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In this paper, we present all constant solutions of the Yang-Mills equations with SU(2) gauge symmetry for an
arbitrary constant non-Abelian current in Euclidean space R” of arbitrary finite dimension #n. Using the invari-
ance of the Yang-Mills equations under the orthogonal transformations of coordinates and gauge invariance,
we choose a specific system of coordinates and a specific gauge fixing for each constant current and obtain all
constant solutions of the Yang-Mills equations in this system of coordinates with this gauge fixing, and then
in the original system of coordinates with the original gauge fixing. We use the singular value decomposition
method and the method of two-sheeted covering of orthogonal group by spin group to do this. We prove that the
number (0, 1, or 2) of constant solutions of the Yang-Mills equations in terms of the strength of the Yang-Mills
field depends on the singular values of the matrix of current. The explicit form of all solutions and the invariant
F? can always be written using singular values of this matrix. The relevance of the study is explained by the
fact that the Yang-Mills equations describe electroweak interactions in the case of the Lie group SU(2). Non-
constant solutions of the Yang-Mills equations can be considered in the form of series of perturbation theory.
The results of this paper are new and can be used to solve some problems in particle physics, in particular, to
describe physical vacuum and to fully understand a quantum gauge theory.
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1. Introduction

Up to now the law of elementary particles physics is given by quantum gauge theories [5]. We need
exact solutions of classical Yang-Mills equations to describe the vacuum structure of the theory and
to fully understand a quantum gauge theory [15]. During the last 50 years, many scientists have been
searching for particular classes of solutions of the Yang-Mills equations. The well-known classes
of solutions of the Yang-Mills equations are described in detail in various reviews [1], [22]. Only
certain (nontrivial) classes of particular solutions of these equations are known because of their
nonlinearity: monopoles [21], [10], [16], instantons [4], [20], [3], merons [2], etc.

The main result of this paper is the presentation of all constant (that do not depend on x € R")
solutions of the Yang-Mills equations with SU(2) gauge symmetry for an arbitrary constant non-
Abelian current in Euclidean space of arbitrary finite dimension. The relevance of the study is
explained by the fact that the Yang-Mills equations describe electroweak interactions in the case
of the Lie group SU(2). Note that instantons are solutions in Euclidean space-time (with imaginary
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time) and thus the Euclidean case (not only Minkowski case) is important for applications. Constant
solutions of the Yang-Mills equations are essentially nonlinear solutions and, from this point of
view, are particularly interesting for applications.

Constant solutions of the Yang-Mills equations with zero current were considered in [17] and
[18]. In [17], Prof. R. Schimming wrote: “The following problems concerning constant Yang-Mills
fields are actual ones in our opinion: Is there a gauge- and coordinate-invariant characterization
of those Yang-Mills fields which admit constant potentials with respect to some gauge and some
coordinate system? Find as many as possible (in the ideal case: all) constant Yang-Mills fields and
classify them! ... ” In the current paper, we give a complete answer to these questions in the case
of the Lie group SU(2). Our results for an arbitrary current are consistent with the results of [17]
and [18] for zero current (and arbitrary compact Lie algebra).

In this paper, we present the general solution of the special system (system of the SU(2)
Yang-Mills equations for constant solutions with arbitrary current) of 3n cubic equations with 3n
unknowns and 3n parameters. This algebraic problem is solved using the singular value decompo-
sition method and the method of two-sheeted covering of orthogonal group by spin group. Using
the invariance of the Yang-Mills equations under the orthogonal transformations of coordinates and
gauge invariance, we choose a specific system of coordinates and a specific gauge fixing for each
constant current and obtain all constant solutions of the Yang-Mills equations in this system of coor-
dinates with this gauge fixing, and then in the original system of coordinates with the original gauge
fixing.

2. The main ideas
Let us consider Euclidean space R" of arbitrary finite dimension n. We denote Cartesian coordinates
by x*, u =1,...,n and partial derivatives by d,, = d/dx*.

Let us consider the Lie group

G=SU(2) = {SeMat(2,C)|S'S=1,detS =1}, dimG=3 2.1
and the corresponding Lie algebra
g=su(2) = {SeMat(2,C)|S" = —§,eS =0},  dimg=3. (2.2)

Denote by gTj a set of tensor fields of R” of type (a,b) with values in the Lie algebra g. The
metric tensor of R" is given by the identity matrix 1 = diag(1,...,1) = ||0uv|| = |[|6*"]|. We can
raise or lower indices of components of tensor fields with the aid of the metric tensor. For example,
FHY = 6““6VﬁFaﬁ.

Let us consider the Yang-Mills equations

a‘uAv - a\/A“ - [Au,Av] = Pjuv7 (23)
OuF™ — Ay, F*V] =", (2.4)

where Ay, € gT) is the potential, J Ve ng is the non-Abelian current, Fyy = —Fy, € gT> is the
strength of the Yang-Mills field. One suggests that A, Fj;, are unknown and JV is known.
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Note that (2.3) can be considered as a definition of the strength
Fuy = dyAy — Ay — [Ay, Ay (2.5)
We can substitute the components of the skew-symmetric tensor F*Y from (2.3) into (2.4) and obtain
du(IHAY —9VAH — [A* AY]) — [Ay, 0HAY — 9VAK — [AF AV =Y. (2.6)

From this point of view, the system (2.3)-(2.4) can be considered as a system for the uknown A,
and the known Jy,. For each potential A, the corresponding strength (2.5) can be calculated. Note
that from a physical point of view, strength is important, not potential. Also note that a special
case of the system (2.3)-(2.4) for the Abelian Lie group G = U(1) (Maxwell’s equations) can be
considered only for the unknown F,, and the known Jy, but in this paper, we consider the case of
the non-Abelian Lie group G = SU(2) and need the potential A, for calculations.

We may verify that the current (2.4) satisfies the non-Abelian conservation law

oJ" —1[A,,JV]=0. 2.7)
The Yang-Mills equations are gauge invariant. Namely, the transformed tensor fields

Ay=S5""1A,8—5""19,8,

Fyw=S"FuS, S=S(x):R"—=G, (2.8)
JY =518

satisfy the same equations
au_Av_ vA'u_[Au,Av] :FHW
8#}'4”‘/ - [A'UJF#V] = J’V.

One says equations (2.3)-(2.4) are gauge invariant w.r.t. the transformations (2.8). The Lie group G
is called the gauge group of the Yang-Mills equations.

From (2.6), we obtain the following algebraic system of equations for constant solutions (that
do not depend on x € R")

Ay, [AHAY]] =TV, v=1,...,n, (2.9)
and the following expression for the strength of the Yang-Mills field
FHY = —[A* AY].

Constant solutions of the Yang-Mills equations with zero current J* = 0 were considered in [17]
and [18]. In this paper, we give all solutions of (2.9) for an arbitrary constant non-Abelian current
JV,v=1,...,n.

Note that we have already studied constant solutions of the Yang-Mills-Proca equations, which
generalize the Yang-Mills equations and the Proca equation, in [13] and covariantly constant solu-
tions of the Yang-Mills equations in [12], [14], [19] using the techniques of Clifford algebras. We
do not use these results in the current paper.

Our aim is to obtain a general solution A" € su(2)T" of (2.9) for any J* € su(2)T!. If n = 1, then
(2.9) transforms into 0 = J'. Therefore, the equation (2.9) has an arbitrary solution Al € gT! for
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J' =0 and it has no solutions for J! # 0. Note that two dimensional Yang-Mills theory is discussed

in [8] and other papers. We consider the case n > 2 further for the sake of completeness.
The Pauli matrices 6%, a=1,2,3

1 (01 > (0 —i 3 (10
G—<10), G—(i 0>, G—<0_1> (2.10)

(Ga)T =0, tro? = 0, {Ga, Gb} = 25ab1, [Ga7 Gb] = 21'8“?06,

satisfy

where £ = g%¢ is the antisymmetric Levi-Civita symbol, !> = 1.

We can take the following basis of the Lie algebra su(2):

1 2 3
1_ 0 2_ O 3_0O
-2 = = — 2.11
T YT T T 1D
with
(' =—-1¢,  wt*=0, [19 1] =e%r, (2.12)
i.e. the structural constants of the Lie algebra su(2) are the Levi-Civita symbol.
For the potential and the current, we have
AH = AK T JH=JHT? AR JH e R. (2.13)
Latin indices take values a = 1,2,3 and Greek indices take values u = 1,2,...,n.
Let us substitute (2.13) into (2.9). We have
ApARAY [T [t 18] = IV,
Ay ARAY e T = TVl
Ay ARAY e ecd Ttk = gV 2t
and, finally,
ApcARAY ehed = Y, v=1,...,n, k=1,2,3. (2.14)
We obtain 3n equations (k = 1,2,3, v = 1,2,...,n) for 3n expressions A, and 3n expressions J}.

We can consider this system of equations as the system of equations for two matrices A,x3 = || AY|
and J,,,3 = [|J}]].

We will give the general solution A, of the system (2.14) for all J} using algebraic methods. In
Section 3, we also calculate the strength Fy;, (using (2.5)) and the invariant F 2 _— FyyF*Y for each
solution Ay, because they are important from a physical point of view.

We have the following well-known theorem on the singular value decomposition (SVD), see

[6], [7].
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Theorem 2.1. For an arbitrary real matrix A, xy of the size n X N, there exist orthogonal matrices
Lyxn € O(n) and Ryxn € O(N) such that

LY. AuxNRNxN = Duxn, (2.15)
where
Dy = diag(uy,. .., Us), s =min(n,N), Wi > > > g >0,
The numbers Ui, ..., U are called the singular values, the columns /; of the matrix L are called

the left singular vectors, the columns r; of the matrix R are called the right singular vectors. From
(2.15), we get AR = LD and ATL = RD™. We obtain the following relation:

AATL = LDR'RD" = LDD",  ATAR=RD'L'LD =RD'D,

i.e. the columns of the matrix L are eigenvectors of the matrix AAT, and the columns of the matrix
R are eigenvectors of the matrix ATA. The squares of the singular values are the eigenvalues of the
corresponding matrices. From this fact, it follows that singular values are uniquely determined.

Lemma 2.1. The system of equations (2.14) is invariant under the transformation
A—A=AP J—J=JP P <S0(3)
and under the transformation

A—A=QA, J—=J=0J, Q €0(n).

Proof. The system (2.9) is invariant under the transformation
Ay =S"1A,8, JV=571Jvs, S €G=SU(2). (2.16)

It follows from the invariance under (2.8) and the fact that an element S € G = SU(2) does not
depend on x now.

Let us use the theorem on the two-sheeted covering of the orthogonal group SO(3) by the
spin group Spin(3) ~ SU(2). For an arbitrary matrix P = ||p}|| € SO(3), there exist two matrices
+S € SU(2) such that

S48 = pitt.
We conclude that the system (2.14) is invariant under the transformation
At = ST AR gaS — AlSTIgag — Ak pigh — AR D AR gk
3 B B s A .
J =571 gheas = s~ I0s = JHpicl = et T = JEpl.

The Yang-Mills equations are invariant under the orthogonal transformation of coordinates.
Namely, let us consider the transformation x* — x* = gi,x¥, where Q = ||¢4|| € O(n). The sys-
tem (2.14) is invariant under the transformation

( \Y \Y A % v
AV = q#A“ = quAﬁT“ =Av1Y, AV = LJ{HA‘;7
A v v A A \
J":q“J“ :quﬂ;r“:f‘gra, J‘g:quﬂa‘.
The lemma is proved. 0
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Combining gauge and orthogonal transformations, we conclude that the system (2.14) is invari-
ant under the transformation

Al‘; —)AA\; = C]XAIZPZ, Apx3 _>An><3 = OQuxnAnx3P3x3, (2.17)
J) =)= q,‘iJ’épZ, Jnxs = Juxs = Onsndnx3Paxs

for any P € SO(3) and Q € O(n).

Theorem 2.2. Let A = ||AY ||, J = ||J}|| satisfy the system of 3n cubic equations (2.14). Then there
exist matrices P € SO(3) and Q € O(n) such that QAP is diagonal. For all such matrices P and Q,
the matrix QJP is diagonal too and the system (2.14) takes the following form under the transfor-
mation (2.17):

—a1((a2)* + (a3)?) = ji,
—ay((a1)? +(a3)?) = jo, (2.18)
—a3((a1)* + (a2)*) = Jj

in the case n > 3 and

—ai(@)? = ji,

—a(ar)? = o 2.19)

in the case n = 2.
We denote diagonal elements of the matrix QAP by ay, ay, a3 (or ay, ay) and diagonal elements
of the matrix QJP by ji1, ja, j3 (or j1, j2).

Proof. Let the system (2.14) has some solution A%, J%. Let us synchronize gauge transformation

and orthogonal transformation such that A = ||A%]| will have a diagonal form. Namely, we take
P € SO(3) and Q € O(n) such that QAP is diagonal. Note that we can always find the matrix
R € SO(N) from the special orthogonal group in SVD (2.15). If it has the determinant —1, then we
can change the sign of the first columns of the matrices L and R and the determinant will be +1.

Let us consider the case n > 3. In (2.14), we must take 4 = a = ¢, v = b to obtain nonzero
summands. Also we need b =k, i.e. v = k. In this case, the product of two Levi-Civita symbols in
(2.14) equals —1. If v # k, then the expression on the left side of the equation equals zero. If v =k,
then we obtain the following sum over index t =a =c¢

where we have only 2 summands in the sum (except the value pt = k because of the Levi-Civita
symbols).

Under our transformation the expressions J4 are transformed into some new expressions J%;. We
obtain the following system of 3n equations

—AS((A})P+ (A% = 73, (2:20)
—AL((A)2 4+ (A%)H) =73,
0=JY, v+#k,  v=1,...n, k=123
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This system of equations has solutions if the matrix J is also diagonal.
In the case n = 2, we obtain the system

—A3(AY)? =3, (2.21)
0=JY, v#k  v=12 k=123

instead of the system (2.20) and the proof is similar. g

Remark 2.1. In Theorem 2.2, we calculate SVD of the matrix A and obtain non-negative singular
values ayp, az, as (or ay, ap in the case n = 2). The diagonal elements of the matrix QJP will be
non-positive because of the equations (2.18) (or (2.19)). If we want, we can change the matrix
Q € O(n) (multiplying by the matrix —1 € O(n)) such that the elements of the new matrix QJP will
be non-negative (they will be singular values of the matrix J) and the elements of the new matrix
QAP will be non-positive. Multiplying the matrices P and Q by permutation matrices, which are
also orthogonal, we can obtain the diagonal elements of the new matrix QJP in decreasing order,
the diagonal elements of the new matrix QAP will be in some other order.

Remark 2.2. Suppose we have known matrix J and want to obtain all solutions A of the system
(2.14). We can always calculate singular values j;, j», j3 (or ji, j») of the matrix J and solve the
system (2.18) (or (2.19)) using lemmas below. Finally, we obtain all solutions Ap = diag(a;,az,as)
(or Ap = diag(ay,az)) of the system (2.14) but in some other system of coordinates depending on
0 € O(n) and with gauge fixing depending on P € SO(3). The matrix

A=Q 'ApP™!

will be solution of the system (2.14) in the original system of coordinates and with the original
gauge fixing.

Remark 2.3. Note that Q*IQI*IADPI’IP*I, for all Q) € O(n) and P; € SO(3) such that Q,JpP; =
Jp, will be also solutions of the system (2.14) in the original system of coordinates and with the orig-
inal gauge fixing because of Lemma 2.1. Here we denote Jp = diag(ji, j2, j3) (or Jp = diag(ji, j2))-

Let us give one example. If the matrix J = 0, then all singular values of this matrix equal zero
and we can take Q = P =1 for its SVD. We solve the system (2.18) (or (2.19)) for j; = jo = j3 =0
(or j; = j» = 0) and obtain all solutions Ap = diag(ay,az,as3) (or Ap = diag(ay,ay)) of this system.
We have QJpP; = Jp for Jp =0 and any Q; € O(n), P, € SO(3). Therefore, the matrices Q1ApP;
for all Q; € O(n) and P; € SO(3) will be solutions of the system (2.14) because of Lemma 2.1.

Let us present a general solution of the systems (2.18) and (2.19) and discuss symmetries of
these systems.

The systems (2.18), (2.19) can be rewritten in the following form using by := —ay, k=1,2,3 or
k=1,2:

n>3:  bi(B3+b3)=j1, ba(bi+b3)=jo, ba(bi+b3) =3, (2.22)

n=2:  bb3=j, byb? = . (2.23)

In the following lemmas, we assume that jj, j», j3 are known (parameters), and by, b, b3 are
unknown. We give general solutions of the corresponding systems of equations.
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The system (2.22) has the following symmetry. Suppose that (b, b, b3) is a solution of (2.22)
for known (i, j2, j3). If we change the sign of some ji, k = 1,2,3, then we must change the sign of
the corresponding by, k = 1,2, 3. Thus, without loss of generality, we can assume that all expressions
by, jk, k =1,2,3 in (2.22) are non-negative. Similarly for the system (2.23).

Lemma 2.2. The system of equations (2.23) has the following general solution:

(1) inthe case j; = j, =0, has solutions (b;,0), (0,b2) for all by,b, € R;
(2) inthe cases j1 =0, j» #Z0; ji1 #0, jo =0, has no solutions;
(3) inthe case j1 £ 0, jo # 0, has a unique solution

2 2
bi=¢2, b=l
J1 J2

Proof. The proof is by direct calculation. U

The system (2.22) has the following symmetry.

Lemma 2.3. [f the system (2.22) has a solution (by,by,b3), where by # 0, by # 0, bz # 0, then this
system has also a solution (%, 5—2, %) where K = (b1b2b3)3.

I

Proof. Let us substitute (h—K], h—K2, %) into the first equation. We have

K K* K*  K(bi+b3)

1= bil(b? b?) = bl
Using ji = by (b3 + b3), we obtain
K = (b1bab3)3.
We can verify that the same will be for the other two equations. U

For example, let us take j; = 13, j, = 20, j3 = 15. Then the system (2.22) has solutions
2 2
(b1,b2,b3) = (1,2,3) and (67, %, ).

Lemma 2.4. The system of equations (2.22) has the following general solution:

(1) inthe case j, = jo = j3 =0, has solutions (b1,0,0), (0,b2,0), and (0,0,b3) forall by, by, b3 € R;
(2) in the cases j1 = j» =0, j3 # 0 (or similar cases with circular permutation), has no solutions;
(3) in the case j1 #0, jo» #0, j3 = 0 (or similar cases with circular permutation), has a unique

solution
) )
bi={2,  b=¢2 =0
J1 J2

(4) in the case j1 = j» = j3 # 0, has a unique solution
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(5) in the case of not all the same ji, j2, j3 > 0 (and we take positive for simplicity), has the follow-
ing two solutions

(b14,b24,b34), (bi—,by—,b3_)

with the following expression for K from Lemma 2.3

Wit

2
3

K= b1+b1_ = b2+b2_ = b3+b3_ = (b1+b2+b3+)~ = (bl_bg_b3_)
(a) in the case j1 = jy > jz > 0 (or similar cases with circular permutation):

[, IEN -7
b1+ = by = ’ Ji, byt =z4+b14, 4= ——"——.
2z4

J3
Moreover,

Z+Z—:1, K:('};)%

(b) in the case j3 > j1 = jo > 0 (or similar cases with circular permutation):

| .
bie = —bs, by =wibs, by=by= 1|
w4 N

st+vs2—4 j3+\/j%+8j%
= s=—7"r -

W 2 2

Moreover,
2
wiw_ =1, b= bz:F, K= (*)5

(c) in the case of all different ji, j, j3 > O:

3
biy = \3/J—, byr =yib1+, b3i=2z4b14,
Hy+2+
R R 2 _
y=(i = ays) CoEyi—4
i+ = ) yi — 9
J2— J1y+ 2

where tg > 2 is the solution (it always exists, moreover, it is bigger than % + %) of the

cubic equation

Jrpt® = (ji+ 3+ 3 +4j3=0.

Moreover,
3. 2
viv-=1, ziz=1, kK=(£)
lo
We can use the explicit Vieta or Cardano formulas for ty:
1 2B
to =Q+2Q = -
0 +2Qcos( 3 arccos( o ),
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a+p 1 B J2 J3
Q:= , a:=A+—->2, =— A==, B:==
3 A p A J1 J1
Q? 3 /
to:Q—i-L—&-T, L:=1/Q3-2B8+2,/B(B—3).
Proof. The proof is rather cuambersome, we give it in Appendix A. O

3. Results for the potential and the strength of the Yang-Mills field

In the case of the constant potential of the Yang-Mills field, we have the following expression for
the strength

FMY = —[AM AY] = —[AM 1%, AY 1) = —AFRAY e%1¢ = FHY1°, (3.1)

If we take a system of coordinates depending on Q € O(n) and a gauge fixing depending on P €
SO(3) such that the matrices A = ||A%;|| and J = ||J%|| are diagonal (see Theorem 2.2), then the
expressions F 1Y are nonzero only in the case of three different indices 4 = a, v = b, and ¢, which
take the values 1,2, 3. For each solution, we calculate the invariant F> = FyvF*Y, which is present
in the Lagrangian of the Yang-Mills field.

Using results of the previous section for the system (2.14) and the expression (3.1), we obtain
the following results for the potential A and strength F of the Yang-Mills field depending on the
constant current J. The case n = 2 is much simpler than the case n > 3, we discuss this case for the
sake of completeness.

In the case of dimension n = 2:

(1) In the case of zero current J = 0, we have zero potential A = 0 or nonzero potential (see Case 1
of Lemma 2.2)

A:(S 8 8) a R\ {0}.

In these cases, we have zero strength F = 0 (F*Y = 0). Note that this fact is already known
(see [17], [18]).

(2) In the case rank(J) = 1, we have no constant solutions (see Case 2 of Lemma 2.2).

(3) In the case rank(J) = 2, we have a unique solution (see Case 3 of Lemma 2.2)

A—<al 00>7 a1:—3é, a2:3ﬁ-
0 6120 J1 J2

For the strength, we have the following nonzero components
F?=—F' = —/jijp7° (3.2)

using specific system of coordinates and specific gauge fixing, where j; and j, are singular
values of the matrix J = ||J%||. In this case, we obtain the following expression for the invariant
F?=Fy F*:

W
F? = FyyF* = =4/ (juj2) 1 £0. (3.3)
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In the case of dimension n > 3:

(1) Inthe case J =0, we have zero potential A = 0 or nonzero potential (see Case 1 of Lemma 2.4):

A= , a€R\{0}.

In these cases, we have zero strength F = 0.

(2) In the case rank(J) = 1, we have no constant solutions (see Case 2 of Lemma 2.4).

(3) In the case rank(J) = 2, we have a unique solution (see Case 3 of Lemma 2.4):

a 0 O
0 ar 0 2 )
A=lo o0 0|, a=-¢2  a=¢L
J1 J2

0 0 O

34)

(3.5)

For the strength, we have the following nonzero components (3.2) and again (3.3) using specific
system of coordinates and gauge fixing, where j;, jo, and j3 = 0 are singular values of the

matrix J.
(4) In the case rank(J) = 3, we have one or two solutions.

In the specific case of all the same singular values j := j; = j» = j3 # 0, we have a unique

solution (see Case 4 of Lemma 2.4)

We have the following nonzero components of the strength:

Flz:—F21:—3/ﬁr3 F23:—F32:—3/L2‘c]
47 47
F31:—F13:—3”:1'2.

In this case, we have

P2 = Ryt = 2011 20,
K 2 V16
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In the case of not all the same singular values j;, j», j3 of the matrix J, we have two different

solutions
—bi+ O 0
0 —br O
0 0 —b3y
A= 3.
0 0 0
where b4, k =1,2,3 are from Case 5 of Lemma 2.4.
We have the following nonzero components of the strength:
Filz = —F21 = —blibzil’?’, Fi‘o’ = —F32 = —bzib3ifl,
F'= —FB = —b3.byi7? (3.10)
In this case, we have
1
Ff=Fyy . F!" = _5((blib2i)2 + (bab3s ) + (b3rb14)?)1 #0. (3.11)
In the next lemma, we give the explicit form of (3.11).
Lemma 3.1. In the case of not all the same ji, j», j3, (3.11) takes the form:
(1) in the case j1 = jo» > j3 > 0 (or similar cases with circular permutation):
—K*(1+224
F2— #1, F2£F?, (3.12)
2z3
VI j
where 7, = _—ld, K= (];)%
J3
(2) in the case j3 > j1 = jo» > 0 (or similar cases with circular permutation):
—K?*(s>—1)
Fi:fl, Fl=F2 (3.13)
J3+y/3+8)1 j
where s = —————— >2 K= (J—l)%.
2]1 N
(3) in the case of all different ji, jo, j3 > O:
K2V 42 22
pro KR AE RS e (3.14)
2(ysz+)?

where K = (/—3)%

03 and y., z+, tg are from Case (5) - (c) of Lemma 2.4.

In all cases of Lemma, the expression K is the invariant for each pair of solutions (see Lemmas 2.3
and 2.4).

Proof. We give the proof in Appendix B. (]
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Note that in Case 2 of Lemma 3.1, we have two constant solutions of the Yang-Mills equations
with the same invariant F? = FZ. In each of two Cases 1 and 3, we have two constant solutions of
the Yang-Mills equations with different invariants Ff £ F2.

We summarize the results for the case of arbitrary Euclidean space R", n > 2, in Table 1.

Table 1. All constant solutions of SU(2) Yang-Mills equations in R".

n  rank(J) additional conditions rank(A) A F F?
n>?2 0 0 A=0 F=0 F?2=0
n>?2 0 1 see (3.4) F=0 F?2=0
n>?2 1 %) 107} %)
n>2 2 2 see (3.5) see(3.2) see(3.3)
n>3 3 J1=J=J3 3 see (3.6) see(3.7) see(3.8)
n>3 3 J1=Jj2>J3 3 see (3.9) see (3.10) see (3.12)
n>3 3 B>j1=J2 3 see (3.9) see (3.10) see (3.13)
n>3 3 all different ji, j2, j3 3 see (3.9) see (3.10) see (3.14)

4. Conclusions

The main result of this paper is the presentation of all constant solutions of the Yang-Mills equations
with SU(2) gauge symmetry for an arbitrary constant current in Euclidean space of arbitrary finite
dimension. Using the invariance of the Yang-Mills equations under the orthogonal transformations
of coordinates and gauge invariance, we choose a specific system of coordinates and a specific gauge
fixing for each constant current and obtain all constant solutions of the Yang-Mills equations in this
system of coordinates with this gauge fixing, and then in the original system of coordinates with the
original gauge fixing (see Remarks 2.2 and 2.3). We prove that the number (0, 1, or 2) of constant
solutions of the Yang-Mills equations (solutions of the system (2.14)) in terms of the strength F
(3.1) depends on the rank of the matrix J and, sometimes, on the singular values of this matrix (see
Section 3). The explicit form of these solutions and the invariant F> can always be written using
singular values of the matrix J.

We plan to solve the same problem as in this paper, but in pseudo-Euclidean space of arbitrary
finite dimension, in particular, in the case of Minkowski space. This will allow us to obtain all
constant solutions of the Dirac-Yang-Mills equations, which is interesting for applications. Another
task is to consider the same problem on curved manifolds. We need another technique to solve
the same problem for the case of the Lie group SU(3), which is important for describing strong
interactions.

Note that now we can consider nonconstant solutions of Yang-Mills equations in the form of
series of perturbation theory using all constant solutions from Lemmas 2.2 and 2.4 as a zeroth
approximation. The problem reduces to solving systems of linear partial differential equations. This
will allow us to give a local classification of all solutions of the classical SU(2) Yang-Mills equa-
tions.
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The results of this paper are new and can be used to solve some problems in particle physics, in
particular, in describing physical vacuum [1], [9], [11], [15]. In this paper, we discuss mathematical
structures and constructions. Relating the proposed mathematical constructions to real world objects
goes beyond the scope of this investigation. The explicit formulas for solutions (see the results of
Section 3 and Lemmas 2.2, 2.3, and 2.4) are fundamental for the Yang-Mills field and should be
interesting for physicists.

Appendices
A. The proof of Lemma 2.4

The first four cases of Lemma 2.4 are easily verified.

Let us consider the case of not all the same positive ji, j», j3. As we mentioned before the
lemma, we can assume that j; > 0 and b; > 0 because if we change the sign of ji, then the sign of
by, is also changed.

We use the following change of variables

by b3
=b1 >0 =—=>0 =—=>0.
X 1 ) y bl ) < b]
We obtain
=20 +2), p=yC(142), =20 (14)7). (A1)
Using notation
A="2>0  B=L>y
J1 J1
we get the system for two variables y and z:
Y1+2)=A0P+2),  (1+)) =B +2). (A2)
For the variable x = b, we have
J1
by=x=7¢ . A3
1 2+ 2) (A.3)

From the first equation (A.2), we obtain
(A—y)z* = y(1-Ay). (A4)

Let us consider two cases: A =1 and A # 1.

If A=1 (and B # 1, because we consider the case of not all the same ji, j,, j3), then we can
rewrite (1 —y)z? =y(1 —y) in the form (1 —y)(y—2z%) =0.If y = 1, then we substitute this condition
into the second equation (A.2) and obtain 2z = B(1 +2%).If0 < B< 1, thenz = litﬂ. ForB>1,
there is no solution of this type. If y = z2, then we substitute this condition into the second equation
(A.2) and get z(1 +7z*) = B(z> + 7*), 2 — Bz* — Bz*> + z = 0. Dividing both sides by z?> and using
notations:z—l—% >0, we gets = Bifm.Wehavez>0ands>2(ifs:2,thenz:y: 1 and
we obtain the case j; = j, = j3, which is not considered now). Therefore, B > 1 and we have two

. 2 _ 2
expressions z = $£°=4 for one s = SHVEAS,
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The results for the case A = 1 can be summarized as follows. If j; = j, > j3(A=1,0<B < 1),
then we have two solutions

1 1+v1—-B2 3
b1+ =byy = I‘JFZ?E’ b3+ =z+by4, = B:j'i'
Using z4z— = 1 and lfzz = g, we can verify that K = b1 bj— = by by = b3y bz =
&

2
3

(b14b2+b34)3 = (b1_by_b3_)3 = (%)% = (173)% and rewrite solutions in the following form

eV
b]isziZ ), b3i:Zib1i7 e =—""-
+ J3

If j3 > j1 = j» (A=1, B> 1), then we have two solutions

3 jl 2
b+ = \/ m, by+ = Wiblb b3t = wibi4,

sEtVs2—4 B++VB?+38 B 73
Wy =—F7—, §=—7—", ="
2 2 J1

Using lfvi = % and wyw_ = 1, we can verify that K = by, b;_ = by by = b3 b3 =

(b1+b2+b3+)% = (bl,bz,bg,)% = (J?')% Moreover, b3y = bs_, b1, =by_, by = by, and we can
rewrite solutions in the following form

| .
b+ = —b3, byt =wibs, byt =b3y = \3/ J*l,
W4 S

s+/52 4 Jat+ /3 +81
= S=——————.

2 2j

w4

Now let us consider the case A = 1. If B = 1, then we can similarly consider this case as previous
case (A = 1, B # 1), since the system (A.2) is symmetric w.r.t. the change y <+ z, A <> B. Therefore,
let us consider the remaining case, when A # 1 and B # 1. If A = B, then j, = j; and this case is
similar to the previous one again. Let us consider the case A # B, i.e. all j, k = 1,2,3 are different
now.

If A # 1, then A # y. Really, suppose that A = y. Then from (A.4) we obtain A = 1 and a
contradiction. Since A # y, we get from (A.4)

1-A
2o Y=A) (A.5)
A=y
Because all variables are positive, the second equation (A.2) is equivalent to z2(1 4 y?)? = B?(> +
y?)?. Substituting (A.5) into this expression, we get

y(1-Ay) 242 2 Y —Ay) | 50
220 =g .
Ay (I+y%) ( Ay +y7)
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Note, that when we will find y from this equation, expression % will be positive. Therefore

7= }(1 A’) . We have

y(1=Ay)(1+y*)?  B*(y—»*)?

A—y =G 1A Ay =By -y

A — (B2 +A2+1)y° +34y* +2(B> — A% — 1)y* + 34y — (B> +A> +1)y+A = 0.

Dividing both sides by y* and using notation = y+ % >0 =y + yiz +2, 8 =y 4+3y+ 3§ + )%)
we get

1 1 1
AR + y—3) — (B*+ A+ 1)(* + y7) +3A(y+ ;) +2(B*—A%—1) =0,

A} —3t) — (B2 + A2+ 1) (1> —2) + 341 +2(B* — A’ — 1) = 0,
AP — (B> + A%+ 1)1? +4B> = 0.

We obtain the following cubic equation

B? 1 B?
FO) =1 = (G +A+ ) +4—- =0, (A.6)
A A
We are interested only in the positive solutions t > 0 of this equation. We have y?> —ty+ 1 = 0. This
t:l:\/

equation has positive solutions y =

We have f(—o0) = —oo, f(0) = T >0, f(2) = 4(A D* 0, f(+0o0) = +oo. This means that
the cubic equation (A.6) has one negative solution, one solutlon between 0 and 2, and one solution

4 only in the case r > 2.

to > 2. Moreover, solution f is bigger than A + %, because f(A+ %) = —w < 0. We can
calculate ¢y using Cardano formulas.
Finally, if A # 1 and B # 1, then we have two solutions
1+ =43 ; 2+ =yibir, b3 =zibis,
yi+zi
/2
_ )’i(l—Ayi) _t():l: t0—4
i+ = A_ vi ) Yyt = D) )

where #o = fo(A,B) > 2 is a solution of the equation (A.6). Using ﬁiﬁz = lliyyi = %, yiy_ =1, and
i

z+z— =1, we can verify that K = by b1— = by by = b3y b3 = (b1+b2+b3+)3 _ (b1,b27b3,)% _
({—3)% and rewrite solutions in the following form

3
b= ¢ , byr =y+biy, biy =z24b14,
Hy+2+
yt(l_Ayi) _l‘o:l:\/tg—él-
i+ A_))i ) Y+ = ) )

where t) = 19(A, B) > 2 is a solution of the equation (A.6). The lemma is proved.
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B. The proof of Lemma 3.1
1) In Case (5) - (a) of Lemma 2.4, using

b1+ = by, b3+ =274 b4, b1+ = \3/?, K:(]j)%,
2Zi 2

we obtain
1 1
Fi= _5((1711[92:!:)2 + (bab3s)* + (b3rbis)*)1 = —Ebﬁ(l +220)1
: 2 P
— _l(ﬁ)%(l +22)1= Ml.
2 2z4 3
2Z:|:

Let us prove that Ff £ F? in this case. Suppose that we have F2 = F2, i.e.

14275 1422
- 4

4

4 , 4 4 ,
; 22 +2z077 =23 +22°23.

3 2
Using z4z— = 1, we get
4 2 4 2 2 5 2 ) 2 2 2 2
22 +2z3 =273 +222, (22 —-1)"=(z1 —1), (22421 -2)(z2 —z1) =0,

2 2
which is not possible, because z* +z3 >2(z-z4)3 =2 and z4, z_ do not equal +1.
2) In Case (5) - (b) of Lemma 2.4, using

1 I 112
b1+ = —b3, b+ = wybs, b3i:b3:§/77 K:(Ll)%
w4 S

A
we obtain
2 1 2 2 2 14 2 1
Fi= —5((1911521) + (b21b34)” + (b3sb11) )1 = _§b3i(1 +w+ W7)1
T
=——(=)3(1 —)1=——A1 —)1=——(s"—1)1.
SO = =S (= = ()
In the last equality, we used wi + w]j =s,ie wi+ W% =52
+
We have Ff = F?, because F? does not depend on w- in this case.
3) In Case (5) - (c) of Lemma 2.4, using
. -
by = yibiy, b3+ = z+b14, bre=¢—5 K:(£)§7
foy+2+ fo
we obtain
1 1
Ff= —5((b1ib2i)2 + (babss )+ (b3rby) )1 = —Ebﬁ()’i +24+Yid)
I e E I St mahe 2L
10y+2+ 2(y1ze)3
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Using 72 = %, we also get
1-Ay
o KOA+aRd) Ko+ D)
) Z(Yizi)% ) %(M)%
YA ’
—K(-4i)

P
3

- 1
2y+(A—y+)3(1—Ays)
Let us prove that Ff # F? in this case. Suppose that we have F2 = F2, i.e.

(1-4y})’ _ (1-4y2)°
V(A—y ) (1-Ay )2 ¥ (A—y ) (1—Ay_)?

Usingy_ = y;l, we get

A 1 1 A
ViA—y ) (1A )* (1= 5P =(1-A1) 5 (A-—)(1- ),
i i Y+ Y+

(i —AP(1—Ay,) = (1-4y} ) (y+ —A),

(A% =AY+ (1 =AY, +3(A7 = A)yS +3(A—A%)yE + (A% = 1)y +(A-A%) =0.

Dividing both sides of the equation by A> — 1 0 and y>. # 0, we obtain

1 1 1
AV — =)= (1+A%) (% — ) +34( — —) =0.
Rt o Ty

Dividing both sides of the equation by (y; — i) # 0, we obtain

1 1 1 1
AGLHY 14 4 ) = (1+AN 0Ly =+ 5) +34 =0,
DA AT Y+ i

Using t =y, + i =y;+y_, we have

1 1 1
Vit =0=2, yi+—5=r-3 y+=r"-4’42
Y+ Y3 Y+

and obtain
At — (1443 —3A% +2(1+A%)r +4A = 0.
Dividing by ¢ # 0, we get
A(t2+;12) —(14+A%)(t— %) —3A=0.
Usingd :=1t — %, we have 1% + ziZ = d? + 4 and obtain

Ad® —(1+A%)d+A=0, ied=Ad=1.
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If d = A, then
?—At—2=0. (B.1)
But it is in a contradiction with
AP — (B2 + A+ 1) +4B* = 0. (B.2)

Really, multiplying both sides of (B.1) by Az, we get

Ar? — A2 — 241 =0. (B.3)
From (B.2) and (B.3), we obtain
(1+B*)t* —2At —4B* = 0. (B.4)
From (B.4) and (B.1), we get
2At +4B? 5 5 2
o —Ar+2, tA(1-B>)=2(1-B%), ==
l—l—BZ + ) ( ) ( )7 A7

because B # £ 1. Substituting = % into (B.1), we get 1% =4, i.e. a contradiction, because A # +1.
Ifd =A"", then

A? —t—2A=0. (B.5)
But it is in a contradiction with
AP — (B> +A* +1)1? +4B> = 0. (B.6)
Really, multiplying both sides of (B.5) by ¢, we get
A —12 -2t =0. (B.7)
From (B.6) and (B.7), we obtain
(A% + B*)r* — 2Ar —4B* = 0. (B.8)
From (B.8) and (B.5), we get

241 +4B>  1+2A

= t(A? —B*) =2A(A%> - B? =2A
VB YER ( ) ( ), t ,

because A # +B. Substituting t = 2A into (B.5), we get 4A(A% — 1) = 0, i.e. a contradiction, because
AF#0,AF#=£l.
The lemma is proved.
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