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This paper examines some properties of portfolio insurance that are linked to the
risk aversion and the prudence of the investor. We provide explicit conditions
to measure portfolio sensitivity to downside risk. We also characterize the degree
of portfolio insurance by means of the ratio of absolute prudence to absolute
risk aversion.
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Introduction

Since the seminal results of Pratt (1964) and Arrow (1965), it has been
recognized that the ratio A(x)¼�u00(x)/u0(x) (the so-called Absolute Risk
Aversion) is an appropriate measure of degree of risk aversion. Indeed, an
individual with utility function u1 is more risk-averse than an individual with
utility function u2 (i.e. u1 is a concave transformation of u2) if A1XA2. In that
case, risk premium p1 is higher than risk premium p2. The literature on
precautionary saving (see Leland, 1968) shows that precautionary saving is
linked to the convexity of marginal utility u0, or equivalently to the concavity
of – u0. Assuming the existence of the third derivative u000, this is equivalent to
the positivity of u000. By analogy with risk aversion, Kimball (1990) introduces
Absolute Risk Prudence P(x)¼�u000(x)/u00(x) to measure the intensity of the
precautionary saving motive. The idea is to substitute – u0 for u. An agent with
utility function u1 is more prudent than an agent with utility function u2 if
P1XP2. Precautionary premium c1 is higher than precautionary premium c2.
The notion of prudence has also been introduced to examine the demand
for insurance (see Eeckhoudt and Kimball, 1992). Additionally, Eeckhoudt
and Gollier (2005) have analysed the link between prudence and optimal
prevention.
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In this note, we examine the joint influence of risk aversion and prudence
on portfolio insurance design. The portfolio optimization theory usually
considers that investors maximize the expected utility of portfolio values VT at
maturity T. These values may be payoff functions h of a given reference
portfolio ST (also called the benchmark), usually a financial index such as the
S&P 500. For example, one of the standard portfolio insurance techniques is
Option Based Portfolio Insurance introduced by Leland and Rubinstein (1976),
which consists of a portfolio invested in a risky asset S covered by a listed
put written on it. More generally, portfolio insurance has been examined in
the partial equilibrium framework by Leland (1980) and by Brennan and
Solanki (1981).

We provide new insights on the properties of optimal payoff h. Let us recall,
as mentioned by Leland (1980), that convexity of payoff is linked to portfolio
insurance. First, we give explicit conditions based on the investor’s prudence
to analyse the sensitivity of portfolio payoff h to downside risk, as defined
by Menezes et al. (1980). Second, we show how the investor must structure
her portfolio, according to both her risk aversion and prudence. More
precisely, we prove that an individual with utility function u1 has an optimal
payoff h1 more convex (resp. more concave) than the optimal payoff h2 of an
individual with utility function u2 if P1/A1XP2/A2 (resp. P1/A1pP2/A2).

The next section introduces the model and presents the results. The section
after that provides concluding remarks. All proofs are in the appendix.

The model and our results

In the standard optimal insurance literature, the optimal design of insurance
contracts is mainly based on the determination of assumptions, under which a
straight deductible or coinsurance are optimal. For example, Raviv (1979)
proves that, for a risk-averse insurer, increasing and convex administrative
costs imply that the optimal insurance policy displays coinsurance above a
deductible. The insurance contract is usually modelled by a couple [I(.),P],
where I(.) corresponds to the indemnity paid by the insurance company with
additional administrative costs c(I) and P is the premium paid by the insured
client. When the client faces a loss x, she receives I(x) from the company
(usually, we assume: 0pI(x)px).1 The contract [I,P] is optimal if it maximizes
the client’s expected utility of final wealth, while allowing the company to keep
at least the same utility level. Denote respectively by W0 and W̃0, the initial
wealths of the client and the insurance company, and by U and Ũ their utility

1 See Gollier (1987) and Breuer (2006) when this condition is not assumed.

The Geneva Risk and Insurance Review

82



functions. Let F be the cumulative distribution function of the potential loss.
Then, the usual optimal contract [I,P] is the solution of the following problem:

max
½I;P�

Zxmax

0

U W0 � xþ IðxÞ � P½ �dFðxÞ;

subject to:

Zxmax

0

~U ~W0 þ P� IðxÞ � cðIðxÞÞ
� �

dFðxÞX ~U ~W0

� �
:

The determination of the optimal solution allows to analyse the effect of risk
aversion on the optimal deductible and on the coinsurance rate.

In the finance literature, the optimal design of financial portfolio is
studied in a different framework. We search for an optimal payoff schedule
h(.) defined as a function of a given financial asset return (usually, one of
the main financial indices). Therefore, we do not focus only on losses but also
on potential gains.2 Additionally, the standard model of insurance assumes
a constant loading, while the financial model supposes that derivative
instruments can be used to hedge the portfolio. Finally, the constraint
corresponds to a standard budget condition since only one agent is concerned:
the investor.

The calculation of the optimal solution allows to examine the effect of risk
aversion on the convexity/concavity of the optimal portfolio payoff.

Optimal payoff as a function of a reference portfolio

In this section, we recall the results of Leland (1980) and of Brennan and
Solanki (1981). Assume that the investor maximizes the expected utility of her
terminal wealth VT under historical probability P. Portfolio value VT is
assumed to be a function h of risky asset value ST. As usual, the utility U of the
investor is taken to be increasing, concave and twice differentiable. Under the
standard condition of no-arbitrage, asset prices are calculated under a risk-
neutral probability Q. Denote by (dQ)/(dP) the Radon–Nikodym derivative of

2 For the optimal insurance design, the payoff h(X) is given

hðXÞ ¼W0 � Xþ IðXÞ � P;

where X denotes the potential loss. The variable of interest is mainly I(X).

For the optimal portfolio design, X denotes the financial index return, with potential gains and

losses.
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Q with respect to historical probability P. Denote by NT the discount factor
and by MT the product NT(dQ)/(dP).

Due to the no-arbitrage condition, the budget constraint corresponds to the
following relation:

V0 ¼ EQ½hðSTÞNT� ¼ EP½hðSTÞMT�:

The investor’s optimization problem is:

MaxhEP½UðhðSTÞ� s:c: V0 ¼ EP½hðSTÞMT�: ð1Þ

Denote by g the conditional expectation of MT under the s-algebra
generated by ST. Then, the optimal payoff h is given by:3

h ¼ JðlgÞ; ð2Þ
where J denotes the inverse of the marginal utility (J¼(U0)�1), and l is the
scalar Lagrange multiplier such that

V0 ¼
Z
Rþ

JðlgðsÞÞgðsÞPST
ðdsÞ:

Optimal payoff properties

Monotonicity of the optimal payoff
Introduce tolerance of risk T(h(s)), which is equal to the inverse of absolute risk
aversion:

TðhðsÞÞ ¼ � U
0 ðhðsÞÞ

U
0 0 ðhðsÞÞ : ð3Þ

Note that if a representative or ‘‘average’’ investor r exists for the market,
tolerance of risk Tr(s) is equal to �(g(s))/(g0(s)) since g¼Ur

0. This is the reason
why, in what follows, we denote �(g(s))/(g0(s)) by Tr(s). We assume that g is
twice-differentiable.4

3 The results is proved by using the first-order condition with respect to h of the following

Lagrangian:
Lðh; lÞ ¼ EP½UðhðSTÞÞ� þ lðV0 � EP½hðSTÞMT�Þ;

which leads to:
U0ðhðSTÞÞ ¼ lMT:

4 This assumption is not too restrictive, since it is verified for standard financial markets, for

example Black and Scholes.
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Proposition 1 The first derivative h0 of the optimal payoff is given by:

h0ðsÞ ¼ TðhðsÞÞ
TrðsÞ

: ð4Þ

Thus, optimal payoff h is increasing, if both the individual and the
representative agent have positive risk tolerance (usual assumption).

Sensitivity to downside risk
Kimball (1990) introduces the notion of prudence within the expected-utility
framework, which is characterized by the positivity of the third derivative of
utility. He shows that prudence corresponds to a precautionary-savings motive.
In Gollier (2001), an agent is prudent if the addition of an uninsurable risk to
her future wealth with zero-mean increases her optimal saving. Eeckhoudt and
Schlesinger (2006) define prudence ‘‘as a type of preference for disaggregation
of two untoward events’’: on one side, a certain reduction in wealth; on the
other side, a zero-mean independent noise added to the distribution of wealth.5

Menezes et al. (1980) also consider the case U000>0, but by introducing
the notion of downside risk, which is based on the ‘‘location of risk’’ in the
probability distribution. According to Menezes et al. (1980), a probability
distribution with density f2 has more downside risk than a pdf f1 if f2 can be
obtained from f1 by a sequence of Mean-Variance-Preserving Transformations
(MVPT). This means that pdf f2 is obtained from pdf f1 by shifting dispersion
from right to left, without modifying expectation and variance.

Using a characterization of MVPT, we have:

Proposition 2

1. Payoff h2 has more downside risk than payoff h1 if and only if:

1.1. They have the same expectation: E [h1(ST)] ¼ E [h2(ST)].
1.2.

R
0
N
R
0
z[P[h2(ST)py]�P[h1(ST)py]]dydz¼0.

1.3.
R
0
x
R
0
z[P[h2(ST)py]�P[h1(ST)py]]dydzX0, for all x in Rþ and > 0 for

some x0 in Rþ .
2. The optimal payoff of any prudent investor has always less downside risk

than any other payoff.

5 Eeckhoudt and Schlesinger (2006) define prudence as ‘‘a type of natural preferences over simple

lotteries’’, defined as couples of wealth reduction and additional noise. More precisely, an

individual is said to be prudent if she prefers the lottery A¼[�k,~e] to the lottery B¼[0,~e�k],
where all outcomes of the lotteries have equal probability, for all initial wealth levels and for

any wealth reduction k and noise ~e.
In the same manner, they define temperance as follows. An individual is said to be temperate if

she prefers the lottery C¼[~e1,~e2] to the lottery D¼[0,~e1þ~e2], where all outcomes of the lotteries

have equal probability, for all initial wealth levels and for any independent noises ~e1 and ~e2.
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We now examine the particular case where h1 is a transformation of h2, that
is: h1¼F(h2), where F is non-decreasing, bijective and differentiable.

Proposition 3 Payoff h2 has more downside risk than payoff h1 if and only if
[f1(F)F0�f1] is a combination of MVPTs.

Ratio of prudence to risk aversion and convexity/concavity degree of the
optimal payoff

The convexity/concavity of the payoff is an important point since it determines
the investor’s portfolio position in risky asset S. As mentioned by Leland
(1980), the convexity of the payoff, which is linked to portfolio insurance,
allows the investor to take advantage of market rises. For example, you can
hold cash and buy a call option on S.

In what follows, we prove that the ratio P/A of absolute prudence to
absolute risk aversion plays a key role in explaining the origin of the
convexity/concavity of the payoff. As mentioned in Gollier (2001), ratio P/A
allows absolute risk aversion and risk vulnerability to be analysed, in the
presence of background risk. This result has been established for the standard
portfolio optimization problem, where the amount invested in risky asset
S is proportional to S (i.e. payoff h(S) is linear).6 Here, we extend the use of
this ratio to the general problem of optimal portfolio positioning, in particular
to portfolio insurance.

The convexity/concavity is determined by the sign of the second-order
derivative h00(s).

Proposition 4 The second derivative of the optimal payoff is given by:

h00ðsÞ ¼ T 0ðhðsÞÞ � T 0rðsÞ
� �

� TðhðsÞÞ
TrðsÞ2

" #
: ð5Þ

The previous result allows the convexity/concavity of the optimal payoff to
be characterized.

6 Absolute risk aversion A is decreasing with wealth (DARA) if and only if ratio P/A is higher

than 1, since A0/A2¼1�P/A, which implies prudence. Under DARA, decreasing absolute

prudence (DAP) implies risk vulnerability. DAP is equivalent to A00X�A0[P�2A]. Thus, under
DARA, if P/A is higher than 2, then DAP implies the convexity of absolute risk aversion (see

Gollier, 2001).

Using Arrow-Pratt approximations, note also that ratio P/A is proportional to the ratio of

premia c/p.
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Corollary 5 Optimal payoff h is convex if and only if cautiousness T 0(h(s)) is
higher than the cautiousness Tr

0(s) of the representative agent. Furthermore,
the convexity of optimal payoff h is equivalent to the following inequality,
which is satisfied by the ratios of absolute prudence divided by absolute risk
aversion:

P

A

� �
X

Pr

Ar

� �
: ð6Þ

Note that Pr is usually positive.7 Thus, assuming that agents are strictly risk-
averse (A>0 and Ar>0), the convexity of optimal payoff h implies prudence
condition PX0.8

From relation (5), comparative convexity/concavity can be derived for
optimal payoffs.

Proposition 6 Consider two agents with, respectively, utility functions u1 and u2.
If both optimal payoffs are convex, then the optimal payoff h1 of agent 1 is
more convex than the optimal payoff h2 of agent 2 if and only if

P1

A1

� �
X

P2

A2

� �
: ð7Þ

If both optimal payoffs are concave, then the optimal payoff h1 of agent 1 is
more concave than the optimal payoff h2 of agent 2 if and only if

P1

A1

� �
p

P2

A2

� �
: ð8Þ

7 For instance, for the Black and Scholes model, as soon as the expected return of the risky asset

is higher than the riskless asset.
8 Further properties of the portfolio payoff could also be related to the notion of temperance. As

shown in Eeckhoudt et al. (1995), risk aversion, prudence and temperance best characterize

attitude towards risk. However, temperance is based on U00 00, and appears in the term h00 0, which
is a rather involved formula. Nevertheless, temperance has an efffect on the monotonicity of the

ratio P/A: (P/A) 0 is positive if and only if

U0000 >
U000

A
1� 2

P

A

� �
:

Thus, under risk aversion and prudence, and if the ratio P/A is increasing, temperance

(i.e. U00 00o0) will be verified only if P/A>1/2 (for example, for DARA, since in that case,

P/A41).
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Note that, if both agents are risk-averse and prudent or are risk-averse and
not prudent, conditions (7) and (8) are respectively equivalent to:

A1

P1

� �
p

A2

P2

� �
and

A1

P1

� �
X

A2

P2

� �
:

Recall that payoff h1 is more convex than payoff h2 if and only if there exists
a convex function F such that h1¼F(h2). Since the convexity of the payoff is
linked to portfolio insurance (see Leland, 1980), condition (7) proves that ratio
(P/A) measures the degree of portfolio insurance.

Note that the equivalence between the property ‘‘h1 more convex than h2’’
and the inequality (P1/A1)X(P2/A2) is quite similar to the equivalence ‘‘u1 is
more prudent than u2’’ and P1XP2.

9

Conclusion

The notion of absolute risk aversion has been extensively used to describe
attitude towards risk. More recently, the concept of prudence has permitted
the analysis of precautionary saving. This note highlights the relationships
between, on the one hand, risk aversion and prudence and, on the other
hand, optimal portfolio payoff. For instance, for a prudent investor, the
optimal payoff always has less downside risk than any other. We also prove
that the ratio of absolute prudence to absolute risk aversion determines
the optimal portfolio profile. As a by-product, we show that this ratio allows
the demand for portfolio insurance to be measured. This property is linked
to the market risk exposure, which measures the investor’s propension to
risk in order to benefit from financial market rises. Such results can be applied
for example to the optimal asset allocation of pension funds (see Romaniuk,
2007).
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Appendix

Proof of Proposition 1 Differentiating Relation (2) with respect to s, we deduce:

h0ðsÞ ¼ g0ðsÞ
U00ðhðsÞÞ

� �
�l: ðA:1Þ

From Relation (2), the value of parameter l is:

l ¼ U0ðhðsÞÞ
gðsÞ

� �
: ðA:2Þ

Therefore, the first-order derivative of optimal payoff h is:

h0ðsÞ ¼ � U0ðhðsÞÞ
U00ðhðsÞÞ

� �
� � g0ðsÞ

gðsÞ

� �
: ðA:3Þ

Finally from Definition (3), the first derivative h0 of the optimal payoff
satisfies:

h0ðsÞ ¼ TðhðsÞÞ
TrðsÞ

:

Note that Relation (A.3) proves that optimal payoff h is an increasing
function if and only if function g is decreasing.

Proof of Proposition 2 We use results of Menezes et al. (1980), by substituting
payoff h for pdf f. Function f is the pdf of random variable h(ST). The first part
of Proposition (2) is deduced from their Theorem (1). The second assertion is
based on their Theorem (2): the condition ‘‘E[U(h1(ST))]XE[U(h2(ST))] is
satisfied for any increasing and concave utility function U such that U000>0
(i.e. prudence)’’ is equivalent to the property ‘‘h2 has more downside risk than
h1’’. Therefore, we deduce that if h1 is the optimal payoff of a prudent investor,
then h1 has less downside risk than any other payoff h2.

Proof of Proposition 3 Assume that h1¼F(h2), where F is non-decreasing,
bijective and differentiable.

The pdf of random variable h2(ST) is given by:

f2 ¼ f1ðFÞF0½ �:
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Thus, h2 has more downside risk than h1 if and only if the function
f2�f1¼[ f1(F)F0�f1] is a mean-variance preserving transformation (MVPT).

Proof of Proposition 4 Differentiating relation (A.3) with respect to s, we
deduce:

h00ðsÞ ¼ h0ðsÞT 0ðhðsÞÞTrðsÞ � TðhðsÞÞT 0rðsÞ
T 2
r ðsÞ

:

Substituting (T(h(s)))/(Tr(s)) for h
0(s),we have:

h00ðsÞ ¼ T 0ðhðsÞÞ � T 0rðsÞ
� �

� TðhðsÞÞ
TrðsÞ2

" #
:

Proof of Corollary 5 The first derivative of tolerance T 0 satisfies:

T
0 ¼ � U

0

U
0 0

� �0
¼ �

U
0 0� 	2 �U

0
U
0 0 0

U
0 0ð Þ2

;

¼� 1þ � U
0

U
0 0

� �
�U

0 0 0

U
0 0

� �
;

which is equivalent to

T
0 ¼ �1þ P

A

� �
: ðA:4Þ

Thus, we have:

T
0 ðhðsÞÞpT

0

r ðsÞ ,
P

A

� �
ðhðsÞÞp Pr

Ar

� �
ðsÞ:

Proof of Proposition 6

� Assume that both functions h1 and h2 are convex. The comparison of degree
of convexity is equivalent to the comparison of ratios (hi

00(s))/(hi
0(s)). From

Relations (4) and (5), we have:

h00ðsÞ
h0ðsÞ ¼

T 0ðhðsÞÞ � T
0
r ðsÞ

TrðsÞ
:

Thus:

h
0 0
1 ðsÞ
h
0
1ðsÞ

X
h
0 0
2 ðsÞ
h
0
2ðsÞ
() T

0

1ðh1ðsÞÞXT
0

2ðh2ðsÞÞ;
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From Relation (A.4), this is equivalent to:

P1

A1

� �
X

P2

A2

� �
:

� If both functions h1 and h2 are concave, then the comparison of degree of
concavity is equivalent to the comparison of ratios �(hi00(s))/(hi0(s)).
Since

� h
0 0
1 ðsÞ
h
0
1ðsÞ

X� h
0 0
2 ðsÞ
h
0
2ðsÞ
() T

0

1ðh1ðsÞÞpT
0

2ðh2ðsÞÞ;

payoff h1 is more concave than payoff h2 if and only if

P1

A1

� �
p

P2

A2

� �
:
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