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Abstract—We consider the Vlasov—Poisson system with external magnetic field in a half-space
with the Neumann boundary condition for the electric potential and specular reflection on a
boundary. For arbitrary compactly supported initial density distribution functions, we obtain
sufficient conditions for external magnetic field, which provide global existence of density distribution
functions with compact supports lying at some distance from a boundary.
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1. INTRODUCTION

For the first time, the Vlasov equations were considered in [1] These equations describe many
important physical processes: kinetics of high temperature plasma, Landau damping effect, distribution
of gravitating particles and etc. The relevance of investigation to mixed problems for the Vlasov—Poisson
system is closely connected with the creation of controlled thermonuclear fusion. If sufficiently large
number of charged particles reach the wall of the fusion reactor, it can lead to a destruction of the wall.
In order to confine charged particles at some distance from the reactor wall an external magnetic field
is used [2]. This means that a solution of mixed problem for the Vlasov—Poisson system has a support
lying at some distance from the boundary of a domain because of the influence of an external magnetic
field. Theorem 5.2 holds the main result of this paper. This theorem guarantees an existence of classical
solution to a mixed problem for the Vlasov—Poisson system with external magnetic field in the half-space

R3 := {z € R®: 1 > 0} with Neumann boundary condition for the electric potential ¢(z,t), z € R3,
0 <t < T onthe boundary OR?Y := {z € R3 : 21 = 0} and the specular reflection on 9R3 such that the
supports of the density distribution functions fﬁ(m, v, t),z € ]Ri, veR30<t<T,B+1, with respect
to the space variables z belong to the half-space R3 := {z € R® : z; > 6}, § > 0.

Classical solutions to the Cauchy problem for the Vlasov—Poisson system were studied in [3—7] and
others. The so-called “velocity lemma” played the important role in these investigations. For the first
time, this result was formulated by J. Batt, see [3], and was proved there for the spherically symmetrical
initial data. For arbitrary initial data this [emma was proved independently in[4, 5]. From [3—5] it follows
the theorem on the existence of global classical solution to the Cauchy problem for the Vlasov—Poisson
system with arbitrary smooth initial density distribution functions with compact supports.

The mixed problems for the Vlasov—Poisson system in a half-space were studied in [8, 9] and in
convex bounded domain in [10].

For the first time, conditions for existence of classical solutions to mixed problems for the Vlasov—
Poisson system with external magnetic field providing confinement of two-components plasma in the
cases of half-space, infinite cylinder (“mirror trap”) and torus (“tokamak”) were obtained in [11—17].
We also note the paper [18].
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Section 2 is devoted to statement of problem and notation. In Section 3, we formulate the auxiliary
results concerning a priori estimates of solutions to the Poisson equation in R? and in R3.. In Section 4,
we prove the existence of global classical solution to a mixed problem for the Vlasov—Poisson system
with external magnetic field in a half-space. This result is a generalization of Theorem 6.1 from [8] to the
case of the Vlasov—Poisson system with external magnetic field. Similarly to [8] we assume that initially
plasma is neutral, i.e.,

/pO(':U)d':E =0,
1

where

pie) = [ 3 £ 00
R3 p==1
Accordingly to physical definition of plasma [2] this assumption is natural. Section 5 is devoted to
the proof of existence of global classical solutions with supports of density distribution functions (with
respect to space variables z) on the half-space R3.

2. STATEMENT OF PROBLEM. NOTATION
We consider the Vlasov—Poisson system

—Agp(m,t):4we/25fﬁ(x,v,t)dv, meR‘i, 0<t<T, pB==4I1, (2.1)
R3 B

off

B ,36 _ 1 B _
o (0 )+mﬁ< vzso+c[v,B],vvf> 0,

reRY, veRy 0<t<T, B==I, (2.2)

with respect to unknown functions ¢(x,t) and f%(z,v,t), f = £1. Here ¢ = p(z,t) is a potential
of seli-consistent electric field; f? = f#(z,v,t) is a density distribution function of positively charged
ions, if 8 = 41, and negatively charged electrons, if 8 = —1, at the point x = (1, 22, x3) with velocity
v = (v1, vy, v3) at the moment ¢; V,, and V, are gradients with respect to x and v, respectively; m; and
m_ are the masses of ion and electron, respectively; e is the charge of electron; ¢ is the velocity of light;
B = B(x) is the induction of external magnetic field; (-, ) is the scalar product in R3; [-, ] is the vector
product in R3,
Let the following initial conditions hold

FPlavt),_y=fo@w), zeRy, veR® B=xl1, (2.3)
and let the specular reflection boundary conditions on the boundary hold
20,2 v, 0, t) = fP(0,2), —v, 0/ 1), 2/ eR% wveR? 0<t<T, B==I, (2.4)

where 2/ = (22, x3), v = (vg,v3).
We also assume that the potential ¢ satisfies the Neumann boundary condition

Dplx,t) —0, ©eR: 0<t<T, (2.5)
6331 z1=0
and the decreasing condition at infinity
lim @(x,t) =0, 0<t<T. (2.6)

|z| =00
Denote by C*(R"), s >0, n € N, the Holder space of continuous functions on R™ having all
continuous derivatives on R™ up to the kth order, k = [s], with the finite norm
l|ulls = lm‘a)]isup|Dau(:r)|, i s=keZ, 0<k,
<k oz

X
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llulls = |ullx + vy, T s=k+o0, 0<keZ, 0<o<l, (2.7)
where
ule = max sup [z — y[~7|D%u(x) — Du(y)],
lol=k 2y
0 \“ o\
Da:<aﬂjl> <8$ > ? Oé:(Oél,...,Oén), |Oé|2041+"'+04n. (28)
n

Similarly, we denote by C* (R?r), s > 0,n € N, the Holder space of continuous on R} functions u(x)
having all continuous derivatives D*u(z), |o| < k, on R, admitting continuous bounded extensions on
R with the finite norm given by (2.7) and (2.8).

Let C(R™) = C°(R"), and let C(R%) = CO(R%).

As above, we can introduce the space C1(R3 x R? x [0,T7]) consisting of continuous bounded
functions on R x R? x [0, T] having continuous bounded derivatives of the first order on R3 x R3 x
0,77 and their continuous bounded extensions on R3 x R3 x [0, 7.

Let Co’k(R”), k,n € N, be a set of k£ times continuously differentiable functions on R™ with compact
supports.

We introduce the Banach space C'([0,T], C*(R3.)), s > 0, consisting of continuous functions [0, 7] 5
t— (-, t) € C5(RY) with the norm

lolls,r = sup [lo(-,1)]]s. (2.9)
<t<T

Similarly, we can define the space C([0,77],C&(R3)), where C§(R3) = {w € C*(RY) : supp w C
Q}, Qis a bounded domain in R3, Q C R3.

Let B,(2°) = {x € R3 : |z — 2| < p}, and let B, = B,(0). Denote by |B,| = 4mp?/3 the volume of
the ball B,,.

Further, we assume that k;, ¢; are positive constants in inequalities.

3. BOUNDARY VALUE PROBLEMS FOR THE POISSON EQUATION ON R3 AND R3

For a proof of theorem on the behavior of characteristics of the Vlasov—Poisson system we need some
auxiliary results.

Let Co(R3) = {g € C(R?) : g(x) — 0 as |z| — oo}, and let Cp(R3) = {w € C(R?) : w(z) — 0 as
|z| — oo}
We consider the equation
—Au(z) = F(z), z¢€R3 (3.1)
with decreasing condition at infinity
u(x) -0 as|z] = co. (3.2)
Lemma 3.1. Let 2 C R3 be a bounded domain. Then, for any function F € C(R3),0 < o < 1,

there exists a unique solution of equation (3.1) with condition (3.2) u € C*T7(R3) N Cy(R?).
Moreover,

[11Vul llo < ctl[Flfo, (3.3)

where
1/2

5 2
1 |z — il
0<c = su E d < 0.
1 47rr€]1§3{i1 (Q |z — 3 Y
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Proof. We consider the Newtonian potential

w(@) = [ T~ )Py, (3.4
Q
where I'(z) = 47r1‘x‘.
By virtue of Lemma 2.2 from [19, Chap. 3, Sect. 2] and Lemma 4.2 from [20, Chap. 4, Sect. 4.2], the

function w belongs to C?*7(R?) and satisfies equation (3.1).
From the boundedness of € it follows that

jw(z)| = ki(1+[2))™", = €R’, (3.5)
where k1 = k1 (F) > 0 does not depend on z, i.e., w € Co(R?). Therefore, problem (3.1) and (3.2) has
the classical solution v = w € C?+7(R3) N Cy(R?).

Differentiating right-hand side of (3.4), we obtain the expression for constant ¢;.

In order to prove a uniqueness of solution to the problem (3.1) and (3.2), we put F(x) = 0. Then, by
virtue of the Liouville theorem, u(x) is a polynomial. However, a nontrivial polynomial does not satisfy

the decreasing condition (3.2). 0
We now consider the Poisson equation in a half-space
—Au(z) = F(z), xeR3, (3.6)
with the Neumann condition
8;3&? =0 e R2, (3.7)
and the decreasing condition at infinity
u(z) -0 aszeRY, |z] = oo, (3.8)

where z = (x1,2").
Lemma 3.2. Let Q, C R? be a bounded domain, and let Q0 C Ri. Then, for every function
F e Cs‘i(]Ri) there exists a unique solution of problem (3.6)—(3.8) u € C*™(R%) N Co(R3).
Moreover,
1Vl [lo < e1l|Fllo, (3.9)

where c; > 0is the constant from Lemma 3.1.
Proof. Denote by F,(x) an even extension of the function F(x) onto R3. Clearly,

F, e C%R(]R?’) = {w € C°(R®) : suppw C Bg},

where R > 0issuchthat Q. UQ_ C B, Q- ={z € R?: (—x1,2') € Qy, 11 < 0}.

Let ue € C?T7(R3) N Cy(R3) be a solution of problem (3.1) and (3.2) if the right-hand side of (3.1)
is equal to F(x). Since the function F,(z) is even with respect to x1, the function ue(—z1,2’) is also a
solution of problem (3.1) and (3.2). By virtue of uniqueness of solution to problem (3.1) and (3.2), see
Lemma 3.1, we have ue(—z1,2') = uc(z1,2') for every 2 € R3. Therefore, the function u.(z) is even
with respect to 1. Hence,

Oue(x) _ Oue(x) B
0x1 lz1=0+0 0x1 lz1=0—0 '
Thus, the function ue|IRi is a solution of problem (3.6)—(3.8). By virtue of Lemma 6.2 from [12], this
solution is unique. A constant in inequality (3.9) is defined as following:
11Vul flo = [ 1Vuelgs [1lo = I [Vuel [lo < c1llFello = exl|Flo-
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4. THE EXISTENCE OF CLASSICAL SOLUTION TO THE SECOND MIXED PROBLEM
OF THE VLASOV—POISSON SYSTEM WITH EXTERNAL MAGNETIC FIELD

Assume that the following conditions hold.
Condition 4.1. Let B(x) = (0,0,b(x1)), where

f S COO(R+),0 < f((l)l) <1l,x1 € R_Hf(l’l) =1,0< (5/2 < {El,f(l’l) =0,0<1 < 5/4, R+ = {{L’l S
R:xz; > O}

Condition 4.2. Let fJ € CY(RS), and let supp f C Do := (R3; N By) x B,, where 6,\,p > 0,
Dy # @.

The following result is a generalization of Theorem 6.1 from [8] to the case of the second mixed
problem for the Vlasov—Poisson system with external magnetic field.

Theorem 4.1. Let Conditions 4.1, 4.2 hold. Then, there exists a solution of problem (2.1)—
(2.6) {p, [P} such that p € C([0,T],C**7(R%)) and fP € C! (Ri x R3 x [O,T]). Moreover, f8
have compact supports.

Proof. We prove the existence of solution. Denote by fg(a:, v), z € R?, v € R, and B(z), z € R3,
the extensions of functions fg(x, v) and B(z) onto the space R? x R3 and R3, respectively, such that

B(xz) =(0,0,b(z1)), b(x1)=—b(—x1), z1<0, (4.2)

folw,v) = fy(~ar,a', —vi,0'), 21 <0. (4.3)
We consider the Cauchy problem for the Vlasov—Poisson system with respect to unknown functions
p(w.t) and f(z,0,1)

—Ap(z,t) = 4776/Zﬁf’8(:1:,v,t) dv, zeR3 0<t<T, fB==I1, (4.4)
R3 B
8fﬁ+(vvﬁ)+/86 Vot L BLVS) =0
8t ) xX mﬁ Z‘SO C ) M v - )
reR? veR 0<t<T, (==, (4.5)
f’B(ac,v,t)h:o = fg(:r,v), reR® veR? fB==+l1, (4.6)
|llilfn oz, t) =0, 0<t<T, (4.7)
Tr|—00

where the induction of external magnetic field B and initial density distribution functions fg are given
by the formulas (4.2) and (4.3), respectively.

From Conditions 4.1 and 4.2 and the formulas (4.2) and (4.3) it follows that
be C®(R), (4.8)

fe CYUR®) and  supp fh € Br,, where Rg= (A2 + p?)s. (4.9)
By virtue of Theorem 1 from [3] and Theorem from [5], there exists a unique solution of the prob-
lem (4.4)~(4.7) ¢ € C([0,T], C*+7 (R3)), f* € C! (R3 x R x [0, T]), B = +1. Moreover,

R(T):={1+ manx sup ] : there exist z € R and t € [0, T] such that f°(z,v,t) # 0} < oo. (4.10)
veR3

Here the functions (0,7) 3t o(-,t) € C2+7(R3), (0,T) >t — f7(,-,t) € CYR? x R?), and

3f6(.7 o t)

5t € C(R3 x R3) are extended by continuity onto the pointst = 0 and ¢t = T
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We consider the vector-function {, £} given by the formulas
G(x,t) = p(—z1,2',t), zeR’, tel0,T], (4.11)

fP(x,0,t) = f(—x, 2/, —v, 0 1), xzeR3 wveR® telo,T). (4.12)

Substituting {¢, f#} into (4.4)—(4.7) instead of {y, f’B} and using differentiation of composite
function, we verify that {¢, £} is a solution of problem (4.4)—(4.7). Moreover, supp fg C Bg,.
From the uniqueness of solution to the problem (4.4)—(4.7) it follows that

p(—ar,2’ 1) = p(x,t), zeR’ te€[0,T], (4.13)

fﬁ(—ml,x’, —v,v ) = fﬁ(az,v,t), reR3 veR3 tel0,7], A==+l (4.14)
We set

QO(IL’,ZL/) = 90(:1:7t)7 T e Ri? te [OaTL (415)

Bx,v,t) = fﬁ(az,v,t), reRY, wve R3, tel0,T]. (4.16)

By definition, the vector-function {¢p, f?} satisfies the equations (2.1), (2.2) and the condi-
tions (2.3), (2.6).

We also prove that {¢, f#} satisfies the conditions (2.4) and (2.5).
Since the function ¢(z, t) is continuously differentiable with respect to  in R3, from (4.13) we obtain
Op(z,t) _ _ Op(z,1) _0
0x1 lz1=040 0x1  lz1=0-0 ’
i.e., the function ¢ given by (4.15) satisfies condition (2.5).
On the other hand, by virtue of continuity of fﬁ(m, v,t) and equality (4.14), it follows that
20,2 v, 0, t) = fﬁ(O +0,2",v,0,t) = fﬁ(O — 0,2, —vy,v, t)
= fﬁ(O + 0,2, —vy, 0, t) = £5(0,2', —vy, 0/, t).
Therefore, the functions f# given by (4.16) satisfy condition (2.4). Thus, we have proved the existence

of classical solution to the problem (2.1)—(2.6) {¢, f°} such that ¢ € C([0,T],C*(R%)) and f° €
ct (Rﬁ’r x R3 x [O,T]) , B = +1. Moreover, f% have compact supports. 0

5. TRAJECTORIES OF CHARGED PARTICLES IN EXTERNAL MAGNETIC FIELD
As above, we shall assume that the conditions 4.1 and 4.2 hold.
Let {¢p, f’B}, @ € C([0,T], C*o(R3)), Ffect (R® x R3 x [0,T]), B = +1, be a solution of prob-
lem (4.4)—(4.7). The existence and uniqueness of this solution was stated in the proof of Theorem 4.1.

For the present function ¢ € C([0, T], C**7(R?)), the Vlasov equations (2.2) with the initial condi-
tions (2.3) can be solved with the help of characteristics method. For this, we consider the following
system of ordinary differential equations

ax’
jT(T) =VJ(r), 0<7<T, B==1, (5.1)
avh(r)
§T = —Tiz VmSO(Xg(T),T) + nf;c [Vf(T),B(Xg(T))], 0<7<T, JB==l1, (5.2)
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with initial conditions
X0t =2, B==%1, (5.3)

Vi (lrmt =v,  B=+L. (5:4)

From Theorem in [5] it follows that for any (z,v) € Bg(ry there exists a unique solution of
the problem (5.1)—(5.4) (Xg(r),Vf(T)) on the closed interval [0,7]. We denote this solution by
(XD (r,2,0,), VY (r,3,0,1)) = S5 (7,2, 0,1).

The following result gives an a priori estimate of norm for strength of seli-consistent electric field to
the problem (4.4)—(4.7) by the norms of initial density distribution functions for the charged particles

B
fo-
Theorem 5.1. Let the vector-function B(x) and the functions fg(:r,v) are defined by the

formulas (4.2) and (4.3), respectively, and let the vector-functions B(x) and f(’?(:r, v) satisfy the
Conditions 4.1 and 4.2. Then, the following estimate holds

[Vl llo,r < c1lBrer) |47T€m§tXHfoH0, (5.5)

where the number R(T'), 0 < R(T') < oo, is given by (4.10), and ¢; > 0 is a constant from inequal-
ity (3.3).
Proof. From formula (4.10), well-known equality
£, t) = £5(850,2,0,1)), z€R, veR?, te(0,T), (5.6)
and Condition 4.2 we obtain
R(T)={1+ max sup{\v\ there exist z € R® and ¢ € [0, T such that S’B(O z,v,t) C Do}. (5.7)

vER

From Lemma 3.1 and the equalities (5.6) and (5.7) we have
Vel llor < 0147resup/ ‘ Z,Bfﬁ(a:,v,t)‘dv cﬂwesup/max\f x,v,t)|dv
z,t

—0147Tesup/max|f0( (0,z,v,t))|dv < c1|Br(ry|4memax  sup |f0(y,w)|, t€[0,T].
B (va)eBRO
From this it follows inequality (5.5). O
Lemma 5.1. Let the Conditions 4.1 and 4.2 hold, and let the vector-function B(x) and functions

fg(a:, v) be given by the formulas (4.2) and (4.3), respectively. Then, forevery (z,v) € Dpand0 <t < T
the following estimates take place

el 8
|Vf(t,m,v,0)\ <p+ cl\BR(T)\élwemax [l follo (5.8)
m§ B
el
|X5(t z,v,0)| < <p+ 501|BR(T)|4ﬂemﬁaux||fg||o> T+ \ (5.9)

Proof. Multiplying the left and the right sides of equation (5.2) by V?, we have

Ld |VB(T Zz,v 0)\ /66

B B
2 s - (VISO(X@(T,QC,U,O)),V@ (T,x,v,0)> , 0<T<T.

From this and from the Cauchy—Bunyakovskii inequality we obtain

1d e
5 g Ve (a0, 0)f < mB|chp(X£(T,x,v,O))\ |V (20,0, 0<7<T.
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Hence,

d
Va0l < Ve (ra v 0)) 0<T<T. (5.10)

Integrating equality (5.10) by 7 from 0 to ¢, by virtue of Theorem 5.1 and Condition 4.2, we have
t
Ve < | Vap(X? dr <p+ L er|Baona ; 5.11
| p(T,x,U,O)|\‘U‘+mB | 5090( @(T,IL’,U,O)” T\p+m501| R(T)| 7Terng‘XHfOHO’ ( : )
0

Integrating equation (5.1) by 7 from 0 to ¢ and using inequality (5.11), we obtain (5.9). O
Assume the following condition holds.
Condition 5.1. Let a constant h in formula (4.1) satisfy the inequality

4c
o5 <pm+1+eTcl|BR(T)|47rem§lX||fé3||o> < h, (5.12)

where ¢; > 01is a constant from Lemma 3.1.

We introduce the matrix
§ —sinf
R(G)(COS sin )7 0eR

sinf cos6

Multiplication by the matrix R(#) corresponds to rotation by the angle 6 on the plane. The next
statement allows us to apply properties of this operator to the investigation of trajectories of charged
particles, if equation (5.2) contains magnetic field.

Lemma 5.2.
(a) R(@l)R(eg) = R(91 + 92), 91,92 € R.
(b) R(O)™ = R(m#), 60ecR,melZ.

© 5

(d) |R(0) x| = |z|,0 € R, x € R2.

R(0) = R(7/2)R(0) = R(0 + 1/2), 0 € R.

(e) exp(tR(F)) = exp(tcos@)R(tsinh).

For a proof, see [15].
Let & := (x1,x2), and let Xg(T,ac,v, 0) := (Xgl(r,x,v,O),Xg,z(T,x,v,O)).

The following result is a generalization of Lemma 3.3 from [15]. For the convenience of reader we
present here a complete proof.

Lemma 5.3. Let Conditions 4.1, 4.2, and 5.1 hold, and let the vector-function B(z) and the
functions fg(ac, v) be given by the formulas (4.2) and (4.3), respectively. Then, the solution of the
problem (5.1)—(5.4) given by (Xg(r,x,v,o),Vf(?,x,v,o)) = Sﬁ(?,x,v,o) have the following
properties

. 5
\Xg(T,m,v,O) -zl < o Vf(T,m,v,O) € By,

for all (z,v) € Dy and 7 € [0,T], where

eT B
= B 4 .
pr=p+ " elBaerltremax |73l
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Proof. We prove that
. 5
|X£(T,ZL‘,’U,0) — | < ) forall 7 € [0,T7. (5.13)
Assume to the contrary that there exists 79 € [0, 7] such that
|X£(T0,IE,’U,O) - Ii‘ P g

Since Xg(o,x,v, 0) = &, then for some 7,0 < 71 < 79 < 7', we have

|X£(7_17$7U70) _‘%| = gv (514)
N 5
|X£(T,ZL‘,’U,0) -z < o T € [0,71). (5.15)

By virtue of Condition 4.1, we can rewrite characteristic equation (5.2) in the form

WA e oo | 0",
gr :—mBVmsD(XWT)—I-mBC —h 00| Vy(r), T€(0,m).
0 00
Hence,
ddT (?Zl(r)) . ief;R(;r> (Vél(r)) _ _nﬁf TemmolXBr), 7€)
72(7) g Vioa(T) A

o . peh (m ,
Multiplying the last equation by exp (7- me R( 5 > ) , we obtain

Ve
ddT lexp <77€;}ZR (g)> ( %21(7)) = exp <T o (g)> v(chz)@(Xg’T)’
V%Q(T)

mp mpc
Integrating the achieved equation from 0 to ¢, ¢ € (0, 1], we have

t
Beh T V’le(t) v Pe Beh T 3
e (2 () () - () = o (2 () St

vy
(5.16)

T E (O,Tl).

By virtue of Lemma (5.2) (e), we see that

exp <t feh R <7T)>:exp <t feh cos W) R <t peh sin 7T>:R <t Beh) .
mgc 2 mgc 2 mgc 2 mgc
Therefore, multiplying (5.16) by R (—tﬁiﬁ) , we obtain

t
140 ( ,Beh> v Be < Beh) 5
’ =R| -t - R —t Vigy 2P ( X, T) dT, t e (0,7].
(Vﬁg(t)) mpc ) \ 4, mﬁ/ 4 )mﬁc (oran @ (X 7) dr =(Onl

0

From the last equation and from (5.1) it follows that

B
(X%l(ﬁ)) - (xl) VI D, (5.17)
X7 ,(m) To
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!
Il:/R<—t /Beh> U1 dt.
mpac Vo
ﬁe ﬁeh
mg //R ( C) Vieran @ (X5, ) drdt.
00

By virtue of Lemma 5.2 (¢), we have

Beh __mgcd B ,Beh_w
R<_tmﬁc>_ Beh dt <R< " imse 2>>

_mgc Beh =n _mgc Beh w
i [ D2 (2) ha oD
_mge [ [ Beh _ o [n
= { R( n mﬁc> +E}R( 2) (Uz)
1—cos|T Peh —sin | T feh
Ly ) G

peh sin <7‘1 Beh) 1 —cos (7’1 Peh -10
m mgc

. ( Beh) ( ,Beh>
sin {7 1—cos|m
_mgc mac mgc Cil

(e () (o)

— —cos [ 7 sin | 7
mgc mgc
h h
ﬁsin(ﬁ € >vl—|—<1—cos (7‘1 ¢ >>v2

__mpc mgc mgc
o h

e . e
—(1—cos (™ v1 + Bsin | 7 V9
mgc

mgc
10

where E = ( ) . Thus, we have
01

eh eh 2
|| = B sin vi+|(1—cos|m V9
mﬁc mgc
+ | —=(1—cos |7 vi1+ Bsin| 7y Vg
mgc mgc
2 1/2

_mgc| 5 o B eh . 9 eh
= {(1)1 + v3) ((1 oS <7-1 m50>> + sin <7-1 mgc>> }

mgac eh 2c
= eZ \v\\/Q\/l — Cos <7'1 mﬁc> < ehmﬂ\v\.

where

We now calculate I7 and I5.

V2

V2

(5.18)

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.45 No.2 2024



ON THE EXISTENCE OF GLOBAL 861

On the other hand, using Lemma 5.2 (¢), we conclude that

IB T1 T1 /6 )
I, = _meg/ {T/R <(T —t) mzc> dt}v(xl,zg)SO(ngT) dr
Beh
h/{ (7‘—7’1 megc> —E}R(_ W)V(xl,m)SO(XB’T) dr
eh
<T‘“> >‘1 ‘ﬂsin(f—ﬁ 0(x2.7)
mgc awl
h/ dr

eh Xﬁ,T
o B sin < T — Tl)mﬁc> cos <(T —11) (aw;a )
[ Bsin ((7‘—7‘1) ch > cos<7’—7’1 ch >
_ c mgc 8901 dT
h 1 eh eh 84,0 XB,T
0 —cos | (71— 1) mae Bsin | (1 — 1) e
h s r
™ [ Bsin <(7‘ — 1) © > BCP(E,X“"’ ) + <cos < T —1T1) ch > a
_¢ / mpgc o ( ) w2 dr
B h eh (o)) Xﬁﬂ' ’
s <1 — cos <(T—T1) mgc)) 9o, +Bsin < 7—7-1) > 8962

Therefore, we obtain

i (e (o ) ot (o0 2)
) ((aw(a)if,T))Z<8so(a)i§m>>2) }”ZT

T1

2c 2c

h /‘V(I17I2)90(X£=T)‘ dr < h T Vel o, (5.19)
0

From (5.14), (5.17)—(5.19) and Theorem 5.1 it follows that

= | XE(ri,2,0,0) 3 < B[ +151 < 75 (o + €T llo)
2c
< oh <pm+1 + eTe1| Breryldme max |\f0\|0> . (5.20)

By virtue of (4.3), ||f§||o = |1/2]]0. Therefore, (5.12) implies that

2c
eh

)
<pm+1 + eTcl|BR(T)\47remgx Hng) <4
This inequality contradicts to (5.20). Thus, we have proved that \Xg(r, z,v,0) —z| < g forall7 € [0, T7.
From Lemma (5.1) it follows that Vf(r, x,v,0) € By, forall (x,v) € Dgand 7 € [0,T]. 0
Similarly to Lemma 5.3 one can prove the following statement.
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Lemma 5.4. Let the assumptions of Lemma 5.3 hold. Then, the solution of problem (5.1)—
(5.4) Sg(r,y,w,t) = (Xg(T,y,w,t), Vf(?,y,w,t)) have the following properties

o8 NI Q.
|X¢(T,y,w,t)—x\<2, V@(T7y7w7t)€Bp2

forall (y,w) € Dy := <]R%5 N B,\1> X By and0 <7 <t < T, where \y = X+ Tpy,
2

2eT

. B
p=p+ 61|BR(T)|47Tem§‘X||f0 Io-

Lemma 5.5. Let the assumptions of Lemma 5.8 hold. Then, supp foﬁ (Sg(o,-,-,t)) C Dy,
0<t<T.

Proof. By virtue of Condition 4.2, it is sufficient to prove that Sg(t, x,v,0) € Dy for (x,v) € Dy, 0 <
t <T. Let (z,v) € Dg. Then, from Lemma 5.3 it follows that Sg(t, z,v,0) € R§5/2. By Condition 4.2,
x € By. Therefore, since |Vf(t, x,v,0)| < p1,0 <t < T, from the equality \y = A + Tp; we obtain

t
B B
| X, (¢, z,0,0)] < |z|+ / Vo, (1,2,0,0)[dT < Ar.
0

=
We define the function f#(z,v,t) by the formula
BB <t <
fﬁ(.’ﬂ,'l),t): fO (S@(07y7w7t))7 (yaw)eDh O\t\TJ (521)
0, (y,w)€eRYI xR*\ Dy, 0<t<T.

By virtue of Lemma 5.5, suppfoﬁ (55(0,-,',15)) C Dy. Therefore, using the characteristics
method, continuous differentiability of functions Sg(O,y,w,t) with respect to y, w, t, and Theo-
rem 4.1, we see that there exists a solution of problem (2.1)~(2.6) ¢ € C([0,T],C?(R3)), f# €
Cct (]Rij’r x R3 x [O,T]), B+ 1, given by the formulas (4.15), (4.16), where {¢p, fﬁ} is a solution of

problem (4.4)—(4.7). Moreover, supp f? C Dy, 0 <t <T. Thus, we have proved the following
statement on existence of global classical solutions to the problem (2.1)—(2.6), which correspond to
plasma confinement in a half-space.

Theorem 5.2 Let the Conditions 4.1, 4.2, and 5.1 hold. Then, there exists a solution of
problem (2.1)—(2.6) {g, 8} such that ¢ € C([0,T],C***(R%)) and % € C" (Ri  R? x [o,T]).
Moreover, supp fP(-,-,t) C D1, 0 <t < T.

Remark 5.1. From Theorem 5.2 it follows the existence of global weak solution of problem (2.1)—
(2.6) with supports of functions f? with respect to z on R§5/2 in a sense of integral identity, see [21].
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