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Abstract—Results of a theoretical description of collisionless kinetics of radial expansion of two-component
(electron–ion) plasma in the one-dimensional cylindrical formulation of the problem are presented. The
electric-field mechanism of supersonic expansion of the plasma flame due to the motion of the electron–ion
ensemble and self-consistent electric field in the diode with the potential difference applied to it is demon-
strated. The spatiotemporal evolution of the ion energy distribution function, electric potential, and rate of
expansion of the emission boundary of the plasma flame is shown. The calculated rates of f lame expansion
at the copper cathode (~1.5 × 106 cm/s) well agree with the experimental data.
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INTRODUCTION
Vacuum gap breakdown is widely studied and used

in technical equipment with unique characteristics [1,
2]. Vacuum breakdown is excited by plasma due to
explosions of microscopic irregularities of the cath-
ode, which is followed by expansion of the cathode
flame plasma into the interelectrode gap. One of key
problems of vacuum electronics is the process of
expansion of initiated near-cathode plasma. This pro-
cess is characterized by superthermal expansion rates
and anomalous ion transfer to the anode in the vac-
uum discharge [3–5]. The plasma expansion rate
recorded in vacuum discharges with different cathode
materials amounts to (1–4) × 106 cm/s [6], which cor-
responds to the ion kinetic energy of tens and, some-
times, hundreds of electron-volts [7–9]. The energies
of ions arriving at the anode can exceed the arcing
voltage (multiplied by the elementary charge) of the
arc discharge stage which is formed as a result of
plasma bridging of the gap. Due to this property, fast
anode-directed ion f luxes are sometimes called anom-
alous.

The nature and the formation mechanism of such
fluxes still have no commonly accepted explanation
and are a subject of numerous and long-term discus-
sions among specialists on vacuum discharge. The dis-
cussions take place mainly within the framework of
three noticeably distinguishing approaches to explain-
ing anode-directed ion f luxes: (1) the hydrodynamic
model of plasma acceleration due to the high pressure
gradient of the substance outflowing from the
micrometer-size explosive emission center [10, 11];
(2) the electron wind model which explains the ion
acceleration by collisions with a very dense electron

flux which, again, takes place in the region of the com-
pact explosive emission center [12, 13]; and (3) the
model of field acceleration of ions due to the non-
monotonic electric potential distribution (“potential
hump”) which can take place in a close neighborhood
of the explosive emission center [14, 15]. In all these
models, the key role is played by the compact explo-
sive emission center the traces of which are associated
with micrometer craters on the surface of the vacuum
discharge cathode.

Not questioning the possibility of implementing
the three abovementioned mechanisms, we call
plasma physics specialists’ attention to the possibility
in principle for another (electric-field) fundamental
mechanism of collisionless plasma expansion in the
vacuum gap to which electric voltage is applied. Here,
the term “fundamental” is used in its literal sense as
“the most general and/or simple,” i.e., not fraught by
physical complexity of the process of initiating the
explosive emission center and formation of the atom–
ion composition of the plasma.

Here, we formulate an ultimately simplified phys-
ico-mathematical problem (the plasma is assumed to
be consisting of two components and collisionless,
and the motion is assumed to be one-dimensional)
and solve it in terms of physical kinetics. Certainly,
plane geometry would be a simpler one-dimensional
problem; however, the radially diverging plasma
expansion, without complicating the mathematical
equations, makes it possible to additionally study the
influence of the degree of spatial inhomogeneity of the
problem on characteristics of the process.
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MATHEMATICAL MODEL 
OF THE EXPANSION

The evolution of two-component plasma consist-
ing of electrons and singly charged ions in a vacuum
cylindrical gap is described by two Vlasov equations
which take into account the centrifugal forces Fe and Fi
caused by the initial spread of azimuthal momentums
of particles:

(1)

(2)

where  and  are the distribution func-
tions of electrons and ions with respect to coordinates
r and radial momentums p; m and M are the masses of
the electron and ion, respectively; q is the elementary
charge; and  is the electric field strength.

The additional term  in Eqs. (1) and
(2) takes into account the action of centrifugal forces
in the presence of the transverse (azimuthal) momen-
tum in the particles. Although we solve the problem of
radial expansion of plasma in a vacuum gap, the
ensemble of particles of the initiating plasma can con-
tain nonzero angular momentums which are preserved
in the process of radial expansion of particle ensembles
and have an effect on the dynamics of the electric
field. These momentums  can be immediately aver-
aged using the law of conservation of the azimuthal
momentum :

(3)

where rC is the plasma cathode radius (the parameter
of the problem);  is the angular component of the
particle momentum at the cathode;  is the Max-
wellian distribution function of azimuthal momen-
tums at the cathode; and T is the thermodynamic tem-
perature of the cathode ensemble. As a result, the cen-
trifugal forces for electrons and ions have the form

(4)

We added the azimuthal momentums into the calcu-
lated model because they create the centrifugal
pseudoforce of inertia which can have a significant
effect on the transfer of the particle f lux in regions
filled with quasineutral plasma, where the electric
field strength is close to zero values.
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Equations (1) and (2) are complemented by the
Poisson equation

(5)

where  is the electric potential;  is the vol-
ume charge density;  is the electric constant; and

 and  are the electron and ion densities
which are determined as moments of the distribution
functions

(6)

The Poisson equation with allowance for the bound-
ary conditions at the cathode rC and anode rA:

 and —has an exact solution
in quadratures

(7)

The electric field strength

(8)

Further, we suppose that the series electrical circuit
consists of a voltage source Usource(t), a ballast resis-
tance Rballast, and a discharge gap. Then, the voltage at
the electrodes U is described by the circuit equation

(9)

where  is the area of the current cylindri-
cal surface and L is the axial extension of the dis-
charge. The total current density  includes the
displacement current density and the convective den-
sities of the electron and ion currents  and

:
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The convective current densities are determined in
terms of the distribution function moments
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Fig. 1. Electron density n and distribution of the electric
potential ϕ near the cathode at first time instants (the
anode voltages are shown near the time).
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Let us average Eq. (10) over the gap radius and obtain
the equation for the total current

(12)

Substituting the voltage U from (9) into (12), we obtain
the equation for the discharge current

(13)

Integrating (13), we obtain an explicit expression for
the current density in the discharge gap

(14)

Finally, the mathematical model of the discharge
should be complemented by specifying the function of
the external voltage source Usource(t) and boundary
conditions at the cathode.

We assume that the cathode surface is a nonequi-
librium electron–ion quasineutral plasma with a given
density n0 the ensembles of which are characterized by
Maxwellian distributions with different thermody-
namic temperatures Te, Ti and a nonzero average
momentum:

(15)

The initial distribution functions (15) were given with
a displaced momentum to avoid the artificial gap in
the particle f lux at the boundary of the computational
domain (at r = rC, it would be zero by definition for an
unbiased distribution) and in the radial f lux outside
this boundary (at r > rC). This trick generates smooth
solutions in a neighborhood of the cathode boundary
(r = rC + 0).

The system of five equations (1), (2), (8), (9), and
(14), jointly with boundary conditions (15), forms a
closed mathematical model of a one-dimensional vac-
uum diode with plasma emission of particles at the
cathode. This system of equations is solved numeri-
cally by semi-Lagrangian methods. For the calculated
phase space (r, t), a nonuniform grid with dimensions
of 4000 × 5000 elements is used for discretization of
each of Eqs. (1) and (2).
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PLASMA EXPANSION
IN A CYLINDRICAL GAP

The calculations show that the expansion mecha-
nism remains almost unchanged under reasonable
variations of the initial parameters (rC = 20–1000 μm,
Usource = 100–2000 V, and n0 = 1012–1016 cm–3); for
this reason, we present quantitative results only for a
certain typical case. The choice of the applied voltage
Usource and ballast resistance Rballast was usually caused
by the condition that the circuital current provided a
noticeable decrease in the anode voltage as the plasma
approached the anode radius.

Below, we present the calculations of plasma
dynamics in a cylindrical vacuum gap with the cathode
radius rC = 1 mm, anode radius rA = 10 mm, and lon-
gitudinal length L = 10 mm. The voltage source gener-
ates a pulse Usource(t) with an amplitude of 2 kV and
short rise time trise = 0.1 ns; it is connected to the gap
through a ballast resistance Rballast = 100 Ω. At the
cathode radius, the state of quasineutral plasma with
density n0 = 1014 cm–3 of electrons and single-charged
copper ions Cu+ was recorded. This density provides
by wide margins the collisionless regime of charged
particle motion in a centimeter gap. The electron and
ion temperatures are Te = 3 eV and Ti = 1 eV. At these
parameters, the density of the thermal current of elec-
tron emission (~464 A/cm2) exceeds by orders of mag-
nitudes the density of the Child–Langmuir current
LASMA PHYSICS REPORTS  Vol. 49  No. 11  2023
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 [16] at the cathode of
a cylindrical diode (~2 A/cm2) operating in the regime
of current limitation by the spatial charge of electrons.

Initial Stage of Expansion—Formation
of a Virtual Cathode

In the first picoseconds, when the voltage at the
source is still low, electrons already move towards the
anode. In this process, they generate current in the cir-
cuit and form a region of a negative potential (of a vir-
tual cathode). This negative potential reflects the
major part of cathode plasma electrons and transmits
to the anode only a small amount of them. The poten-
tial well depth after 30 ps reaches –40 V, and it also
changes with a change in the applied anode voltage.
The dynamics of this process in time is shown in

( )CL C A≈ ε 3/2
04 /9 2 / ( / )j q m U r r
PLASMA PHYSICS REPORTS  Vol. 49  No. 11  2023

Fig. 2. Distribution of the particle density (the solid line is
electrons; the dashed line, ions) and electric potential dis-
tribution (here, the scales of negative and positive values
are different).
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Fig. 1. This starting stage of the electron motion is
essential for understanding the electric-field mecha-
nism of plasma expansion. For this reason, we so com-
prehensively demonstrate the distribution of the elec-
tron cloud and electric potential until the ions remain
almost immobile at the boundary of the cathode
plasma. Note that first electrons reach the anode only
by the time instant of 480 ps.

We immediately note that we counted up the start-
ing stage of the expansion under different initial con-
ditions. For example, the plasma density could be
smoothly triggered from zero n0(t) or be exponentially
spread in the space: f0(rC + x, ) = f0( )exp(–x2/l2).
Test calculations of this stage were also carried out by
the large-particle method (PIC). All these tricks did
not change qualitatively the abovementioned picture
of the virtual cathode formation.

Extension of the Emission Boundary 
of Quasineutral Plasma

The negative potential of the virtual cathode near
the plasma boundary is accelerating for ions. There-
fore, the ions begin the natural motion to the anode;
on this way, they compensate the spatial charge of the
electron cloud and form the outer emission boundary
of the cathode flame, as is shown in Fig. 2. By the
emission plasma boundary we mean the cross section

v v
Fig. 3. Time dependences of the position and depth of the
potential well and emission plasma boundary (top).
Motion speeds of the plasma boundary and point of mini-
mum of the potential V (bottom).
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Fig. 4. Phase portraits of the ion energy distribution function  at different time instants (on the left) and instantaneous ion
spectra of  in the radial cross section marked by the dashed line (on the right).
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where the electron and ion densities begin to notice-
ably diverge (in Fig. 2, this divergence is visible when
Δn/n0 ~ 20%). The ions gain energy in the accelerating
field and move to the anode; in this process, they dis-
place both the boundary of quasineutral plasma and
the cross section of the virtual cathode to the anode.

As the emission boundary of the f lame moves to
the anode, the current in the electric circuit increases,
which leads to a decrease in the voltage at the anode,
as it follows from (9). We call attention to the fact that
P

the plasma density in the neighborhood of the emis-
sion boundary remains approximately at the same
level of ~6 × 1010 cm–3, which is lower than the cath-
ode plasma density by three orders of magnitude.

Figure 3 shows the position and motion velocity of
the cross section of the virtual cathode and emission
plasma boundary as functions of time. It is seen that
the emission boundary gradually detaches from the
cross section of the minimum potential (of the virtual
cathode), and they move with different velocities. The
LASMA PHYSICS REPORTS  Vol. 49  No. 11  2023
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Fig. 5. Potential well ϕmin, its velocity , and veloc-
ity of the emission plasma boundary Vedge at different time
instants for cathodes with radii of 0.05, 0.1, 0.5, and
1.0 mm at the applied voltage of 2.0 kV.
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motion of the virtual cathode provides ion accelera-
tion to the anode. As a result, the average energy of
ions in the gap reaches tens of electron-volts, which
considerably exceeds their thermal energy in cathode
plasma (~1 eV).

Energy Spectra of Ions in Expanding Plasma

Figure 4 presents the ion distribution functions in
the phase plane (radius–energy) at different time
instants and instantaneous spectra in the cross section
r = 5 mm (this cross section corresponds to the dashed
line in the phase portraits). The decrease in the ion
energy in the right branch of the phase portrait is
caused by reflection of the ion f lux from the anode
potential barrier. Let us pay attention to the fact that
the anode potential decreases as the plasma
approaches the anode (it is seen in the right Fig. 2); it
can become close to zero and even negative, which
provides physical arrival of ions at the anode.

To correctly estimate the width of instantaneous
spectral distributions, we call attention to the logarith-
mic scale of the ordinate axis. The same figure shows
the total spectrum of ions in the middle part of the
gap; its maximum is in correspondence with energy of
40 eV (here, the scale of the ordinate axis is linear),
and the width at half maximum is approximately equal
to 15 eV. This indicates not only the formation of a
directed f lux of fast ions but also a high average ther-
mal straggling of the velocities. In fact, this is about a
very hot f lux of matter.

VARIATION OF THE CATHODE RADIUS 
AND APPLIED VOLTAGE

To study the influence of the initial parameters of
the problem on the process of plasma expansion, we
performed comparative calculations with variation of
the cathode radius. In doing this, other parameters
(the applied voltage, resistance of the circuit, and
cathode plasma density) remained unchanged. A
change in the cathode radius at an unchanged density
will lead to a change in the Child–Langmuir current
density at the cathode. For the cathode radius of 0.05,
0.1, 0.5, and 1.0 mm, the Child–Langmuir current
density takes values of 41.7, 20.8, 4.2, and 2.1 A/cm2,
respectively. However, in all the cases, the emission
current density (464 A/cm2) exceeds the Child–Lang-
muir current density more than by an order of
magnitude.

The mechanism of plasma expansion in the gap
does not change qualitatively with a change in the
cathode radius. However, the potential well depth
and, as a consequence, the advance speed of plasma to
the anode change, as is shown in Fig. 5.

A similar situation of preservation of the expansion
mechanism also takes place when varying the applied
voltage, which is demonstrated by Fig. 6. For exam-
PLASMA PHYSICS REPORTS  Vol. 49  No. 11  2023
ple, with a decrease in the applied potential, the
potential well depth increases and plasma expands
noticeably faster.

Thus, variation of two key parameters of the prob-
lem leads to a noticeable quantitative variation in char-
acteristics of the process of plasma expansion; how-
ever, the physical mechanism itself remains qualita-
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Fig. 6. Potential well, its velocity, and velocity of the emis-
sion plasma boundary at different time instants for a cath-
ode with a radius of 1 mm and applied potential of 0.1, 0.5,
1.0, and 2.0 kV.
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tively the same, which indicates its fundamental
reliability.

CONCLUSIONS

The physical kinetics method allows one to mathe-
matically correctly (in the form of smooth functions
P

without breaks of continuity) describe the behavior of
expanding longitudinally inhomogeneous plasma
from the surface of which the electron emission cur-
rent is taken off.

Within the framework of the kinetic calculation of
the motion of the electron and ion components in a
self-consistent electric field, the electric-field mecha-
nism of cathode plasma expansion in a coaxial vac-
uum gap has been described in detail. The key factor
having an effect on the dynamics of collisionless
plasma is noted—this is the formation of a virtual
cathode with a potential drop depth of tens of volts due
to fast removal of electrons to the anode. The further
motion of ions in the accelerating electric field leads to
a fast advance of the plasma boundary and formation
of a f lux of ions with energies of tens of electron-volts.

The physical mechanism of plasma expansion pre-
sented here remains valid until the Child–Langmuir
current density is significantly lower than the density
of the thermal electron current in cathode plasma. If
this relation is broken, the change of the mechanism of
collisionless plasma expansion is highly probable. Its
study will be a subject of further investigations. An evi-
dence of this can be seen in Fig. 6, where the case of
low voltage (100 V) noticeably falls out of the general
trend.

Certainly, this heavily simplified model of plasma
expansion cannot be directly applied to real vacuum
arc discharges in which a significant role is played by
locally inhomogeneous and nonstationary explosive
emission processes, fast plasma jets, etc. However,
abstracting from details of microturbulence on the
surface of the vacuum arc cathode and treating the
extended cathode of the arc as a source of dense and,
on the average, homogeneous electron-emitting
plasma, our calculations convincingly indicate the
inevitable appearance of ion f lux velocities observed
experimentally [7, 8, 12].
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