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The possibility of the generation of a primary ultrasonic echo in the system of equidistant Zeeman triplets
owing to irreversible phase relaxation has been predicted. The disappearance of phase relaxation results in the
disappearance of an echo signal. This effect is due to the destructive interference of two allowed quantum
transitions emitting in antiphase. The difference between the phase relaxation times at these transitions leads
to an incomplete quenching of resulting coherence, leading to generation of the echo signal.
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1. INTRODUCTION
Echo phenomena are due to the coherence of

atomic states, which is induced in a medium by vari-
ous pulses. In the case of the photon echo, these are
visible and infrared laser pulses [1–4]. In the case of
nuclear and electron spin echo, the range of probe
electromagnetic pulses is from radiofrequencies to
microwave frequencies [5, 6]. The same frequency
range of ultrasonic pulses is involved in the formation
of the phonon echo in paramagnetic crystals [7–10].

Since echo signals hold memory on the prehistory
of action on various media [3, 11], echo effects can be
applied in information storage and processing systems.

To form echo signals, a medium is usually exposed
to coherent classical pulses with a very narrow fre-
quency spectrum. Femtosecond lasers allow one to
use broadband probe pulses with a noise energy spec-
trum [12, 13]. Such incoherent signals also can induce
coherence in atomic states of various media [14–16].
Echo responses to these signals are called incoherent
echo [17–21]. In this case, pulses supplied to the
medium are incoherent. Consequently, the following
paradoxical question naturally arises: Can incoherent
processes in the medium result in the appearance of
coherent echo signals?

It is well known that irreversible phase relaxation
destroys atomic coherent states. In particular, phase
relaxation obviously reduces the intensity of echo
responses in two-level atoms [3, 4]. Phase relaxation in
multilevel media can be supplemented by the quantum
interatomic interference of different quantum transi-
tions. Therefore, nontrivial phenomena caused by the
effect of phase relaxation on the properties of echo sig-
nals in the medium exposed to resonant coherent
pulses can be expected.

The aim of this work is to study the role of irrevers-
ible phase relaxation in the formation of spin–phonon
echo signals in a paramagnetic crystal exposed to
coherent ultrasonic pulses.

2. BASIC EQUATIONS
Let a cubic crystal containing impurity paramag-

netic ions be placed in the magnetic field B. It is
known that paramagnetic ions with the effective spin

 most strongly interact with vibrations of a crys-
tal lattice [22]. In this case, Zeeman splitting results in
the formation of a triplet of steady states with different
projections  of the effective spin on the B
direction taken as the z axis (Fig. 1). Let this z axis
coincide with one of the fourth-order symmetry axes
of the cubic crystal and ultrasonic pulses supplied to
the medium propagate along the x axis perpendicular
to the z axis. These shear strain pulses, being trans-
verse, are polarized along the magnetic field.

The Hamiltonian for a single ion interacting with
local deformations of the cubic crystal in the situation
described above can be written in the form [22]

(1)

where  is the reduced Planck constant,  is the split-
ting frequency in the Zeeman triplet (Fig. 1), and 
is the Hamiltonian describing the spin–phonon cou-
pling represented as

(2)

Here,  is the spin–phonon coupling constant,  is
the projection of the local displacement of sites of the
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Fig. 1. Splitting of the quantum level of the paramagnetic
ion with the effective spin S = 1 into three Zeeman sublev-
els. The thick arrows mark allowed spin–phonon transi-
tions for transverse ultrasonic pulses  polarized along
the magnetic field B. The dashed arrow marks spin–pho-
non transitions for the longitudinal ( ) and transverse
( ) ultrasonic pulses polarized perpendicular to the mag-
netic field B.

'

'
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crystal lattice in the B direction, and  and  are the
3 × 3 matrices corresponding to the spin S = 1 [22]:

(3)

The spin–phonon coupling in this case is due to
the van Vleck mechanism [10, 22]. According to this
mechanism, local distortions of the crystal lattice
induced by ultrasonic pulses lead to gradients of the
crystal electric field. These gradients in turn initiate
electric quadrupole transitions between Zeeman sub-
levels of the paramagnetic ion.

The density matrix for quantum states of the para-
magnetic ion (Fig. 1) can be represented in the form

(4)

Here, the superscripts +, 0, and – mark the z projections
of the effective spin +1, 0, and –1. The diagonal matrix
elements satisfy the condition .

Using Eqs. (1)–(4), we write the equations for the
elements   of the density matrix  in
the form
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Here, , , 
,  is the irreversible phase relaxation

time on the  quantum transition, and the relax-
ation of the populations of stationary Zeeman states is
neglected because the corresponding relaxation times
are shorter than the phase relaxation times  [23]. In
addition, it is assumed that the characteristic time  of
the echo experiment is also much longer than the relax-
ation time of the populations of Zeeman sublevels.

Further, using the standard semiclassical
approach, Eqs. (1) and (2) are supplemented with the
classical Hamiltonian for the elastic strain field of
transverse ultrasonic pulses , where inte-
gration is performed over the entire volume of the
medium and the Hamiltonian density  is given by
the expression

(6)

where ρ is the density of the medium,  is the z com-
ponent of the momentum density of the local trans-
verse displacement of the crystal, and  is the speed
of transverse sound in the medium surrounding the
considered paramagnetic crystal.

Effects of propagation of ultrasound in the consid-
ered paramagnetic crystal are insignificant for the
experimental detection of echo signals because this
detection is usually carried out far from this crystal.
For this reason, the Hamiltonian (6) includes the
parameters of the medium between the paramagnetic
crystal and the detector of echo signals.

We use the Hamiltonian equations for continuous
media [24]

(7)

Here,  is the quantum average of
the Hamiltonian describing the interaction of the
effective spin with the transverse strain field.

Using Eqs. (7) and (2)–(4), we obtain the wave
equation

(8)

where  is the shear strain, n is the con-
centration of paramagnetic ions,  is the inhomo-
geneous broadening contour function on the 
quantum transition centered at the frequency , and
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 is the detuning of the  and 
quantum transitions in the considered paramagnetic
ion from the central frequency of the spectral line.

The inhomogeneous wave equation (8) describes
the propagation of transverse ultrasound in the
medium surrounding the paramagnetic crystal, which
is a source of echo signals. The parameters of this
source are included on the right-hand side of Eq. (8).

In the slow varying amplitude approximation [25]
used in this work,

(9)

(10)

where ψ and   are the complex slow
varying amplitudes of shear strain pulses and the off-
diagonal elements of the density matrix, respectively,
and  is the carrier frequency of these pulses coincid-
ing with the central frequency of inhomogeneous
broadening contours for the  and  transi-
tions.

The substitution of Eqs. (9) and (10) written in the
slow varying amplitude approximation into Eq. (8)
yields the wave equation for the complex amplitude of
signals emitted by the excited medium in the form

(11)

Neglecting rapidly oscillating terms in the material
equations and assuming that the amplitude ψ of pulses
acting on the medium is real, we obtain the following
equation from Eqs. (2)–(5), (9), and (10):

(12)

where

(13)

According to Eq. (13), transverse ultrasonic pulses
supplied to the medium in the chosen geometry form
a cascade of the  quantum transitions
(Fig. 1). The  transition is forbidden in this
case.
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3. ECHO MODES
To study echo modes, it is appropriate to divide the

dynamics of the effective spins of paramagnetic ions
into periods of excitation and free evolution.

Let the durations τp of acting pulses satisfy the con-

dition  , where  are the
reversible phase relaxation times caused by the inho-
mogeneous broadening of the  quantum transi-
tions. Correspondingly, the widths δωp ~ 1/τp of pulse
spectra are much larger than the inhomogeneous
widths  of these transitions. Consequently,
when describing the excitation of paramagnetic ions,
the frequency detunings  from the corre-
sponding resonances in Eq. (12) can be neglected and

 can be formally set. In this case, the sys-
tem (12) can be represented in the symbolic form

(14)

The solution of the operator equation (14) can be
written in the form
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where
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and  is the onset time of the pulse action.

Any integer power of the matrix  can be expressed
in the form  and , where k is
an integer. Then, the summation of the Taylor series of

 taking into account the second of Eqs. (16) gives
the evolution operator in the form
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where  is the identity matrix and
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The integration of Eq. (12) for periods of free evo-
lution with  provides
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Fig. 2. Sketch of the time sequence of the exposure of the
paramagnetic crystal to two transverse ultrasonic pulses
with the envelope ψ and durations  and  separated by
the time interval τ and the appearance of two echo signals
at the times 2τ and 3τ. The appearance of 3τ echo is possi-
ble only when the irreversible phase relaxation times on

 and  quantum transitions are different.

�
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τ1 τ2

− ↔ 0 ↔ +0
It is important that the phase relaxation times 
and  of the  and  transitions, respec-
tively, cannot be strongly different because these tran-
sitions have the same frequency and the same spin–
phonon coupling constant . The difference between
these phase relaxation times can be due to relaxation
channels caused by the interaction of quantum transi-
tions with the longitudinal strain field  and with
transverse strains  polarized perpendicular to the
magnetic field. Such phonons are related to the

 transition [23, 26] (Fig. 1), which can affect
the phase relaxation times  and . The relaxation
times  and  can also be slightly different because
the  transition is higher in energy than the

 transition. Summarizing, we assume the
inequality

(20)

Let the first ultrasonic pulse with the duration τ1 be
incident on the medium at the time t = 0. Then, after
the time interval τ of the first period of free evolution,
the medium is exposed to the second pulse with the
duration τ2. After that, at t = τ + τ1 + τ2, the second
period of free evolution begins where primary echo
signals are formed (Fig. 2). The inequality τ ≫ τ1, τ2 is
satisfied with a high accuracy.

Let the matrix  at t = 0 be determined only by the
initial populations , , and  of stationary spin
states of paramagnetic ions, and thereby it has the
form

The application of Eqs. (15), (17), and (19) in the
described sequence yields expressions for the elements
of the matrix  at times t > τ + τ1 + τ2.

It is seen on the right-hand side of wave equa-
tion (11) that contribution to ultrasonic response sig-
nals of the medium comes from the differences

, which are given by the expression
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where echo responses at times 2τ and 3τ have the form
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Here,

(24)

where  and  are the

“areas” of the first and second exciting pulses, respec-
tively.

The expression for  is written in the
approximation  justified by the inequal-
ity (20). The expression for written in the
same approximation has the form .
Consequently, the condition  is necessary for
the appearance of 3τ echo. This echo signal also disap-
pears if phase relaxation is neglected in Eq. (23), i.e.,
if  is formally set.

To solve the wave equation (11), we assume that
distances x at which echo signals are detected are
much longer than the dimension l of the paramagnetic
crystal in the direction of their propagation and the
medium beyond this crystal does not contain para-
magnetic ions. In this case, the paramagnetic crystal
can be represented at a point source at x = 0. There-
fore, the replacement , where  is the
Dirac delta function, can be done with a high accuracy
on the right-hand side of Eq. (11). Then, the product
of l and the right-hand side of Eq. (11) with the
replacement  is a solution of the inhomo-
geneous wave equation (11). Any medium allowing the
propagation of transverse ultrasonic waves can be used
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as the medium surrounding the paramagnetic crystal.
It is the most convenient to use an isotropic solid,
where the velocity  is independent of the direction of
transverse wave propagation.

Summarizing the preceding paragraph and using
Eqs. (22)–(24), for the times  and 
at the distance x from the paramagnetic crystal, where
the respective echo signals are detected, the ampli-
tudes of the 2τ and 3τ echo signals can be obtained in
the form

(25)

(26)

where , kB is the Boltzmann constant,
and T is the temperature of the paramagnetic crystal.
Here, the Boltzmann distribution of the initial popu-
lations of spin sublevels was used.

We focus on the 3τ echo signal. As stated above,
phase relaxation is fundamentally necessary for the
appearance of an echo signal at the time .
According to Eq. (26), relaxation times of the 
and  transitions should be different. This con-
clusion is nontrivial because phase relaxation sup-
presses the coherence of atomic states that is necessary
for the generation of any echo signals. At the same
time, just phase relaxation ensures the generation of
the coherent echo signal in the considered case.

The appearance of 3τ echo is physically due to the
destructive interference of the  and 
quantum transitions at the time . If these
transitions have the identical parameters, the echo
response is completely suppressed. However, the iden-
tity of the parameters is violated because these transi-
tions have different phase relaxation times. As a result,
coherence generated in one of the transition decays
more rapidly, which leads to an incomplete compen-
sation of coherences of both transitions.

It is noteworthy that the  and  transi-
tions have the same frequency; i.e., the three-level
medium with the cascade of allowed quantum transi-
tions is equidistant (Fig. 1). Consequently, antiphase
coherences at both transitions reach maxima at the
same time . The corresponding times in
the nonequidistant medium would be separated by an
interval determined by the difference between the fre-
quencies of the considered transitions [14].

We note that the interference of the  and
 quantum transitions at the time 

is constructive (coherences generated in both transi-
tions are in-phase). Therefore, these transitions
enhance rather than suppress each other when gener-
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ating 2τ echo. Just for this reason,  can
be set in Eq. (22) without loss of generality.

According to Eq. (26), the amplitude of the 3τ echo
signal is maximal at areas of the exciting pulses

 and . Choosing the areas of the
exciting pulses, one cannot suppress the 2τ echo signal
to observe only the 3τ echo signal. Furthermore, as
follows from Eqs. (25) and (26) taking into account
Eq. (20), the intensity of 3τ echo is much lower than
that of 2τ echo (see Fig. 2).

For the possible experimental implementation of
the considered spin–phonon echo, numerical esti-
mates are obtained below for a MgO crystal sample at
liquid helium temperatures with incorporated Fe2+

paramagnetic ions [22, 23]. The reversible phase
relaxation times for quantum transitions between Zee-
man sublevels of Fe2+ ions in the crystal MgO, as well
as the characteristic durations of echo signals, are

 s [23, 27]. To satisfy the above condition

, the duration of exciting pulses should be τp ~
10–8 s. Taking the irreversible phase relaxation times

 s [10, 22, 23], we assume  s
for the time delay between two exciting pulses. The
carrier frequency of the pulses is  s–1 [10, 22,

23]. Taking  cm/s for the speed of trans-
verse ultrasound [10, 28] and  mm for the
aperture D of the pump pulses and echo signals, we
estimate the characteristic length of diffraction broad-
ening of the pulse  cm. This
value is much larger than the considered spatial scales
and, hence, is in good agreement with the one-dimen-
sional approximation used in Eq. (11). Thus, echo sig-
nals can be detected using the corresponding detectors
placed at distances of several centimeters from the
sample.

The spin–phonon coupling constant can be esti-
mated at  erg. Then, the amplitude of
strains induced by the pulses incident on the medium
is . Let l ~ 1 mm, T ~ 1 K, n ~
1019 cm–3, and  g/cm3 [10, 22, 23]. Since the
difference between the times  and  is small, we
can set , and the ampli-
tudes of the 2τ and 3τ echo signals can be estimated as

 and  from Eqs. (25)
and (26), respectively, using the above estimates for

, , and l. Such amplitudes of the strain can cer-
tainly be detected in real experiments [10, 22].

Here, a fundamental question is whether irrevers-
ible phase relaxation times at two transitions can be
different, although these transitions have the same fre-
quency and the same spin–phonon coupling constant.
In this case, if the answer is positive, the 3τ echo signal
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can appear. Therefore, the detection of the discussed
rather weak echo signal in an actual experiment can
provide information on the relation between coher-
ence relaxation times of allowed quantum transitions.
If this echo signal is not detected in the actual experi-
ment, this will be a serious reason for the conclusion
that relaxation times of the corresponding allowed
transitions coincide with each other. If this echo signal
is detected, the difference between the discussed
relaxation times can be determined from the intensity
of the signal.

4. CONCLUSIONS

To summarize, it has been demonstrated that the
generation of a coherent echo signal caused by irre-
versible phase relaxation in an equidistant three-layer
system with a cascade of allowed transitions is possi-
ble. Correspondingly, the discussed echo signal hardly
has an optical analog because physical implementa-
tions of equidistant three-level systems with the cas-
cade of quantum transitions apparently do not exist in
the optical range. Here, ultrasonic echo in the system
of paramagnetic ions incorporated in a cubic crystal
has been considered as a physical implementation.

It seems important that incoherent processes in the
medium are responsible for the appearance of one of
the coherent responses of the medium to an external
resonant action. This effect is impossible in the two-
level system because it is due to the destructive inter-
ference of two quantum transitions emitting in anti-
phase.
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