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Gaussian entanglement generation
from coherence using beam-
splitters
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processing. Here we study the transition of Gaussian correlation under the effect of linear optical beam-
splitters. We find the single-mode Gaussian coherence acts as the resource in generating Gaussian
entanglement for two squeezed states as the input states. With the help of consecutive beam-splitters,
single-mode coherence and quantum entanglement can be converted to each other. Our results reveal
that by using finite number of beam-splitters, it is possible to extract all the entanglement from the

single-mode coherence even if the entanglement is wiped out before each beam-splitter.

Quantum correlation, especially quantum entanglement, is a key ingredient in quantum information science.
Since the Einstein-Podolsky-Rosen (EPR) paradox has been put forward!, quantum correlation has been inves-
tigated both in theory and in experiments®-®. During the past decades, the characterization and definition of
quantum correlation have attracted much research interest, such as Bell non-locality, quantum steering, quantum
entanglement, quantum discord, and quantum coherence® . It has been pointed out that these definitions sat-
isfy hierarchy relations, i.e., quantum coherence > quantum discord > quantum entanglement > quantum steer-
ing > Bell non-locality’®-?!, where A > B represents B is a subset of A, meaning all steerable states are entangled,
but not all entangled states have steering, etc. On the other hand, quantum entanglement characterizes the non-
classical property of multipartite quantum systems. An entangled state can not be decomposed as a convex sum of
product states', if two subsystems are entangled, the quantum state of each subsystem can not be described inde-
pendently. Quantum entanglement only represents the nonclassical property between the subsystems which can
not characterize the nonclassical property of a single-party system. Non-classicality can be used to characterize
its nonclassical property of the quantum states, such as squeezed states, anti-bunched states, and sub-Poissonian
states??. The non-classicality characterizes the quantumness of a single-party quantum system. The concept of
quantum steering comes from the EPR paradox. For a quantum system consisting of subsystems marked with A
and B, A can steer B if A can affect B’s subsystem by using a local operation on A’s subsystem. Quantum steering
has many useful applications, such as sub-channel discrimination, one-side device-independent quantum key
distribution, etc?3-2,

In addition to quantum correlation, quantum coherence can also be used to characterize the nonclassical
property of both multipartite and single-party quantum systems. Quantum coherence is one of the key features
of quantum mechanics, several experiments have revealed that quantum coherence exists in photosynthetic com-
plexes and indicating that it plays a key role in high efficiency achievements in photosynthesis?”*. Quantum
coherence can be quantified by the off-diagonal elements in the density matrix of the system under the reference
basis, which is called the I, norm coherence. Another way to measure coherence is the relative entropy coherence
defined as the entropy difference between the density matrix of the quantum state and the diagonal density matrix
that eliminating all the off-diagonal elements of the original density matrix.

Quantum systems can be roughly partitioned into discrete and continuous variable ones. As the most impor-
tant family of continuous quantum states, Gaussian states are widely used because of its availability and control-
lability in experiments?. Recently, some representative applications have been investigated, such as quantum
communication, ultrasensitive sensing, detection and imaging, and so on ref. 30. Different from discrete variable
quantum states’>-1°, the approaches of quantifying the quantum correlation of continuous variable quantum states
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are more complicated'?*"2. Here in this study, we will give a detailed mathematical expression of Gaussian cor-
relation and investigate the Gaussian correlation generated by beam-splitters in experiments. Beam-splitters are
key components in optics, and have been used in many experiments including Bell test experiment, Wheeler’s
delayed choice experiment, etc****. Especially in quantum information processing, Knill et al. pointed that effi-
cient quantum computation is possible to be realized by using only beam-splitters, phase shifters, single photon
sources and photo-detectors®. Although beam-splitters are linear optical devices, they can generate quantum
entanglement®*-*,

In this work, we study the behavior of the quantum correlation of Gaussian states under the effect of
beam-splitters. We find that the non-classicality of single-mode Gaussian state generates entanglement by
beam-splitters* is not valid for all single-mode Gaussian states. Instead, single-mode coherence plays a vital role
in such process. By using consecutive beam-splitters, we find the single-mode coherence and quantum entangle-
ment could be converted to each other for two squeezed states as the input states. Moreover, if we further wipe out
the entanglement before each beam-splitter, all the quantum entanglement can be extracted from the single-mode
coherence by a finite number of beam-splitters.

Results

Entanglement and steering generation using single beam-splitter. Here we consider two sin-
gle-mode Gaussian optical beams send into the two input ports of one beam-splitter. The covariance matrix of the
output Gaussian optical beam can be characterized by

Tou = U'(0, )03, U (0, 9), (1)

where 0, is the covariance matrix of the output (input) optical beam, U(6, ¢) could be described by*°

cosf 0 —sinfe™ 0
—sinfe” i
U@, ¢) = 0 » cosf 0 sinfe ’
sinfe 0 cosf 0
0 sinfe'® 0 cosf (2)

where cos” 0 denotes the transmittance and ¢ represents the phase difference between the reflected and transmit-
ted fields. Here we consider the case where two single-mode input Gaussian optical beams are squeezed lights,
one (say mode A) is squeezed in position quadrature and the other one (say mode B) is squeezed in momentum
quadrature. The covariance matrices of modes A and B are given by

—2ry 2rg
0 e4 0 e '8 3)
where r,p, is the squeezing parameter for mode A (B). The covariance matrix of the output optical beam becomes

Oout = UT(O) (ZS) (UA®UB)U(0> ¢)
The quantum steering of the output optical beams could be calculated by

TA—E — %logz[l + (M + M — 2)sin?0 cos*6],

(4)
where M = ¢4 "%"2 1t is obvious that quantum steering can be created by the beam-splitter except the case where
r,= —rp (meaning two optical beams are identical) or § = n7/2 (n is an integer). By considering the case

dTA—&B

7 =0 the maximal value of quantum steering is found at the point 6 = (21 + 1)7/4. And the quantum entan-
glement of the output state could be obtained by

1
%M*EJP + J2(1 — M)sin20-/4M 1 P |,

E = —log,

©)

where P = (M + 1)* — (cos46)(M — 1)
In the following, we will study the change of the non-classicality of the two single-mode Gaussian states after
the action of a beam-splitter. By using

NA = N(A)in + N(B)in - N(A)out - N(B)out’ (6)

one can find N, exhibits the similar behavior as quantum entanglement. In a previous work?, the authors have
found that the non-classicality creates entanglement in the case where the input states are nonclassical Gaussian
states and vacuum states. Here we do not use these states as the input states because mixing these two states by a
beams splitter can not generate quantum steering. However, when the two input single-mode Gaussian states are
two squeezed lights, their finding is not valid since N > 0 does not always satisfied. Here Fig. 1(a) describes the
region where Nj <0 (r, =r3=r), and Fig. 1(b) displays the transition of quantum correlation when we regard
as an independent variable and assume that r, =r; =0.2. One may find that when 0 <0 < 0.33and1.24 < 0 < ;,
both quantum steering and quantum entanglement increase and the non-classicality also increase. Therefore,
quantum entanglement and quantum steering are not generated by single-mode non-classicality.
Then we consider single-mode coherence as
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Figure 1. The quantum correlation of the Gaussian optical beams undergoing a beam-splitter, where the
input states are two squeezed lights. (a) Represents the difference of the single-mode non-classicality between
input N, and output N, optical beams where r, = rz;=r. (b) Represents the change of the quantum correlation
when r, =r;=0.2, where C, is the difference of the single-mode coherence between input and output optical
beams, Ey is the quantum entanglement of the output beam, T4~2 is the quantum steering of the output beam.

Ca = Cyin + Cayin — Cayout = Cmyour (7)

we find the relation C, > 0, and C, equals to zero only when r, = —r or 0 =nn/2. Meanwhile, C, shows similar
behavior as quantum entanglement and quantum steering. Here we numerically study the change of single-mode
coherence in Fig. 1(b), where we choose 6 as an independent variable and r, = r3=0.2. Since C;, keeps as a
constant with a fixed 6, when C,, = C(4)ou + C(g)our decreases, both quantum entanglement and quantum steer-
ing increase, meaning that they can be generated by single-mode coherence. Here we can conclude that quan-
tum entanglement between two-mode Gaussian states can be regarded as an intrinsic coherence, i.e., coherence
between the two modes. The intrinsic coherence and single-mode coherence are complementary to each other.
In other words, intrinsic coherence increases along with the decrement of single-mode coherence*'. According
to the definition*?, quantum correlations originates from the superposition of quantum states. The single-mode
coherence can characterize the superposition of the subsystem (the local superposition), the intrinsic coherence
(or quantum entanglement) represents the superposition between the subsystems (the unlocal superposition).
Our observation indicates that the beam-splitters can be used to convert local superposition to nonlocal super-
position, and vice versa.

Conversion between entanglement and quantum steering using Gaussian optical beams. We
study in the following the case when more than one beam-splitters are used to mix the squeezed lights. From
Eq. (2), we find that U(6, ¢) is a periodic function by considering 6 as an independent variable. By choosing the
input optical beams at the beam-splitters with § = % (see Fig. 2(a)), we find both quantum entanglement and
quantum steering increase after the first and second beam-splitters, and decrease when undergoing the third and
fourth ones while quantum coherence shows the opposite behavior. Here in Fig. 3(a,b,c), we plot the evolution of
quantum steering, quantum entanglement and quantum coherence for different number of beam-splitters as
n=1, 2, 3, 4, respectively. It is obvious that under the effect of consecutive beam-splitters, quantum entanglement
(quantum steering) and quantum coherence convert to each other. Figure 3(d) illustrates the evolution of quan-
tum correlation when 6 =7/128 and r, = r3=0.2. In this case, the evolution of the quantum correlation behaves
like a non-Markov process without loss. Therefore, with the memory effect, consecutive beam-splitters can be
used to simulate the non-Markovian environment.

To obtain the condition under which quantum entanglement is wiped out before the input optical beams and
further mixed by the next beam-splitter, as illustrated by Fig. 2(b), we find that the quantum entanglement of the
input beams after the last beam-splitter will decrease with the increment of the number of the beam-splitters. And
the number of beam-splitters depends on 6, for instance, when § = =, quantum entanglement can only be gener-
ated by the first beam-splitter. When 6 — 0, quantum entanglement can always be generated. Figure 4 shows the
quantum entanglement, quantum steering and single-mode coherence when considering n=1, 2, 3, 4. The quan-
tity of the generated entanglement depends on single-mode coherence of the input states. Once quantum entan-
glement has been erased, it can not convert back into single-mode coherence, and the observed entanglement will
decrease with respect to n. On the other hand, quantum steering can only be generated by the first beam-splitter
regardless of 6 (see Fig. 4(b)). Since quantum entanglement has been wiped out before the consecutive
beam-splitters, we can conclude that the process could be observed during which quantum entanglement is con-
verted to quantum steering.

Summary

We have studied the progress of quantum entanglement and quantum steering generation using beam-splitters.
We have found that instead of the single-mode Gaussian non-classicality, single-mode Gaussian coherence acts
as the fundamental resource for generating two-mode Gaussian entanglement and steering for two squeezed
states as the input states. The covariance matrix of general one-mode Gaussian states can be written as
V=0Qn+ 1)RVSRT, where Vyis the covariance matrix of squeezed states, (27i + 1)is a constant, R represents the
phase rotation operator. By further calculations, we find when the two input squeezed states have the same phase
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Figure 2. Schematic picture of two optical beams going through consecutive beam-splitters (BS), where (a)
represents entanglement is not wiped out, (b) represents entanglement is wiped out.
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Figure 3. The quantum correlation of the output beams when r, =r; =0.2, where C= C, + C;. (a) The
quantum steering, (b) the quantum entanglement, and (c) the quantum coherence represent the case where
0= %. (d) Represents the case where § = % The subscripts represent the number of beam-splitters.

rotation, the conclusion is also correct. Therefore, we suppose the conclusion is valid for general one-mode
Gaussian states. Based on the former results, it has been confirmed by the observation that single-mode coher-
ence and the entanglement are complementary to each other, namely, quantum entanglement increases while
single-mode coherence decreases, and vice versa.

Meanwhile, we have discussed the evolution of quantum entanglement under the action by several
beam-splitters on two single squeezed states, and discovered that quantum entanglement and single-mode coher-
ence transfers to each other periodically. If we wipe out the entanglement in the consecutive beam-splitters, only
the first beam-splitter generates quantum steering. We hope these results on quantum correlation could further
develop the applications in quantum information processing.

Method

Definition of Gaussian states. The continuous variable quantum system (Gaussian state) is always
difficult to be characterized by using the density matrix since the dimensionality of the density matrix
is infinite. Here we consider the canonical operators in the vector by & = (%}, &y, - - - » &, p X3,)'» where
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Figure 4. The (a) quantum entanglement, (b) quantum steering, and (c) single-mode coherence of the output
beam when quantum entanglement being wiped out before consecutive beam-splitters, where r, =rz=0.5 and
C=C, + Cj, the subscripts represent the number of beam-splitters.

%y, = (@, + ab), %,, = i(@; — a,),and & (a,) are the creation (annihilation) operators for the n-bosonic

mode system. The elements in X satisfy the commutation relation as[% » &l = 2iQy, where ) = @r_ ( 01 (1))
is denoted the symplectic form.

The covariance matrix o contains the elements of which is defined by*

—Lig4zp) - 3)3).

g j j j

4 ()
Here the diagonal elements of o are the variance of % , and the off-diagonal elements encode the inter-modal
correlations among subsystems. And the quantity (%) is defined as the mean value of X. The physical meanings of
(%) characterizes the center of the probability distribution in phase space and o describes its shape.

The covariance matrix of a two-mode Gaussian state consisting of parties A and B could be expressed as

S}

P A C
Al BS 9)
where A and B are the covariance matrices for subsystems A and B. And C characterizes the correlation between

A andB.

Quantum correlation of Gaussian states. The definition of negativity characterizes by the entanglement
of two-partite discrete variable systems'*!°. Similar to discrete variable condition, we use logarithmic negativity to
characterize the entanglement of Gaussian states, which can be calculated by E=max{0, —log,v}, where v is the
smallest symplectic eigenvalue of the partial transpose of the covariance matrix. This definition also originates
from the positive partial transpose (PPT) criteria'>*!. In this work, we consider two-mode Gaussian states, the
partial transpose is defined as

Tap = RoypR, (10)

where R=diag{1, —1, 1, 1}, and 0,3 denotes the covariance matrix of the two-mode Gaussian state.

Quantum steering is also a type of quantum correlation whose definition is located between quantum entan-
glement and Bell non-locality'2 It describes how local operations on one subsystem effects another. Assuming
that a two-mode Gaussian state consisting of subsystems A and B, A can steer B by A’s Gaussian measurements if
the condition o5+ (0, ® Qp) > 0 is violated*®, where Gaussian measurements consists a measurement set that
maps Gaussian states into Gaussian ones. The quantum steering from A to B can be obtained by

TAHB _

max{o, % log detA }

deto 4p (11)
The definition above is only suitable for two-mode Gaussian states, consisting of subsystems A and B, by
implementing Gaussian measurements on A’s subsystem. In this paper, we use Eq. (11) to calculate the quantum
steering of two-mode Gaussian states.
The non-classicality represents the nonclassical property of the non-classical states, such as squeezed states,
anti-bunched states, and sub-Poissonian states whose correlation function can not be reproduced by any classical
field?2. The non-classicality of the Gaussian states can be characterized by the covariance matrix of the system. For
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single-mode Gaussian states, some quantities (for example, the degree of squeezing) are used to characterize the
non-classicality. In this paper, we use N= —log, A ., to calculate the non-classicality*’, where A, is the minimum
eigenvalue of the covariance matrix (ref. 40 gives the equation N= —log,2\,;, since they defined
&= a+at = a—a" )
! NN
Quantum coherence characterizes the superposition property of quantum systems. The relative entropy
coherence for discrete variable systems can be written as ref. 13

C = S(pgpg) — S(p)s (12)

where S(p) = —Tr(plog,p), and pg;,; denotes the diagonal density matrix that eliminating all the off-diagonal ele-
ments of p under the reference basis. In this paper, we use the coherence measure as C(p) = infzS(p||6), where 6
is the nearest incoherent Gaussian state of p. The coherence of one-mode Gaussian states is ref. 32:

B-1. -1 [B+1,  [F+1
C = 1 - lo
2 B 2 B
+ (7 + Dlog, (7 + 1) — 7ilog,7, (13)

where 3 = -/detc = \/0,,0,, — 0.5, and 7i denotes the mean value of the thermal state number, which can be
calculated by 77 = i(an + o, + x12 + xzz -2 where x,(i =1, 2) are the components of (%). In this study, we
choose x;=0 and we have7i = i(a11 + 0y, — 2)
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