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Positively- and negatively-charged complexes
placed in liquid helium are known to have fundamen-
tally different structures. A positively-charged complex
is a He

 

+

 

 ion surrounded by polarized atoms of solid
helium [1]. An electron placed in the liquid is repelled
by helium atoms and forms a bubble around itself [2].
The transport properties of positively- and negatively-
charged complexes are determined by their interaction
with the elementary excitations of the liquid. Experi-
ments of various types revealed a striking difference
between positive ions and electron bubbles. It turned
out that He

 

+

 

 ions cannot penetrate the surface of liquid
helium, whereas electrons quite easily pass through the
surface into the vacuum at not too low temperature
(above 1.2 K).

In experiments [3, 4], the electrons were attracted to
the liquid–vapor interface by the electric field 

 

E

 

. It was
found that the electric current associated with the elec-
tron motion through the surface decreases exponen-
tially with temperature. The potential barrier was 30–
40 K, depending on the magnitude of the electric field.

The interaction of a point charge with a dielectric
half-space is commonly approximated by the expres-
sion

(1)

where

V z( ) A/z eEz,+=

A ε 1–( )e2/4ε ε 1+( ).=

 

At low temperatures, the vapor density is low and
parameter 

 

A

 

 is determined by the dielectric constant 

 

ε

 

of the liquid. This approximation yields an infinitely
high barrier. However, it does not take into account the
finite size of the charge and assumes an abrupt change
in the medium properties at the liquid–vapor interface.
In reality, the density of the liquid changes smoothly in
a 10-Å layer. Therefore, Bruschi et al. [5] and Hsing-
Mei Huang et al. [6] attributed the finite barrier height
to a cutoff of potential (1) at a distance of a few amg-
strom. In early works on the electron transport from liq-
uid helium to a vacuum [7, 8], the potential of shape (1)
was used to determine the equilibrium Boltzmann dis-
tribution of bubbles in the liquid and the barrier height
was obtained by fitting the experimental data. In [9], the
shape of the potential barrier was numerically calcu-
lated ab initio taking into account the pair interaction of
He atoms. Although the calculation agrees well with
the measurements [3, 4] concerning the barrier height
in zero field, it does not yield a pictorial presentation of
the interactions in the system that may lower the poten-
tial barrier. The theories [7, 8] also do not provide such
a picture.

Two different models were proposed to calculate the
lifetime 

 

τ

 

 of a charged bubble and to compare it with
experiment. According to a diffusion model, the
charged complexes that move in the electric field and
reach the helium surface “burst” and the electron
appears in the vacuum. Phenomenological calculation
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The interaction potential of negative ions (electron bubbles) with the surface of liquid 
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He, and Ne has
been found. In addition to the electrostatic repulsion, the contribution of the long-range Van der Waals attraction
of the electron bubble to the liquid surface has been also taken into account. Competition of these repulsion and
attraction forces results in the formation of a potential barrier that prevents the motion of a negative ion from
the liquid to the vacuum. The temperature and electric-field dependences of the lifetime of the bubble have been
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He. In contrast
to the conventional idea based on the hypothesis of the quantum tunneling of an electron from a bubble to a
vacuum, our theory is based on the Kramers’ diffusion model of the classical escape of the bubble over the
potential barrier. In this model, a low-dynamic-friction approximation is applicable to liquid 
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He owing to a
high mobility of negative ions in the superfluid.
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[4] of the probability of such a process based on the
Smoluchowski theory [10, 11] yields

(2)

Here, parameters 

 

V

 

M

 

 and 

 

V

 

0

 

 are related to the expan-
sions of the potential 

 

V

 

(

 

z

 

) near points 

 

z

 

M

 

 and 

 

z

 

0

 

, respec-
tively, where it has the maximum 

 

V

 

M

 

 and minimum 

 

V

 

0

 

value [10, 11]:

(3)

The relaxation time 

 

τ

 

0

 

 and the frequencies 

 

ω

 

M

 

 and

 

ω

 

0

 

 in Eq. (2) are determined by the mobility 

 

µ 

 

and
effective dynamic mass 

 

M

 

 of the negative ion [10]

(4)

The comparison of Eq. (2) with the experimental data
for liquid 

 

4

 

He performed in [4] yielded 

 

V

 

M

 

 = 43.8 K and
 = 2.23 

 

×

 

 10

 

3

 

 K/Å

 

2

 

. The parameters 

 

V

 

0

 

, , and 

 

z

 

0

 

were found from Eq. (1):

(5)

Temperature dependence (2) agrees well with the
experimental data but the fitting parameter  appears
to be three orders of magnitude larger than the reason-
able estimates [7, 8].

This caused the rejection of the classical diffusion
model for the description of negative ions in liquid 

 

4

 

He.
Another model studied in detail in [7–9] suggests that
the electric current across the liquid surface is due to
the quantum tunneling of electrons from bubbles to a
vacuum. To come to an agreement between the tunnel-
ing model and the experimental data, the authors of [7,
8] had to take a bubble radius of 25–26 Å, which is 1.5
times larger than the value obtained from mobility mea-
surements. The substitution of the conventional value

1
τ
---

ω0ωMτ0

2π
-------------------

VM

T
-------–

V0

T
------+ .exp=

V z( ) VM

VM''

2
---------- z zM–( )2,–=

V z( ) V0

V0''

2
------ z z0–( )2.+=

τ0
µM

e
--------, ω0

2 V0''

M
------, ωM

2 VM''

M
----------.= = =

VM'' V0''

V0 2 AeE; V0''
2A

z0
3

-------; z0
2 A

eE
------.= = =

VM''

 

R 

 

= 17 Å into the corresponding formulas yields the
lifetime 

 

τ

 

 three orders of magnitude larger than the
experimental value. A computer calculation of the life-
time of a bubble, taking into account its finite size [9],
also differs from experiment.

Thus, the existing theory of electron bubbles near
the surface of liquid helium does not give a satisfactory
explanation of the experimental data.

We propose a new description of the interaction of
an electron bubble with liquid helium. We first intro-
duce the fundamental attraction of the bubble to the liq-
uid surface associated with the long-range attraction
between atoms

(6)

Second, we take into account the finite size of the bub-
ble. For that, we write the electron wavefunction in the
form (see Fig. 1)

(7)

where 

 

R

 

0

 

 is the characteristic size of the bubble.
Approximation (7) implies an absolute impossibility of
the quantum tunneling of the electron from the bubble
to the liquid. Defining the dimensionless parameter 

 

x

 

 =

 

z

 

/

 

R

 

0

 

, we replace the 

 

A

 

/z term in Eq. (1) by Ve given by
the formula

(8)

The expression for fe(x) is obtained by integrating
the interaction potential of the electron with the liquid
surface (see Fig. 1).

(9)

The function fe(x) is defined at x > 1 (z = R0) and may be
expressed as a fast-converging power in series of 1/x

(10)

The value fe(1) = 1.13 gives an idea of the accuracy of
expansion (10). For z = R0, the approximation of Eq. (1)
by Ve = A/R0x is accurate to 0.13.

V r1 r2–( ) β
r1 r2– 6
--------------------.–=

ψe
2 r( ) 1

4π
------ 2

R0
-----

πr/R0( )sin
2

r2
-----------------------------,=

Ve εe f e; εe
A
R0
-----;= =

f e x( ) yd
y

----- x y+
x y–
------------⎝ ⎠

⎛ ⎞ πy.sin
2

ln

0

1

∫=

Ve z( ) A
ψe

2 r( ) rd
z r( )

--------------------; z r( )∫ z rz.+= =

f e x( ) 1
x
--- 1

c2

x2
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c4

x4
-----+ +⎝ ⎠

⎛ ⎞ ,=
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1
9
--- 1

6π2
--------– 0.0942,= =
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1
25
------ 3

10π4
----------- 1

5π2
--------–+ 0.0228.= =

Fig. 1. Illustration of the symmetry of the Van der Waals
interaction. The attraction force of the bubble to the vacuum
is exactly equal to the attraction force of the cluster to the
liquid surface.
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A more accurate computation of the function ψe(r)
is pointless, as even the rough approximation sin2πy =
1/2 does not significantly change the result in Eq. (8):

In particular, fe(1) = π2/8 = 1.23. Thus, the inclusion of
the finite size of the bubble yields only a minor numer-
ical correction. However, we shall take it into account
in our calculations.

The effects of the bubble attraction to the surface
(and the repulsion of the He+ ion from the surface) may
be understood comparing Figs. 1a and 1b. They reflect
the symmetry of matter and a vacuum: the attraction of
a ball to a liquid is exactly equal to the attraction of a
bubble to a vacuum. For the same reason, vacancies
(holes) are concentrated near the surface of a solid. An
atomic vacancy is attracted to the surface by the poten-
tial v(z) obtained by integrating interaction (6) over the
vacuum (z < 0) half-space (see Fig. 1)

(11)

If z � R0, the bubble is attracted to the vacuum by the
potential v+ = v(z)N, where N is the number of particles
in the bubble. Since N � 1 (see table),

(12)

where n is the liquid density. Integrating Eq. (11) over
the bubble volume, taking into account its finite size,
we obtain the attraction potential of a negative ion to
the liquid surface

(13)

For x � 1,

(14)

Thus, the total interaction potential of the bubble
and the liquid surface reads as

(15)

We performed a numerical computation of potential
(15) for 4He, 3He, and Ne. The results are shown in
Fig. 2. The dashed lines are the respective curves
obtained according to Eq. (1). Figure 3 presents the V(z)
curves for 4He and several values of electric field E. The
height VM = 39 K of the potential barrier for 4He agrees
well with the experiments [3, 4]. Calculation using
Eq. (15) gives a reasonable value of  = 0.6 K/Å2.
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9x3
--------

1
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6
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1

z3
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N
4
3
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π2βn2

6
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x 1+
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z
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f b x( ) 4
3
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V– x( ) εe f e x( ) εb f b x( )– eEz.+=

VM''

The constants used in our computation are listed in
the table.

Our approach to the description of the behavior of
charged complexes near the surface of a dielectric liq-
uid provides a simple explanation of the difference
between positively-charged clusters and negatively-
charged bubbles. At a distance of about tens of ang-
stroms, the interaction of the bubble and the liquid sur-
face is a result of the competition of attraction and
repulsion forces (15), whereas for the clusters, both
forces are directed into the liquid.

Next, having determined the shape (15) of the
potential barrier, we can calculate the lifetime of the
electron bubble in the diffusion model. It is important
that liquid 4He is a superfluid in the temperature range
T = 1.1–1.9 K, for which the experimental results [3, 4,
7] were obtained. Thus, the mobility of electron bub-
bles in this temperature range is very high. According
to [10, 11], Eq. (2) holds only in the limiting case of a

Table

4He 3He Ne
(T = 25 K)

ε 1.057 1.043 1.19

n 1/Å3 0.02184 0.01635 0.037

R0 Å 17.0 22.5 10

β K Å6 1.038 × 104 1.038 × 104 6.14 × 104

εe K 63.8 37.1 304.3

N 449 780 155

εb K 8.14 4.56 138.5

VM K 39 23 125

K/Å2 0.6 0.21 1.82

ωM 1/s 2.36 × 1010 1.22 × 1010 3.12 × 1010

VM''

Fig. 2. Behavior of the potential V(z) determined by
Eq. (15) near its maximum VM at zero electric field for three
inert liquids. The dashed lines are the respective curves
given by Eq. (1).

z (Å)

4He

3He
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large dynamic friction coefficient. This condition is
equivalent to the requirement 2ωMτ0 < 1, where ωM and
τ0 are given by Eqs. (4). The opposite limiting case of
low dynamic friction 2ωMτ0 > 1 takes place for helium.
Then, the lifetime of the bubble is independent of ωM
and τ0 and may be calculated from the expression
[10, 11]

(16)

Simple formula (16) follows from the exact solution for
τ obtained by Kramers [11] at VM/T � 1

(17)

At ωMτ0 < 1, Eq. (17) reduces to Eq. (2) obtained from
the Smoluchowski equation. However, at ωMτ0 > 1,
Eq. (17) reduces to Eq. (16) corresponding to the limit-
ing case of low dynamic friction.

1
τ
---

ω0

2π
------

VM

T
-------–

V0

T
------+ .exp=

1
τ
---

ω0

2π
------ 1 1

4τ0
2ωM

2
----------------+⎝ ⎠

⎛ ⎞ 1/2 1
2ωMτ0
----------------–=

×
VM

T
-------–

V0

T
------+ .exp

The mobility µ4 of negative ions in liquid 4He in the
temperature range studied in [4, 7] is determined by
their interaction with rotons and depends exponentially
on T [12]:

(18)

The ∆ value in Eq. (18) is close to the roton gap width
∆ = 8.65 K determined from neutron scattering. The
comparison of Eqs. (2) and (16) taking into account
Eq. (18) explains the good agreement of the exponen-
tial dependence τ(T) obtained in [4] on the basis of
Eq. (2) with the experimental data.

The comparison of Eq. (16) with the experiments [7]
is presented in Fig. 4, where ln(τ/γ) for 4He is plotted
against 1/T. The parameter γ is given by the expression

(19)

The VM, V0, and ω0 values for 4He calculated from
Eqs. (3), (5), and (15) are

(20)

where E is expressed in V/cm. The idea of the accuracy
of the low dynamic friction approximation specified by
Eq. (16) for 4He is given by the relation between the
parameter 2ωMτ0 and µ4, which comes from Eqs. (3),
(4), and (18)

(21)

µ4 T( ) 1.2 10 3– e∆/T  cm/V s, ∆ 8.1 K.≅×≈

γ 2π
ω0
------e

V0/T–
; τ/γ e

VM/T
.= =

VM 39 K; V0 0.7 E K;= =

ω0 8 106E3/4 1/s,×=

2ωMτ0 44µ4 T( );=

τ0 10 9– 0.93µ4 s; ωM× 2.36 1010 1/s;×= =

Fig. 3. (a) Potential V(z) for 4He at different values of the
electric field E. (b) Behavior of V(z) near its maximum. The
VM value weakly depends on E.

Fig. 4. Temperature dependence of the lifetime of the elec-
tron bubble. The points are the experimental data [7]. The
straight line corresponds to Eq. (16) with VM = 35.6 K, V0 =

0.63  K, and ω0 = 18 × 106E3/4 1/s. The parameter γ is
given by Eq. (19).

E

Z (Å)
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where µ4 is expressed in cm2/V s. The condition
2ωMτ0 > 1 was indeed satisfied in the entire temperature
range where the dependence τ(T) was measured for 4He
[7]. Consequently, even the simplest diffusion model
applied to the electron bubble in liquid 4He with the
inclusion of our knowledge of the structure of the
potential barrier quantitatively agrees with the experi-
mental data. Under a change in τ/γ by six orders of
magnitude, exponential temperature dependence (19)
holds (see Fig. 4) with the values

(22)

which are close to the calculated values given in
Eqs. (20).

To conclude, we have determined ab initio the inter-
action potential of negative ions and the surface of liq-
uid 4He (15) and calculated the lifetime of the electron
bubbles from Eq. (16). In contrast to the theory of the
quantum tunneling of electrons from bubbles to a vac-
uum [7–9], our results are based on the classical diffu-
sion model [10, 11]. We finally note that the proposed
theory of surface phenomena associated with negative
ions is also applicable to 3He, 3He–4He solutions, and
Ne. However, exact formula (17) derived by Kramers in
1940 [11] should be applied to these inert liquids.

This work was supported the Russian Foundation
for Basic Research, project nos. 06-02-16551 and
06-02-16223.
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