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Abstract—Russian enterprises of manufacturing complex are facing financial crisis because of the
dramatic drop in demand for products due to the pandemic. Since a significant part of the population
is employed in this sector, measures to support production in manufacturing industries are discussed
at various levels. Based on the mathematical model of production, taking into account unstable
demand, we propose a methodology for analyzing the effectiveness of support measures. Financial
performance of the enterprise are calculated using an analytical solution of the Bellman equation that
determines the valuation of the company, as well as the ergodicity property of the random process of
product sales. The application of the methodology is illustrated by the example of KAMAZ Group.
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1. INTRODUCTION

Currently the public attention is focused on COVID-19 pandemic and its economic impact. For the
moment the long-term consequences and structural changes caused by risk globalization that the world
economy is facing now can be analyzed only in most general terms. But we also need to react to short-
term economic effects caused by the pandemic and their impact on mid-term possibilities. Particularly,
Russian experts highlight the following short-term economic risks:

• decrease of household incomes, purchasing power and effective demand;

• instability in realization of services and manufactured goods that results in shortages of working
capital;

• increase of manufacturers’ credit debts, increase of production costs due to forced downtime while
having to pay constant costs and increase of foreign material costs due to increase of dual currency
basket rate;

*E-mail: alimov2007d@gmail.com
**E-mail: nobrosova@yandex.ru

***E-mail: alexshan@yandex.ru

2628



MATHEMATICAL MODEL OF ENTERPRIS 2629

• possibility of mass bankruptcy of labor-intensive industry companies and the growth of unem-
ployment rate.

These threats should be responded to by traditional state support measures provided to manufacturing
facilities:

• subsidies of interest rates on loans;

• tax deferrals and vacations to manufacturers;

• direct subsidies to manufacturers with partial transfer of property rights to the state;

• support of demand for goods and services by public orders.

The determination of the size and forms of state support measures should be based on the economic
health of enterprises and industry specifics. The scale of the problem makes it difficult to use traditional
methods aimed at solving forecasting problems under relatively stable economic situations. Therefore,
one of the pressing challenges is to develop improved methods of analysis that allow to evaluate the the
enterprises health and determine support measures for manufacturing complexes that are functioning
under conditions of irregular demand, shortages of working capital and credit debt growth. Short-term
and medium-term assessments of production capacities are traditionally based on mathematical models
that do not take into account the instability of realization of products (see [1–3]).This is based on the
assumption that a sufficient volume of the enterprise’s current assets makes it possible to neutralize
the impact of delays in realization of products. However, if product realization time expectation is
comparable to its standard deviation, such assumption loses its point. We developed a model [4–6] for
evaluating indicators for manufacturing under conditions of irregular demand and shortage of working
capital. In the paper [7] we studied how credit debts and bankruptcy proceedings impact these indicators.
We showed in [8] on the example of automotive industry enterprises that the developed mathematical
model can be used to analyze indicators for manufacturing under conditions of shortage of working
capital. In this paper we apply our method to analyze the situation and the efficiency of manufacturing
support measures under conditions of the economic crisis caused by the COVID-19 pandemic.

2. MODEL, BASIC ASSUMPTIONS AND METHOD DESCRIPTION

The main consequence of the pandemic for manufacturing enterprises is an increase in instability and
a drop in demand for manufactured products. It leads to the deficit of working capital increasing. We
apply the model to analyze the functioning of companies in the current economic environment, taking
into account the volatility of demand, the influence of the trade infrastructure and debt load. The model
allows analysing the influence of the parameters of the economic conjuncture on the assessment of
the company’s value and can be used to assess the creditworthiness of companies, operating under
conditions of current assets deficit and unstable demand in a quasi-stable economic situation. Here we
discuss the basic elements of our model. We use the following basic assumptions

• we consider a production of a uniform product with unit cost y and product price p; the full
enterprise capacity is η;

• the moments of realization of products form a Poisson flow with the parameter λ (1/year) cause
its mathematical expectation compares to the standard deviation (the instability of product sales);

• there exists the upper bound Y ∗ on the maximum volume of a single sale of goods (restriction of
trade infrastructure);

• company’s value V (Y0, L0) is a function on current inventories in stock Y0 and a current
company’s long-term debt L0;

• the replenishment of current assets is possible by a short-term credit line K(t) at interest rate r
in a competitive market only;
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• production runs on a full capacity η by a credit line K(t) during the time period τ , that chooses the
owner of the enterprise; if there is no sale to the moment τ the production stops until the moment
of the sale; so the average capacity utilization can be less than 1.

• at the time of the product sale the enterprise’s owner receives revenue, pays for loans and applies
for the short-term credit line K(t) again;

• if the income of one sale is not enough to pay for loans, then the short-term debt is restructured
to a long-term one with the interest rate Δ;

• the sale profit after pay for loans is withdrown from current assets by the owner;

• the short-time credit is used to the current assets replenishment only.

We assume that the activities of the manufacturer are described by processes occurring at different
temporal scales. Changes in production capacity η and trade infrastructure, characterized by the value
of Y ∗, occur in slow time. A change in market conditions, which determines the price p, cost y, interest
rate r and frequency of sales of products λ, occurs at medium temporal scale. On a fast temporal scale
operational decisions are made about the current production volumes that are determined by the period of
use of the loan. Consider the functioning of production in a fast time between two consecutive moments
of sales. Under our assumptions

K(t) = yηθ(τ − t), where θ(x) =

{
1, x > 0,

0, x � 0.

The output value at the time t is

dY (t)

dt
=

1

y
K(t), Y (0) = Y0,

that is

Y (t) = Y0 + ηmin{t, τ}. (1)

We assume that the total debt of the company L(t) is divided into two parts L1, L0, with interest rates r
and Δ respectively. The first part L1(t) corresponds to short-term debt, that is paid immediately after the
sale of products by the company. The change of the second part L0 occurs from those part of short-time
debt that was not paid at the moment of product sale. I.e. the not paid short-term debt is restructured to
the part of long-term loan at the interest rate Δ. Consequently{

dL1(t)
dt = K(t) + rL1(t),

L1(0) = 0,

and total debt is

L(t) = L1(t) + L0e
Δt =

yη

r

(
ert − er(t−τ)+

)
+ L0e

Δt. (2)

The goal of the owner of production is to choose the time period τ , during which production costs are
advanced by the credit line, in order to maximize the mathematical expectation of the sales income
V (Y0, L0), discounted with the coefficient Δ > 0:

V (Y0, L0) = sup
τ�0

+∞∫
0

λe−(λ+Δ)t
[
(pmin (Y (t), Y ∗)− L(t))+

+ V
(
(Y (t)− Y ∗)+ , (L(t)− pmin (Y (t), Y ∗))+

)]
dt. (3)

The solution of Bellman equation (3) V (Y0, L0) characterizes the estimation of the value of enterprise
together with the unrealized inventories of products Y0 and accumulated debts L0 depending on
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production indicators of company’s activities and parameters of economic environment (interest rate,
price, cost, etc).

Theorem 1. Let W (Y0) be a solution of the following Bellman equation

W (Y0) = sup
τ�0

+∞∫
0

λe−(λ+Δ)t [pmin (Y0 + ηmin(t, τ), Y ∗)

− yη

r

(
ert − er(t−τ)+

)
+W

(
(Y0 + ηmin(t, τ)− Y ∗)+

)]
dt. (4)

Then
V (Y0, L0) = W (Y0)− L0 (5)

is a solution of Bellman equation (3).
Proof. We substitute the function (5) into the right part of the equation (3):

sup
τ�0

+∞∫
0

λe−(λ+Δ)t [pmin (Y0 + ηmin(t, τ), Y ∗)

− yη

r

(
ert − er(t−τ)+

)
+W

(
(Y0 + ηmin(t, τ)− Y ∗)+

)
− L0e

Δt
]
dt

= sup
τ�0

+∞∫
0

λe−(λ+Δ)t [pmin (Y0 + ηmin(t, τ), Y ∗)

− yη

r

(
ert − er(t−τ)+

)
+W

(
(Y0 + ηmin(t, τ) − Y ∗)+

)]
dt− L0 = W (Y0)− L0,

since W (Y0) is the solution of the equation (4). Consequently, the statement of the theorem is obtai-
ned. �

We give a brief overview of the results of the Bellman equation (4) analysis. In [5] we prove that if the
conditions of profitability are fulfilled λ+Δ > r, Y ∗ > 0, p > y λ+Δ

λ+Δ−r equation (4) has a unique solution
in the class of continuous, non-negative, nondecreasing, concave functions bounded together with its
derivative on the half-open interval [0,+∞). We find the explicit form of the solution of equation (4).
The optimal behavior of the manufacturer corresponding to the solution is described as follows: in
the absence of product realization, production runs at full capacity at the expense of a loan, until the
inventories amount (ζ0 + 1)Y ∗ is reached, and then stops until the moment of sale. The solution of the
Bellman equation allows one to determine (see [5]):

• characteristic of maximum inventories ζ0 as a function of model parameters,

• the ratio of the value of the company to current assets λ(W (Y0)−L0)
yη as a function of model

parameters, Y0, L0 and the variable ζ0.

The official reporting of companies contains the average indicators of their activity. Therefore, the
solution of the identification problem requires the calculation of the average company performance
indicators in terms of the model. To interpret model indicators in terms of official statistics, which
provides time-averaged data, we propose a technique for calculating production performance in the
model—averaging over the final distribution of the probabilities of the inventories dynamics. Based
on ergodicity of the stochastic process of inventories dynamics, explicit expressions are obtained for the
average capacity utilizationu, the average inventories Q and the average short-term debt of the company
L̂1 (see [6, 8]). The average short-term debt L̂1 can be interpreted as working capital of the company.
The change in the company’s working capital due to the assumption of restructuring of short-term debts
into long-term ones equals the change in long-term debts. The results of solving the Bellman equation
and analysing the random process of inventories dynamics make it possible to write out a system of
model equations (three algebraic equations) whose exogenous (input) and endogenous variables are
interpretable in terms of official statistics. The base point of the model in the selected year is defined by
the following endogenous (evaluated by the system of the model) variables:
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• λ—characteristic of market conditions (parameter of the Poisson process),

• ζ0—characteristic of maximum volume of inventories,

• λY ∗

η —characteristic of production potentialities taking into account the restriction of trade
infrastructure.

A set of exogenous parameters of the system of the model equations that is observed by official statistics:

• r—short-term loans interest rate,

• Δ—long-term loans interest rate,

• R—parameter of profitability of production that is defined by the formula

R =
p− y λ+Δ

λ+Δ−r

p
, (6)

• u—average capacity utilization rate,

• yQ
yuη—inventory turnover.

The system of equations for the range 0 < ζ0 ≤ 1 is the following(
1

R
− λ+Δ

λ

1−R

R

)[
λ

λ+Δ

(
1− e

−λ+Δ
λ

ζ0
λY ∗
η

)
+ e

−λ+Δ
λ

ζ0
λY ∗
η

(
e

λ+Δ
λ

λY ∗
η − ζ0

λY ∗

η

)]
= 1, (7)

u = 1− e
−λY ∗(ζ0+1)

η

1− λY ∗
η ζ0e

−λY ∗
η

, (8)

λ =
yuη

yQ

⎛
⎜⎜⎝2−

1−
(
λY ∗ζ0e

λY ∗
η

)
/η − e−

λY ∗
η

1−
(
λY ∗ζ0e

−λY ∗
η

)
/η − e−

λY ∗
η

(ζ0+1)

⎞
⎟⎟⎠ = λ

(
ζ0,

λY ∗

η

)
. (9)

We substitute (9) in (7) and obtain a system of two equations (7) and (8) with variables ζ0, λY
∗

η . Solving

this system, from (9) we find λ = λ
(
ζ0,

λY ∗

η

)
. Thus, from the equations system (7)–(9) we find the base

point of the model ζ0, λY ∗

η , λ. Further, we can calculate the ratio λW (Y0)
yη that characterises the ratio of

the company’s valuation to the current assets. It is shown in [5] that in the case 0 < Y0 < Y ∗:

λW (Y0)

yη
=

p

y

λ

λ+Δ

λY0

η
−

(
λ

λ+Δ

)2 [p
y
− λ+Δ

λ+Δ− r

] [
e(λ+Δ)

Y0
η − 1

]

+
λ

λ+Δ

λW (0)

yη

[
1 +

Δ

λ
e
(λ+Δ)

Y0
η

]
,

where
λW (0)

yη
=

λ

Δ

[
λ

λ+Δ

p

y
− λ

λ+Δ− r
−

(
λ

λ+Δ

p

y
− λ+Δ

λ+Δ− r

)
× e

−λ+Δ
λ

ζ0
λY ∗
η

]
(10)

This indicator reflects the investment attractiveness of the company in the medium term and allows one
to analyse its market position. In [8] we calculate a closed-form expression for the average short-term
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loans of the company. In the case 0 � ζ0 < 1 the average value of short-term loans satisfies the following
expression

λL̂1(r, ζ0)

yuη
=

λ

λ− r

1− u

u

[
e

λY ∗
η

(ζ0+1) + e−
λY ∗
η

(
1

2

(
λY ∗

η
ζ0

)2

+
λY ∗

η
ζ0

)
− λY ∗

η
ζ0e

λY ∗
η

ζ0

− λY ∗

η
(ζ0 + 1)− 1

]
. (11)

In [9] we propose a technique of identifying of exogenous parameters of the developed model based on
the analysis of statistical reporting of companies. We can construct various scenarios of predictive
evaluations in terms of the model by methods of comparative statics. To do this we can fix one part
of parameters at the base point and analize the dependence of enterprise’s indicators from the other
part of parameters, that change in connection to chosen scenario. For example if we know the expert
assessment of changes in demand for the company’s products λ, then we can calculate the capacity
utilization u as an output parameter. The capacity utilization is an important indicator, as it affects not
only the economic performance of the company, but also the solvency of the population. With reduced
capacity utilization, there is usually a reduction in staff time and payroll.

3. SCENARIO ANALYSIS OF GOVERNMENT FINANCIAL SUPPORT
FOR AUTOMOTIVE INDUSTRY DURING CORONAVIRUS CRISIS IN 2020

BY THE EXAMPLE OF KAMAZ GROUP

The developed production model allows to estimate the economic efficiency of government support
measures to the manufacturing sector and to analyse probable short- and medium-term impacts of
demand shocks and debt burden in the absence of so measures.

The methodology of predictive calculations using the developed model is based on the approach
of comparative statics. We illustrate the application of this approach by the example of the impact
evaluation of changes in demand on company products. Having calculated the base point of the model
by the equation system (7)–(9) on the basis of the statistical reporting data of the company and the
current economic situation, we assume that in the medium-term horizon, the structural characteristic
of demand Y ∗/η changes insignificantly. Then the change in demand corresponds to a proportional
change in the frequency of product sales λ in the model. We will also assume that the structure of selling
prices and unit costs p/y will remain at the basic level in the near future (alternative scenarios may take
into account rising prices for resources and manufactured products). Then the model equations (6)–(8)
make it possible to calculate the characteristics of the company with a scenario shift of the system base
point ζ0, λY ∗

η , λW (Y0)
yη (10) with a change in λ and the specified values of the interest rate r and the owner

income discount Δ. Further, from the relations (8), (10), (11), we can calculate the main indicators of
production activity in conditions of changed demand.

The enterprises of the automotive industry are the typical representatives of the Russian manufac-
turers working in conditions of fierce competition with imports. Using the model, we carried out in [8]
an analysis of the economic operating conditions (for the period 2011–2016) of KAMAZ, a large city-
forming enterprise that occupies a significant share of the trucking market in Russia and whose position
affects the social stability of the whole region. The KAMAZ company can count on targeted measures
of state support during the crisis. Standard support measures include interest rates subsidies on loans
and state orders to support demand. Such measures contributed to the stabilization of the company
performance during the 2014 crisis, accompanied by an increase in interest rates on loans and a decline
in effective demand in the face of a weakening ruble. A detailed analysis of the effectiveness of these
measures using the developed model we presented in [8].

When carrying out calculations according to the model for KAMAZ we propose to consider the value
λW (0)
yη (10) as an estimation of the total value of the company λ(W (Y0)−L0)

yη (see the Theorem 1. We

calculate the value λW (0)
yη on the bas point of the model based on the official statistical reports of the

company for the selected year. This approximation is valid due to two circumstances. Firstly, stocks of
finished goods and products in progress of the company do not significantly affect the dynamics of the
total value of the KAMAZ (Fig. 1). Secondly, the available statistical data does not allow to separate
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the interest payment flows on long-term and short-term loans of the company. Therefore, we take into
account the corresponding total stream of interest payments when calculate the profitability ratio (6)
by the model identification. Thus, the calculated value of W (0) actually takes into account the debt
payments of the company and corresponds to the real cash flow generated by the company after interest
payments.

Figure 2 shows the updated calculation results that we obtained based on the identification of the
model according to the official reporting of the company 2011–2019. The solid line in the first graph
corresponds to the valuation of the company in relation to revolving funds calculated using the model and
reflects the real indicators of its activity in the period under review (in 2015, the company was unprofitable
and calculation by the model is not possible). The dashed line corresponds to the market value of the
company (market capitalization, statistics) and includes the speculative component of value (the reasons
for the discrepancy between these curves are analyzed in [8]).

Decrease in demand as a result of the crisis of 2014 led to unprofitability of the enterprise and
the absence of urgent measures could lead to bankruptcy of the company (Fig. 2). Calculations
show that the company successfully overcame the 2014–2015 profitability crisis and that was a result
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of subsidizing interest rates in 2016 and increased demand through large government orders. The
measures of the government turned out to be effective, the company’s position improved significantly
in 2017 and stabilized in 2018–2019, despite the growth of the real interest rate to the pre-crisis level
and a slight decrease in demand (Fig. 2).

The crisis of 2020 caused by COVID-19 may again exacerbate problems of the company’s survival.
A retrospective analysis of the KAMAZ’s indicators (Fig. 2) shows that the main threats in this situation
are a drop in demand and an increase in the debt burden due to an increase in the interest rate on com-
pany loans. According to the forecasts of the analytical agency AUTOSTAT, the market for new trucks
in Russia in 2020 may collapse by 40–60% (source: https://www.autostat.ru/infographics/43890/).
Automotive Marketing Agency “Russian Automotive Market Research” is considering a baseline
scenario with 30% market reduction.

Using the developed model we analyzed the short-term and medium-term consequences of shocks
in products demand in 2020 for KAMAZ in the context of the implementation of state support programs
for the company and without them. We made evaluations under the assumption that the characteristics
of the mechanism of demand formation (Y ∗/η), price conditions (p/y) and fixed assets of the company
in the considered time period will remain at the base level of 2019. In the given scenario conditions a
decrease in demand is interpreted as a proportional decrease in the frequency of sales λ in the model.
Below are the results of model evaluations of the company’s value in relation to current assets (Fig. 3)
and the average capacity utilization rate (Fig. 4) of KAMAZ depending on the interest rate on short-
term loans issued to the company. The blue bars reflect the results of the calculations in the base scenario
that corresponds to the performance of the company in 2019 (base interest rate 2019 is r = 10%). Green
and red bars correspond to forecast scenarios of demand collapse in 2020 by 10 and 35% as against the
previous year (2019) respectively. In the absence of state support a 35% drop in demand (red bars, Fig. 2)
is catastrophic and can lead to bankruptcy of the company while the interest rate on loans subsidies at
the level of 2019. Given interest rate subsidies the company will remain in 2020 at the limit of profitability
(the ratio λW (0)

yη is close to 1) if the government subsidies will reduce the real interest rate on company
loans to no more than 6% per annum (red bars, r = 4%, r = 6%, Fig. 3). However even under state
subsidized interest payments an unprecedented decrease in capacity utilization rate is expected (u will
be less than 30%) that is a potential threat to social stability due to employment reduction (red bars,
r = 4%, r = 6%, Fig. 4).

The scenario with a 10% drop in demand for the company’s products (green bars in Figs. 3, 4) by
expert estimates is optimistic and can only be considered in conditions of the government measures of
demand support, i.e. with a significant increase in government orders for the company’s products. If this
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scenario is realized while the interest rate remains at the basic level (r = 10%) then a 30% decrease in the
valuation of company is expected (green bar, r = 10%, Fig. 3) as against the 2019 base level (blue bars,
r = 10%, Fig. 3). However the company will remain profitable that will allow not to reduce the coefficient
of capacity utilization by more than 5% (green and blue bars, r = 10%, Fig. 4). Thus the adoption of
such measures will save the level of employment and will not negatively affect the social stability of the
region. Additional measures to subsidize payments on company loans may slightly increase its real value
(green bars, Fig. 3). However they will have a negligible effect on the rate of capacity utilization (green
bars, Fig. 4).

4. CONCLUSION

The calculations show that the application of government measures to increase demand and subsidize
interest rates can be effective in the face of a collapse in demand for products of truck manufacturers
in 2020. Various options of state support programs for the real sector can be used to support the
economy in the context of the COVID-19 pandemic. For example, in a situation where enterprises
find themselves on the verge of bankruptcy, one of such measures may be a partial transfer of property
rights to the state in exchange for supporting production activities. This approach has been successfully
used in the United States during the 2007–2008 crisis. Given the limited state resources, the urgent
problem is the selection of the most effective projects for targeted support of enterprises. The developed
methodology for the analysis of production performance indicators taking into account the shortage of
working capital and unstable demand can be used to analyze and select the most effective measures to
support enterprises in the conditions of a collapse in demand caused by a pandemic.
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