split before reaching
an equilibrium state. This effect increases with the increase
of the charge asymmetry of the target-projectile system, mak-
ing the discrepancies between calculations and experimen-
tal data greater, especially in the case of cold fusion reac-
tions [13]. Some authors suggest introducing a scaling of
the capture excitation functions to account for this cross-
section reduction (see, for example, Fig. 2 in Ref. [13]). In
the FBD model, all the phenomena that reduces the prob-
ability of reaching a compound nucleus configuration after

123



231 Page 4 of 18 Eur. Phys. J. A (2022) 58 :231

(a) (b)

(c) (d)

Fig. 2 a, b Entrance channel barrier distributions for the 48Ca+ 238U
and 48Ca +248Cm reactions. Black points show the experimental data
of Tanaka et al. [19], blue lines are the predictions of the FBD model,
and black lines show Gaussian fits to the data. c, d Points represent
the experimentally measured capture or fissionlike cross sections taken
from Refs. [20–23], solid lines show calculations corresponding to the
barrier distributions in a and b. See text for details

overcoming the entrance channel barrier are included in the
subsequent step of the calculations - the fusion probability.

2.3 Fusion cross section

The next step, the merging of the interacting system and
reaching the compound nucleus (CN) configuration, is the
least studied and the most difficult to describe part of the
formation of superheavy nuclei.

In the FBD model, we assume that just after overcoming
the entrance channel barrier, the neck formed between the
colliding nuclei grows much faster than the changes in the
remaining collective degrees of freedom, i.e., system elon-
gation and its mass asymmetry [24,25]. This fast neck zip-
ping locates the colliding system at a certain point, which
we call the “injection point”. This point is located in the
asymmetric fusion-fission valley of the compound nucleus
in three-dimensional (asymmetry, neck parameter, and elon-
gation) potential energy surface and marks the beginning of
the diffusion process. At this moment, the available kinetic
energy that remains after passing the entrance channel bar-
rier is already transformed into internal degrees of freedom
in the over-damped regime.

The shape parametrization used in the model to describe
the interacting system is that of two spheres joined smoothly
by a third quadratic surface and is adapted from Ref. [38] and
presented in Fig. 3. The elongation of the system is defined as

Fig. 3 Shape parametrization adapted from Ref. [38] of the two inter-
acting fragments with radii R1 and R2, the centers of which are at the
distance r . The total length of the system and the surface separation
distance are denoted by L and s, respectively. The thickness of missing
lenses, l1 and l2, is a measure of the degree of opening of the neck or
window through which the fragments communicate

L = 2(R1 +R2)+s, where R1 and R2 are the radii of the two
spheres, and s is the distance between their surfaces, which
can be negative in case of compact shapes (see Refs. [38]
and [26] for more details). The distance separating the sur-
faces of the two colliding heavy ions when the fusion starts
will be denoted as the “injection point” distance sinj. This
distance is the adjustable parameter of the model and is used
to calculate the fusion probability. The method of estimat-
ing this key model parameter is described later in the text.
The elongation of the system corresponding to the “injection
point” distance sinj will be denoted by L inj.

In order to fuse, the system must overcome the saddle
separating the “injection point” from the compound nucleus
configuration. In the diffusion approach, this happens by ther-
mal fluctuations in the shape degrees of freedom. The fusion
probability, Pfus(l), may be derived by solving the Smolu-
chowski diffusion equation. (Note that the fusion probability
is, in general, an l-dependent quantity.) Let us denote the
elongation of the system at the macroscopic saddle by Lsp.
When L inj > Lsp the barrier separating the “injection point”
from the compound nucleus configuration is at the front and
the system has to climb uphill to overcome the saddle. In
the L inj < Lsp case the “injection point” configuration is
more compact than the saddle configuration, and the system
is already behind the barrier. In the latter case, the barrier
prevents the system from re-separation by reducing the out-
going flux of particles. Assuming that the internal barrier has
height H(l) and the form of an inverted parabola one gets
[24]

Pfus(l) = 1

2

⎧
⎨

⎩
1 + erf

√
H(l)
T : L inj < Lsp

1 − erf
√

H(l)
T : L inj ≥ Lsp

. (4)
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Fig. 4 The “injection point” systematics obtained for the set of 1n cold
fusion reactions [39–60] using the new nuclear data tables [11]. If not
shown explicitly, targets were 208Pb or 209Bi. The color of the points
indicates the laboratory where the reaction was studied: LBNL (red),
GSI (black), RIKEN (blue). See text for details

where T is the average temperature during the fusion process
(see [26] for details).

The energy threshold H(l) opposing fusion in Eq. (4) is
calculated as the difference between the energy of the sad-
dle point Esp and the energy of the combined system at the
“injection point” Einj, corrected by the rotational energies of
these configurations,

H(l) = (Esp − Einj) + (E rot
sp (l) − E rot

inj (l)). (5)

Energies Esp and Einj are calculated using algebraic expres-
sions listed in Section C in Ref. [26] approximating the poten-
tial energy surfaces obtained by Błocki and Świa̧tecki [38].
These surfaces take into account the most important collec-
tive variables describing the fusion process, such as mass
asymmetry, the neck variable, and the system elongation.
Rotational energies at the injection point E rot

inj (l) and the

saddle point E rot
sp (l) are calculated assuming the rigid-body

moments of inertia for the particular shapes [26].
In this review, we present new parametrizations of the

“injection point” distance for both cold and hot fusion reac-
tions. The expression for the “injection point” distance sinj

can be derived from the experimental data by fitting Eq. (1)
to the maxima of the measured evaporation residue cross sec-
tions. One expression is used for cold fusion reactions and the
other for hot fusion reactions, each of these expressions con-
tains two fitted parameters, see Eqs. (6) and (7), and Ref. [26]
for the fitting procedure. The “experimental” sinj values are
obtained in a model - dependent way, assuming particular
theoretical values of the ground state masses, fission barrier
heights, and other relevant properties of SHN, such as defor-
mation parameters and shell corrections. In this work, all

Fig. 5 The “injection point” systematics obtained for the set of 2n-5n
hot fusion reactions with a 48Ca projectile studied in Refs. [61–80].
Target nucleus and reaction channel are given in the legend for each
reaction. The color of the points indicates the experimental setup used
to study a given reaction: DGFRS (blue), SHIP (dark-green), TASCA
(red), BGS (black). For three reactions only the upper limit of sinj was
established

necessary input data were taken from the new nuclear data
tables of SHN by Jachimowicz et al. [11].

Figure 4 shows the new parametrization of the “injection
point distance” for cold fusion reactions as a function of the
excess of the center-of-mass energy Ec.m. over the mean bar-
rier B0. Each point in the figure represents the value of the sinj

distance obtained from the fit to experimentally measured 1n
evaporation residue cross sections for 27 cold fusion reac-
tions [3,39–60]. The systematics can be approximated by a
straight line in the form:

sinj = 0.878 fm − 0.294 × (Ec.m. − B0) fm/MeV. (6)

A similar (approximately linear) behavior of the sinj distance
as a function of Ec.m. − B0 was also obtained by solving
Langevin-type equations in Ref. [81].

The new parametrization for hot fusion reactions is shown
in Fig. 5. In this case, sinj values were obtained from 24
evaporation residue cross sections (2n-5n) for 48Ca reactions
incident on various actinide targets measured with DGFRS
[61–74], SHIP [75], BGS [76,77], and TASCA [78–80]. This
systematics can also be approximated by a straight line:

sinj = 3.291 fm − 0.196 × (Ec.m. − B0) fm/MeV. (7)

The shaded areas in Figs. 4 and 5 correspond to the sinj

error corridors, which were estimated to be ±1 fm. This
will later be used to estimate the uncertainties in the cal-
culated fusion probabilities. The parametrizations given by
Eqs. (6) and (7) can be used to predict the fusion probabil-
ities and evaporation-residue cross sections for non-studied
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colliding systems. However, they should be used for interpo-
lation rather than extrapolation beyond the range of studied
values of Ec.m. − B0. Negative values of the sinj distance
would correspond to a large overlap of the density distribu-
tions at the first reaction stage, which is not realistic in low
energy nuclear collisions. Therefore, for cold fusion reac-
tions in collisions at energies higher than a few MeV above
B0, we assume sinj = 0 (allowing a deviation in the range
of the error corridor given). For the hot fusion reactions this
limit can be extended to about 15 MeV above B0.

The sinj distance determines the relative position between
the “injection point” and the saddle point, which has to be
overcome by the interacting system in order to fuse. The
closer the distance the lower the internal fusion barrier (see
Eq. (5)). In the case of the hot fusion reactions, the saddle
is always “symmetric” (which means that it is located along
the symmetric fission valley and might be associated with the
CN fission saddle point). In cold fusion reactions, this is not
always the case. For lighter systems, such as 48Ca + 208Pb
or 50Ti +208 Pb, the potential energy surface topology shows
two distinct saddles. In addition to the “symmetric” saddle,
there is an “asymmetric” one which is usually located closer
to the “injection point”. Which saddle has to be overcome
depends on the incident energy and angular momentum.

As an example, the heights H(l) of the internal fusion bar-
riers for “symmetric” and “asymmetric” saddles are shown in
Fig. 6 for the 50Ti + 208Pb reaction. Calculations were done
using Eq. (5) at a center-of-mass energy equal to 205 MeV,
thus above B0, when the sinj = 0 limit is already reached.
At lower partial waves, the “asymmetric” saddle dominates.
After passing this saddle, the system slides down towards the
CN configuration (the “symmetric” saddle is lower in energy
and does not hinder the process). Since the “symmetric” sad-
dle is much more compact, at l ≈ 25, it starts to dominate
in the process. As the “injection point” is outside the “sym-
metric” saddle, the system must now climb uphill in order to
fuse. As one can see, the influence of the rotational energy
becomes essential to the fusion hindrance as H(l) quickly
increases with increasing l.

Examples of the fusion probability calculations for the
50Ti + 208Pb reaction are shown in Fig. 7. Blue lines show
the fusion probabilities Pfus(l) for selected values of angu-
lar momentum (l = 0, 20, 40, and 60) as a function of
Ec.m. − B0. Let us start the discussion by analyzing cen-
tral collisions. For l = 0 the height of the barrier is simply
the difference between the “asymmetric” saddle point energy
and the energy of the combined system of the projectile and
target nuclei separated by the distance sinj (see Eq. (5) and
Fig. 6). As the available energy increases, the “injection point
distance” decreases (see Fig. 4), leading to a lowering of the
barrier height. This leads to the rapid growth of the fusion
probability, which is eventually stopped when the sinj = 0
limit is reached.

Fig. 6 The heights H(l) of the internal fusion barriers for the “symmet-
ric” and “asymmetric” saddles as a function of the angular momentum
l. Calculations for the 50Ti + 208Pb reaction at a center-of-mass energy
Ec.m. = 205 MeV. See text for details

For higher partial waves (l > 25), the more compact,
“symmetric” saddle becomes dominant (see Fig. 6). As the
height of the internal barrier H(l) increases with increasing l,
fusion becomes less and less likely. A steady increase of the
fusion probability observed at higher energies is due to the
heating up of the interacting system as more of the interaction
energy is dissipated (see Eq. (4)).

It is impossible to measure the fusion probability for a
given l-value, therefore we define a quantity

< Pfus >= 1

(lmax + 1)2

lmax∑

l=0

(2l + 1) × Pfus(l), (8)

which is the fusion probability “averaged” over all angular
momenta contributing to the fusion cross section at a given
energy. This formula can be compared with the experimental
data, and we will refer to it as the averaged fusion probability.

The averaged fusion probability < Pfus > for the 50Ti
+ 208Pb reaction discussed above is shown in Fig. 7 by the
black line. The dependence of < Pfus > on the energy (when
Ec.m. > B0) is based on two opposite effects and may be
briefly described as follows: the higher the center-of-mass
energy, the more partial waves contribute to the process but,
higher l-values lead to higher fusion barriers, and conse-
quently smaller partial fusion probabilities Pfus(l). There-
fore, Eq. (8) automatically takes into account the physical
effect of a limiting angular momentum for fusion process.

The averaged fusion probability in the latter part of this
article is used to calculate the fusion cross section which can
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Fig. 7 The fusion probabilities Pfus(l) for the 50Ti + 208Pb reaction
calculated for selected values of angular momentum l (blue lines) as a
function of Ec.m. − B0 (lower x-scale) or excitation energy E∗ (upper
x-scale). The black line shows the averaged fusion probability < Pfus >

given by Eq. (8)

then be compared with the experimental results:

σfus = πλ̄2
lmax∑

l=0

(2l + 1)T (l)Pfus(l) = σcap× < Pfus > .

(9)

2.4 Survival probability

The last term in Eq. (1) represents the survival probability
Pxn

surv(l), i.e., the probability that the excited fusion prod-
uct will avoid fission during the deexcitation process and
reach the ground state of the final nucleus. The deexcitation
can occur through the emission of neutrons, light-charged
particles, and gamma rays. However, in the case of excited
SHN, usually, only the competition between fission and neu-
tron emission plays a role. The emission of light-charged
particles, despite lower separation energies than those for
neutrons [11], is hindered by the necessity to overcome the
Coulomb barrier [30]. In turn, gamma-ray emission mainly
occurs at low excitation energies, below fission thresholds,
and does not significantly affect the survival probability. So
far, there have been no reports on the observation of light-
charged particle emission in the 48Ca reactions incident on
actinide targets. Recently revised data shows that the p chan-
nel was populated in the 50Ti + 209Bi reaction [82], which is
the only known case for cold fusion reactions so far. However,

channels such as pxn and αxn might get more attention in
the future with the availability of more intense beam currents.
The possibility of production of new SHN in these channels
is discussed in [30,83–85].

Results presented in this study were obtained assuming
competition between fission and neutron emission only, using
formulas and methods described in [26,27]. Below we briefly
summarize how the survival probability is calculated within
the FBD model. One modification regarding the calculation
of neutron kinetic energies was introduced and is described
later.

The survival probability Pxn
surv(l) is calculated using the

standard statistical methods by applying the Weisskopf for-
mula for the neutron emission width

�n = gmnσn

π2h̄2ρG.S.

∫ Xn

0
ρn(Xn − εn)εndεn, (10)

and the conventional expression of transition-state theory for
the fission width

�f = 1

2πρG.S.

∫ Xf

0
ρf(Xf − εf)dεf , (11)

where εn and εf are the kinetic energies taken away by the
neutron and the two fission fragments, respectively. The inte-
gral upper bounds, Xn and Xf , are the maximum available
excitation energies of the system after neutron emission or at
the fission saddle point. These energies were calculated also
taking into account the differences in the rotational energies
between the CN and the appropriate final shapes (the daugh-
ter nucleus after neutron emission or the fission saddle point).
In the formula for the neutron decay width g,mn, and σn stand
for the neutron spin degeneracy, neutron mass, and the cross
section for neutron capture in the inverse process. In both
formulas, ρG.S. is the primary compound nucleus level den-
sity calculated at its excitation energy, while ρn is the level
density after neutron emission and ρf at the saddle-point con-
figuration. To evaluate the integrals in Eqs. (10) and (11) we
use the Fermi-gas-model level densities ∝ exp 2

√
aU , where

U is the effective excitation energy of the nucleus corrected
for rotational and pairing energies. The level density param-
eters an and af characterizing the neutron emission and fis-
sion saddle point configurations are calculated using shape-
dependent formulas proposed by Reisdorf [86], with shell
effects accounted for by the Ignatyuk formula with standard
damping energy [87]. See [26] for details.

In cold fusion reactions, when only one neutron is emitted
in the deexcitation process, the survival probability is simply
given by the ratio of the neutron decay width �n and the total
neutron plus fission width �tot = �n + �f , multiplied by the
probability P< that the excitation energy (after the emission
of the neutron) is less than the threshold for next chance
fission or next neutron emission, whichever is lower (see Eq.
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Fig. 8 Averaged survival probability < Pxn
surv > for the excited 297Og∗

compound nucleus. Neutron evaporation channels from 1n to 6n are
shown by colored lines. The lower x-axis shows the center-of-mass
energy available in the collision, while the upper x-axis shows the cor-
responding excitation energy of 297Og∗. The arrow indicates the value
of the mean entrance channel barrier B0

32 in [26]). In hot fusion reactions, more neutrons can be
emitted due to the higher excitation energy of the compound
nucleus, and the survival probability is given by the standard
expression

Pxn
surv(l) =

x∏

i=1

( �n

�n + �f

)

i
× P<, (12)

where x indicates the number of emitted particles. The
expression in parentheses is calculated for each step of the
evaporation cascade using appropriate decay widths, while
P< applies only for a specified final channel. Calculations
take into account the change in excitation energy due to neu-
tron emission while spin reduction is not considered (s-wave
emission).

In this paper, we modify the method of calculating the neu-
tron kinetic energy εk carried away at each evaporation step.
In our previous papers, we assumed that each neutron car-
ries away an energy equal to the expected value ε̄k resulting
from the shape of the neutron evaporation spectrum (which is
proportional to the expression ρn(Xn − εn)εn under the inte-
gral in Eq. (10)). Such a simplification allowed us to calcu-
late evaporation residue cross sections without using Monte
Carlo methods [27].

The exact spectrum can be well approximated by the
standard Maxwell-type neutron evaporation spectrum pro-
portional to εk exp(−εk/T ), where T is the temperature of
the transition state for neutron emission (at a given exci-
tation energy). In this paper, neutron kinetic energies are
randomly selected from Maxwell-type distribution, and the
final survival probability is obtained using the Monte Carlo
method. This approach better describes the overall shape of
the experimentally observed excitation functions. The evapo-
ration residue cross section maxima obtained with the Monte
Carlo method are in agreement with the values obtained using
the simplified method.

Decay widths are sensitive to the input data used, such
as ground state masses, fission saddle point masses (fission
barrier heights), shell corrections, and nuclear deformations.
The dependence of the level density parameters on the excita-
tion energy may also play a significant role in the competition
of different evaporation channels, as recently demonstrated
in Refs. [88,89]. Undoubtedly, the heights of the fission bar-
riers are decisive for the probability of survival. For instance,
a change of 1 MeV in the height of the fission barrier at some
stage of the evaporation cascade may result in a more than
one order of magnitude change in the survival probability for
consecutive channels [28]. Therefore, it is crucial in the cal-
culations to use a coherent set of nuclear data which reliably
describes the properties of SHN.

In this study all necessary input data were taken from
[11], where calculations of basic nuclear properties for 1305
heavy and superheavy nuclei with Z = 98 − 126 and
N = 134 − 192 were performed using the microscopic-
macroscopic Warsaw method with a deformed Woods-
Saxon single-particle potential [90] and the Yukawa-plus-
exponential macroscopic energy [91] taken as the smooth
part. Ground-state shapes and masses were found by min-
imization over seven axially-symmetric deformations. A
search for the fission saddle points was performed using
the “imaginary water flow” method with five- (for nonax-
ial shapes) and seven-dimensional (for reflection-asymmetric
shapes) deformation spaces. For systems with odd numbers
of protons, neutrons, or both, a standard BCS method with
blocking was used.

An example of the survival probability calculations for
the excited 297Og∗ nucleus formed in the fusion of 48Ca and
249Cf nuclei is shown in Fig. 8. The survival probability for
each channel was averaged over all angular momenta con-
tributing to the fusion cross section at a given energy in the
same way as the fusion probability in Eq. (8). In the region of
SHN, the fission barrier heights are comparable to the neutron
separation energies. In fact, for most of the superheavy nuclei
considered in this article, fission barrier heights are lower
than neutron separation energies, which highly reduces the
survival probability. This can be seen in the discussed exam-
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(a) (b) (c)

Fig. 9 The averaged fusion probability < Pfus > as a function of the
center-of-mass energy for three cold fusion reactions induced by 48Ca,
50Ti and 54Cr projectiles on a 208Pb target. Experimental data are taken

from [13,18]. The FBD model calculations (Eq. (8)) are shown by solid
lines together with error corridors. Arrows show the positions of the
entrance channel barriers B0

ple, where each further emitted neutron reduces the chance
of surviving fission by at least two orders of magnitude.

3 Results and discussion

As presented in the previous sections, the FBD model can
describe different stages of the process leading to the forma-
tion of SHN. In this section, we compare the model predic-
tions with selected experimental data on fusion probabilities,
fusion cross sections, and evaporation residue cross sections.
These comparisons need to be taken with caution. In addi-
tion to the different methods of experimental data analysis
applied by distinct groups, such as background subtraction,
mass gates and detection efficiencies, some problems arise
from the fact that the fusion probability can not be directly
measured. However, some quantitative and qualitative com-
parisons are possible.

We will begin the discussion with the fusion probabilities
for cold synthesis reactions. Unfortunately, the amount of
experimental data on this topic is rather limited. Recently, the
symmetric-peaked fission cross sections σsym were measured
for 48Ca, 50Ti, and 54Cr projectiles incident on a 208Pb tar-
get [13]. The measurements allowed upper limits on the CN
formation probabilities Psym (which can be compared with
the calculated fusion probabilities) to be estimated at ener-
gies around and above the interaction barrier B0 for all three
reactions. The Psym probabilities were derived in Ref. [13]
in a model-dependent way by dividing measured σsym cross
sections by scaled measured total fission-like cross sections.
Scaling factors were estimated using the CCFULL model
based on the coupled channels formalism [93].

The comparison of the Psym values from Ref. [13] with
the averaged fusion probabilities < Pfus > (Eq. (8)) is show
in Fig. 9. The FBD model calculations are shown with the
error corridors resulting from the uncertainty in the “injection
point” systematics (see Fig. 6). Data from Ref. [13] cover
energies around and above the interaction barrier B0 only.
However, for the 50Ti + 208Pb reaction, additional data for
energies up to 10 MeV below B0 are also available [18] (open
triangles in Fig. 9b).

For 48Ca and 50Ti induced reactions on a 208Pb target,
the data points from Ref. [13] are clearly above the model
calculations, but as mentioned previously, these data repre-
sent the upper limit to the fusion probabilities. For the 50Ti
+ 208Pb reaction the steep fall in the fusion probability at
the sub-barrier energies is exactly reproduced (B0 values are
indicated by the arrows in Fig. 9). For the 54Cr + 208Pb reac-
tion the calculations are in agreement with the data within the
error corridor. In this case the model predictions slightly sur-
pass the experimental data. Experimental fusion probabilities
for this reaction were extracted using more restricted mass
gates applied to symmetric fission fragments and a different
method of background subtraction than for the reactions with
48Ca and 50Ti projectiles.

In Fig. 10 we show the calculated fusion cross sec-
tions (Eq. (9)) together with the experimentally measured
symmetric-peaked cross sections σsym from Ref. [13] for the
same three cold fusion reactions. (The σsym values are not
given explicitly in [13]. However, they can be easily derived
using data presented in the paper and corresponding sup-
plementary material. See Ref. [92] for details.). As can be
seen in Fig. 10, the model works best in the most important
energy region, i.e., around the mean entrance channel barrier
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Fig. 10 Compound nucleus formation cross sections, σfus, for the
48Ca +208 Pb, 50Ti +208 Pb, and 54Ca +208 Pb reactions. Points were
derived from the experimental data presented in Ref. [13]. Solid lines
show the predictions of the FBD model. Dashed lines show calculations
for two extreme orientations of spherical target and 54Cr projectile in the
entrance channel. The arrows indicate the values of the mean entrance
channel barrier, B0, for each reaction. See text for details. Adapted
from [92]

energies, thus close to the optimal bombardment energies
for 1n reaction channels. At higher center-of-mass energies,
the experimentally measured fusion cross sections exceed
the calculated values by several times. Even if the σsym val-
ues represent the upper limits to the fusion cross sections,
such discrepancies are not expected. To obtain the fusion
cross section, one has to subtract the background from sym-
metric and asymmetric quasi-fission events, which, as the
authors of [13] pointed out, is not straightforward. One can
also expect some uncertainties in the model calculations. The
parabolic approximation of the shape of the internal fusion
barrier that we use allows the solution of the Smoluchowski
diffusion equation in the analytical form only if the tempera-
ture is sufficiently low and the thermal fluctuations are small.
These conditions are not met at high excitation energies. The
calculated values of the fusion cross sections at excitation
energies above 40 MeV should be treated as extrapolations.
More detailed analysis of the 48Ca, 50Ti, and 54Cr reactions
with a 208Pb target done within the FBD model framework
can be found in Ref [92].

Fusion probabilities for hot fusion reactions were extracted
from several experiments (see for instance Refs. [20,23,94,
95]). These measurements were all analyzed using similar
methods. We will discuss here the results for two reactions
only, namely 48Ca + 244Pu and 48Ca + 248Cm, reported in
Ref. [23]. The experimentally measured fissionlike cross sec-

(a)

(b)

Fig. 11 The experimentally measured fissionlike cross sections (black
triangles), cross sections for mass-symmetric fission σsym (within an
ACN/2±20 mass gate; blue circles), and the component of these mass-
symmetric fission events attributed to fusion-fission (blue-dashed lines)
for 48Ca + 244Pu (a) and 48Ca + 248Cm (b) [23]. Black and blue solid
lines represent capture cross sections σcap and fusion cross sections σfus
(with error corridors) calculated within the FBD model

tions, the cross sections for mass-symmetric fission σsym

(within an ACN/2 ± 20 mass gate), and the component of
these mass-symmetric fission events attributed to fusion-
fission for these two reactions are shown in Fig. 11 by black
triangles, blue circles, and blue-dashed lines respectively.
The experimental values of σsym comprise quasifission and
fusion-fission events (there was no background subtraction),
while the estimated fusion-fission component is equivalent
to the upper limit for the fusion cross section for the respec-
tive reaction (see Ref [23] for more details). The FBD model
calculations are also shown in the figure. Black solid lines are
the capture cross sections calculated using Eq. (3), and blue
solid lines with error corridors are the fusion cross sections
obtained with Eq. (9). The shapes of the fissionlike excita-
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(a)

(b)

Fig. 12 a Averaged fusion probability < Pfus > as a function of the
center-of-mass energy for 48Ca, 50Ti, 54Cr, 56Fe, 64Ni and 70Zn pro-
jectiles on 208Pb (black lines) and 209Bi (red lines) targets. The blue
line, marked (1n)max, joins < Pfus > values at the maxima of the cal-
culated 1n evaporation residue cross sections. b Corresponding fusion
cross sections, σfus. The blue line joins σfus values at the maxima of the
calculated 1n evaporation residue cross sections

tion functions are quite well reproduced within the model.
However, the calculated fusion cross sections are well below
the experimentally estimated upper limits (blue-dashed lines
on Fig. 11).

Figures 12 and 13 show the summary of the averaged
fusion probabilities and fusion cross section calculations for
cold and hot synthesis reactions. In the top panel of Fig. 12 we
present averaged fusion probabilities < Pfus > (see Eq. (7))
calculated for a set of cold fusion reactions induced by pro-
jectiles ranging from 48Ca to 70Zn on 208Pb and 209Bi targets.
The target nuclei are distinguished by the line color. Black
lines correspond to reactions incident on 208Pb and red lines
on 209Bi. The blue line connects points corresponding to the
theoretical average fusion probabilities for the maxima of the

(a)

(b)

Fig. 13 a Averaged fusion probability < Pfus > as a function of the
center-of-mass energy for 48Ca induced reactions on indicated actinide
targets. The black and blue lines, marked (3n)max and (4n)max, join
< Pfus > values at the maxima of the calculated 3n and 4n evaporation
residue cross sections, respectively. b Corresponding fusion cross sec-
tions, σfus. The black and blue lines join σfus values at the maxima of the
calculated 3n and 4n evaporation residue cross sections, respectively

1n evaporation residue excitation functions. The < Pfus >

at the optimum bombarding energy for the 1n channel drops
five orders of magnitude with the change of the projectile
nucleus from 48Ca to 70Zn.

This dependence confirms the known fact that an increase
in the symmetry of the colliding system is not conducive
to the success of the synthesis. This is a topological effect
related to the disadvantageous position of the sticking con-
figuration to the fusion saddle that must be overcome. The
greater the initial symmetry, the deeper the system is under
the fusion barrier and the less chance it has to overcome it.

Figure 12b shows the fusion cross sections σfus (see
Eq. (9)) for cold fusion reactions. The behavior of the fusion
excitation functions is defined by the rapid growth of the
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fusion probability up to a few MeV above B0. At energies
above the mean entrance channel barrier, the increase of
the capture cross section is compensated by the decrease in
fusion probability which results in a steady and slow growth
of the fusion cross section. As mentioned before, this effect is
associated with the suppression of contributions from higher
partial waves to the cross section at higher bombarding ener-
gies.

In Fig. 13 we present calculated values of < Pfus > and
the corresponding σfus cross sections for a set of hot fusion
reactions of the 48Ca projectile incident on various actinide
targets, from 242Pu to 249Cf. This set represents the reac-
tions in which superheavy elements with atomic numbers
114 ≤ Z ≤ 118 were discovered. The top panel shows aver-
aged fusion probabilities < Pfus >. The black and blue lines
connect points showing < Pfus > values corresponding to
the maxima of the theoretical evaporation residue excitation
functions for 3n and 4n channels. Trends of these lines are
different from the trend observed for the 1n cold fusion reac-
tions. Values of fusion probabilities for a given evaporation
channel are almost constant. The averaged fusion probability
for the 3n channel is of the order of 5 × 10−3 and for the 4n
of the order of 2 × 10−2.

The corresponding σfus cross sections are shown in
Fig. 13b. The entrance channel barriers B0 and the barrier
distribution widths ω for the discussed reactions are similar
(see Figs. 2 and 11 for comparison) resulting in similar val-
ues of the capture cross sections. Therefore, the σfus cross
sections reflect, to a large extent, the behavior of the fusion
probabilities. The fusion cross sections approach the level of
10 mb as the energy increases.

Finally, in Figs. 14 and 15, we present a comparison of the
experimentally measured evaporation residue cross sections
σER for selected cold and hot fusion reactions with the cal-
culations done within the FBD model (see Eq. (1)) using the
new sinj systematics. The model calculations for a given reac-
tion were corrected by taking into account the target thick-
ness and respective projectile energy losses (see Ref. [26]).
Shaded areas in the figures represent the σER error corridors
resulting from the uncertainties in the sinj parametrizations
(see Figs. 4 and 5 for comparison).

Figure 14 shows evaporation residue cross sections σER

for four 1n-type cold fusion reactions leading to the formation
of the SHN with atomic numbers 104 [39–41], 107 [45,46],
110 [39,40,52–55], and 113 [59,60], respectively. The color
of the points indicates the laboratory where the reaction was
studied: red (LBNL), black (GSI), and blue (RIKEN). Model
calculations are shown as solid black lines. The uncertainties
in our calculations are usually within one order of magnitude
in both directions, which is comparable with the differences
in the experimentally measuredσER values at similar energies
in different laboratories. Both the shapes of the excitation
functions and values of the evaporation residue cross sections

are reasonably well reproduced within the model, including a
six order of magnitude drop in cross section with the increase
of the CN atomic number from 104 to 113. This mainly results
from the systematic decrease in < Pfus > as the system
symmetry in the entrance channel increases (see Fig. 12 for
comparison).

Shapes of the excitation functions and the σER values
result from the interplay between σfus and < Psurv >. This
is especially important in hot fusion reactions when one
observes a fast decrease of < Psurv > in the subsequent steps
of the neutron evaporation cascade. Let us take the 297Og∗
nucleus formed in the complete fusion of 48Ca and 249Cf
nuclei as an example (see Fig. 8). In this particular case, the
decrease in the survival probability for the 4n channel (black
curve) with respect to the 3n channel (red curve) is compen-
sated by the increase in the fusion probability < Pfus > (dark
blue curve in Fig. 8), which finally leads to close values of
the evaporation residue cross sections. Excitation functions
for this reaction and two other hot fusion reactions leading to
the formation of various isotopes of Fl and Lv, are shown in
Fig. 15. As can be seen, the model calculations (solid lines)
reproduce the experimental data taken from Refs. [5,75,79]
reasonably well including a slow decrease in the value of the
evaporation residue cross sections for 2n-5n channels as the
CN atomic number increases from 114 to 118. The possibil-
ity of SHN synthesis in the 6n-9n evaporation channels was
discussed by Hong et al. in Ref. [96].

In the case of the xn-type hot fusion reactions, the range
of partial waves contributing to the total cross section is
wider than for 1n cold fusion reactions. Therefore, one would
expect a greater role of angular momentum in the com-
pound nucleus formation for this type of reaction. The angu-
lar momentum gained by the system during the first step
of the merging process modifies the whole potential energy
landscape. This effect is more significant as the shape of
the nuclear system becomes more compact and the corre-
sponding moment of inertia decreases, increasing the value
of the rotational energy. Therefore, high angular momentum
adversely affects the probability of synthesis success. The
fusion barrier that the system has to overcome increases and
the fission barrier lowers, increasing the chance of compound
nucleus disintegration.

4 Summary and prospects

In this paper we summarized recent developments in the FBD
model. The model is based on the assumption of three inde-
pendent steps: capture, fusion, and deexcitation of the com-
pound nucleus. The fusion step, the least studied and most
difficult part in the description of the synthesis process, was
analyzed with the diffusion approach. Each reaction stage
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(a) (b)

(c) (d)

Fig. 14 Evaporation residue cross sections σER for cold fusion reactions leading to the formation of the SHN with atomic numbers 104 [39,41],
107 [45,46], 110 [39,52–54], and 113 [60]. The FBD model calculations are shown as solid black lines together with corresponding error corridors

(a) (b) (c)

Fig. 15 Evaporation residue cross sections σER for 48Ca induced reac-
tions on 244Pu, 248Cm and 249Cf targets measured at DGFRS [5] (full cir-
cles), TASCA [79] (open squares) and SHIP [75] (open circles). Reac-
tion channels are shown in different colors (see c for description). Solid

lines represent the FBD model calculations of 2n, 3n, 4n and 5n reaction
channels. Shaded areas limited by dotted colored lines correspond to
the error corridors for the 3n and 4n channels
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was described in detail and compared with selected experi-
mental data for both cold and hot fusion reactions.

Despite its simplicity, the FBD model allows for surpris-
ingly accurate reproduction of the evaporation residue cross
sections and allows predictions to be made for as yet not stud-
ied reactions. By using the Fusion-by-Diffusion approach
one can intuitively understand the very complex phenomenon
of synthesis of superheavy nuclei. However, there are still
some elements we plan to improve or modify. The following
changes are, in our opinion, important for a better under-
standing of SHN formation:

– Inclusion of the shell corrections in the fusion step, not
only in the ground state (as it is now) but also in the
full range of a multidimensional potential energy surface
(PES).

– Fully account for the centrifugal barrier by adding it at
each PES point.

– Accounting for higher-order deformations of the collid-
ing nuclei and considering various possible projectile-
target configurations in the entrance channel.

– Elimination of the sinj parameter by determining it with
more basic rules.
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