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Abstract—The results of repeated processing of magnetic measurements carried out on the Photon-12 satellite
(which was in orbit from September 9 to 24, 1999) are described. The processing was performed in order to
reconstruct the uncontrolled rotational motion of this satellite. In re-processing, the simplified mathematical
model of rotational motion was used. The actual orbit of a satellite (the apogee height is 380 km, the perigee
height is 220 km) is replaced by a circular orbit; the expression for the aerodynamic moment acting on a sat-
ellite is simplified. The system of differential equations underlying the new model is autonomous and proved
to be sufficiently accurate to reconstruct the satellite motion based on magnetic measurements in the case in
which the satellite angular velocity was not very low and grew gradually. In the last third of the f light, when
the satellite motion became virtually stable and had a sufficiently high angular velocity, this system could be
reduced to a generalized-conservative system. Such a reduction makes more definite the set of its solutions
suitable for approximate description of the actual motion of a satellite. In some segments of motion, the com-
bining of which covers about 3 days, it was possible to use, for this purpose, the periodic solutions continued
from the Lyapunov periodic solutions.
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INTRODUCTION
This paper is a continuation of works [1, 2]. In

paper [1], the magnetic measurements carried out in
1999 on the Photon-12 satellite were reprocessed. The
original processing was done soon after the f light [3]
using the detailed model of rotational motion of this
satellite. The model adopted in [1] is simpler than the
model of [3], but is comparable with that model in
accuracy when reconstructing the motion with a not
very low angular velocity. The model of [1] allowed
reconstructing the evolution of the actual motion of
Photon-12 with growing angular velocity. An even sim-
pler model is used below in which the satellite’s actual
orbit (the apogee height is 380 km, the perigee height
is 220 km) is replaced by a circular orbit. This replace-
ment made it possible to describe the rotational
motion of a satellite by autonomous differential equa-
tions, which, in the case of steady-state motion with a
sufficiently high angular velocity (the result of the evo-
lution indicated above), could be reduced to a gener-
alized-conservative system. Such a reduction made it
possible to approximately, but fairly accurately,
describe the actual motion of a satellite over time
spans up to 3.5 h by periodic solutions extrapolated
from Lyapunov’s periodic solutions. Periodic solu-
tions suitable for this purpose were studied in [2].
Their similarity to the virtually rotational motion of

Photon-12 was also noted there. However, this similar-
ity has not been investigated in detail. Such an investi-
gation is performed below.

EQUATIONS OF A SATELLITE 
ROTATIONAL MOTION

We consider the satellite to be an axisymmetric
solid body, the center of masses of which moves over
an unchanged circular orbit. To write down the equa-
tions of satellite motion, we introduce four right-hand
Cartesian coordinate systems.

The  system is formed by the major central
axes of inertia of a satellite. Point  is satellite ’s center
of masses, and the  axis is the axis of material sym-
metry of a satellite. This axis is close to the longitudi-
nal axis of a satellite and is directed from the lander to
the instrumental module. The satellite’s moment of
inertia relative to the  axis is denoted by  the
equal moments of inertia relative to the  and 
axes are denoted by 

The auxiliary coordinate system  serves for
writing the equations of a satellite rotational motion.
The  axis coincides with the  axis; the  and

 axes are obtained from the  and  axes by
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turning the  system at angle  around the axis
 The kinematic bound between the  and

 systems is specified by the condition that the
projection of the absolute angular velocity of the sec-
ond of them on the  axis is zero. The projections of
this angular velocity on the  and  axes are
denoted by  and  Let absolute angular velocity 
of a satellite in the system  have components

 Then,  and

(1)

Here and below, the dot indicates differentiation
with respect to time t.

The measurement data of onboard magnetometers
are interpreted in the instrumental coordinate system

. This system can be transferred into the 
system by two successive turns. The first turn is per-
formed at angle  around the axis  while the sec-
ond turn, at angle , is performed around the axis 
which took place after the first turn. In the general case,
in order to specify the position of one coordinate system
relative to another, three angles are needed. In this case,
it could be possible to introduce another angle of turn-
ing the instrumental system around its axis 
obtained after the first two turns. However, since the
direction of one of axes  and  can be chosen arbi-
trarily, it is convenient to assume the third angle is equal
to zero, thereby fixing the  system position rela-
tive to the system  The matrix of transition
between these coordinate systems is denoted as 
where  is the cosine of the angle between the axes 
and  The elements of this matrix are expressed in
terms of angles  and  by the formulas

The rotational motion of a satellite is studied with
respect to the orbital coordinate system  Its
axes  and  are directed along the geocentric
velocity and radius vector of point . The matrix of
transition from the system  to the orbital system
is denoted by  where  is the cosine of the
angle between the axes  and  The elements of
this matrix will be expressed as a function of angles 

, and  which will be introduced such that the
 system is transferred into the  system

by three successive turns: (1) at angle  around the
axis  (2) at angle  around the new axis  and
(3) at angle  around the new axis  coinciding
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with the axis  So,  is the angle between the axis
and the plane  while  is the angle between

the projection of axis  on the plane  and the
axis  These two angles specify the direction of the

 axis in the orbital coordinate system. There exist
the relationships

The system of equations of rotational motion of a
satellite is formed by the dynamic Euler equations for
angular velocities  and  and by the kinematic
Poisson equations for the first and third rows of matri-
ces  In the Euler equations, the gravitational and
restoring aerodynamic moments are taken into account,
as well as the constant moment along the axis  When
calculating the aerodynamic moment, the atmosphere
is to be considered motionless in absolute space; its
density along the orbit is constant; the outer shell of a
satellite is assumed to be a sphere with the center on
the axis  Under the assumptions that have been
made, the aerodynamic moment is characterized by a
single scalar parameter. The system of equations of
rotational motion has the form [4, 5]

(2)

Here,  is the orbital frequency,  is the aerodynamic
parameter, and  and  are constant quantities. In
Eq. (2), the explicit form of the solution of one of the
Euler equations  is used with the initial condition

. The choice of  will be indicated below.
In the numerical integration of Eqs. (2), the time

measurement unit is 103 s and the units of measure-
ment of other quantities are  and

 Variables  and  are interde-
pendent and are bound by the conditions of orthog-
onality of matrix  For this reason, initial condi-
tions  and  are expressed in terms of angles

 , and  The elements of the second row of matrix
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 are calculated as the vector product of its third
and first rows. Formulas (1) and the relation

 allow us to find functions
 and  and the motion of the system 

by solving Eqs. (2).

Parameter  is known:  Nevertheless, this
parameter and parameters  and  are determined
from the processing of measurement data, along with
unknown initial conditions of satellite motion; i.e.,
they serve as matching parameters.

Equations (2) were derived from similar equations of
rotational motion [1] by transferring to the circular orbit
and using the orbital coordinate system as a system,
with respect to which the satellite motion is considered.
To compensate all performed simplifications, the satel-
lite motions were reconstructed, in which the angular
velocity component  was sufficiently great. The pro-
cessing of measurements with using equations (2) was
carried out according to the scheme [1] and gave close
results.

RECONSTRUCTION OF THE ROTATIONAL 
MOTION OF A SATELLITE BASED 

ON THE MAGNETIC MEASUREMENTS

Mirage instruments with several three-component
magnetometers were installed onboard the Photon-12.
Since the motion of a satellite was uncontrollable, the
measurement data of these instruments and Eqs. (2)
could be used to determine the actual rotational
motion of a satellite using the conventional statistical
techniques. The technique used below is as follows [1,
4]. Using measurements taken over a certain time span

 we have constructed functions 
which specified, on this span, the components of the
vector of the local magnetic-field strength in the coor-
dinate system  The root-mean-square approx-
imation errors did not exceed 200  (  Oe).
Then, the pseudomeasurements were calculated as

  where n = 0, 1, 2, …, N.
Usually,  min,  min. Pseudo-
measurements served as the initial information for
finding solutions of Eqs. (2) describing the actual
motion of a satellite.

In accordance with the least-squares method, the
reconstruction of the actual motion of a satellite was
considered to be the solution of Eqs. (2), which deliv-
ered a minimum to the functional

(3)
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Here,  are the estimates of constant biases in pseu-
domeasurements,  are the components of the
Earth’s magnetic field (EMF) strength at point  in
the coordinate system  calculated using the
IGRF2005 model.

To use Eqs. (2) for calculating functional (3), it is
necessary to specify the bound of the  system
with the Greenwich coordinate system, in which the
actual satellite orbit is specified, and the EMF
strength is calculated. For this purpose, the actual sat-
ellite orbit was approximated by a circular orbit on the
span . The approximation was con-
structed using the least-squares method on the basis of
fairly accurate values of an actual phase vector of sat-
ellite’s center of masses specified on a uniform grid
with a step of 3 min. The circular orbit was specified by
five elements: radius, average motion (orbital fre-
quency ), initial value of the latitude argument, and
ascending node longitude and inclination. Along the
circular orbit, the EMF strength components were cal-
culated in the  coordinate system for moments

 These components were used in the repeated calcu-
lation of functional (3) in the process of its minimiza-
tion. Using the solution of Eqs. (2), these components
were recalculated into the system  and then into
the system  The initial point of the processed
data segment was always used as  in Eqs. (2).

The acceptability of transition to a circular orbit, as
well as the expected accuracy of approximating pseu-
domeasurements by the extremal of functional (3),
were estimated by minimizing the function

with respect to  and  Here,  is the scaling fac-
tor and  are estimates of constant biases in pseudo-
measurements. The first radical in the formula for 
represents the corrected magnitude of the measured
magnetic field strength on a satellite at moment  the
second radical represents the calculated EMF strength
magnitude at point  at the same moment. Function 
characterizes the proximity of magnitudes of mea-
sured and calculated magnetic-field strength on the
span  To calculate , it is necessary to
know the orbital motion of a satellite only. Minimum
value  of this function provides a preliminary esti-
mate of the accuracy of magnetic measurements.

At  min, for the majority of segments of
pseudomeasurements, standard deviation  =

 lies within the limits of 1600–2000γ.
In calculating  with the use of the actual orbit,

is lower and lies within the limits of 1400–1600γ.
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Fig. 1. Comparison of magnitudes of measured and calculated strength of the EMF. (a) Time moment  UTC on
September 13, 1999,  (b) time moment  UTC on September 18, 1999, 
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Two examples of minimizing function  are presented
in Fig. 1. In the upper part of the figure, the EMF
strength vector magnitudes calculated from the cor-
rected pseudomeasurements and based on the IGRF
model are compared. The calculation from the pseu-
domeasurements is presented by markers; the calcula-
tion based on the IGRF model is presented by solid
lines. The plots in the lower part of the figure charac-
terize the deviations of pseudomeasurements from the
model. These plots represent the broken lines, the ver-
tices of which correspond to approximation errors.
The figure caption indicates the values of  next to
them, in parentheses, the values of  obtained using
the actual orbital motion are indicated. Pseudomea-
surements, the scale of which was corrected by multi-
plier , were substituted into the functional (3). The
values of this multiplier were updated for each pro-
cessed data segment.

Functional (3) was minimized with respect to
11 quantities: the initial conditions for solving system (2)

     and  and parameters
    and  The final stage of minimization was

performed by the Gauss–Newton method. The accu-

Ψ
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racy of approximation of pseudomeasurements and
the scattering in the estimated quantities were charac-
terized by corresponding standard deviations. Stan-
dard deviations were calculated under the assumption
that errors in pseudomeasurements  are uncor-
related and have identical variances; the average values
of errors in pseudomeasurements with the same lower
index i are identical (quantities  in (3) represent the
estimates of these average values). The standard devi-
ations were calculated as follows. Let  be the value
of functional (3) at the point of minimum and let  be
the matrix of the system of normal equations of the
Gauss–Newton method at this point (the matrix  is
approximately equal to the matrix of quadratic form

 at the point of minimum of ). The variance of
errors in pseudomeasurements is then estimated by
quantity  Standard deviations of
estimated quantities are equal to the square roots of
corresponding diagonal elements of matrix  We
denote these standard deviations as    

      and 
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Table 1. Results of processing EMF measurements on the Photon-12 satellite

Int. no. Date,
September, 1999 UTC

, min , , deg/s , deg/s , deg/s , deg/s

10 15 13:18:34 210 2835 0.8169 0.0039 0.1611 0.0069
11 15 23:40:47 210 2308 0.8526 0.0007 0.1437 0.0090
12 16 11:40:41 210 2296 0.8746 0.0050 0.1439 0.0079
13 16 16:59:44 210 2409 0.8894 0.0042 0.1439 0.0068
14 17 19:05:14 210 2043 0.9380 0.0009 0.1577 0.0055
15 18 18:33:07 210 2181 0.9696 0.0005 0.1788 0.0054
16 18 21:54:51 210 2192 0.9867 0.0040 0.1658 0.0052
17 19 08:54:51 210 1924 1.0099 0.0014 0.1083 0.0044
18 19 21:55:05 197 1810 1.0165 0.0008 0.0962 0.0056
19 20 07:55:22 206 2248 1.0280 0.0005 0.1472 0.0064
20 20 19:56:17 210 3260 1.0361 0.0010 0.1487 0.0057
21 21 05:50:08 210 2261 1.0428 0.0011 0.1295 0.0082
22 21 21:13:34 210 2639 1.0394 0.0060 0.1423 0.0096
23 22 07:55: 02 210 2694 1.0498 0.0034 0.1313 0.0068
24 22 22:54:54 210 2376 1.0452 0.0014 0.1376 0.0067
25 23 02:53:52 275 3119 1.0276 0.0022 0.1646 0.0079

0t T σH γ ω1 δω1 ⊥ω ⊥δω
The motion of the Photon-12 satellite was recon-
structed over 25 time intervals [5]. Some reconstruc-
tion results related to intervals 10–25 are given in
Table 1; the reconstructions of motion on intervals 14
and 17 are presented in Figs. 2–4. Universal Coordi-
nated Time (UCT) was used in captions to the figures
and in the table. Table 1 presents the initial points of
intervals  and their actual length T. Nominal length

 min was chosen in such a way that the
obtained values of  were no more than double the
typical values of  indicated above, or, in other
words, in order that the accepted model of motion be
sufficiently adequate. Because the accepted model is
simplified, it was used to reconstruct the motions of a
satellite with a noticeable angular velocity, which arose
several (~2) days after the uncontrolled motion begin-
ning. Table 1 contains the data for the intervals, on
which the angular velocity was high enough.

Figure 2 illustrates the typical quality of the
approximation of pseudomeasurements. Here, solid
lines depict the plots of functions  at

 with markers indicating points
  Quantitatively, the

approximation of pseudomeasurements is character-
ized by standard deviations  the values of which
are given in Table 1 and in the figure caption. The
values of  in Table 1 are slightly higher than those
in [1]. Nevertheless, the achieved accuracy is suffi-
cient for the purposes of this work.

Figure 3 shows the plots of the angular velocity
components  and  The component of angular
velocity  in the motion shown in Fig. 3a monotoni-
cally decreases, while it grows monotonically in the
motion shown in Fig. 3b. The limits of variation of this
variable are indicated in the figure caption.
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As the component of  increased, the motion of a
satellite became more and more similar to the regular
Euler precession of an axisymmetric solid body. The
formation of a regular precession with slowly increas-
ing angular velocity  and slightly changing value of

 was completed after several days of
flight.

The accurate regular Euler’s precession can take
place only in the case in which a satellite is axisymmet-
ric, and the major torque of external forces, applied to
it, is zero. Then, quantities  and  remain
unchanged during the motion. For the used model, the
first condition was met, while the second one was not.
For this reason, we can only say about the motions close
to the regular precession. It is convenient to character-
ize such motions by the following quantities:

as well as by quantities  and , determined by sim-
ilar formulas. For the latter ones, the following formu-
las apply:

Standard deviations  and  characterize the
proximity of the satellite’s motion to a regular preces-
sion with parameters  and  The values of quanti-
ties   , and  are indicated in Table 1.

Figure 4 shows the plots of the time dependence of
angles  and  specifying the  axis position with
respect to coordinates  These angles were
calculated using the formulas
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Fig. 2. Approximation of magnetic measurements: (a) on interval 14,  (b) on interval 17, 

(a)h1, h2, h3, γ

2101681260

32 205

7 746

19 975

4 483

16 712

28 942
8442

(b)h1, h2, h3, γ

2101681260

33 780

17 846

25 813

9 879

1 913

6 054
8442

2101681260

56 333

11 967

34 150

10 215

32 398

54 581
8442 2101681260

51 992

11 635

31 814

–8 543

–28 722

48 900
8442

2101681260

55 835

10 896

33 365

11 574

34 043

56 513
8442

t – t0, min
2101681260

50 264

10 787

30 526

–8 951

–28 689

48 428
8442

t – t0, min

σ = γ2043 ;H σ = γ1924 .H

Fig. 3. Angular-velocity components w2 and w3 (a) on interval 14, °/s; (b) on interval 17,
°/s.
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Fig. 4. Angles specifying the direction of the axis  (a) on interval 14; (b) on interval 17.
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The satellite motion over the angles became stable
by interval 7 only, with the  axis ceasing to intersect
the orbital plane and remaining located in the half-
space Z2 > 0 during the entire subsequent f light. The
motion in Figs. 3 and 4 is already clearly similar to the
regular Euler precession.

Additional information about the satellite motion
is provided in Fig. 5. Here, for the two reconstructions
discussed above, the plots are presented for angle 
between the  axis and the vector of the angular
momentum of a satellite in its motion relative to the
center of masses, as well as for angle  between this
vector and the axis  In the regular Euler preces-
sion,  In the examples in Fig. 5, this angle
varies within fairly narrow limits, near the values

 which are indicated in the fig-
ure caption. The angular momentum vector oscillates
near the  axis (see the plots of angle ), the angular
velocity of which is less than 5°/day. Motions of such
a type took place on September 15–19—on intervals
10 and 14–18, in particular. The estimates of parame-
ters     and  and their standard deviations for
these intervals are presented in Table 2. Here, the
angles are expressed in radians, while quantities  and

 are presented in units of 10–6 s–2. The data in this
table are typical for all intervals 1–25 [5]. The standard
deviations of initial conditions of reconstructions on

θ = + θ = −

ψ = ψ =
+ +

2 2
32 33 31

11 21
2 2 2 2
11 21 11 21

cos , sin ,

cos , sin .

a a a
a a

a a a a

1Ox

α
1Ox

ρ
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α = const.

∗ ⊥α = ω λω1arctan( ),

2OX ρ
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p
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intervals 1–25, expressed in radians and 0.001 s–1, lie in
the ranges [5]  

 and  These
examples shows an approximation of pseudomeasure-
ments that is less accurate than in [1, 3]. The values of

 in Table 1 are slightly higher than in [1, 3]. Never-
theless, the reconstructions of this work reproduce all
features of a satellite’s rotational motion.

Intervals 10 and 14–18 are of particular interest for
the further analysis, because the motions on them
allow an acceptable approximation of a generalized-
conservative mechanical system by periodic motions.

GENERALIZED-CONSERVATIVE MODEL 
OF A SATELLITE ROTATIONAL MOTION

As can be seen from Table 1, the values of  have
stabilized over time. Apparently, the moment of resis-
tance proportional to  [1], which was disregarded in
Eqs. (2), has grown. On intervals from that part of
Table 1 in which the values of  are low, the solutions
of Eqs. (2) can be used to reconstruct the satellite
motion for  The plots illustrating such recon-
struction on intervals 10 and 14–18 are given in [5].
They are very similar to the plots obtained with using
the original system (2), but have the increased values
of  These values, on indicated intervals, are pre-
sented in Table 3 together with the estimates of quan-
tities      and their standard deviations. In
this table,  and  The com-
parison of the data in Tables 2 and 3 allows one to

δσ = −0.01 0.025, θ ψσ = −, 0.01 0.02,
Ωσ = −0.01 0.025, σ = −2, 3 0.02 0.08.w w

σH

ω1

ω1

ε

ε = 0.

σ .H

Ω, ,p λ, α ,c βc
−Ω = 1[ ] 0.001 s − −= 6 2[ ] 10 s .p
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Fig. 5. Satellite angle of nutation and angle  between the vector of satellite’s angular momentum relative to the center of masses
and the axis  (a) on interval 14,  (b) on interval 17, 
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understand what benefit was provided by coarsening
the model. The values of  found during the new pro-
cessing are very close to corresponding values of 
from Table 1.

Below, in this Section, we let, in (2),  and
 and assume  to be a parameter. We supple-

ment Eqs. (2) with the Poisson equations for the com-
ponents of the unit vector (ort) of the  axis in the
system  

and denote the resulting system by (2a). Equations (2a)
allow for the generalized integral of energy

Ω
ω1

ε = 0
ω = Ω1 Ω

2OX
1 2 3,Ox x x

+ − = + =
− =

� �

�

21 2 23 3 22 22 3 21
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Table 2. Estimates and standard deviations of parameters of 

Int. no.

10 –0.0187 0.041 0.2323 0.0013 0.01
14 –0.0300 0.033 0.2362 0.0013 –0.0
15 –0.0802 0.043 0.2302 0.00085 0.0
16 –0.0846 0.046 0.2395 0.00075 0.01
17 0.0216 0.029 0.2403 0.00059 0.0
18 –0.2518 0.029 0.2379 0.00051 0.0

p σp λ λσ ε
that is, the satellite represents a generalized-conserva-
tive mechanical system. Equations (2a) also have the
families of partial solutions, in which  are constant
quantities bound by the relations

(4)

while the remaining elements of matrix  are deter-
mined by the relations

(5)

1ia

( )
 + + = ω − λ + = 

ω ω − λΩ −

 + ω − λ − = 

2 2 2 2
11 21 31 31 0 11

2
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equations of motion

85 0.0011 0.0065 0.0065
044 0.00069 0.0045 0.0045
023 0.00079 0.0047 0.0047
94 0.00072 0.0049 0.0049

070 0.00071 0.0053 0.0053
041 0.00070 0.0044 0.0044

εσ αc ασ c βc βσ c

−0.0120 −0.0665
−0.0344 −0.0563
−0.0149 −0.0638
−0.0296 −0.0560
−0.0461 −0.0591
−0.0531 −0.0651
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Fig. 6. Angular velocities  (a) on interval 14; (b) on interval 17.
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δ Ω Ω� 2 3, ,
Let the relations (4) be fulfilled. Equations (5)
for variables  and  have the solution

=  and  =

 where  is an arbitrary con-
stant; variables    and  are found by formu-
las (5). The ort of the Ox1 axis in the OX1X2X3 system
has components  and, as a result, solutions (4), (5)
describe the state of rest of the Ox1 axis in this system.

22a 23a

22a − ω −2
21 21 0 01 cos[ ( )]a a t t 23a

− ω −2
21 21 0 01 sin[ ( )],a a t t 0t

12,a 13,a 32,a 33a

1,ia
COSMIC RESEARCH  Vol. 60  No. 2  2022

Table 3. Estimates and standard deviations of parameters of 

Int. no. , 

10 3393 14.199 0.027 –0.1388 0.049
14 2107 16.372 0.026 –0.0372 0.033
15 2193 16.920 0.017 –0.0802 0.043
16 3228 17.253 0.022 0.0969 0.066
17 2063 17.622 0.014 –0.0159 0.031
18 1862 17.739 0.011 –0.2323 0.030

σH γ Ω Ωσ p σp
For , these solutions coincide with known solu-
tions, called conical, cylindrical and hyperboloidal
precessions [6]. Their complicated shape and the unex-
pected period are associated with the method of intro-
ducing the coordinate system Oy1y2y3. This system,
which is suitable in the task of processing magnetic
measurements, is poorly suited for describing the satel-
lite motion relative to the orbital coordinate system. It
turned out that, in intervals 10 and 14–18, the periodic

= 0p
equations of motion for 

0.2281 0.0015 0.0078 0.0078
0.2362 0.0014 0.0047 0.0047
0.2302 0.00085 0.0047 0.0047
0.2415 0.0010 0.0072 0.0072
0.2398 0.00064 0.0057 0.0056
0.2379 0.00052 0.0045 0.0045

ε = 0

λ λσ αc ασ c βc βσ c

−0.0114 −0.0667
−0.0345 −0.0565
−0.0149 −0.0638
−0.0302 −0.0552
−0.0451 −0.0597
−0.0532 −0.0651
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Fig. 7. Periodic solutions used to approximate the motion of a satellite (a) on interval 14, (b) on interval 17.
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motions of specific form could be used for reconstruc-
tion. However, to obtain them, Eqs. (2a) must be
replaced by equivalent equations in other variables.

To describe the satellite motions in which the Ox1

axis declines from the  axis by less than 90°, the
position of the Ox1x2x3 system with respect to the
OX1X2X3 system can be conveniently specified by
angles  and  introduced above, as well as by the

2OX

ψ θ
Table 4. Parameters of periodic solutions

Int. no. T/2

10 1.15738 1.05241 0.7085
14 1.15362 0.92799 0.8672
15 1.15883 0.86088 0.8093
16 1.15688 0.84976 0.9219
17 1.15787 0.97637 1.0727
18 1.15976 1.00929 1.0670

ω0 ψ(
third angle  the turn at which around the  axis
completes the transformation of the OX1X2X3 system
into the Ox1x2x3 system. The transformation OX1X2X3 →
Ox1x2x3 can be presented as a superposition of transfor-
mations OX1X2X3 → Oy1y2y3 and Oy1y2y3 → Ox1x2x3.
The first transformation is specified by angles  ,
and  and the second transformation is specified by
angle  The turns at angles  and  are performed

ϕ, 1Ox

ψ, θ
δ,

χ. δ χ
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0 2.76801 0.7478
1 2.64021 0.7746
3 3.02129 1.1359
7 2.72420 1.1784
6 1.83328 0.2050
3 1.68321 1.6910

0) Ω2(0) a τ

−0.61081
−0.26236
−0.21134
−0.11559
−0.07819
−0.04319
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Fig. 8. Projections of hodographs of orts of the axis  (outer curves) and of the angular momentum of rotational motion (inner
curves) on the plane  (a) on interval 14, (b) on interval 17.
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Fig. 9. Approximation of satellite motion on interval 10 by a periodic solution.
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Fig. 10. Approximation of satellite motion on interval 14 by a periodic solution.
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around the  axis in the same direction; as a
result, 

If we are interested only in the motion of satellite’s
axis of symmetry  it is convenient to use angles 
and , as well as combinations of angular velocities

where

Such variables were used in [2]. Examples of plots
of angular velocities   and  in reconstructions
on intervals 14 and 17 are presented in Fig. 6. Quanti-
ties  and  are the projections of satellite’s angular
velocity on the Resale axes, corresponding to angles 
and 

PERIODIC MOTIONS OF THE AXIS 
OF SYMMETRY OF A SATELLITE

The following equations are valid for variables  
 and  [2]:

(6)

The solutions of system (2a), expressed in terms of
   and  on intervals 10 and 14–18, are similar

to periodic solutions of system (6), studied in [2].
Solutions on these intervals differ from solutions on
the other intervals in the fact, that the angular
momentum of satellite’s motion relative to the center

=1 1Ox Oy
ϕ = δ + χ.
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Fig. 11. Approximation of satellite motion on interval 15 by a periodic solution.
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of masses only slightly deviates from the normal to the
orbital plane.

System (6) is invariant with respect to the transfor-
mation of variables    so, we
can search for solutions of it in which variables  and

 are odd, and variables  and  are even, func-
tions of time. Periodic solutions with such properties
are called “symmetric.” Symmetric periodic solutions
with period  are defined by the boundary conditions

(7)

In [2], the symmetric periodic solutions of system (6) are
constructed, which are continued from the Lyapunov
solutions existing in the vicinity of its stationary solution

    For , this
stationary solution transfers into the cylindrical preces-
sion. There exist two families of such periodic solutions,
called “short-periodic” and “long-periodic.”

→ − ,t t θ → −θ, Ω → −Ω3 3;
θ

Ω3 ψ Ω2

T

( ) ( )θ = Ω = θ = Ω =3 3(0) (0) 0.
2 2
T T

θ = 0, ψ = ψ( ),p ≤ 0.5,p ψ = π(0) /2. = 0p
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Short-periodic solutions were used for approxima-
tion. Parameters   and  of system (6) for each
approximated interval were determined as a result of
processing magnetic measurements (Table 3). The
value of period was found as a result of spectral anal-
ysis of the solutions of system (2a), which approximate
magnetic measurements on interval under study. The
variables of system (2a) in this solution were recalcu-
lated by the method described above into functions
θ(t),   and  and the trial period was
determined for each of these functions. Now, we
describe the determination of a trial period for the
example of function θ(t). This function (as well as the
rest of the ones from the given set) was calculated on

the uniform time grid    s,

 Then, the approximation of this
function was constructed by the expression

,p λ, Ω

T

ψ( ),t Ω2( ),t Ω3( ),t

{ }
=0

,'m
M

m
t = +0' ,mt t mh = 20h

− < ≤( 1) .M h T Mh
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Fig. 12. Approximation of satellite motion on interval 16 by a periodic solution.
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(8)

where   , and  are parameters. The values of
parameters were sought by the least-squares method
by minimizing the expression

Minimization was carried out in two stages. First,
as a result of solving a number of identical linear least-
squares problems, we calculated the values of the
function

at the nodes of a sufficiently fine uniform grid on the
segment  Hz. We then found, on this grid,
point  The trial period was
determined by formula  If function 

θ = + π + πap 0( ) cos 2 sin 2 ,t a a ft b ft

0,a ,a b f

( ) ( )
=

 Ψ = θ − θ
  

2

0 ap
0

( , , , ) ' ' .
M

m m
m

a a b f t t

Ψ = Ψ1 0

0

( ) min ( , , , )
, ,

f a a b f
a a b

−≤ ≤ 30 10f
= Ψmin 1arg min ( ).f f

= min1 .T f Ψ1( )f
has several significant minima, then the variable under
study θ(t) contains several components of form (8). In
this case, the periodic approximation may occur to be
impossible.

On intervals 10 and 14–18, functions  for
variables θ(t),   and  had only one sig-
nificant minimum, with the values of  differing
from the values of these functions outside the small
neighborhood of point  (they are close to )
by ten times or more [5].

The trial periods found by functions θ(t), 
, and  coincide quite precisely. Since vari-

ables  and 3 have changed most intensively in the
motions on intervals 10 and 14–18, the trial period was
determined from the periodograms of functions 
and  For them, the values of  fell into the
same nodes of a grid with a step of 2 × 10–7 Hz. The
found value of the trial period was used to construct an

Ψ1( )f
ψ( ),t Ω2( ),t Ω3( )t

Ψ1min

minf Ψ1max

ψ( ),t
Ω2( )t Ω3( )t

Ω2 Ω

Ω2( )t
Ω3( ).t minf
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Fig. 13. Approximation of satellite motion on interval 17 by a periodic solution.
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approximating solution of boundary-value problem (6),
(7). This problem was solved by the targeting method
(see [2]). The amplitudes of corresponding expres-
sions (8) served as an initial approximation of
unknown initial conditions  and  for

 One can also use the values of variables 
and  in the approximate solution at point  deter-
mined by the relation 

Examples of constructed periodic solutions are
given in Figs. 7 and 8 and in Table 4. The table indi-
cates the parameters of solutions of problem (6) and
(7)  , and , as well as orbital frequency

 on the given interval and coefficient  in the char-
acteristic equation  which

ψ(0) Ω2(0)
= min.f f ψ

Ω2 ∗,t
∗θ ≈( ) 0.t

/2,T ψ(0) Ω2(0)
ω0 a

ρ − ρ − ρ + =2 2( 1) ( 2 1) 0,a
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determines the multipliers of a periodic solution. Here,
the unit of measurement of time is 1000 s, the unit of
measurement of the angular velocity is 0.001 s–1. As we
can see, all found periodic solutions are orbitally stable
in the first approximation. The figures present the
plots of variables θ(t),  , and  in the
periodic solutions on the span and the pro-
jections of the ort of the axis  and of the ort of the
satellite’s angular momentum on the plane 
The projection of the ort of the angular momentum
lies inside the projection of the ort of the axis 

The comparison of the motions, found by process-
ing magnetic measurements, and the periodic solu-
tions was carried out according to the following

ψ( ),t Ω2( )t Ω3( )t
≤ ≤0 2t T

1Ox
1 3.OX X

1.Ox
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Fig. 14. Approximation of a satellite motion on interval 18 by a periodic solution.

(a)θ, ψ; Ω2, Ω3, 10–3 s–1
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(b)Δθ, Δψ; ΔΩ2, ΔΩ3, 10–3 s–1
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scheme. Variables θ(t),  , and  in the
periodic solution were approximated by the discrete
Fourier series [7]. The even functions were expanded
in a series in cosines, while the odd functions were
expanded in a series in sines. Two hundred harmonics
were used in each approximating expression. We
denote the constructed series as   , and

 We then composed the expression

ψ( ),t Ω2( )t Ω3( )t

θ�( ),t ψ� ( ),t Ω� 2( )t
Ω� 3( ).t

( )
( ) ( )
( ) ( )

( ) ( )

=

 τ = θ − θ − − τ  

 + ψ − ψ − − τ
  

 + Ω − Ω − − τ
  

 + Ω − Ω − − τ    

 �

�

�

�

2

0
0

2

0

2

2 2 0

2

3 3 0

' '

' '

' '

( ) ( )

,' '

m m

m m

m

m

M

m

m

m

F t t t

t t t

t t t

t t t
which was minimized in  on a fairly fine grid. The
values of  found in this way are presented in Table 4.
The left part of Figs. 9–14 presents the plots of func-
tions θ(t),  , and  in unified coordinate
systems, as well as the corresponding approximating
expressions   
and  The right part of these figures pres-
ents the plots of differences 
etc. All plots are constructed from the values on the

grid  As one can see, the periodic approxima-

tion turned out to be quite accurate. Judging by the
plots, functions  and  contain a low-fre-
quency component, which, apparently, is somehow
associated with long-period Lyapunov solutions [2].

During the f light of Photon-12, a rare situation
occurred in which the actual, rather complicated rota-
tional motions of a satellite could be approximated by
periodic solutions of the equations of motion of a gen-

τ
τ

ψ( ),t Ω2( )t Ω3( )t

θ − − τ�

0( ),t t ψ − − τ� 0( ),t t Ω − − τ�

2 0( ),t t
Ω − − τ�

3 0( ).t t
Δθ = θ − θ − − τ�

0( ) ( ),t t t

{ }
=0

.'m
M

m
t

Δθ( )t Δψ( )t
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eralized-conservative mechanical system. This fact
serves as another justification to the use of simplified
mathematical models in the problems of space-flight
mechanics.
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