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In this paper we study 1 + 1 field generalization of the rational N-body Calogero—Moser model. We show
that this model is gauge equivalent to some special higher rank matrix Landau—Lifshitz equation. The latter
equation is described in terms of GL, rational R-matrix, which turns into the 11-vertex R-matrix in the
N = 2 case. The rational R-matrix satisfies the associative Yang—Baxter equation, which underlies construc-
tion of the Lax pair for the Zakharov—Shabat equation. The field analogue of the IRF-Vertex transformation
is proposed. It allows to compute explicit change of variables between the field Calogero—Moser model and

the Landau—Lifshitz equation.
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1. CALOGERO—-MOSER FIELD THEORY

1.1. 1 + I Field Generalization'
of the Calogero— Moser Model

This model was proposed in [1, 2] (see also [3]).
The Hamiltonian is given by the expression2

,szCM _ CﬁdxHMCM (x)
2dCM( )= Zl’z

- i(iﬂ (c- kQIx)J

— kq,)

k*qo

- (1.1)

Z - kq,.)
k thqjxx qjxth_x
T2 Z‘ 9% =4,

1 - 1 2

- = —2[(c_kqix) (C_kqjx)
2957 (a: - q))
+ (C - inx)(c - ijx)z - Ck2 (qix - ij)2]a

11 + 1 or 2d means 1 dimension for space variable and 1 dimen-
sion for time variable. In this respect mechanicsis 0 + 1.

2In [1, 2] the elliptic model was considered. In this paper we deal
with its rational limit.

where x is the (space) field variable. It is a coordinate
on a unit circle. Dynamical variables are the (C-val-
ued) fields p;, = pi(x), ¢; = g;(x),i =1,..., N, and the
subscript x means derivative with respect to x. For

instance, ¢, = qu(x) The parameter ce C is a
coupling constant and k € C is an auxiliary parame-
ter, which can be fixed as & = 1 but we keep it as it is.
The momenta p; and coordinates g; are canonically
conjugated fields:

{qi(x)spj(y)} = 61/6()5 =),
{pi(x), p,(V)} = {g:(x),q,(»)} = 0.

Equations of motion (the Hamiltonian equations
F = {f, H}) take the following form:

) &
_FZP/(C

CI=1

by = —2kpp,; + {Zp,p/ — ka, }

k k3qix)cx + k4q1§cx
2(C - kqix) 4(0 - kq,‘x)z N
2y { K € = kg 2= kqjx)?_
Jii#i (g; — j) (g; - qj)2 (g; - %)3

(1.2)

4, = 2p;(c — kqy,) — kg, ) (c — kq,), (1.3)

(1.4)
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The model (1.1) is integrable in the sense that it has
algebro-geometric solutions and equations of motion
are represented in the Zakharov—Shabat (or Lax or
zero curvature) form

0U(z) — ko V(2) +1U(2),V ()] = 0
U(2),V(z) € Mat(N,0),

where U—V pair is a pair U2dCM(z), |4 (z) of
matrix valued functions of the fields p;(x), g;(x),

j =1,...,N and their derivatives. They also depend on
the spectral parameter z, and (1.5) holds true identi-
cally in z (on-shell equations of motion). Explicit
expression for U—V pair is as follows:

2
o ko,
U;dCM (Z) = _61] (pl + Flz + Tlxj

(1.5)

2dCM

i

(1.6)
1 1
+(1=8,)0 | —— ——|,
y J ql‘_qj NZ
2dCM()_ {_& C(Xi+~10 (xll‘j|
Nz Nz o;
2| ¢ 1 1
+(1 8,-/-)061- = -— (1.7)
z2\g—q; Nz
2
4, —4q; a-4q; Nz
where
0(? =kq,—c, i=1,.,N (1.8)
and
o
iy = pl + =5 4 2ep,
ai
z{m +oc oc 4k0c oL }
Jij#i (CI, ) 4 _q/
=__zpl kqlx
ko,
iy = pi+ p; 1 ox 4 KO KO
(X,- OCJ
N (1.9)

—Zai(1+l—1)-
kik#i,j 4 —4dr 49 —4d; 4 —d;

In what follows we assume the center of mass frame:

N
24 =0.
k=1

Notice that in our previous paper on this topic [4] we
used slightly different normalization coefficients and
the gauge choice for U—V pair, which was more conve-

nient for the case N = 2 when ¢, = —¢,.

(1.10)
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1.2. Limit to 0 + 1 Mechanics

The finite-dimensional classical mechanics
appears in the limit £ — 0. All the fields become
independent of x, and the field Poisson brackets turn
into the ordinary Poisson brackets for mechanical
N-body system:

g0} = 81‘/‘, {p,p;} =14:,9;} = 0. (L.11)

The Hamiltonian density (1.1) in this limit provides
the ordinary Calogero—Moser model [5, 6]:

N 2
H¥M| = 2eH™ —ﬁ[ij = 2cH™
= i=1

o N 2o N
HM=YL2_1\y_¢ |
; 2 ;(q, q,”
where |,_, on the left-hand side assumes also transi-
tion to x-independent variables. Similarly, the
Zakharov—Shabat equation (1.5) reduces to the Lax
equation:

(1.12)

2

2),M ™)) =0,
(z) € Mat(N,C),

CM (Z) + [LCM
CM (Z),MCM

2dCM _ C
(1.13)
~(1- s,j)c[ 1 ]

9 —-q9, Nz ,

;()=U

M) =r*M ) M@y + M),
N 2 2
' 2c 2c
Myz)=-8; > ——+(1-8,)—<—.
Kz (q; — Qk)z ( )(Qi - ‘I/)z

1.3. Purpose of the Paper

The 1 + 1 field generalizations under consideration
are widely known for the Toda chains [7]. For the rel-
ativistic models of Ruijsenaars—Schneider type the
field generalizations were proposed recently in [8]. In
[3] the results of [1, 2] were extended to (multi)spin
generalizations of the Calogero—Moser model. It was
also explained (using modification of bundles and the
symplectic Hecke correspondence) that the field
Calogero—Moser system should be gauge equivalent
to some model of Landau—Lifshitz type. That is, there
exist a gauge transformation G(z) € Mat(N,C), which
transforms U—V pair for the field Calogero—Moser
model to the one for some Landau—Lifshitz type
model:

U LL (Z)
= G(U M ()G (2) + k0,G(2)G\ ().

Forthe N = 2 case explicit construction of the matrix
G(z) and the change of variables was derived in [4],

(1.14)

2dCM
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and the Landau—Lifshitz model for GL, rational
R-matrix was derived in [9]. The goal of this article is
to define the gauge transformation in gl, case,
describe the corresponding Landau—Lifshitz type
model and find explicit change of variables using rela-
tion (1.14).

2. RATIONAL TOP
AND LANDAU-LIFSHITZ EQUATION

2.1. Rational Integrable Top

In order to explain what kind of Landau—Lifshitz
model is expected in (1.14) we first consider its 0 + 1
mechanical analogue. The mechanical version of
(1.14) is as follows:

L (2) = gL (2)g7'(2), Q2.1)

where L' (z) is the Lax matrix of some integrable top
like model. It is the model, which was introduced in
[10] and called the rational top. Equations of motion
for top like models are of the form

9,8 = 1{S,H'""} = 2[S,J (9],

N 2.2)
S = ) E;S; € Mat(N,C),
i,j=1

where S is a matrix of dynamical variables (£ is the

standard matrix basis), ¢ € C is a constant and J(S) is
some special linear map (see [10]). The Hamiltonian
is quadratic, and the Poisson brackets are given by the

Poisson—Lie structure on gl’y Lie coalgebra:
H' = eNtr(SJ(S)),

1 2.3)
{S,-j,Sk,} = E(Silakj - SkjSi/)-

It was shown in [10] that in the special case rk(S) =1
(and tr(S) = ¢) this model is gauge equivalent (2.1) to
the rational Calogero—Moser model. Namely, it was
proved by direct evaluation that the expression on the
right-hand side of (2.1) is represented in the form

2
L™ (2)g7'(2) = try (rlz(z) Sj,
(2.4)

2
S=1,®S,

where S]j = S[j(pla"',pNaqla"'anac)ﬁ ’iZ(Z) is some
classical non-dynamical »-matrix (satisfying the clas-

sical Yang—Baxter equation), 1, is the identity N X N
matrix and tr, means trace over the second tensor

component in Mat(N, C)®2. The gauge equivalence

means that the Hamiltonians # ‘" (2.3) and H™
(1.12) coincide under a certain change of variables,
which will be given below in (2.15).
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2.2. Description through R-Matrix

In [11] a construction of Lax pairs with spectral
parameter was suggested based on (skew-symmetric
and unitary) solution of the associative Yang—Baxter
equation [12, 13]:

h _ pnh ph—n n-h ph
Ri>Ry; = R3R; " + Ry Ry,
X _ px
Ry = Rp(2, — 2p)-

In fact, a skew-symmetric and unitary solution of (2.5)

in the fundamental representation of GL, Lie group
is a quantum R-matrix; i.e., it satisfies also the quan-

2.5)

tum Yang—Baxter equation R@R{;thj, = R;RI@RIZ.
Consider the classical limit expansion of such
R-matrix:

Rh(z) = %u ® 1y +71(2) + himyy(z) + O(RY). (2.6)

Then the Lax pair can be written as follows:

2
L' (2) = tr (rn(z) Sj,
(2.7)

2
M (2) = —tr, (mu(z) Sj.
It generates the Euler—Arnold equation (2.2) with

J(S) = tr, (mlz(O) éj (2.8)

2.3. Rational R-Matrix

In this paper we will use the rational R-matrix
calculated in [14]. In the N = 2 case it reproduces the
11-vertex R-matrix found by I. Cherednik [15]:

thz(z)
h+1/z 0 0 0
—i—h yn 1z 0 (2.9)
- —z—h 1z 1yn 0 |

=W =27h =20 7+ h z+h I h+1/z

For N > 2 all its properties, different possible forms
and explicit expressions for the coefficients of expan-
sions (2.6) and (2.18) can be found in [16].

2.4. Rational IRF-Vertex Transformation

Following [10] introduce the matrix g(z)e

Mat(N,C):
80 = 8@ a) =EGOD @, (51
E(z.9), D(g) € Mat(N,0),
JETP LETTERS  Vol. 117 No. 8 2023
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where

N
Dy(q) = 8,] [(4: - 0.
k#i

2,z9) = < +4g,)", Q.11)

N
ZCIk =0,
k=1

with

i) = i-1 for 1<i<N-1,
eu i for i=N,

1. i+1 for 0<i<N -2,
o ()=

2.12
i for i=N. ( )

The matrix Z(z) is degenerated at z = 0: det E(z,q) =

N
NZH;>,-(‘1" —gq;). It plays the role of IRF-Vertex

transformation for rational R-matrices [16]. The
inverse of matrix g(z,q) is as follows:

) k
g5 (2,9) = (=1 — 0,()(X)),

X;p=2tq;

Oy(y(X)
. 2.13)

k
where 6,(x) and 6,(x) are symmetric functions (for

variables x,,..., x,) defined as

N N
TT€-x0 =D D 0 xn),
m=1 k=0 (2.14)

N N-1 k
I €-x) =21 o).
0

m:m#k §=

Details can be found in [10, 16]. The latter formula
provides via (2.1), (2.4) explicit change of variables in
0 + 1 mechanics between the Calogero—Moser model
given by Eq. (1.13) and the rational top specified by
Egs. (2.2), (2.3), (2.7), and (2.8):

_ (_I)Q(j)
BTN

N (i) = . 0(i)-1
~(g,)"" P + c0()(g,,)
X B 20, (q),
,; 1@ -a) 0
I1#m
pi=p+ Yy, ——. (2.15)
i=iq; — 4

Similar results are known for trigonometric [17] and
elliptic [3, 8] models.
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2.5. Landau— Lifshitz Equation

Recently the 1 + 1 field generalization of the Lax
pair (2.7) to U—V pair was suggested in [18]. In the
field case the Poisson brackets (2.3) are replaced with

{Sg'(x),Sk/()’)}

2.16
Si/(x)5kj - Skj(x)SiI)S(x =¥ ( )

1
= = (

N
The construction of U—V pair is again based on
R-matrix satisfying the associative Yang—Baxter equa-

tion (2.5). For this purpose, the following relation is
used (it can be deduced from (2.5)):

(V)] 0)
12(2)h5(2) = 13 1x(2) — 13(2D)hs

2.17)
— 0.15(2)Poy + myy(2) + my3(0) + my3(2),

where B, is the matrix permutation operator and ’,1(20) is

the coefficient in the expansion
(2) = 2By + 1y +02). (2.18)

Suppose rank(S) =1, so that S° =c¢S, ¢ = tr(S).
Then the Landau—Lifshitz equation reads

9,8 = k—z[s,aiﬂ +2¢[S, J(S)] - 2k[S, E@,.5)], (2.19)
C

where
0 2 2
E(S) = tn(n5’S), S=1y®S, (2.20)
S e Mat(N,C).
Then the U—V pair generating equations of

motion (2.19) through the Zakharov—Shabat equa-
tion (1.5) has the form

2
U™ (z) = L'"(S,2) = th,(5,(2) S),
V() = V() + V(2),

(2.21)

Vi(z) = =9, L' (S,2) + L' (E(S)S,2),

2.22
Vy(z) = —cL'" (T, 2), =—£2[S,3,CS]~ (2:22)
C

Equations (2.19) are Hamiltonian with the Hamilto-
nian function
H" = quy(cNtr(SJ(S))
NK’
- 2—tr(8ySayS) + kNtr(d,S E(S))), (2.23)
c
§=50),

so that (2.19) is reproduced as 9,5(x) = {S(x), H "}
with the Poisson brackets (2.16).
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3. GAUGE EQUIVALENCE
AND CHANGE OF VARIABLES

Introduce the matrix G(z,q) = b(x,?)g(z,q), where
b(x,?) is the function

G(z,9) = b(x,HZ(z,q)D"' € Mat(N,C),
N N
bee,t) = [ 1@ — 4" T ] (ki — )"
m=1

a<b

3.1

The statement is that by applying the gauge transfor-
mation with the matrix (3.1) we obtain the desired

relation (1.14).3 Calculations are performed similarly
to those in 0 + 1 mechanics [10]. As a result, we obtain
explicit change of variables:

5 = (_1)90)"’1
! N

o) | ~ kd.,,, . i)
v (@) (pm - —j + 00() (g,)""”

X o (3.2)
I1#£m
N 2
N o;
X O, @), P, =Pj_z .
1=, 4; — 4
with the properties
Spec(S) = (0,...,0,¢), rk(S) =1,
(S8 =( ) (S) (32)

tr(S)=c¢, S =cS.

It is the 1 + 1 field generalization of the change of
variables in mechanics (2.15). It can be also verified that
the Poisson brackets for S;(p,q,c) (3.2) calculated
through the canonical brackets (1.2) indeed reproduce
the linear Poisson structure (2.16), so that (3.2) is a Pois-
son map. The Hamiltonian (1.1) of 1 + 1 field Calog-
ero—Moser model coincides with the one (2.23) for
the Landau—Lifshitz equation under the change of vari-

ables (3.2): H " [S(p(x),q(x))] = H M [p(x),q(x)].
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3 Let us also remark that V-matrices of 1 + 1 Calogero—Moser and
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removed by applying additional gauge transformation with the
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