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Abstract—The spatial distribution of the triggered seismic events in mining conditions in the tectonically
loaded rock masses is studied using the example of seismicity in the Khibiny Mountains. It is shown that the
distribution of distances from the triggering to triggered events, on average, obeys the power-law with a
parameter independent of the magnitude of the triggering event. The model of the maximum distances from
a triggering event’s hypocenter to the triggered shocks expected with a given probability is derived. It is shown
that the model is consistent with the real data. Based on the error diagram analysis, the guidelines are pro-
posed for the practical use of the model.
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INTRODUCTION
This work continues our research into spatiotem-

poral patterns of seismicity in mining regions. Con-
ducting our investigation into the subject, we validated
the productivity law established in our previous works
(Baranov and Shebalin, 2020; Shebalin et al., 2020)
for the conditions of mining-induced seismicity by
showing that the number of the triggered events shocks
initiated by an earlier event (productivity) obeys expo-
nential distribution (Baranov et al., 2020). Here, the
single parameter of the exponential distribution is
independent of the magnitude of the triggering event.

In this work, by analyzing the seismicity of the
Khibiny massif, we show that the distances from the
triggered earthquakes to their triggering seismic events
obey the power-law distribution. This conclusion is
consistent with the well-known results previously
obtained for the aftershocks of the tectonic earth-
quakes in California and Japan (Huc and Main, 2003;
Felzer and Brodsky, 2006; Richards-Dinger et al.,
2010). The last two cited works reflect the discussion
on whether the dynamic stress transfer can induce
aftershocks.

Felzer and Brodsky (2006) concluded that the
observed power-law distribution of distances between
aftershocks and their main shocks agrees with the fact

that the probability of the occurrence of the after-
shocks is practically proportional to the amplitude of
seismic waves. In the cited work it is also shown that
this distribution is poorly consistent with the rate-state
models describing movements along a fault with fric-
tion that depends on the changes in static stress, veloc-
ity, and state (Dieterich, 1994; Scholz, 1998). Consid-
ering this and the fact that static stress changes at the
more distant aftershocks are negligible, Felzer and
Brodsky (2006) hypothesized that aftershocks can be
initiated by the dynamic stress transfer from the main
shock. Subsequently, Richards-Dinger et al. (2010)
used the algorithm of (Felzer and Brodsky, 2006) to
identify the main shocks and aftershocks and have
shown that the power-law decay of the density of the
repeated shocks with distance is also observed for the
aftershocks that occurred before the arrival of seismic
wave from the main shock, which violates causality in
the case of the dynamic stress transfer. Thus, the
power-law decay of aftershock density with distance
does not signify that dynamic stress transfer causes
repeated shocks.

In our opinion, there are also no grounds to believe
that the power-law character of spatial distribution of
the aftershocks indicates their initiation by the
dynamic stress transfer from the main shock because
520
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the same distribution is also observed for the distances
between earthquake pairs (no matter whether they are
main shocks or aftershocks) on the global and regional
levels (e.g., (Kagan and Knopoff, 1980; Kagan, 2007
and references therein)) reflecting the fractal geome-
try of the seismicity. We note that a fractal structure
was also obtained for crack distribution observed in
the laboratory experiments on fracturing of Oshima
granite (Hirata et al., 1987).

This study is relevant for the matter at hand as it
confirms that the power-law distribution of distances
from main shocks to their aftershocks established for
tectonic seismicity with M ≥ 2 is also valid for the weak
mining-induced seismicity (0 ≤ M ≤ 3.3, 104 ≤ E ≤
8.7 × 109 J). This indicates that the power-law charac-
ter of the spatial distribution of the repeated shocks
appears to be universal. At the same time, in order to
accept the power-law distribution as valid on all energy
scales, it is necessary to carry out laboratory studies
similar to those described in (Hirata et al., 1987;
Smirnov et al., 2019; 2020; Smirnov and Ponomarev,
2020).

Mineral extraction in the tectonically loaded rock
masses causes manmade seismicity (e.g., (Adushkin,
2013; 2016; Kozyrev et al., 2018; Adushkin et al.,
2020)). In this case, rock pressure in the underground
workings of the operating mines disrupts the continu-
ity of the rock mass including its near-contour part
which manifests itself in the dynamic forms as peeling-
off and shooting of rocks, dynamic culling, micro-
impacts and rock bursts and manmade earthquakes
(Kozyrev et al., 2016). Just as the tectonic (natural)
seismicity, mining-induced earthquakes can trigger
repeated shocks (aftershocks) (Plenkers et al., 2010;
Woodward and Wesseloo, 2015; Kozyrev et al., 2018;
Baranov et al., 2019a; 2020). After a mining-induced
earthquake, a decision should be rapidly made as to
suspending the work, evacuating the people, and
removing the equipment from the danger zone. Thus,
the research addressing spatiotemporal patterns of the
postseismic processes in mining regions has a clear
practical relevance.

As a practical application of the previously estab-
lished productivity law for mining-induced seismicity
and the power-law spatial distribution of aftershocks
revealed in this study, we analytically developed a
model that allows for estimating the size of the zone
where the triggered events are expected to occur with a
given probability. We note that this result is important
for safe mining operations.

INITIAL DATA AND IDENTIFICATION 
OF INDUCED EVENTS

Just as in (Baranov et al., 2020), in this study we use
the catalog of seismic events recorded by the seismic
monitoring network of the Kirovsk Branch of AO
Apatit (Korchak et al., 2014) from 1996 to August 2020
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(Fig. 1). The network currently incorporates 50 three-
component seismic sensors installed in the Kirovsk
and Rasvumchorr mines which record the input sig-
nals at a sampling rate of 1000 Hz. The network allows
the locations of hypocenters of seismic events with
energy E ≥ 104 J to be determined as accurately as up
to 25 m in the region of   reliable recording. The hypo-
center locations of the lower-energy events are esti-
mated less accurately, e.g., the hypocenter location
accuracy for the events with E = 103 J is up to 100 m in
the region of   reliable recording and up to 25 m in the
high-accuracy region.

Processing of data of the KB AO Apatit seismic
monitoring network includes calculation of event
energy E (in J). In this paper, energy was converted
into magnitude based on the formula of T.G. Rautian
(1960): logE(J) = 1.8M + 4.0.

Since 1996, complete recording of seismic events
by the network has been provided starting from energy
of Ec = 104 J which corresponds to the magnitude of
completeness Mc = 0. The catalog used in our study
contains 71883 seismic events with 0 ≤ M ≤ 3.3. The
completeness of the catalog and the accurate, up to
25 m, hypocenter location allow study of very weak
seismicity which fills the gap between the laboratory
experiments and the field observations. This is an
additional test for the universal character of the regu-
larities revealed by both the laboratory studies and the
analysis of global and regional catalogs of tectonic
earthquakes.

The triggering and triggered events were identified
by the nearest neighbor method (Zaliapin and Ben-
Zion, 2016) based on the use of the proximity function
in the space-time-magnitude region (Baiesi and
Paczuski, 2004). This function depends on the parame-
ters of seismicity: the Gutenberg–Richter (GR) b-value
and fractal dimension of earthquake hypocenters df.
The idea of the method is that for each event in the
catalog (except for the first event), we find its “ances-
tor” determined by the minimum   of the proximity
function calculated over all the previous events. If the
minimum of the proximity function is below a certain
threshold η0, the ancestor is assumed a trigger of the
analyzed event. Otherwise, the connection between
these events is rejected. Here we only consider the
highest hierarchy level where the triggering event and
its initiated shocks constitute one series. If an initiated
shock is itself a trigger, it forms another series. Events
that have no triggers are considered background events
irrespective of whether they initiate repeated. The η0
value can be selected by various methods, e.g., (Bayliss
et al., 2019; Baranov and Shebalin, 2019; Shebalin et al.,
2020). Here, we use the model-independent method
(Shebalin et al., 2020) which is preferable in the con-
ditions of manmade seismicity (Baranov et al., 2020).

The use of the nearest neighbor method to analyze
the seismicity of the Khibiny natural/manmade sys-
tem (NMS) was discussed in our previous paper
 No. 4  2021



522 BARANOV et al.

Fig. 1. Epicenters of seismic events with 1.5 ≤ M ≤ 3.3 recorded in Khibiny massif from 1996 to August 2020 against terrain relief
map. Box in inset shows study region location. Mineral deposits: (1) Kukisvumchorr, (2) Yukspor (mined by Kirovsk mine);
(3) Apatite Circus (Rasvumchorr mine); (4) Rasvumchorr Plateau (until 2014 Central mine; currently Vostochnyi mine).
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(Baranov et al., 2019a; 2020). In the cited work, we
obtained the following parameter estimates: b = 1.25,
df = 1.55, log η0 = –6.25.

DISTRIBUTION OF DISTANCES
FROM THE TRIGGERING EVENTS 

TO THE TRIGGERED EVENTS

For the triggering seismic events with Mm ≥ 1.5, we
construct the distribution of the distances between
these events and the triggered shocks with magnitude
M ≥ Mm – 1.5 initiated by them. According to (Huc
and Main, 2003; Felzer and Brodsky, 2006; Richards-
Dinger et al., 2010), distances r between main shocks
and their aftershocks starting from certain value r0
obey the power-law distribution

(1)

with density
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It was established that in the case of the seismicity
of the Khibiny massif, the distances from the trigger-
ing events’ epicenters to triggered shocks starting from
r0 = 0.13 km also obey the power-law distribution (Fig. 2)
with parameter n = 2.28 in the different ranges of trig-
ger event magnitudes Mm. The standard errors σ (for
parameter n) and the r0 values are presented in the
caption of Fig. 2, and the characteristics of the series
are presented in Table 1. The estimation was carried
out by the maximum likelihood method (Clauset
et al., 2009). Moreover, just as in (Felzer and Brodsky,
2006), parameter n is independent of the main shock
magnitude.

The similar result is also valid for vertical (along the
depth) distances between the triggering and triggered
events (Fig. 3). In this case, we denote the distance in
formulas (1) and (2) starting from which the distribu-
tion satisfies the power-law by h0. The values of
parameter n, standard errors σ, and distance h0 are
indicated in the caption of Fig. 3, and the characteris-
tics of the series are presented in Table 1. In the case of
vertical (along depth) distances, the scatter in the val-
ues of parameter n for different magnitudes is larger
than for epicentral distances. This is due to the fact
that errors in depth determination are larger than epi-
center location errors. Another probable cause is the
SICS OF THE SOLID EARTH  Vol. 57  No. 4  2021
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Fig. 2. Distribution of epicentral distances from triggering events with different magnitudes Mm to the triggered events with mag-
nitude M ≥ Mm – 1.5. Circles are real values; solid line is approximation by power-law distribution (2) with n = 2.28 ± σ; dashed
line corresponds to r0 starting from which distances obey power-law distribution; (a) Mm ≥ 1.5, σ = 0.06, r0 = 0.134 km; (b) Mm ≥ 1.8,
σ = 0.10, r0 = 0.130 km; (c) Mm ≥ 2.1, σ = 0.124, r0 = 0.137 km (r0 values are above hypocenter determination accuracy 0.03 km). 
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presence of stress field inhomogeneities along depth
increasing the probability that rock pressure manifest
itself in the dynamic form (Kozyrev et al., 2019). In
turn, these manifestations may lead to the variations in
the decay rate of density of the initiated shocks
(parameter n). In any case, the ±3σ intervals for the
values of n   overlap indicating insignificant deviations
in the values   of this parameter.

DISTRIBUTION MODEL FOR THE REGION 
OF TRIGGERED SHOCKS

Given that the power-law distribution parameter n
is practically independent of the magnitude of the trig-
gering event, the radius R of the circle encompassing the
expected initiated events with magnitude M ≥ Mm – ΔM
is determined by the number of shocks of a given mag-
nitude initiated by the triggering event (trigger pro-
ductivity).

A triggering event can trigger several dependent
shocks constituting a series. As we consider only one
hierarchical level, we may suppose that the events in
the series are independent of each other. We assume
that for each series, the number of the initiated events
IZVESTIYA, PHYSICS OF THE SOLID EARTH  Vol. 57 

Table 1. Characteristics of series of triggered events with ma
of triggering events

Ns is the number of series triggered by triggering events with magnit
distance starting from which the distribution of epicentral distances 
bution (1); N(r < r0) is the number of the triggered events with epicent
starting from which the vertical (along the depth) distances from the trigg
N(h < h0) is the number of the initiated shocks with vertical (along the d

Trigger magnitude Ns N

Mm ≥ 1.5 447 1407
Mm ≥ 1.8 122 366
Mm ≥ 2.1 61 196
with magnitudes M ≥ Mm – ΔM obey the Poisson dis-
tribution with the mean Λ (Zoller et al., 2013). In this
case, the probability that all k initiated shocks occur
closer than at distance x from the trigger is Fr(x)k where
Fr(x) is distribution described by formula (1). Using
the total probability formula, we obtain the distribu-
tion of the maximum epicentral distance Rmax from the
triggering event to the most distant aftershock in the
series:

(3)

According to the earthquake productivity law
(Shebalin et al., 2020) which was validated for the seis-
micity of the Khibiny massif (Baranov et al., 2020),
the number of the triggered events obeys the exponen-
tial distribution with density

(4)

Here, the average number of the triggered events is the
estimate of parameter L.
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gnitudes M ≥ Mm – 1.5 for different ranges of magnitude Mm

ude Mm; N is the number of triggered events in series; r0, km, is the
from triggering events to triggered events obeys the power-law distri-
ral distances to their triggering events shorter than r0; h0 is the distance
ering events to the triggered events obeys the power-law distribution (1);
epth) distances to their triggering events shorter than h0.

r0, km N(r < r0) h0, km N(h < h0)

0.134 868 0.06 822
0.130 187 0.08 207
0.137 91 0.08 105
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Fig. 3. Distribution of vertical (along depth) distances from triggering events with different magnitudes Mm to the triggered events
with magnitude M ≥ Mm – 1.5. Circles are actual values; circles are real values; solid line is approximation by power-law distri-
bution (2) with parameter n; dashed line corresponds to h0 starting from which vertical (along depth) distances obey power-law
distribution. (a) Mm ≥ 1.5, n = 2.29, σ = 0.05, h0 = 0.06 km; (b) Mm ≥ 1.8, n = 2.42, σ = 0.11, h0 = 0.08 km; (c) Mm ≥ 2.1, n =2.49,
σ = 0.16, h0 = 0.08 km (h0 values are above hypocenter determination accuracy 0.03 km).
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For finding the distribution of distances from the
triggered shocks to their triggering events over the set
of the series, we combine (3) and (4) at x ≥ r0. Thus, we
obtain the distribution function

(5)

and density

(6)

where Fr is the power-law distribution function (1)
with density fr (2).

Given that the vertical (along the depth) distances
from the triggered shocks to their triggering events also
obey the power-law distribution (Fig. 3), the similar
relations are also valid for the maximum distances
Hmax along the depth.

Formulas (5) and (6) define the model of the dis-
tribution of maximum distances where the repeated
shocks are expected. The correspondence of this
model to the seismicity data for the Khibiny massif is
shown in Fig. 4 (the value L ≈ 3 is specified according
to (Baranov and Shebalin, 2020); this estimate can
also be obtained from Table 1 by calculating the ratio
of column N to column Ns values).

PRACTICAL ASPECTS
In this section, we consider practical aspects of

using the averaged model of the distribution of maxi-
mum distances. The region where the triggered events
with magnitudes M ≥ Mm – ΔM are expected to occur
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with a given probability can barely be estimated
directly from distribution (5) because the power-law
decay is only satisfied starting from a certain, albeit
small distance from the triggering event, at which
about half of all the initiated shocks take place (Table 1).
In order to allow for this feature and for the limited
spatial extent of the   mining activity region, we used the
Molchan error diagram (Molchan, 2010) visualizing
the dependence of the fraction of the missed target
events (the rate of failures-to-predict) ν versus the
fraction of space-time alarms τ.

When estimating epicentral distances, we assume
the space Ω containing 100% of the triggered events to
be a circle with a radius of 2.5 km and a center at the
epicenter of the triggering event. This Ω corresponds
to the zone controlled by   the joint Kirovsk mine. For
the Rasvumchorr mine, we assume the same space Ω.
We estimate the epicentral alarm zone encompassing
the expected triggered events as the circle with the
center at the epicenter of the triggering event and with
radius Rq calculated for probability q from the inverse

function for distribution (5): . (Parameters
of distribution (5) are n = 2.28, r0 = 0.134 km (Fig. 2a),
L = 3 (Baranov et al., 2020)). We denote this zone by
Gq and its area by Sq. Then, the fraction of the alarm
space τ is defined by the ratio of Sq to the area SΩ of
space Ω, i.e., τ = Sq/SΩ. The rate of missed events ν is
the fraction of the triggered events beyond the alarm
region Gq.

When estimating distances along the depth (verti-
cal distances), we assume the space Ω in the form of a
segment of length HΩ = 1 km centered at the main
shock hypocenter, which corresponds to the vertical
(along the depth) zone controlled by the mines and
contains 100% of the aftershocks. Then, as the alarm
zone along the depth accommodating the expected

( )−= 1
q aR F q
SICS OF THE SOLID EARTH  Vol. 57  No. 4  2021
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Fig. 4. Probability density of (a) maximum epicentral distances Rmax, km and (b) vertical (along depth) distances Hmax, km, from
triggering events with Mm ≥ 1.5 to their initiated shocks with M ≥ Mm – 1.5. Circles are actual data for 447 series; solid line is
approximation by formula (6).
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triggered events, we use the vertical segment Vq with
the center at the hypocenter of the triggering event and
with length Hq calculated for probability q from the
inverse function of distribution Fa (5) for depths with
parameters n = 2.29 and h0 = 0.06 km (Fig. 3a) and
h0 = 3 (Baranov et al., 2020). In this case, the fraction
of the alarm space is τ = Hq/HΩ. The fraction ν of the
missed target events is the fraction of the repeated
shocks that fall beyond the segment Vq.

This shape of the zone corresponds to a cylinder
with radius Rq, height Hq, and center at the epicenter
of the triggering event. This shape of the zone allows the
radius and height of the cylinder to be determined inde-
pendently, subject to the importance of the forecast.

The dependence of ν on τ for different q is the error
trajectory. Diagonal (0; 1) (1; 0) corresponds to a ran-
dom forecast. The stronger deviation of the error tra-
jectory from the diagonal means the better forecast
performance. Parameter q specifies the size of the alarm
zone: the larger q means the larger area of Gq or Vq. The
error diagram constructed for different q values    based
on the retrospective forecast of the region of the
  repeated shocks with M ≥ Mm – 1.5 (Fig. 5) reflects the
trade-off between two kinds of errors: the increase in q
reduces the probability of a missed event but increases
the alarm zone and vice versa. Thus, the scalar param-
eter q can be characterized as an alarm function
(Zechar and Jordan, 2008; Shebalin et al., 2014).

The q value is chosen subject to the forecast objec-
tive. In some cases, it is important that the probability
of a second-kind error, i.e., missing an event, is low.
The situation when a strong aftershock can cause
undesirable consequences is the example. In other
IZVESTIYA, PHYSICS OF THE SOLID EARTH  Vol. 57 
cases, it may be necessary to minimize the area where
the repeated shocks are expected in order to reduce the
cost of continuing the warning status. To formalize the
choice of parameter q, we proposed a method of three
strategies (Baranov and Shebalin, 2017). The idea of
  the method is to determine the limiting points on the
error trajectory that correspond to the neutral, soft
and hard strategies.

The point corresponding to the neutral strategy
(point 0 in Fig. 5) is determined from the minimum of
the loss function γ = ν + τ which is the sum of the
errors of two kinds. This strategy is used when the cost
of the two kinds of errors is approximately the same or
not known. The point corresponding to the soft strat-
egy (point 1 in Fig. 5) is determined by the position of
the tangent line to the error trajectory, at which,
because of the trajectory’s closeness to vertical, even a
small change in the size of the alarm zone will result,
through the decrease in q, in a strongly increased
probability of missing an event. Finally, the hard strat-
egy corresponds to the point (2 in Fig. 5) at which the
tangent line to the error trajectory is such that the
increase in the alarm region will not reduce the frac-
tion of the missed events because of the closeness of
the trajectory to horizontal. The q, ν, τ, Rmax, and Hmax
values corresponding to the neutral, soft, and hard
strategies are presented in Table 2.

Model (5), (6) constructed over the set of the series
can be used as a first approximation of the region
where the aftershocks triggered by a seismic event with
M ≥ 1.5 are expected immediately after its occurrence.
The independence of the estimates of the epicentral
distance and the estimates along the depth allows us to
use different strategies to select the radius and the
 No. 4  2021
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Fig. 5. Error diagram for estimating (a) epicentral distance and (b) vertical (along depth) distance from triggering event with Mm ≥ 1.5
to most distant triggered shock with Mm ≥ –1.5; τ is fraction of alarm space; ν is fraction of missed events. Diagonal (0.1)–(10) corre-
sponds to random chance forecast (dashed line). Thick ling is the error trajectory. Circles indicate points corresponding to neutral (0),
soft (1), and hard (2) forecast strategies (see text; ν and τ values corresponding to strategies are indicated in Table 2). Thin straight lines
show tangent lines to the error trajectory at points 1 and 2 (tangent line to point 2 in panel (b) coincides with abscissa axis).
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height of the cylindrical region subject to the location
of the main shock.

These estimates for a specific series can be
improved by taking into account the first aftershocks.
The constructed model in this case can be used as a
basic one for testing the models that employ informa-
tion about the first aftershocks. An example of the use
of a basic model for estimating the magnitude of the
strongest aftershock and the duration of the hazardous
period is presented in (Baranov et al., 2019b; Shebalin
and Baranov, 2019).

CONCLUSIONS

Based on the seismicity data for the Khibiny mas-
sif, it is shown that the distances between the trigger-
ing and triggered events, on average, have a power-law
distribution with the exponent that practically does
IZVESTIYA, PHY

Table 2. q, τ, ν, Rmax and Hmax values corresponding to differ

Strategy q

Epicentral estimate
Neutral 0.75
Soft 0.56
Hard 0.83

Depth estimates
Neutral 0.66
Soft 0.41
Hard 0.88
not depend on the magnitude of the triggering event.
The established regularity is consistent with the previ-
ously obtained conclusions for the aftershocks of the
tectonic earthquakes (Huc and Main, 2003; Brodsky,
2006; Richards-Dinger et al., 2010).

This result has an important theoretical value for sta-
tistical seismology as it, firstly, validates power-law distri-
bution for weak seismicity with magnitudes 0 ≤ M ≤ 3.3
and, secondly, gives ground to believe that the regular-
ities revealed for tectonic seismicity are also valid at
mining in the tectonically loaded rock masses.

In this study, based on earthquake productivity law,
we have constructed the model of the maximum dis-
tances of the expected aftershocks which allows the
estimates to be obtained starting from the time imme-
diately after the main shock. The consistency of the
model with the real data is demonstrated. The guide-
SICS OF THE SOLID EARTH  Vol. 57  No. 4  2021

ent forecast strategies (see text)

τ ν

s Rmax, km
0.08 0.12 0.7
0.01 0.30 0.25
0.26 0.05 1.28

Hmax, km
0.24 0.14 0.24
0.11 0.35 0.11
0.69 0.002 0.69
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lines for the practical use of this model are substanti-
ated based on the analysis of the error diagram.
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