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The short-range magnetic order (SRMO) can play a
crucial role in the thermodynamic properties near the
magnetic phase transitions. This is also true for the
structural phase transitions, because the presence of a
more pronounced short-range order in one of the phases
(even in the absence of the long-range order) can influ-
ence the nucleation of a new phase when changing the
temperature, pressure, or impurity concentration. In
this connection, of particular interest are the magnetic
quantum phase transitions (MQPTs) occurring at tem-
perature 

 

T

 

 = 0 and at a certain ratio between the physi-
cal parameters (exchange integrals, pressure, impurity
concentration, etc.). Inasmuch as the long-range order
parameter is small and the transition temperature is low
near the MQPT, the strong short-range order can persist
over a wide temperature range and influence the struc-
tural transformations.

Such a situation is expected, in particular, for iron.
Iron is known to exist in two, bcc (

 

α

 

-Fe) and fcc (

 

γ

 

-Fe),
crystal modifications. The low-temperature bcc phase
is ferromagnetic at 

 

T

 

 < 

 

T

 

C

 

 = 1045 K. At 

 

T

 

 = 

 

T

 

S

 

 =
1185 K, the structural transition occurs to the 

 

γ

 

 phase,
which is stable in the temperature interval on the order
of 200 K above 

 

T

 

S

 

. With a further increase in tempera-
ture, iron transforms to the high-temperature bcc phase.
There is an assumption that the structural phase transi-
tion from 

 

α

 

 to 

 

γ

 

 iron is caused by the presence of a
strong short-range antiferromagnetic order in the 

 

γ

 

phase. Contrary to the macroscopic three-dimensional
samples, where the 

 

γ

 

 phase occurs only at high temper-
atures in a magnetically disordered state, the 

 

γ

 

 phase in
the granular form is stable at low temperatures and
transforms to the antiferromagnetic state at the temper-

ature 

 

T

 

N

 

 ~ 100 K [1]. Although the Néel temperature is
low (compared to the ferromagnetic transition temper-
ature in the bcc phase), a strong short-range antiferro-
magnetic order can occur at 

 

T

 

 

 

�

 

 

 

T

 

N

 

. Experimentally,
the SRMO is manifested by the presence of the narrow
neutron inelastic-scattering lines and a well-defined
spin-wave spectrum in the magnetically disordered
phase.

Recent theoretical studies of the SRMO in the two-
dimensional [2] and quasi-two-dimensional [3] sys-
tems have shown that it can persist up to the tempera-
tures 

 

T

 

N

 

 

 

�

 

 

 

T

 

 

 

�

 

 

 

J

 

 (

 

J

 

 is the exchange parameter). A par-
ticularly broad temperature range is expected for the
SRMO near the frustration point (where the competi-
tion between the different magnetic phases is the stron-
gest). The short-range order in a frustrated system was
studied only for the square and cubic lattices with the
exchange between the nearest and next-to-nearest
neighbors [4]. In the strong-frustration regime, the state
without long-range magnetic order (spin liquid) exists
in the square lattice at 

 

T

 

 = 0 [5]. An analogous state can
also occur in the fcc lattice. It is thus of interest to inves-
tigate magnetic properties of a three-dimensional sys-
tem with the fcc lattice near the frustration point, where
the strong SRMO is expected at temperatures well
above 

 

T

 

N

 

.

It is convenient to study SRMO using the self-con-
sistent spin-wave theory (SSWT) [2–4], because the

short-range order parameters 

 

γ

 

δ

 

 = /

 

S

 

 (

 

S

 

i

 

 is
the operator of spin 

 

S

 

 on the site

 

 i

 

, and 

 

δ

 

 stands for the
vector connecting two neighboring sites) appear in a
natural way after decoupling of the quaternary Bose-
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operator products describing the magnon–magnon
interaction. This theory is based on the spin-wave spec-
trum that is observed experimentally over a wide tem-
perature range above the Néel temperature in the sys-
tems with low 

 

T

 

N

 

. In contrast to the standard spin-wave
theory (SWT), the SSWT is also operative in the disor-
dered phase and includes both the temperature and
quantum renormalizations of SRMO.

The spin subsystem is modeled by the quantum
Heisenberg Hamiltonian on the fcc lattice:

(1)

with the interactions 

 

J

 

1

 

 and 

 

J

 

2

 

 between the nearest and
next-to-nearest neighbors, respectively. In the limit

 

S

 

  

 

∞

 

, the Hamiltonian reduces to its classical form.
The energies of the possible configurations are given in
Fig. 1 as functions of the parameter 

 

r

 

 = 

 

J

 

2

 

/

 

J

 

1

 

 (

 

J

 

1

 

 > 0). At

 

r

 

 > 1/2, the collinear structure

(2)

with the wave vector 

 

Q

 

 = (

 

π

 

, 

 

π

 

, 

 

π

 

) is stable (lattice
parameter 

 

a 

 

= 1). In Eq. (2), 

 

M

 

 is the sublattice-magne-
tization vector and 

 

R

 

i

 

 is the radius vector of the 

 

i

 

th lat-
tice site. In the interval 0 < 

 

r

 

 < 1/2, the ground state with
the wave vector (

 

π

 

, 0, 2

 

π

 

) becomes noncollinear:

(3)

where 

 

M

 

1

 

 and 

 

M

 

2

 

 are the mutually orthogonal vectors
of the same length. At 

 

r 

 

< 0, the ground state with the
wave vector (2

 

π

 

, 0, 0) again becomes collinear. In the
limit 

 

S

 

  

 

∞

 

, all transitions between these phases are
of the first order. In the presence of quantum fluctua-
tions, the point 

 

r

 

 = 1/2 (indicated in the figure) becomes
the frustration point [6]. In contrast to the point 

 

r

 

 = 1/2,
the quantum corrections in the vicinity of the phase-

H
1
2
--- JijSi

ij

∑ S j⋅=

Si〈 〉 1–( )
Q Ri⋅

M=

Si〈 〉 M1 Qcos Ri M2 Qsin Ri,⋅+⋅=

transition point (r = 0, T = 0) do not qualitatively affect
the phase diagram, and the spin-liquid phase does not
appear.

To examine the role of the quantum and temperature
fluctuations near the frustration point in the collinear
Q = (π, π, π) phase, it is convenient to use the
Bar’yakhtar–Krivoruchko–Yablonskii representation
and write the spin operators through the Bose and
Fermi operators bi and ci [7]:

(4)

where Bi = bi for one sublattice and Bi =  for the
other. The symbol :: stands for the normal ordering.

The standard SSWT variant [2, 3] can be obtained
by inserting expressions (4) into the Hamiltonian fol-
lowed by the Hartree–Fock decoupling of the arising
quaternary terms. For the Q = (π, π, π) phase, this pro-
cedure faces certain problems associated with the
“order from disorder” phenomenon [8]. The matter is
that, in the limit S  ∞, the ground state of Hamilto-
nian (1) is strongly degenerate at r > 1/2. This state rep-
resents a system of four simple cubic sublattices
enclosed in one another, with the staggered antiferro-
magnetic order and independent directions of the Néel
magnetization in each of them. In the standard SWT,
new gapless modes corresponding to the rotation of the
sublattice Néel vectors relative to one another appear in
the Brillouin zone at T < TN in addition to the standard
Goldstone modes. However, after applying the 1/S cor-
rections to the SWT, “quantum” gaps open and broaden
with the temperature at the points where the excess gap-
less modes are located. Such a behavior for the gaps is
contradictory to the experiments with garnet
Ca3Fe2Ge3O12, for which the situation is analogous [9].
The “erroneous” growth predicted for the quantum
gaps by the standard SSWT greatly affects the thermo-
dynamic behavior of the system, because it rules out
frustration and leads to the strongly overstated value of
TN, as compared to the SWT.

To resolve this problem, we use a variant of the
SSWT with the averaged short-range order parameter,
for which the quantum gaps are absent at any tempera-
ture. The averaged SRMO parameter is defined as [3]

(5)

where γ1AF and γ1F are, respectively, the SRMO param-
eters corresponding to the nearest antiferromagnetic
and ferromagnetic neighbors and γ2 is the SRMO
parameter for the next-to-nearest antiferromagnetic
neighbors. By inserting Eq. (4) into the Hamiltonian

Si
z 1–( )

Q Ri⋅
 : S Bi

†Bi– 2S 1+( )ci
†ci–( ) : ,=

Si
+ 2SBi,=

Si
– 2S : Bi

† 1
2S
------Bi

†Bi
†Bi–⎝ ⎠

⎛ ⎞  : 
2 2S 1+( )

2S
-----------------------Bi

†ci
†ci,–=

bi
†

γ γ 1AF γ 1F– rγ 2+( )/r,=

Fig. 1. Energies of different classical spin configurations as
functions of the ratio r = J2/J1.
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and performing the Hartree–Fock decoupling in the
resulting quaternary terms, one arrives at the following
equations for the sublattice magnetization M and the
parameter  (hereafter J1 = 1):

(6)

(7)

where Ek =  is the spectrum of the elementary
excitations

(8)

γ

Mz S 1/2+( )
e0 S 1/2+( )

T
--------------------------coth=

–
1
2
--- d3k

2π( )3
-------------

Pk Ek/2T( )coth
Ek

-------------------------------------,∫

Sγ S 1/2+( )
e0 S 1/2+( )

T
--------------------------coth=

+
1
2
--- d3k

2π( )3
------------- gk

kx ky+
2

---------------cos⎝
⎛∫

+ rgk kycos Pk

ky kz+
2

---------------⎠
⎞ Ek/2T( )coth

Ek

-------------------------------,cos–

Pk
2 gk

2–

e0 6Srγ µ,–=

Pk e0=

+ 2Sγ
ky kx–

2
---------------cos

ky kz+
2

---------------cos
kx kz+

2
---------------cos+ +⎝ ⎠

⎛ ⎞ ,

The boson chemical potential µ is zero in the ordered
phase and negative in the disordered phase, where it is

determined by the equation  = 0 [2]. At the frustra-
tion point r = 1/2, the spin-wave spectrum of the mag-
netically ordered state (µ = 0) has the form

(9)

This expression turns to zero at certain surfaces in the
Brillouin zone (Fig. 2), as a result of which magnetiza-
tion (6) formally tends to –∞ at zero and finite temper-
atures. This is contradictory to the assumption of the
magnetically ordered ground state and is indicative of
the competition between the two magnetic phases (π, π,
π) and (π, 0, 2π) resulting in a new phase without the
long-range magnetic order (spin liquid) near the frus-
tration point r = 1/2. Note that, in contrast to the fcc lat-
tice, the sublattice magnetization in the simple cubic
(sc) lattice does not diverge formally at the frustration
point at T = 0 (but not at T > 0), because the spin-wave
spectrum turns to zero only on certain lines. Corre-
spondingly, the solution to the SSWT equations with
the averaged order parameter suggests that the spin-liq-
uid state in the sc lattice is possible only for S = 1/2,
whereas in the fcc lattice it can occur for any S.

The temperature domain of existence of the short-
range order was determined by numerically solving
Eqs. (6) and (7) for spin S = 1/2 (Figs. 3–5). The r
dependences of the Néel temperature, as obtained in the
SSWT, mean-field, Tyablikov, and SWT approxima-
tions, are demonstrated in Fig. 3. The mean-field theory

gk 2Sγ
kz kx–

2
---------------cos

kz ky–
2

---------------cos
kx ky+

2
---------------cos+ +⎝ ⎠

⎛ ⎞=

+ 2Sγ r kxcos kycos kzcos+ +( ).

Si
z〈 〉

Ek 2Sγ
kx

2
----cos

ky

2
----cos

kz

2
----cos+ +=

×
kx

2
----sin

ky

2
----sin

kz

2
----sin+ + .

Fig. 2. Zero-energy surfaces in the Brillouin zone for r =
J2/J1 = 1/2 in the coordinates x = (kx + ky)/4π, y = (kx +
kz)/4π, and z = (kz + ky)/4π varying from 0 to 1.

Fig. 3. Néel temperature versus r = J2/J1 in the SSWT,
mean-field, Tyablikov, and SWT approximations.
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disregards the spin correlations and, therefore, cannot
describe the frustration. The Néel temperature in the
Tyablikov method is lower than in the SSWT and SWT,
except for the narrow vicinity of the frustration point.

Although the result  <  is physically justi-
fied for the unfrustrated magnets and corresponds to a
more exact, than in the SSWT, description of the tem-
perature fluctuations, the SSWT results are more trust-
worthy near the frustration point, because, contrary to
the Tyablikov theory, this theory adequately accounts
for the quantum fluctuations [3].

The temperature dependences of the sublattice mag-
netization at T < TN and the chemical potential µ at T >
TN are demonstrated in Fig. 4 for different r. Due to the
quantum fluctuations, which are most pronounced near
the frustration point r = 1/2, the sublattice magnetiza-
tion is strongly suppressed. In this case, the chemical
potential defining the inverse correlation length
depends linearly on the temperature. The behavior of
the averaged short-range order parameter is shown in
Fig. 5 for different values of r. One can see that, for a
sufficiently strong frustration, there is a broad tempera-
ture range with the strong SRMO above TN. For
instance, at r = 0.53,  > 1 up to T = 10TN. Therefore,
it is shown, within the SSWT, that the strong short-
range order can persist at T � TN in a certain range of
the parameters of model (1).

To apply these results to γ-Fe, one should specify the
parameters J1 and J2. The determination of the
exchange integrals by the methods of band theory faces
problems which are associated, in particular, with the
non-Heisenberg exchange [10]. In particular, the
exchange integrals themselves are determined not
uniquely. Nevertheless, one of the positive results of the
band calculations consists in the justification of the
magnetic frustration [11]. Note also that the degree of
frustration can be regulated by changing the unit-cell
volume (e.g., by introducing impurities [12]). Although

TN
Tyab TN

SSWT

γ

the experimental determination of these parameters
also faces problems [13], it allows the hypothesis of the
proximity of γ-Fe to the frustration point to be either
justified or ruled out.

The approach developed in this work can further be
used in the description of the Fe γ–α transition induced
by the magnetic fluctuations. Due to the strong SRMO,
the structural fcc–bcc transition can occur at tempera-
tures far above TN, in compliance with the experimental
data on TS, and proceed by a purely magnetic mecha-
nism. The Heisenberg model with strain can be used to
more precisely formulate the qualitative picture and
quantitatively describe the structural phase transition
under discussion.
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