ISSN 0037-4466, Siberian Mathematical Journal, 2023, Vol. 64, No. 4, pp. 836-846. © The Author(s), 2023. This article is
an open access publication, corrected publication 2023.
Russian Text (© The Author(s), 2023, published in Sibirskii Matematicheskii Zhurnal, 2023, Vol. 64, No. 4, pp. 720-732.

DECOMPOSITIONS IN SEMIRINGS
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Abstract: We prove that each element of a complete atomic [-semiring has a canonical decomposition.
We also find some sufficient conditions for the decomposition to be unique that are expressed by first-
order sentences. As a corollary, we obtain a theorem of Avgustinovich-Frid which claims that each
factorial language has the unique canonical decomposition.
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1. Introduction

In [1], Avgustinovich and Frid proved that each factorial language can be presented as the catenation
of irreducible factorial languages; moreover, this representation is unique and optimal in a sense (the de-
compositions were called in [1] canonical; see [1, p. 151] and cf. Definition 7 of this article). Later, these
authors established in [2] that all the irreducible components of the canonical decomposition of a regular
factorial language are regular themselves. We also refer to the paper by Frid [3] on the related matters.

In this paper, we present an algebraic point of view at the matter. Namely, we show that each
element of an ordered semiring with certain properties has the canonical decomposition (see Theorem 1).
Furthermore, we find the two conditions, either of them expressed by a first-order sentence, that guarantee
the uniqueness of canonical decompositions in ordered semirings (see Theorem 2). Then we demonstrate
in Section 5 that the set of factorial languages over a fixed finite alphabet forms an ordered semiring
with all required properties. This yields the above-mentioned theorem by Avgustinovich and Frid (see
Corollary 2).

Our lattice-theoretic terminology is in accordance with [4,5]. Our semiring terminology is in accor-
dance with [4, 6].

2. The Basic Notions
We present in this section the necessary definitions and auxiliary results that will be used later.

2.1. l-Semirings.

DEFINITION 1. An algebra .# = (M;-,1) is a monoid if the following are satisfied:

(i) a(bc) = (ab)c for all a,b,c € M;

(ii)a-1=1-a=aforallaec M.

The monoid .# is commutative if ab = ba for all a,b € M.

DEFINITION 2 [6, p. 1]. An algebra #Z = (R;+,-,0,1) is a semiring if the following are satisfied:
(i) (R;+,0) is a commutative monoid;

(ii) (R;-, 1) is a monoid,;

(iii) a(b+ c)d = abd + acd for all a,b,c,d € R;

(iv) a0 = 0a = 0 for all a € R.

If (R;-,1) is a monoid, X C R, and r € R then we put rX = {rz |z € X} and Xr = {zr |z € X}.
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DEFINITION 3 [6, p. 217]. A semiring #Z = (R;+,-,0,1) is a lattice-ordered semiring or just an
[-semiring if we can define the lattice operations of join V and meet A on R with the properties:

(i)a+b=aVbforallabe R,

(ii)) ab < a A b for all a,b € R.

Here a < b means that a Vb = b or, equivalently, a + b = b. If the lattice (R;+, A) is distributive
then so we call the [-semiring Z.

In what follows, we consider lattice-ordered semirings in the signature {+,-, A,0,1}.

DEFINITION 4. We say that an [-semiring (R; +, -, A, 0, 1) is complete if (R; +, A) is a complete lattice
with the following properties:

(i) p(EX)r = YpXr for all p,r € R and X C R;

(i) p(A X)r = ApXr for all p,r € R and all X C R.

We note that our definition of complete [-semiring differs from the definition of complete lattice-
ordered semiring given in [6, p. 227].

Lemma 1. If # = (R;+,-,A,0,1) is an [-semiring then the operation - respects the ordering <.
Moreover, a < 1 for all a € R.

PROOF. Suppose that a; < b; in Z where i < 2. This means that apa; < apa; +aoby = ag(a; +b1) =
apby < agby + bpby = (ag + bp)by = bobs; i.e., the operation - indeed respects <.

Givena € R, wehavea=a-1<an1<1. 0O

An element 7 of an ordered semiring (R; +, -, 0, 1, <) is prime if ab < r implies that a < r or b < r for
all a,b € R; and r is A-prime if aAb < r implies that a < r or b < r for all a,b € R. Moreover, r € R\{1}
is irreducible if ab = r implies that a = r or b = r for all a,b € R. It is clear that each prime element
is irreducible. An element r € R\{1} is completely irreducible if ab = r implies that {a,b} = {r, 1} for
all a,b € R.

Given a semiring (R;+,-,0,1) and a set X C R, let [X] denote the submonoid of (R;-, 1) generated
by X.

DEFINITION 5. Let Z = (R;+,-,/A,0,1) be a complete l-semiring. Then Z is atomic if there is
a subset A C R\{1} consisting of the prime elements satisfying the condition

for each r € R, there is X C [A] such that /\ X=r.

The elements of A are called atoms of the [-semiring % in this case.

Clearly, A[A] = 0 in terms of Definition 5. Also each complete distributive algebraic lattice turns
to a complete atomic [-semiring under the assumption that the operations - and A agree. Some more
involved example of a complete atomic [-semiring appears in Section 5.

Lemma 2. Ifr = A\ X and @ # X C [A] then r # 1.

PROOF. As X # @, there are n < w and ag,...,a, € A such that ag---a, € X. We see in this case
that r <ag---an <agA---ANa, <ag <1by Lemma 1. O
The following is a generalization of Lemma 6 of [1] for semirings:

Lemma 3. Let (R;+,-,A,0,1) be a complete atomic l-semiring with a finite set A C R of atoms
and let {r; | i <w} C R\{1}. Then there are ny < w and a nonempty set B C A such that

/\ Trnam " Tn = /\[B]

for all n > nyg.

PRrROOF. Put
B ={a € A|theset {n <w|r, <a}is infinite}.

837



It follows from the definition of A that B # &. We choose the least ng < w which satisfies the condition
if 7, < a for some n > ng then a € B.

Such ng exists by the definition of the set B and the finiteness of A. Furthermore, for all by, ...,b; € B
and n > ng, there are mop,...,my < w such that n < my < --- < mp < w and 7y, < b; for all + < k.
Therefore, 7, -+ 7m, < bo---by by Lemma 1. Thus, by Definition 3(ii) 7p4m -+ 7n < bo - - - by, where
m < w is such that n < my < -+ < mg < n+ m. This implies that

/\ Trdm * Tn < /\[B]

m<w

Further, according to Definition 5, for all n > ng and m < w, there is X,,, C [A] such that
Trntm* Tn = /\ Xmn. It is clear that if x < a € A for some x € Xy, then r -7, < & < a, whence
Tnt+k < a for some k < m in view of the primality of a. The definition of ng yields a € B. We conclude
therefore that X, C [B]; i.e.,

/\[B] S/\{/\an|m<w}: /\ Frtm .

m<w

Thus, the desired equality

holds. 0O
The next statement is a generalization of Lemma 7 of [1] for semirings.

Lemma 4. Let (R;+,-,A,0,1) be a complete atomic [-semiring with finitely many atoms and let
{pi,riv1 i <w} C R

(i) If p; = pit17mi+1 for all i < w then there is n < w such that p, = p,yy for all k < w.

(ii) If p; = ri41pi+1 for all i < w then there is n < w such that p, = p,yk for all k < w.

ProOOF. We will demonstrate (i), as (ii) has some symmetric proof that uses a claim symmetric to
the claim of Lemma 3.

If there is n < w such that r,4; =1 for all k¥ < w then the desired statement is obvious. Therefore,
it suffices to consider the case when {r;11 | i < w} C R\{1}. Indeed, p; = pi+17i+1 < pi+1 for all i < w.
According to Lemma 3, there are a finite set of atoms B C R and ng < w such that

/\ Tndm " Tn = /\[B]

for each n > ng. We fix a particular integer n > ng and put a = >, p; and b = A[B] (we recall that
we consider a complete [-semiring). Given k < w, we see by Lemma 1 that

Dn = Pntk+1Tn+k+1" " Tntl < ( g pi)?”n+k+1 T4l = ATt k+1 " " T+,
<w

whence

pn < N @rnpkir- - rngn) = CL(/\ Tn+k+1"'7“n+1) =ab= (Zpi>b

k<w k<w <w
= (Z pn+i+1>b = § Pntit1b < an+z'+17"n+i “Tpil = Pn-
i<w i<w <w

Therefore, p, = ab for all n > ng and the desired statement follows. [
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2.2. Factorial languages. Given arbitrary languages K, L, and L;, with ¢ € I, over an alphabet >,
we consider the operations

(VLi={aex |acLforalicI}
el
ULi:{aEE*|a€Lif0rsomei€I};
i€l

KL={aplacK,BeL}; L*'=|J{L"|n<uw}.

Let X\ denote the empty word and let |a| denote the length of av € ¥*; in particular, |A| = 0.
DEFINITION 6. A language L C X* over an alphabet ¥ is factorial if a8y € L implies that § € L
for all a,v € ¥*.
A language L C X* is prefizal if L contains all nonempty prefixes of each of its words; in other words,
af € L implies that « € L for each nonempty o € ¥* and g € ¥*. A language L C ¥* is suffizal if L
contains all nonempty suffices of each of its words; in other words, fa € L implies that o € L for all
nonempty o € ¥* and g € ¥*.

The set of all factorial languages over an alphabet 3 we will denote by #x or just by .% when there
is no confusion. The following has a straightforward proof:

Lemma 5. Letn >0 and let A, B, A; C ¥*, withi € I, be factorial languages. Then so are | J;.; A;,
Micr Ai, and AB.

Given a language A C ¥*, put
FA)={£eX | £\ a&f € A for some o, € ¥}
PA)={(eX" |¢#)\ af € Aforall a € A};
S(A)={£eX"|E# A\ Eac Aforall a € A}

It is clear that F'(A) is the least factorial language containing A. Moreover, if A is a factorial language,
then P(A) is a prefixal language and S(A) is a suffixal language.

Lemma 6 [1, Lemmas 5 and 5']. Let A, B C X* be factorial languages.
(i) F(A\XA)B = F(AB\X AB) for every prefixal language X C ¥*.
(ii) AF(B\BX) = F(AB\ABX) for every suffixal language X C ¥*.

3. Existence of Decompositions in [-Semirings

DEFINITION 7. A representation r = rqg---7,, where n < w, of an element r of an ordered semiring
(R;+,-,<,0,1) as a product of elements of R is a canonical decomposition for r if the following are
satisfied:

(i) r; is irreducible for each i < n;

(ii) r =rg- - 7i_1@Ti41 - - -, implies that z < r; for all i < n.

From Definition 7 we obtain

Lemma 7. Let (R;+,-,A,0,1) be an ordered semiring. If r = pg - - - py, is a canonical decomposition
ofr € R thenr' = py,---py, for all k and m such that 1 < k <m < n.

Lemma 8. Let (R;+,-,A,0,1) be a complete l-semiring and let r € R\{1}. Then either r is an
irreducible element or there is a decomposition r = ror; which satisfies condition (ii) of Definition 7.

PROOF. If r is not irreducible then there are x,y € R\{r} such that » = zy. According to Defini-
tion 4(i), the set
A={z€eR|r=zy}
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contains the greatest element ry with respect to < and
B={ze€eR|r=ryz}
contains the greatest element r; with respect to <. Therefore, r = rory and r ¢ {ro,r1} as r < x < g

and r < y < ry. Thus, 1 ¢ {rg,r1}. If r = roz then z < r; by the choice of r;. If r = zr; then
r=r-+r=zr;+ror1 = (2 4+ ro)r1. Using the choice of ry and r; together with Lemma 1, we have

r=roy < (z+r0)y < (2+r0)r1 =713
ie, r = (z+ro)y. We conclude that z < z + 19 < 9. Thus, condition (ii) of Definition 7 is satisfied
too. 0O

In the proof of the following theorem, we use some idea of the proof of the existence of canonical
decompositions of factorial languages from Avgustinovich and Frid (cf. [1, p. 156]).

Theorem 1. Let # = (R;+,-,A,0,1) be a complete atomic [-semiring with finitely many atoms.
Then each p € R\{1} has a canonical decomposition.

PrOOF. If p is an irreducible element then p = p is a canonical decomposition of p. Otherwise by
Lemma 8, there are nonunit py,71 € R\{p} such that the decomposition p = p® = py = pyr1 satisfies
condition (ii) of Definition 7. If p; is an irreducible element then p; = p; is a canonical decomposition of p;.
Otherwise by Lemma 8, there are nonunit ps, 72 € R\{p;1} such that the decomposition p; = pary satisfies
condition (ii) of Definition 7. Repeating this argument, we obtain some set {p;, 741 | i < w} C R\{1}
such that, for all i < w, the decomposition p; = p;+17i+1 satisfies condition (ii) of Definition 7. By
Lemma 4(i), there is a least natural n < w such that p, = pp+1. This means that p, is irreducible;
moreover, n > 0 as p is reducible.

Let p, = a; and let p' denote the least element of

{ze R|p" = a2}

Then 7, ---r1 < p' and the decomposition p = p = a;p! satisfies condition (ii) of Definition 7. Indeed,
if p! = 1 then p® = a; = p,, is an irreducible element; a contradiction. If p° = ap' for some a € R then
P’ =p"+p° =ap' +aip' = (a+ar)p'.

If a £ a; then a + a1 > a1 = py, whence (a + a1)r, > pprn = pn—1 by the choice of p,. Repeating the
same argument, we infer that (a + ay)ry---r; > p;—1 for all i € {1,...,n} by the choice of p;. Hence,
P’ = (a+a1)pt > (a+a1)r,---r1 > po = p® by the choice of p; and Lemma 1, which is impossible. The
contradiction obtained shows that a < a;. Moreover, by the choice of p', we conclude that p® # a;z for
all z £ pl. Therefore, the decomposition p® = a;p! satisfies condition (ii) of Definition 7.

If p! is a reducible element then we apply the above argument to p! to find as and p? € R\{p'} such
that asg is an irreducible element and the decomposition p! = agp? satisfies condition (ii) of Definition 7.
Therefore, p = ajagp?®. It is clear that p° # ap! = aagp? for all a £a. Ifp= aiap? for some a € R then

p° =% + p¥ = ara9p® + arap? = ay(a + ag)p2.
If a £ ag then a + as > ag, whence (a + az)p? > asp? = p' by the choice of as. It follows that

O = a1(a+az2)p? > a;p' = p® by the choice of p!, which is impossible. The contradiction obtained shows

that a < as. If p = ajasz for some z € R then
P’ =" +p° = arazp® + a1a2z = araz(p* + 2).
If 2 £ p? then p? + 2z > p?, whence as(p? + 2z) > agp? = p' by the choice of p?. It follows that
P’ = araz(p? + 2z) > aip' = p® by the choice of p!, which is impossible. This contradiction demonstrates
that z < p?. Therefore, the decomposition p° = ajasp? satisfies condition (ii) of Definition 7.
Repeating this argument, we obtain some set {a;, p""! | i < w} C R\{1} such that a; is irreducible

for all i < w, p* = a;411p' "L, and the decomposition p® = a; - - - a;p’ satisfies condition (ii) of Definition 7.
By Lemma 4(ii), there is a least natural m < w such that p™ = p™*!; ie., the element p™ is irre-
ducible. Therefore, each member of the decomposition p = aq - - - a;,p™ is irreducible and all conditions
of Definition 7 are satisfied. Hence, p = aq - - - a,,p™ is a canonical decomposition. [

840



4. Sufficient Conditions for the Uniqueness of Decompositions in [-Semirings

We consider the sentence (Cy) presenting the universal closure of the following formula with free
variables {xo, z1,y0,y1} in the language {+,-}:

[wor1 = yoy1] — [xo <wol & [y1 < 1] V [yo < 0]
&lzr <] V [ro=w] V [z1=w]

We also consider the sentence (C;) presenting the universal closure of the following formula with free
variables {z, zo, z1, 0,91, 2} in the language {+,-}:

[xxox1 = zyoy1] & [xxo < zyo] & [y1 < ®1] — TyIz[zwor) = TY224]
& [yo < y] & [zyo = 2yl & [wo < y2] & [y < 2]

As usual, we abbreviate x +y =y as z < y.

Theorem 2. Let #Z = (R;+,-,\,0,1) be an l-semiring in which (Cy) and (Cy) hold. Then each
element in % has at most one canonical decomposition.

PrOOF. Given r € R\{1} having a canonical decomposition, let n(r) denote the least number of
elements in such decomposition for r. We prove by induction on n(r) that each » € R has at most one
canonical decomposition. If n(r) = 1 for some element r € R then r is irreducible. Thus, if r =rg---ry,
is a canonical decomposition with m > 0 then r € {rg,...,ry}. Suppose that r = r; for some i < m.
By Lemma 7, ' = rr;y1 is a canonical decomposition. We have r = rg-- 1, < ryrjy1 =11 =1 <7r
whence r = v/ and r = rr;;1 is a canonical decomposition. As r = r - 1, we conclude that 1 < r;;1 <1
whence r; 11 = 1 which is a contradiction with the definition of canonical decomposition. If r = r, then
we see as above that r = rp,_17 is a canonical decomposition whence 7,1 = 1, which is again impossible.
Therefore, m = 1 and r = r1. Suppose now that the statement of Theorem 2 holds for each r € R\ {1}
with n(r) < i, where i > 0.

Let r =pj---pn =171 Tm be canonical decompositions of r € R\{1}, where n = n(r) =i+ 1 and
m < w. Then 1 <741 =n <m whence m > 1. We put pg =r¢ = 1.

Claim 1. p; =r; for all j < n.

PrOOF. Induct on j < n. As pg = r9 = 1, the desired statement is true for j = 0. Suppose that
p; = rj for all j <k < n and show that pr11 = rp+1. We put

0(xo) = p1 - PkPr+1,  O(T1) = Prg2 - Pus

5(3/0) =p1-PETh+1, 5(y1) =Tkio T

As 0(x0)0(z1) = r = 0(yo)d(y1) by the induction hypothesis, the premise of (Cp) holds in % under
the interpretation §. By assumption, the conclusion of (Cp) also holds in & under this interpretation.
Therefore, the following four cases are possible:

CASE 1: §(z1) = d6(y1) = . The two subcases are possible:

CAsE 1.1: 7/ = 1. In this case, r = §(zg) = §(yo) whence n = k+ 1 =m and r = p; -+ pgpry1 =
r1---TErge1 1S a canonical decomposition of r. By the definition of canonical decomposition, pgy; <
k1 < Pk+1; i-€., Pp+1 = rgo1 which is our desired conclusion.

CASE 1.2: v/ # 1. In this case, 7" = pgio - Pn = Tkio - Tm iS a canonical decomposition of r’
by Lemma 7. As n(r’) < n— (k+ 1) < n, we conclude by our induction hypothesis made in the
beginning of the proof of Theorem 2 that n = m and p; = r; for all j € {k+ 2,...,n}. Therefore,
T =Dp1-° PEPk+1Pk+2 " Pn = P1 - PkTk+1Pkao - - - Pp are canonical decompositions of r. By the definition
of canonical decomposition, we obtain pyi1 < rgr1 < pre1; i€, Pgr1 = Tk+1, which is our desired
conclusion.
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CASE 2: §(z9) = 6(yo) = . By Lemma 7, 7’ = p1 - pgpr+1 = p1-- - PkTk+1 1S @ canonical decom-
position of 7. By the definition of canonical decomposition, we conclude that pypi1 < rpy1 < pry1; i-e.,
Pk+1 = Tk+1, which is our desired conclusion.

CASE 3: 6(zg) < d(yo) and 6(y1) < 0(x1). We put
7(1:) =Dpr1 Pk PY(:L'O) = Pk+1, ’7(331) :5(2151) = Pk+2 " Pn,

Y(Yo) = Tky1, V(Y1) = 0(Y1) = The2 T
In this case
Y(@)v(wo)y(21) = (@) v(Y0) ¥ (Y1),
Y(@)y(z0) = d(w0) < 0(y0) = Y(x)¥(y0),

Y(y1) = 0(y1) < 6(z1) = v(z1);

i.e., the premise of (C;) holds in # under the interpretation . By assumption, the conclusion of (Cy)
also holds in Z under this interpretation. Therefore, there are b, ¢ € R such that

Y(o) < b, v(x)y(yo) = v(x)b, 7 =y(x)bcy(x1) = P1- - PrOCPE12 - - Pns

Y(zo) < be, (Y1) < ey(z).

By Lemma 7 and our induction hypothesis, v(x)vy(yo) = p1---prrg+1 is a canonical decomposition.
Thus, the first two conditions above imply b < rgy1 = v(yo) < b; i.e., b = 1,11 = ¥(y0). Furthermore,
r = p1---pp is a canonical decomposition. Hence, r = vy(x)bcy(x1) = p1 -+ prbeprao -+ pn and prr1 =
v(xg) < be imply that pg11 = be = ri11¢. As priq is irreducible, we conclude that pgi1 € {rgs+1,c}. The
following two subcases are therefore possible:

CASE 3.1: pgy1 = rka1. This is our desired conclusion.

CASE 3.2: v(x0) = pr+1 = c. In this case

Y(@)y(y1) = v(@)v(yo)y(y1) = r = y(x)y(w0)y(21) = v(7)ey(21) = (7)Y (Y1),

whence r = y(z)y(y1) = 71+ TkTks2 - Tm, which contradicts the canonicity of decomposition r =
r1---Tm. Thus, this subcase is impossible.

CASE 4: §(yo) < 0(xo) and d(z1) < 6(y1). This case is symmetric to Case 3.
The proof of Claim 2 is complete. [

By Claim 1, r =p1---pp = p1 - Pnrn+1 - - m are canonical decompositions. If n < m then

r=P1Pn ZPL PaTatl ZP1 Palngl Tm =1

whence r = p1 - - - ppTnr1 IS a canonical decomposition by Lemma 7. As r = py ---py, - 1, we conclude that
1 <rpy1 <1 whence 7,41 = 1, which is a contradiction with the definition of canonical decomposition.
This contradiction shows that n = m. The proof is complete. [

We can now present the main result of this article:

Theorem 3. Each nonunit element of a complete atomic l-semiring % with finitely many atoms
which satisfies (Cp) and (Cy) has the unique canonical decomposition.

Proor. Follows from Theorems 1 and 2. O
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5. An Application

In this section, we present an application of Theorem 3 to the semiring of factorial languages over
a fixed finite alphabet.

Proposition 1. The structure (Zx;N, -, U, X* {\}) is a complete distributive [-semiring for an ar-
bitrary alphabet 3.

PRrROOF. As the operation N of intersection of languages is obviously associative and commutative and
XNY¥* =X forall X C ¥, the algebraic structure (Zx;N, ¥*) is a commutative monoid. Furthermore, as
the operation - of catenation is associative and L{\} = {\}L = L for all L. C ¥*, the algebraic structure
(Fs;-,{A}) is a monoid. Therefore, conditions (i)-(ii) of Definition 2 are satisfied. Moreover, in view of
the equality LY* = ¥*L = ¥*, where L C ¥* is an arbitrary language, condition (iv) of Definition 2 is
also satisfied.

We note that the partial order < on %y is the reverse set-theoretic inclusion. The lattice (Fx;N, U,
¥*,{A}) is obviously complete and distributive. Condition (i) of Definition 3 is obviously satisfied. As
AU B C AB for factorial languages A and B, condition (ii) of Definition 3 is satisfied. Moreover, it is
not hard to see that condition (ii) of Definition 4 is also satisfied.

We show that condition (i) of Definition 4 (in particular, condition (iii) of Definition 2) is satisfied.
Indeed, let R, S € #5x and 2" C .%x. It suffices to show that

NR2S=({RXS|X e 2} C R(ﬂ 3{)5.

To this end, take & € (\{RX S | X € 2'}. This means that, for each X € 27, there are words Sx € R,
vx € X, and éx € S such that a« = Bxvyxdx. Let 8 be the longest prefix of a which belongs to R.
Similarly, let § be the longest suffix of « belonging to S. The two cases are possible:

CAsE 1: |B] + [0] > |a|. In this case, a = B¢, where & is a suffix of §. We have in particular
that ' € S. As A € (.2, we conclude that a € R(( 2")S.

CASE 2: || + 0] < |a|. In this case, @« = a0, where « is a subword of vx for all X € 2. This
means that v € X for all X € 2°. Thus, v € (1.2 whence o € R(( Z)S.

Therefore, the algebraic structure (Fs;N, -, U, ¥* {A}) is a complete distributive [-semiring. [

Proposition 2. The complete l-semiring (Fx;N,-,U,X* {\}) is atomic with finitely many atoms
for an arbitrary finite alphabet 3.

ProOOF. We put A = {{a,A\} | a € £}. It is straightforward to see that A is a finite set of atoms
in %y and all conditions of Definition 5 are satisfied for the set A. [

From Propositions 1, 2, and Theorem 1, we obtain

Corollary 1. Fach nontrivial factorial language L C Y* has a canonical decomposition for an
arbitrary finite alphabet X.

In the proof of Proposition 3 below, we use an argument by Avgustinovich and Frid (see [1, p. 157,
Case 1]).

Proposition 3. The sentence (Cy) holds in the algebraic structure (x;N,-, U, X* {\}) for an ar-
bitrary alphabet X..

PROOF. Suppose that AgA; = ByBp for some factorial languages Ag, A1, By, B1 € Zx; i.e., the

premise of (Cy) holds. The following cases are possible:

CASE 1: Ay C By and By ¢ Ajp. In this case, there is a word a € By\A;. Let 3 denote the longest
suffix of o which belongs to A;. In this case, a = v for some nonempty word v € ¥*. As a € By, we
conclude that §v8 = da € BgB; = ApA; for each § € By. As v # A, the word § is the longest suffix

843



of v which belongs to A;. This means that v € Ay whence § € Ay, since Ag is a factorial language.
Consequently, we proved that By C Ag. Therefore, Ag = By.

CASE 2: AO C By and By C Al. Hence, By < Ao and A1 < Bj.

CASE 3: Ay € By and By C A;y. In this case, there is a word a € Ag\By. Let 3 denote the longest
prefix of o which belongs to By. In this case, @ = 8 for some nonempty v € ¥*. As a € Ag, we conclude
that vd = ad € ApAy = ByBj for each § € Ay. Since v # A, the word § is the longest prefix of 5§
belonging to By. This implies that v§ € By whence § € B; as Bj is a factorial language. Hence, we
proved that A; C Bj. Therefore, A; = Bj.

CASE 4: Ag € By and By € A;. In this case, there are words o € Ag\By and € A; € B;. Arguing
as in Case 1, we prove that By C Ag. Arguing as in Case 3, we show that A; C By. Thus, Ay < By
and B1 S Al.

We established therefore that the conclusion of (Cg) also holds for Ay, Ay, By, and B;. O

Proposition 4. The sentence (Cy) holds in the algebraic structure (Fs;N,-,U,¥* {\}) for an ar-
bitrary alphabet 3.

PROOF. Suppose that AAgA; = AByB1, AAg < ABy, and By < A; for some factorial languages A,
Ay, A1, By, By € Fx; i.e., the premise of (C1) holds. The last two inequalities mean that ABy C AAg
and A; C B;. We choose an arbitrary word u € AAgA; = AByB;. Let 6(u) denote the longest prefix
of 1 belonging to ABy and let vy (i) denote the longest suffix of p belonging to A;.

The following cases are possible:

CASE 1: [6(p)| + a1 ()| > |p|]. We put v(p) = A in this case.

CASE 2: [6(u)| 4 a1 (p)] < |p|. In this case, p = 6(u)y(p)aq(n) for some nonempty word ~y(u).
We put B = F(By\P(A)By) and C = F(y(u) | p € AApA;). It is obvious that B,C € Fs,.

Claim 1. B - BO and ABU = AB.

ProOF. The first inclusion is obvious. We have therefore that AB C ABjy. In order to prove the
reverse inclusion, we choose arbitrary words a € A and 8 € By and show that a3 € AB. Let o’ denote
the longest prefix of a8 which belongs to A. As a € A, we conclude that a8 = o’y where v is a suffix
of 8. Thus, v € By.

Suppose that v = 09’ for some word 6 € P(A). In this case, v/ € By and aff = o'y = /67
Moreover, o is a proper prefix of o/d € A. In view of the maximality of , this is impossible, whence
v ¢ P(A)By and vy € By\P(A)By C B. This means that aff = o’y € AB. O

Claim 2. AAOA1 = ABCAl

PRrROOF. In view of Claim 1, it suffices to show that AApA; = AByCA;. By definition, for each
word p € AApA1, we have u = §(u)y(p)a’ (1) where o/ (p) is a suffix of a3(u). As a1(p) € Ap and Ay
is a factorial language; therefore, o/(u) € A;. Moreover, by construction and Claim 1, §(u) € ABy and
~v(p) € C. Thus, p € AByCA; whence AAgA; C AByCA;. In order to prove the reverse inclusion, we
consider arbitrary words o € A, 8 € By, v € C, and £ € A;. We have to show that afvy¢ € AAgA;1. The
two cases are possible:

CASE 1: v = A. In this case, we have by assumption that
afyé = apf € AByA; C AAgA;.

CASE 2: v # A. In this case, there are words u € AApA; and 79,71 € ¥* such that voyy1 = y(p)-
Then (u)voyyicn(p) = p € AAgAr. As ai(p) is the longest suffix of u belonging to Ajp; therefore,
o(p)yoyy1 € AAp. But then d(u)yoy € AAg as AAp is a factorial language. Thus, n = §(u)y0VE €
AAgA) = AByBy. As 0(u) is the longest prefix of n belonging to ABy, we conclude that vov¢ € By and
v¢ € By, since By is a factorial language. Hence, afvé € AByBy = AApA;. O
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Claim 3. BC C Ay.

ProoOF. By Lemma 6, the language BC' coincides with F(BOC’\P(A)BOC). As Ag is a factorial
language, it suffices to verify that

BoC\P(A)ByC C A.

Indeed, we choose arbitrary words 5 € By and v € C such that 8y ¢ P(A)ByC. We have to show that
By € Ag. The following cases are possible:

CASE 1: v = \. In this case, vy = 8 ¢ P(A)By whence € B. Given an arbitrary word o € A,
we have aff € AB C ABy C AAy. Let o denote the longest prefix of the word a3 which belongs to A.
Since o € A, we conclude that o/ = ad(a) where §(a) is a prefix of 3; i.e., = §(a)5 () and f'(«) € By.
We choose ag so that the word d(ay) is of least length among the words in X = {§(a) | a € A}.

Suppose that d(ag) # A and prove that §(ag) € P(A) in this case. Indeed, consider an arbitrary word
a € A. Then aff = ad(a)f'(a). As §(ap) is of least length in X, we conclude that d(ap) is a prefix §(«)
whence ad(ap) is a prefix of ad(a) € A. Therefore, ad(ag) € A and §(ag) € P(A). Furthermore, as
B =d(ag)B (ag) € P(A)By, we obtain a contradiction. This contradiction shows that d(ag) = A; i.e., ag
is the longest prefix of a8 € AAg which belongs to A. Hence, 8y = 8 € Aj.

CASE 2: 7 # A. In this case, there are words u € AAgA; and g, 71 € ¥* such that y9yy1 = y(u) € C.
Then by Claims 1 and 2, for each word o € A, we have

n = afyyia1(u) € AByCA; = ABCA; = AApA;.

Since a1 (1) is the longest suffix of ) belonging to A, we conclude that a8yy; € AAy whence afy € AAy
for all « € A. Using the same argument as in Case 1, we can show that there is oy € A such that «g is
the longest prefix of aBvy which belongs to A. As ayf8y € AAy, this yields gy € Ag. O

Claim 4. CAl g Bl.
ProoFr. Let v € C and o € A;. We have to show that ya € By. The following cases are possible:

CASE 1: v = A. In this case, ya = a € A1 C B; by assumption.

CASE 2: v # A. In this case, there are words pu € AAgA; and 79,71 € X* such that y9yy1 = v(u) € C.
Then

n= (5(/1,)’)/0’)/01 € AByCA1 = ABCA| = AAyA1 = AByB;

by Claims 1 and 2. Since 79y # A, the word d(u) is the longest prefix of 7 which belongs to ABj.
Therefore, y9ya € B; whence ya € By as Bj is a factorial language. [J

It follows from Claims 1-4 that the conclusion of (Cj) also holds for A, Ay, A1, By, and B;. 0O
From Propositions 3, 4, and Corollary 1 we obtain the following

Corollary 2 [1, Theorem 1]|. Each nontrivial factorial language L C ¥* has the unique canonical
decomposition for an arbitrary finite alphabet ¥.
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