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Hyperfine splitting in a number of simple atomic
systems is sensitive to the nuclear structure and its ab
initio calculations have a limited accuracy. However, it
can be used to compare theoretical results with experimental data, to determine various effective parameters
describing the nuclear structure, and to use their values
in other calculations.
The investigation of muonic atoms is of considerable interest in view of the determination of the charge
radii of various nuclei. In particular, current efforts are
focused on measuring the Lamb shift in muonic hydrogen [1]. It is expected that the hyperfine splitting of the
2s metastable state will be measured in this experiment.
At the same time, the measurement of the hyperfine
splitting of the ground state in a hydrogen atom is
designed [2].
One experiment is at a stage far from completion
and the other experiment is only designed; thus, the discussion of their accuracy is premature. Nevertheless, it
is desired to calculate all corrections comparable with
100 ppm and to have a strategy for using the experimental results if they are more accurate than this value.
For the former problem, we calculate the single
unknown electrodynamic correction of interest. It contributes about 59 ppm to the hyperfine splitting of the 1s
state. The other unknown quantum electrodynamic
(QED) corrections are much smaller.
At the same time, the error in the calculation of a
number of corrections associated with the nuclear
structure can exceed 100 ppm. To overcome this difficulty, a solution proposed for light hydrogen-like atoms
[3, 4] can be used; this solution is the calculation of the
difference
∆E 21 = 8E hfs ( 2s ) – E hfs ( 1s ).

(1)

The feature of this difference is the cancellation of the
“hard” contributions to the energy of the nl states,
which are usually proportional to the square of the
wavefunction at the origin,
( Zα ) m r
- δ 0l .
= -------------------3
πn
3

Ψ nl ( r = 0 )

2

3

(2)

Here, Z is the charge number of the nucleus, α is the
fine structure constant, mr is the reduced mass of a
bound particle (the electron in ordinary atoms and the
muon in muonic atoms), and the relativistic system of
units is used with  = c = 1.
In particular, the leading nonrelativistic contribution
to the hyperfine splitting in hydrogen-like atoms is
determined by the δ-function potential and does not
contribute to difference (1):
E
(0)
E hfs ( ns ) = -----3F- ,
n

(3)

where
3
m µ m
8
3
–6
E F = --- α ( Zα ) m ------ ------ ⎛ ------r⎞ = 182443 × 10 eV
m p µN ⎝ m ⎠
3

is the so-called Fermi energy.1 Here, µN is the nuclear
magneton, µ is the magnetic moment of the nucleus (I =
1/2 is assumed for spin), m is the mass of the bound particle (electron or muon), and mp is the proton mass.
The uncertainty in theoretical calculations is associated with the nuclear structure effects. The leading
nuclear structure contributions are determined by twophoton exchanges with a high momentum transfer and
1 The
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have the hard structure and, therefore, cancel when calculating difference (1).
The ab initio calculations of this difference in light
hydrogen-like atoms ensure a much higher absolute
accuracy than calculations of the hyperfine splitting
separately for the states in this difference. The result is
sensitive to the QED corrections of the third and fourth
orders in the parameters α, Zα, and mass ratio m/M [5,
6]. The theoretical calculations can be critically compared with the existing results of measuring the hyperfine splitting of 1s and 2s levels in hydrogen [7, 6], deuterium [8, 6], and helium-3 ion [9]. At the same time,
the mentioned corrections are not of current importance
for comparison with the existing or expected experimental data on the hyperfine splitting of the 1s and 2s
levels separately, because they are much smaller than
the errors in the nuclear-structure corrections. A similar
calculation can be performed for muonic hydrogen in
view of the expected experimental results [2, 1] (see
also [10]). Calculations [10] performed several years
ago included only corrections of the first order in α and
the leading theoretical error was associated with twoloop polarization contributions. In this work, we calculate these contributions for the 1s and 2s states and analyze the higher order corrections associated with the
nuclear structure. In conclusion, we discuss the accuracy of calculating difference (1) in muonic hydrogen
and prospects for the comparison of theoretical results
with experimental data.
A large number of the known corrections were
derived for ordinary, rather than muonic, atoms [3, 4].
Here, we briefly discuss them in application to muonic
hydrogen. The leading QED contributions to the hyperfine splitting are given by the expression
(0)

E hfs ( ns ) = E hfs ( ns ) [ 1 + Q QED ( ns ) ].
eQED

e

(4)

Here (see, e.g., [11]),
⎧3
5
2
e
Q QED ( 1s ) = a + ⎨ --- ( Zα ) + α ( Zα ) ⎛ ln 2 – ---⎞
⎝
2⎠
⎩2
α ( Zα ) 2
1
1
+ ------------------ – --- ln --------------2 ⎛ ln --------------2
π
3 ( Zα ) ⎝ ( Zα )
2

(5)

281
+ 4 ln 2 – --------- ⎞ + 16.903772…
240 ⎠
2
α ( Zα ) ⎫
+ 0.7718 ( 4 ) ------------------ ⎬ ,
π ⎭

where a is the anomalous moment of the bound particle
(the electron in hydrogen or the muon in muonic hydrogen). The expression contains the electrodynamic corrections identical for muonic and ordinary atoms and
does not include the effects of a finite size and structure
of the nucleus. Among the latter corrections are the
recoil corrections, which imply integration over high

momentum transfers when the nuclear form factors and
other more complex effects should be taken into
account [12].
For the normalized difference given by Eq. (1), the
situation with the recoil corrections is significantly different, because the “hard” loop integrations requiring
the inclusion of the nuclear-structure effects lead to
δ-function potentials and do not contribute to Eq. (1).
The QED part of the difference can include additional
terms. In particular, the corrections of the order
(Zα)2(m/M) in the general case (e.g., for the 1s state) are
not pure electrodynamic corrections as for difference
(1) for which the QED result has the form [3, 5, 13]
( eQED )

∆E 21

⎧5
2
= ( Zα ) E F ⎨ --⎩8

α
16
1
+ --- ⎛ 7 – ------ ln 2⎞ ln ------- – 5.55155…
⎠ Zα
π ⎝
3
m 9
ln 2 7
1
+ ----- – --- + ⎛ -------- – ------⎞ ⎛ 1 – ---⎞
M 8 ⎝ 2 32⎠ ⎝
η⎠
⎫
145 7
–6
– ⎛ --------- – --- ln 2⎞ η ⎬ = 1.98 × 10 eV,
⎝ 128 8 ⎠
⎭
where M is the nuclear mass and the parameter
µ M1
η = --------- ------ --µN I m p Z

(6)

has the meaning of g factor.
The corrections marked by the superscript eQED
are identical for electron and muonic atoms, but the
uncertainty of their calculations are significantly different. In both cases, uncertainty is associated with the
( eQED )
contributions of the fourth order δ E 21
, which additionally include one of the parameters α, Zα, or m/M.
These corrections are known only partially [5, 6, 14].
The corrections with additional factors α and Zα dominate for electron atoms. Only corrections associated
with the recoil effects are significant for muonic hydrogen [recall that (m/M)e  1/1836  α = Zα  1/137 
(m/M)µ  1/9 for hydrogen and muonic hydrogen].
Some of them are known in the logarithmic approximation [5]:
( eQED )

δE 21

⎧ α m 32
2
= ( Zα ) E F ⎨ --- ----- ⎛ ------ ln 2 – 14⎞
⎝
⎠
⎩πM 3

(7)

⎫ 1
Zα m
4
+ ------- ----- ⎛ 2 – --- ln 2⎞ ⎬ ln ------- .
⎝
⎠
π M
3
⎭ Zα
The uncertainty is estimated as the half of the logarith( eQED )
mic contribution: δ E 21
= –0.069(34) × 10–6 eV. In
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the uncertainty for muonic hydrogen, the (Zα)2(m/M)2
contribution dominates; it is unknown because it is disregarded in the problem for usual atoms [5].
The leading contribution to the difference ∆E21 in
ordinary atoms is of the order (Zα)2EF; however, for
muonic atoms, there is an additional contribution of the
first order in α (see Table 1) [10], which dominates and
changes the contribution of the difference. Such specific muon QED contributions are given by the expressions
∆E

( µQED )

α
α
(0)
( ns ) = --- ⎛ c 1 ( n ) + ---c 2 ( n )⎞ ( 1 + a µ )E hfs ( ns ),
⎠
π⎝
π

( µQED )

∆E 21

α
α
= --- ⎛ c 1 ( 21 ) + ---c 2 ( 21 )⎞ ( 1 + a µ )E F .
⎝
⎠
π
π
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Table 1. Contributions of the order αEF to the hyperfine
splitting in muonic hydrogen [10]. Contribution (a) corresponds to the correction for electron vacuum polarization in
a transverse photon and contribution (b) presents the effect of
the electrostatic Uehling potential on the hyperfine splitting.
The double line corresponds to the Coulomb Green’s function of the muon
Contribution

a

b

2

Until recently [10], the uncertainty in the calculations
of the electrodynamic part ∆E21 was determined by the

Total

c2(1s)

c2(2s)

c2(21)

0.883041

0.91026

0.027219

1.73115

1.40425

–0.326906

2.61419

2.31451

–0.299687

( µQED )

unknown two-loop contribution to ∆ E 21
. The calculation of the coefficient c2 is the main result of this
work.
The specific higher order QED contributions
include both unknown three-loop vacuum-polarization
contributions of the order (α/π)3EF and relativistic corrections to the single-loop contribution of the order
(α/π)(Zα)2EF. The latter corrections are known for the
α
( µQED )
states 1s [15], 2s [5], and δ E 21
= 1.5 --- (Zα)2EF =
π
0.033 × 10–6 eV.
In this work, we calculate the contributions of the
second order in the vacuum polarization. To this end, it
is necessary to consider the contributions of the first,
second, and third orders of nonrelativistic perturbation
theory. The corresponding diagrams and results for
individual contributions are summarized in Table 2. The
second-order polarization contribution is –1.72842 ×
10–6 eV and the total result for specific muon contribu( µQED )
tions is ∆ E 21
= –128.878(2) × 10–6 eV.
We briefly describe the basic elements of the calculation. The key blocks in the diagrams presented in
Table 2 include the electrostatic and magnetic interactions induced by vacuum polarization and nonrelativistic Green’s function for muon in the Coulomb field. We
represent the vacuum polarization by means of the dispersion integral so that the corresponding electrostatic
potential has the form

Table 2. Contributions of the electron vacuum polarization
of the second order to the hyperfine splitting in muonic
hydrogen. Contributions (b) and (d) correspond to the total
irreducible part of the two-loop polarization operator
c2(1s)

c2(2s)

c2(21)

a

1.28028

1.30453

0.02425

b

1.68287

1.73944

0.05657

Contribution

c

2

1.85512

1.73785

–0.11727

d

2

3.79665

2.83394

–0.96271

e

2

1.16347

1.02936

–0.13410

f

2

0.92294

0.56352

–0.35942

0.68104

0.41990

–0.26114

9.62854

–1.75382

1

2m e r
Zα
– ------- dvρ ( v ) exp – ------------------ ,
2
r
1–v
0

∫

(8)

use the known spectral functions ρ for the irreducible
Uehling and Källen–Sabry potentials (see, e.g., [16]),
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and represent the reducible two-loop polarization in the
form

δΨ ns ( r ) =
hfs

1 α 2 v ( 1 – v /3 )
ρ 1·1 ( v ) = – --- ⎛ ---⎞ ------------------------------2
9 ⎝ π⎠
1–v
2

2

⎧
1–v ⎫
2
2
× ⎨ 16 – 6v + 3v ( 3 – v ) ln ⎛ -------------⎞ ⎬.
⎝1 + v⎠
⎩
⎭

(9)

(ν)

∑∑
lm l k = l + 1

ν
----------k–ν

r', r ), (11)

(10)

The solutions of the Sturm–Liouville problem
n
(ν)
Φ nlml (r) = n(Zαm)–1/2 Ψ nlml ⎛ --- r⎞ with the energy E =
⎝ν ⎠
−(Zα)2m/2ν2 have a form similar to the wavefunctions
of the bound states in the hydrogen atom Ψ nlml (r). This
representation is in many aspects similar to the usual
sum over the states in the Coulomb problem, but only
the discrete spectrum is present. The matrix elements of
the interactions are calculated in the coordinate representation and are completely similar to those analyzed
in our previous works [18–20].
Several simplifications reduce the number of sums
and integrals in the contributions of a number of diagrams. In particular, the application of the dispersion
representation for the reducible two-loop polarization
in the form ρ1·1(v) reduces the number of integrations
with respect to the dispersion parameters.2
2 The

reducible part of vacuum polarization is usually represented
using a double integral. In this case, a correction to the photon
propagator in the momentum representation vanishes at zero
momentum transfer. In this representation, the correction is proportional to ∫ dv ρ1·1(v)[q2 – 4 m e /(1 – v2)]–1 and vanishes at

E hfs ( ns )
- G̃ ns ( E n ; 0, r ).
= ------------------------Ψ ns ( r = 0 )

(12)

Here, the reduced Green’s functions G̃ are given by the
explicit formulas, e.g., [21]:
2

z

2

Zαm – --2z – 5z – 2
G̃ 1s ( E 1 ; 0, r ) = -------------- e ⎛ ln z + C + -------------------------⎞ ,
⎝
⎠
π
2z
where C is the Euler constant and z = 2Zαmr. As a
result, one summation over the intermediate states and
one integration with respect to the radius are trivial and
the integration with respect to the radius that involves
hfs
δ Ψ ns (r) is similar to those considered in [15, 22].
The general expression in the third order of perturbation theory in the potential δV (see the last two contributions in Table 2),
(3)

(1)

∆E hfs ( ns ) = 〈Ψ ns ( r )|δV ( r )G̃ ( r, r' ) [ δV ( r' ) – δE ns ]

(ν)

q2 = 0, because ∫ dv ρ1·1(v)(1 – v2) = 0.

ns ( r' )V hfs ( r' )G̃ ns ( E n ;

which can be reduced to the expression

× Φ kl ( r )Φ kl ( r' )Y *lml ( W )Y lml ( W' ).

2

3

(0)

At the same time, the nonrelativistic Coulomb
Green’s function, which is another important element
of the diagrams, is represented in the form of the expansion in the solutions of the Sturm–Liouville problem
[17]:
∞

∫ d r'Ψ

hfs
δΨ ns ( r )

The corresponding magnetic interaction is expressed in
terms of the derivatives of the electrostatic potential.
The unified representation of the potentials simplifies
the calculation of radial integrals (see below) and
makes it possible to perform a number of tests on the
initial formulas and programs for their calculation (by
comparing the calculated contributions in Table 2 with
known contributions in Table 1).

1
G ( E; r', r ) = ------Zα

Several contributions (see Table 2, contributions c,
d, and f) involve the characteristic convolution

× G̃ ( r', r'' )δV ( r'' ) |Ψ ns ( r'' )〉,
(1)

where δ E ns = 〈Ψns |δV|Ψns〉, includes the subtraction
terms, which can be simplified because

∫ d rΦ
3

(n)
(n)
ns ( r )*Φ n's ( r )

= 0, if n – n' ≥ 2.

In view of the mentioned simplifications, the most
complex contributions include only double integrals
with respect to the radius and a single sum over intermediate states; all integrals with respect to the radius
are calculated analytically (cf. [18, 15]) and the integrals with respect to the dispersion variable v are calculated both analytically and numerically (cf. [18–20,
22]).
The calculation of the nuclear-structure corrections
is a nuclear problem rather than an atomic problem.
However, when calculating the corrections to normalized difference (1), we can use phenomenological
δ-function potentials [5], which, in particular, successfully describe the contributions in the leading order.
Two such contributions are proportional to the δ funcNucl
tion and lead to the correction ∆ E hfs (1s) to the hyperfine splitting, and to the Lamb shift (the potential proportional to the square of the nuclear charge radius RE),
respectively. There is one contact term that has the form
of the Laplacian of the δ function and is proportional to
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the square of the magnetic radius RM. The contribution
from the nuclear structure effects has the form [5, 6, 23]
∆E 21

eNucl

3
eNucl
2⎧
= ( Zα ) ⎨ ⎛ ln 2 + ------⎞ ∆E hfs ( 1s )
⎝
⎠
16
⎩

4
1 R 2 ⎫
2
+ ( m r R E ) E F 2 – --- ln 2 – --- ⎛ ------M-⎞ ⎬,
3
4 ⎝ RE ⎠ ⎭
where the charge and magnetic radii of the proton are
defined as the rms radii. These contributions are of
approximately the same order in usual hydrogen
(because mrRp  0.002). For muonic hydrogen, where
mrRp  0.4, the contributions proportional to (mRp)2 are
of the order (Zα)2EF and the first contribution is of the
order (Zα)3EF because ∆ E hfs (1s) ~ (Zα)(mrRp)EF.
Nucl

As mentioned in [10], there is also a specific muon
contribution
µNucl

∆E 21

α b eNucl
= ---c 1 ∆E hfs ( 1s ).
π

(13)

Here, it is taken into account that the value of the nonrelativistic wavefunction at the origin is modified by the
Uehling potential.
The sum of the above contributions is given by the
expression
eNucl
⎛
∆E hfs ( 1s )
∆E 21 = ⎜ – 126.93 ( 49 ) + 1.03 ( 1 ) ------------------------------eNucl, 0
∆E hfs ( 1s )
⎝

R 2
R 2⎞
–6
----- + 1.96 ( 2 ) ⎛ -----E-⎞ – 0.46 ( 1 ) ⎛ ------M-⎞ ⎟ × 10 eV,
⎝ R0⎠
⎝ R0 ⎠ ⎠
which includes three parameters ∆ E hfs (1s), RE, and
RM. To estimate the orders of magnitudes, we use rough
estimates for the radii and nuclear-structure corrections. Here, R0 = 0.9 fm, and we used a rough estimate
Nucl

eNucl, 0

(∆ E hfs

(1s) = –1450.72 × 10–6 eV) for the normaliza-

tion of the leading correction ∆ E hfs (1s). The deviation
Nucl

of the real values of the parameters ∆ E hfs (1s), RE, and
RM are noticeably smaller than unity and such parameterization is very convenient for estimating the uncertainties of various contributions.
Let us discuss the accuracy of the resulting expression. The uncertainty of the specific muon contribuµQED
tions ∆ E 21
is determined by the unknown thirdorder contributions (α/π)3EF. An uncertainty associated
with the contribution (α/π)2EF calculated in this work
dominated previously in the theoretical expression
[10].
eNucl
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The uncertainty of the standard QED theory comeQED
mon for the electron and muon, ∆ E 21 , is associated
with the unknown contributions of the order
(Zα)2(m/M)2EF. This contribution determines the uncertainty of the QED calculations at present. Similar calculations have already been performed [4, 24] and it
should be expected that this contribution will be calculated soon. After that, the uncertainty of the electrodynamic contributions will be determined by other higher
α
m
m
order corrections --- (Zα)2 ----- EF and (Zα)3 ----- EF, which
π
M
M
are known [5] in the logarithmic approximation specified by Eq. (7).
When analyzing the nuclear structure contributions,
it is necessary to separate the accuracy with which the
coefficients in Eq. (14) are determined and the accuracy
with which the nuclear parameters appearing in them
µNucl
are known. The nonrelativistic correction ∆ E 21
is
known except for the higher order nonrelativistic
effects; the inclusion of the relativistic effects leads to
the additional factor (Zα)2. The coefficient is calculated
with a percent accuracy.
The contributions to ∆ E 21 contain two types of
terms. The terms explicitly including the nuclear
radius are of nonrelativistic origin and the corrections
to them are at the percent level, whereas a small relaeNucl
tivistic correction containing ∆ E hfs (1s) is associated
with the relativistic calculations and can have the relative order m/M.
Thus, the uncertainty is currently determined by an
unknown contribution of the order (Zα)2(m/M)2EF and,
after its calculation, will be determined by an accuracy
with which the parameters entering into the expression
are known.
The parameters characterizing the nuclear structure
can be considered in different ways. The first way is
based on the existing values of the radii RE and RM,
which are determined primarily from the scattering
data [25]; the charge radius is measured with a higher
accuracy than the magnetic radius. In addition, the electric charge radius of the proton is extracted from the
spectroscopy of the hydrogen atom [26]. The nuclear
Nucl
structure correction ∆ E hfs (1s) can be estimated from
relatively realistic models.
We prefer another strategy. Recall that the calculation of the difference ∆E21 is of applied meaning only
in the case of the success in the experiments on the
measurement of the hyperfine splitting in muonic
hydrogen [1, 2]. The accuracy of these experiments will
directly determine the accuracy of the experimental
determination of the difference ∆E21. Note that it is easy
eNucl

to determine ∆ E hfs (1s), because it can be extracted by
directly comparing the QED theory discussed above
Nucl
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with the measurement of the hyperfine splitting of the
1s state in muonic hydrogen:
E hfs ( 1s ) – E hfs ( 1s )
-.
= -----------------------------------------------α
b
1 + c 1 ( 1s ) --π
exp

eNucl
∆E hfs ( 1s )

QED

The appearing contribution multiplied by α/π has the
Nucl
uncertainty associated with the parameter ∆ E hfs (1s)
negligible as compared to the uncertainty in the experimental ∆E21 value.
The accuracy of determining the proton radii is satisfactory for comparing theoretical results and experimental data for difference (1) (at realistic expectations
of the accuracies of the experiments [1, 2]). This comparison will make it possible to verify the consistency
of the data of two experiments with muonic hydrogen.
This will be very useful in view of the complexity of the
experiments [1, 2]. If the uncertainty in determining the
radii is dominating in a certain scenario after an
increase in the experimental accuracy, the comparison
of the theoretical results and experimental data for difference (1) will allow a more accurate determination of
this parameter.
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