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Abstract. The hadronic medium of QCD is modeled as a gas of point-like hadrons, with its composition
determined by the Hagedorn mass spectrum. The spectrum consists of a discrete and a continuous part.
The former is determined by the experimentally confirmed resonances tabulated by the Particle Data
Group (PDG), while the latter can be extracted from the existing lattice data. This formulation of the
hadron resonance gas (HRG) provides a transparent framework to relate the fluctuation of conserved
charges as calculated in the lattice QCD approach to the particle content of the medium. A comparison
of the two approaches shows that the equation of state is well described by the standard HRG model,
which includes only a discrete spectrum of known hadrons. The corresponding description in the strange
sector, however, shows clear discrepancies, thus a continuous spectrum is added to incorporate the effect
of missing resonances. We propose a method to extract the strange-baryon spectrum from the lattice
data. The result is consistent with the trend set by the unconfirmed strange baryons resonances listed by
the PDG, suggesting that most of the missing interaction strength for the strange baryons reside in the
|S| = 1 sector. This scenario is also supported by recent lattice calculations, and might be important in
the energy region covered by the NICA accelerator in Dubna, where in the heavy-ion collisions, baryons
are the dominating degrees of freedom in the final state.

Introduction

One of the consequences of confinement is that physi-
cal observables admit a representation in terms of the
hadronic states. This means that at low temperature the
theory can be written in terms of the ground-state hadrons
and their resonances. Such an approach to QCD is adopted
by the hadron resonance gas (HRG) model [1–8]. The
model assumes that resonance formation dominates the
thermodynamics of the confined phase, and, to a first ap-
proximation, treats the resonances as point-like particles.

The equation of state for strongly interacting matter
at low temperature is well described by the standard HRG
model, which includes the list of known hadrons compiled
by the Particle Data Group (PDG). This has been verified
by recent lattice QCD (LQCD) calculations [9–12]. How-
ever, the study of LQCD also reveals the limitation of the
HRG approach in describing the fluctuation of conserved
charges [11]. This is particularly evident in the strange
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sector, where the second-order correlation with the net-
baryon number (χBS) or the strangeness fluctuation (χSS)
are larger in LQCD than those in the HRG model [10,11].
Such deviations are attributed to the missing resonances
in the PDG database [11].

Various extensions of the HRG model have been pro-
posed. They account for a possible repulsive interaction
among the constituents and/or for the heavy resonances
via a continuously growing mass spectrum [5,6,8,13]. The
latter was first introduced by Hagedorn [14] within the
statistical bootstrap model [15–17], and was then studied
in dual string and bag models [18–20].

In this paper, we describe a method for extracting a
continuous mass spectrum from LQCD. The spectrum,
by definition, explains the lattice data in the particular
interaction channel. When applied to the strange-baryon
sector, the spectrum is consistent with the trend set by
the unconfirmed resonances, suggesting that most of the
missing strange baryons reside in the |S| = 1 sector. We
also discuss to what extent this scenario is supported by
the recent lattice result.

There are theoretical indications that baryons are the
dominating degrees of freedom in the heavy-ion collisions
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[21, 22], at the collision energies covered by the proposed
NICA accelerator in Dubna. Consequently, the missing
baryons in the strange sector could be directly identified
from the experimental measurements of strangeness fluc-
tuations and the relevant correlations. Such study could
also be helpful in establishing the thermal parameters at
chemical freezeout in the low energy region.

Hadron resonance gas and LQCD

In its simplest form, the HRG model treats the medium
constituents as point-like and independent. The chemical
composition of the medium is specified by a mass spec-
trum ρ(m). From this all the thermodynamic quantities
may be derived.

It is common to construct the spectrum from a list
of all hadrons compiled by the PDG [23]. This includes
all the experimentally confirmed mesons and baryons of
masses up to mM � 2.4GeV and mB � 2.6GeV, respec-
tively. The list keeps growing as more and more resonances
are discovered by the experiment, although the precise de-
termination of their properties remains challenging due to
their complicated decay properties.

Within this approximation, the spectrum takes the fol-
lowing discrete form:

ρHRG(m) =
∑

i

diδ (m − mi) , (1)

where di = (2Ji + 1) is the spin degeneracy factor of a
particle i with mass mi and the sum is taken over all
stable particles and resonances. It is also convenient to
define a cumulant function NHRG(m), which counts the
number of degrees of freedom with masses below m. The
expression reads

NHRG(m) =
∑

i

diθ (m − mi) , (2)

such that

ρHRG =
∂NHRG

∂m
. (3)

Although the interaction among the medium con-
stituents is neglected in the present approach, the medium
itself is far from structureless. The spectrum ρ(m) con-
tains the information about the distributions of mass and
quantum number of the medium. Thus, it is possible to
study the thermodynamics and even the fluctuations of
conserved charges, regardless of the non-interacting nature
of the constituents. For example, the pressure P̂ = P/T 4

of an uncorrelated gas of particles (and antiparticles) with
a mass spectrum ρ(m) is given by

P̂ (T, V,μ) = ±
∫

dmρ(m)
∫

dp̂

2π2
p̂2

×
[
ln(1 ± λ e−ε̂) + ln(1 ± λ−1e−ε̂)

]
, (4)

where p̂ = p/T , m̂ = m/T , ε̂ =
√

p̂2 + m̂2, and the (±)
sign refers to fermions and bosons respectively. For a par-
ticle of mass m, carrying baryon number B, strangeness

S and electric charge Q, the fugacity λ reads

λ(T,μ) = exp (Bμ̂B + Sμ̂S + Qμ̂Q) , (5)

where μ̂ = μ/T . Note that for scalar particles with vacuum
quantum number, the antiparticle term should be dropped
to avoid double counting.

The generalized susceptibilities measure the fluctua-
tions of conserved charges. The second-order fluctuation
is defined as

χ̂xy =
∂2P̂

∂μ̂x∂μ̂y
, (6)

where (x, y) are conserved charges, which are restricted to
the baryon number B and strangeness S in this study.

In the non-interacting limit, taking the derivative with
respect to a given chemical potential naturally selects the
spectrum possessing the appropriate quantum number.
Thus, χ̂xy can be used to identify the contribution of dif-
ferent particle species to the thermodynamics [24,25]. The
explicit expressions of these susceptibilities (at vanishing
chemical potentials) within the Boltzmann approximation
read

χ̂H
BB =

∫ ∞

0

dm

π2
ρB(m)m̂2K2 (m̂) , (7a)

χ̂H
SS =

∫ ∞

0

dm

π2

[
ρS=−1

M (m) +
3∑

k=1

k2ρS=−k
B (m)

]

× m̂2K2 (m̂) , (7b)

χ̂H
BS = −

∫ ∞

0

dm

π2

[
3∑

k=1

kρS=−k
B (m)

]
m̂2K2 (m̂) . (7c)

The HotQCD Collaboration [10] and the Budapest-
Wuppertal Collaboration [9,12] have obtained continuum-
extrapolated results on the thermodynamic pressure (4)
and various second-order susceptibilities (7). To test the
efficacy of the HRG approach, we compare the lattice re-
sults with the predictions of the HRG model formulated
with the discrete mass spectrum (1). The results are shown
in figs. 1 and 2.

From fig. 1, it is clear that pressure and net-baryon
number fluctuation are well described by the HRG in the
hadronic phase, whereas the observables χ̂BS in fig. 2(a)
and χ̂SS in fig. 2(b) are underestimated in the low temper-
ature phase. Following an analysis of the relations between
different susceptibilities of conserved charges, it was ar-
gued [10] that deviations seen in fig. 2(a) can be attributed
to the missing resonances in the strange baryon sector. In
view of fig. 2(b), a similar conclusion can be drawn for the
strange mesons.

Spectrum of strange baryons from LQCD

As described in the previous section, the existing strange-
baryon data in the PDG cannot provide sufficient inter-
action strength in the corresponding channel. Within the
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Fig. 1. (Color online) Lattice QCD results of HotQCD [10, 26] and Budapest-Wuppertal Collaborations [9, 12] for different
observables in dimensionless units: (a) the thermodynamic pressure; (b) the net-baryon number fluctuations χ̂BB. Also shown
are the HRG results for the discrete PDG mass spectrum (dashed line). See ref. [27].
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Fig. 2. (Color online) As in fig. 1, but for baryon-strangeness correlations χ̂BS (a) and for strangeness fluctuations χ̂SS (b).
Also shown are the corresponding results obtained with a model spectrum fitted to lattice data. (See text).

HRG approach, this translates directly to the existence of
some missing strange baryons in the mass spectrum.

There are two obvious sources for these missing reso-
nances: heavy resonances beyond the current experimental
reach and the strange hadrons excluded by the PDG due
to difficulties in their identifications. In both cases, the
effect of the missing resonances can be incorporated by
augmenting the spectrum ρ with a continuous part. Fol-
lowing the analysis of ref. [27], we employ the following
parametrization:

ρH(m) =
a0

(m2 + m2
0)5/4

em/TH , (8)

and its corresponding cumulant

NH(m) =
∫ m

0

dm′ ρH(m′), (9)

where TH ≈ 180MeV is the Hagedorn limiting tempera-
ture, whereas a0 and m0 are additional model parameters.

Such a continuous functional form works best for a
densely populated spectrum. Hence, we adopt Hagedorn’s
idea to treat the contributions of ground-state particles
separately from the exponential mass spectrum. The re-
sulting spectrum reads

ρ(m) −→
∑

i

diδ(m − mi) + ρH(m)θ(m − mx), (10)

and the corresponding cumulant becomes

N(m) =
∑

i

diθ(m − mi) + θ(m − mx)
∫ m

mx

dmρH(m),

(11)
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Table 1. Left: model parameters of the mass spectra in eq. (10)
for strange baryons (S = −1) and strange mesons (S = −1).
The parameters are obtained from a least-square fit to the
LQCD data on χ̂BS and χ̂SS through eq. (7), assuming that
the missing strangeness contribution comes solely from |S| = 1
sector [27]. Also shown are the errors of m0 and a0 arising from
the least-square fit. The Hagedorn temperature has been set to
TH = 180MeV. Right: the constraint on the continuous mass
spectrum in each sector, given in eq. (11).

Fit to LQCD Constraint

m0 [GeV] a0 [GeV3/2] mx [GeV] NHRG(mx)

ρS=−1
B 0.193(96) 0.067(27) 1.3828 20

ρS=−1
M 0.378(32) 0.099(24) 0.89166 5

where ρH(m) is given by eq. (8). The index i counts the
hadronic ground states, i.e., states with masses less than
mass mx of the first resonance in the corresponding chan-
nel.

In general, the parameters of ρ(m) in eq. (10) can be
calculated within a model, e.g., in the statistical bootstrap
model [15, 17]. In the following, we discuss a method to
extract the mass spectrum from the lattice data.

The basic idea of the approach is quite straightforward.
Instead of computing various thermal observables from a
model spectrum, we make use of the corresponding lattice
results to constrain the spectrum. In practice, one needs to
beware of the extra consistency constraints coming from
other sectors [27].

We now apply the method to the strange-baryon sec-
tor. From eq. (7), we see that the χ̂BS data relate only
to a linear combination of the spectra, namely ρS

B =
ρS=−1

B + 2ρS=−2
B + 3ρS=−3

B . Thus, it does not allow for a
unique determination of the contribution from an individ-
ual sector. This problem may be resolved with additional
lattice data on higher-order strangeness fluctuation, e.g.
χ̂BBSS and the kurtosis, which involves a different linear
combination of the spectra.

In ref. [27], we have analyzed the data on χ̂BS un-
der the assumption that the additional strange baryons
come solely from the |S| = 1 sector1. This allows for the
extraction of the model parameters (8) for the strange-
baryon spectrum ρS=−1

B by a fit to the lattice data on
χ̂BS via eq. (7). The parameters for the strange-meson
spectrum ρS=−1

M can be analogously obtained from the
χ̂SS data after subtracting the corresponding contribution
from strange baryons. The resultant parameters are given
in table 1. For details, see ref. [27].

In fig. 3 we show the resultant cumulants of such
lattice-induced ρ(m), together with the experimental spec-
tra including the unconfirmed states from the PDG. The
extracted mass spectrum follows the trend of the uncon-
firmed states of the PDG, supporting the claim that most
of the missing strange baryons lie in the |S| = 1 sector.

1 The remaining ones are treated with a spectrum fitted to
the PDG. See ref. [27].

Recent lattice results lend further support to this
claim. A decomposition of the strange-baryon pressure
into different strange sectors confirms that most of the
missing interaction strength come from the |S| = 1 sec-
tor [28]. The corresponding results in the current model
are summarized in fig. 3.

By comparing the magnitude of the partial pressures
(which are equivalent to the normalized strangeness fluc-
tuations within HRG), it is clear that the |S| = 1 sec-
tor dominates the interaction strength. In addition, it has
been shown that this sector displays a large deviation be-
tween the lattice and the standard HRG results [11]. Thus,
the assertion that most of the missing strange baryons lie
in the |S| = 1 sector appears to be justified.

Nevertheless, additional baryon resonances are also ex-
pected in the |S| = 2 and |S| = 3 sectors. This is ap-
parent from fig. 3 and is also supported by an analysis
of the lattice data with quark model hadron resonance
gas (QM-HRG) [11,29]. These multi-strange states can be
important in other fluctuation quantities, and may be ex-
perimentally probed in the heavy-ion programme at the
planned NICA accelerator in Dubna.

Conclusions

The hadron resonance gas (HRG) model provides a trans-
parent framework to interpret the lattice QCD (LQCD)
data in terms of the particle content of the QCD medium.

Despite the agreement on the equation of state be-
tween LQCD and the standard HRG, the study of fluctu-
ation of conserved charges reveals the need for some extra
resonances in the strange-baryon sector.

We have proposed a method to extract strange-baryon
spectrum from the lattice data. This spectrum, built on
the assumption that all the missing strange baryons come
from the |S| = 1 sector, explains the lattice data on χ̂BS,
and is consistent with the trend set by the unconfirmed
resonances listed by the Particle Data Group (PDG). Fur-
thermore, a recent lattice analysis of the baryon fluctua-
tion lends further support to the assertion that most of
the missing strange baryons lie in the |S| = 1 sector.

The obvious extension of this work is to include the ef-
fect of interaction among the hadrons. A consistent frame-
work to incorporate both the attractive and repulsive in-
teraction channels is provided by the S-matrix formal-
ism [30]. Using the empirical scattering phase shifts, the
effects of resonance widths and mutual repulsive forces
among the hadrons can be systematically included. The
study of the thermodynamics of the hadronic phase within
this approach has been presented by Venugopalan and
Prakash [31].

The additional interaction may influence the conclu-
sion concerning the missing strange resonances. For exam-
ple, additional strength for χ̂BS and χ̂SS may come from
the explicit interaction among the known strange hadrons
in the medium [32, 33]. Also, the non-strange sector may
contribute to these observables via hadronic interactions.
These effects should be included in the model. We leave
this as a matter of future investigation.
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Fig. 3. (Color online) Top left: cumulants of the discrete PDG mass spectrum (black dashed line) for strange baryons. Also
shown are the cumulants containing in addition the unconfirmed states (dot-dashed line). Continuous lines are obtained by
matching the LQCD results to the continuous mass spectra through eq. (7), assuming that the missing strange baryons come
solely from the |S| = 1 sector (see ref. [27]). Top right and bottom: partial pressures of the strange baryons (normalized to
partial pressure of the strange mesons) from different strange sectors, obtained in the current model.

Experimentally, the current study is relevant in de-
scribing the medium created in the heavy-ion collision
at energies covered by the proposed NICA accelerator in
Dubna. In this case, the baryons are expected to be the
dominating degrees of freedom in the final state. Thus,
the missing strange baryons or other in-medium effects
due to hadronic interactions could be directly identified
from the experimental measurements of strangeness fluc-
tuations and the relevant correlations.
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