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Accepted: 22 January 2016 : the model by three types of fermions. It is shown that the Z, parafermionic chain possesses both triple
Published: 23 February 2016 degenerate ground states and non-trivial topological winding number. Hence, the Z, parafermionic
: modelis a direct generalization of 1D Z, Kitaev model. Both the Z, and Z, model can be obtained from
Yang-Baxter equation. On the other hand, to show the algebra of parafermionic tripling intuitively, we
define a new 3-body Hamiltonian I:I123 based onYang-Baxter equation. Different from the Majorana
doubling, the FI123 holds triple degeneracy at each of energy levels. The triple degeneracy is protected by
two symmetry operators of the system, w-parity P(w = e'3) and emergent parafermionic operator T,
which are the generalizations of parity P,,and emergent Majorana operator in Lee-Wilczek model,
respectively. Both the Z, parafermionic model and I:I123 can be viewed as SU(3) models in color space. In
comparison with the Majorana models for SU(2), it turns out that the SU(3) models are truly the
generalization of Majorana models resultant from Yang-Baxter equation.

The double degeneracy of a pair of Majorana zero modes in condensed matter system has attracted much atten-
tions due to its potential applications in quantum computation and quantum information'®. It is well known that
this topologically protected doubling is immune to local perturbations. Taking 1D p-wave Kitaev model® as an
example, the Majorana mode appears in the topological phase where the two free Majorana fermions 7, and v,y
can be excited without cost of energy at the two ends of the chain model and compose a non-local complex fer-
mion, hence the ground state possesses double degeneracy. The two degenerate states can be differentiated by the
electron number parity operator Py; = (—1)™, i.e., one state possesses parity — 1 with odd electron occupation
number, while the other possesses parity +1 with even electron occupation number. On the other hand, to give
© an intuitive analysis about the Majorana doubling, Lee and Wilczek’” proposed a 3-body Hamiltonian
S H u = i(ayy, + 87273 + K7173), where the symmetry operators Py and emergent Majorana operator I'y; lead
. to the doubling at any energy level.

In our previous paper, we have shown that both the Kitaev model and the Lee-Wilczek model can be derived
from the 4 x 4 matrix representation of Yang-Baxter equation(YBE)®. The applications of YBE*~' in constructing
many body Hamiltonian had been discussed in various papers'>™%. Specifically, based on the Majorana rep-
resentation of Yang-Baxter equation R, (f) = ¢”"7i+1, we take the time derivative of § in E;(6) to obtain the 1D
Kitaev model®. To self-contain, we first recall some results related to §;(#) = ¢”?i+1 which emerges from the
4 X 4 matrix representation of YBE, which reads
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In our previous paper®, we have shown that the Majorana representation relates to the 4 X 4 matrix representation

of YBE R: 9) = ™% in tensor product space through Jordan-Wigner(J-W) transformation, here 0, and o,

are Pauli matrices, i and i+ 1 signify lattice sites. The J-W transformation transforms spin—% operators at lattice
sites into spinless fermions through

+
o, a,=

o _
a, = Oy >

n—1
[1 o
i=1

n—1
1o
i=1

3)

where ani are spin ladder operators, a,:r and a,, are spinless fermions. Define the Majorana fermion'

T
V2j-1 = af + Aj, Voj = l(aj - aj)7 {'Yn 'Yj} = 251‘1" (4)

Substituting equation (3) and (4) into equation (1), we can express equation (1) as next nearest neighbor interac-
tion of Majorana operators,

Ri(a) = e‘g'yzplﬂfzprl7 (5)

where «,;_; satisfy Clifford algebra {,;_, 7,;_i} = 26;. Based on the Clifford algebra, the flil (0) can be rewritten as

Ri(6) = "7, (6)

It is easy to check that the R;(6) satisfies YBE. Hence the matrix representation of solution of YBE and Majorana
representation of braid operators are well related.

A question is raised naturally. One spin site corresponds to 2 subcells of Majorana fermions that are related
to 4 X 4 YBE in the tensor space due to the 4-d representation of Temperley-Lieb algebra. On the other hand, the
9 x 9 form of solution of YBE has been known, then could we extend the above discussion to the new type of
“Majorana fermions” with 3 subcells on one spin site? The answer is yes. Instead of SU(2), the SU(3) operators
should naturally be introduced. For the convenience, we call the space color space.

Since the Majorana models hold 2-fold degeneracy, for SU(3), how can we extend the Majorana double degen-
eracy to triple degeneracy? In other words, can we construct the extended 1D Kitaev model holding triple degen-
erate ground state? Indeed, similar to those in constructing Majorana models via 4 x 4 matrix solution of YBE, we
can find the triple degenerate models based on the 9 x 9 matrix representation of YBE?.

In this paper, we make the following progress: 1) Based on the 9 x 9 matrix representation of YBE and the
3 x 3 3-cyclic representation of SU(3) generators (see Supplementary), we make the decomposition of the 9 x 9
matrix by tensor products of 3-dimensional matrices. By defining generalized SU(3) J-W transformation, we
transform the SU(3) sites into non-local operators and obtain the new representation of YBE. 2) We obtain the Z,
parafermionic chain with triple degenerate ground states in color space and express the chain with three types of
fermions, besides that, the Z  case is discussed; 3) In Z, parafermionic model, the topological phase transition is
signified by the triple degeneracy of ground states and the topological winding number; 4) To give an intuitive
explanation of the triple degeneracy and analyse the algebraic structure in it, we construct a 3-body Hamiltonian
and find its symmetry operators that lead to the tripling.

Results
Review of two Majorana models. To preserve the self-consistency of this paper, firstly, let us give a brief
introduction to the construction of Majorana models based on YBE. The intrinsic connection between the solu-
tion R;(#) = ¢”"7i+1 of YBE and Kitaev model is that both of them possess Z, symmetry. Next we review the
Kitaev model derived from YBE.

We imagine that a unitary evolution is governed by R, (9). If only 6 (tan @ is the velocity u of a particle) in uni-
tary operator R, (0) is time-dependent, we can express a state [/ (t)) as [¢) (t)) = R;(0(t))[(0)). Taking the
Schrodinger equation ihgw (t)) = H(t) |1 (t)) into account, one obtains:

0

ih—[R|1(0))] = H(t)R|¥(0)).
i (R 16(0))) = AR 4(0) )
Then the Hamiltonian H,(¢) related to the unitary operator R, (6) is given by:
A AR, «1
H(t) = ih—R; .
=i ®)

Substituting R, () = ¢?7i+1 into equation (8), we have

Hi(t) = ih@%"YHr )
If we only consider the nearest-neighbour interactions between two Majorana fermions(MFs) and extend equa-

tion (9) to an inhomogeneous chain with 2N sites, the derived chain model is expressed as®:

N
Hy = ifiz (0172k—172k + 0272k72k+1)v
2 (10)
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with §, and 0, describing odd-even and even-odd pairs, respectively. This is exactly the Kitaev model derived from
YBE.
The properties of 1D Kitaev model are well known:

1. In the case 91 > 0, 92 = 0, the Hamiltonian reads:

N
Hyyy = iﬁzﬁmkf 12k
k (11)

As defined in equation (4), the Majorana operators 7,,_; and 7,, come from the same ordinary fermion site
K, iy 172k = 24, @, — 1(a) and a, are spinless ordinary fermion operators). H, simply means the total
occupancy of ordinary fermions in the chain and has U(1) symmetry, a;,— ea;. The ground state represents
the ordinary fermion occupation number 0. This Hamiltonian corresponds to the trivial case of Kitaev’s.

2. Inthecased, = 0,8, > 0, the Hamiltonian reads:

N
H,,, =ih> 0 .
topo ; 272k 2k+1 (12)

This Hamiltonian corresponds to the topological phase of 1D Kitaev model and has Z, symmetry, a,— —a;.
Here the operators +y, and 7,y are absent in H,. The Hamiltonian has two degenerate ground state, |0) and
1) =d T\0), d' = (7, — i7,n)/2. This mode is the so-called Majorana mode in 1D Kitaev model.

On the other hand, as pointed out by Lee and Wilczek in ref. 7, the double degeneracy of Majorana models H,
is due to two symmetry operators, the parity operator Py; and emergent Majorana operator I'y. For instance, in
3-body Majorana model with the Hamiltonian

I:IM = i(avyy, + B2y + EY1Y3)s (13)

the symmetry operators and commutation relations are

Py = (=), Ty = —iy,7s (14)

[ﬁM7 PM] = 0,[ﬁM, FM] =0, {FM7 PM} =0. (15)

Clearly, in the basis of both H u and Py are diagonal, I'y; transforms the states with Py;= %1 into the states with
P,; = F1. Therefore the Hamiltonian possesses Majorana doubling.

Yang-Baxter equation and 3-cyclic SU(3) generators.  Since the YBE is properly applied in construct-
ing Z, Kitaev model, we try to extend the result to Z;-symmetric model. Fortunately, the known 9 x 9 matrix
representation of the solution to YBE is a proper unitary operator for constructing the desired model with Z,
symmetry. Now we give a brief introduction to the 9 x 9 matrix representation of the solution to YBE which is

-2m
associated with this paper. Firstly, let us introduce the braid matrix® forw = e'3:

w 0 0 0 01 0w O
0w 0w 0000w
0 0 w0 w0100
5 i0w 0 w o000
=70 01 0 w O w0 0}
ﬁw 00 0 0w0O1 0
0 0 woO10wo©O0§D©0
1 00 0 0 wOw 0
0w 0w 0000 w (16)
which satisfies the braid relation
BiB;1B; = B;11BiB; 1, (17)
where B;=I® ..I® B;;,,®I ... (Iis 3 x 3 identity matrix).
The solution R, (¢) of Yang-Baxter equation can be viewed as the parametrization of braid operators,
R(0) = ™ = cosb + i sindM,
2 2
M= =T,—1, M=1,
Nk (18)

where T, = P (I + B,) satisfies the Temperley-Lieb algebraic (TLA) relation®!
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T} =dT, d=-3
T, T =T,

1

T\Ty=TT;, |i—j>1 (19)
Then the YBE?? means that a 3-body S-matrix can be expressed in terms of three 2-body S-matrices, i.e.:

éi(el)ﬁwl(@z)éi(@s) = ﬁi+l(03)éi(02)éi+l(91)' (20)
Substituting equation (18) into equation (20), we have the constraint for three parameters 6,, 6, and 6, :

fanf, — tariﬁ1 + tand, .

1 + - tanf, tanf, (21)
When@, = 6, =0, = g, the YBE turns into the braid relation with R, (7/3) = wB,. Note that due to the different
din TLA for 4 x 4 and 9 x 9 solutions of YBE (d = +/2 for 4 x 4), the angular relation in equation (21) for 9 x 9
is different from the angular relation for 4 x 4 in equation (1),

tand, + tanf;

1 + tan6, tanfy (22)

It is well known that the physical meaning of tan ¢ (or tan 6,) for i= 1, 2, 3 is the velocity of a particle. The angu-
lar relation for 4 x 4 solution means the Lorentz addition of the velocity.

By introducing the 3-cyclic SU(3) generators Ti(j) based on the principal representation of V. Kac? (see
Supplementary), TLA generator can be expressed as the tensor product of nearest SU(3)-lattice sites,

N (2) () 27d) (2)
Ti_ﬁ(l Tl I+ w7 @ ) (23)
Here?*
010 0 0 1
T =0 0w, T¥=|w 0 of
W00 0w o
L, oo \ 0 01
TP =0 0 o TV =|? 0 of
w0 0 0 w0 (24)

Hence at each lattice site there is one SU(3) operator which can be identified with the colors blue, red and green®.
In the following sections, we will make use of equation (23) to generate the topological non-trivial models and
triple degeneracy.

Ladder operators of SU(3) spin and extended Jordan-Wigner transformation. In this section, we
present the ladder operators of SU(3) spin and introduce the extended Jordan-Wigner transformation for SU(3)
spin sites.

For spin-% at lattice sites expressed by SU(2) Pauli matrices, the ladder operators are

01 -
00}"”

00
10

0'+:

Similarly, we introduce the cyclic ladder operators of SU(3) spin

010 000 0 00
u" =00 0,s"=0 0 w,d"=[0 0 0]
000 00 0 w200
000 000 00 w
u =[100,s =[0 0 0,d =00 0
000 0 W 0 00 0 (25)

The above operators act on the color space to transform the three colors into each other obeying the algebraic
relations

WP =T =dT=0,

WP =[P =MdTF=0,

utst=d, stdt=u,dtut =5,

su =dt,ds =ut,ud =5t

utstdt + std ut + dtutst = 1. (26)
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Unlike SU(2) spin, the SU(3) spin has 3 independent ladder operators u™, s* and d* to make the transition
between three different colors. u, s and d can be expressed by u™, st and d*.

To introduce the extended Jordan-Wigner transformation for SU(3), let us review the original SU(2) J-W
transformation firstly. J-W transformation transforms sited spin-% operators onto spinless fermions

al =

n—1
[To
i=1

n—1
[Ta
i=1

+ —
Oy Oy = Op » (27)
where a, and a,, satisfy the fermionic commutation relations
v @} = O, dan, af} = =0 28
{am? an} - Ymn> {am’ an} - {am? an} - Y ( )

From the above transformation, it turns out that the anti commuting relations of fermions result from
{of, o't ={o", 07} = 0.
Similarly, the extended J-W transformation for SU(3) can be defined as?

n—1 n—1
Ui =TT (") s Uy =TT 1787, s
i=1 i=1
n—1 n—1
ST =TI (mLls, Sy =TT (V1 |s,
i=1 i=1
n—1 ) n—1 .
D =] (13" |d,. D, =\H (T} )]i]dn,
i=1 i=1 (29)
where?*
) 1 0 0 ) 1 0 0
TZ()ZOUJOvTS():OUJZO’
00 o 00 w
in which it follows
XY= WYX, ({X,Y}e{U,s, Dki<j) (30)
SU; = D;rv D;§; = UiTv UD; = SiT7 (31)

that can be checked straightforwardly. Different from the anti commuting of spinless fermions, in the exchange
between the above operators there appear extra w (or w?) phase factor. The physical meaning is obvious, when
making exchange between two particles on i-th and j-th sites (i < j), the system gains an extra w phase factor.
Exchanging the two particles again, the system returns to the initial state.

By introducing the linear combination of sited SU(3) operators

E' =Ul+ s +wDf, G'=U'+5s+D; (32)
F,=U,+wS, +w’D,, G,=U,+S,+D, (33)
F=F, G =G .F=6=1 (34)

XY= wY,X, ({X,Y}€{F,Ghi<j), (35)

the TLA generator T; in equation (23) can be rewritten as

1
T; = f[l +wE Gy + Gl

Here F;" and G, are non-local operators. Indeed, they are the generalizations of Clifford algebra which corre-
sponds to Majorana fermions. Redefining

(36)

Ceri—l = FiT7 G =F; (37)

Cl=uwG/, C,=u'G, (38)

Thus the extended generator of TLA shown in equation (36) can be written in terms of the form

T’:L

2 2
i =G (1 + &’Cl Ciyy + wPCClL L,

(39)
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with

CiCj = WCJ’CU (i < ])7 (40)

c,=I1GT, [P =1¢T =1. (41)

For convenience we call the commutation relation shown in equation (40) w-commutation relation. This commu-
tation relation can be regarded as the generalization of Majorana fermions’ anti-commuting, which is also pro-
posed in*. Note that T, does not equal to T}, but it also satisfies d = +/3 TLA in equation (19) and can be
substituted into equation (18). In 1D Kitaev model, two real Majorana operators corresponds to one complex
fermion site as well as one SU(2) spin site. Similarly, the two w-commuting operators C,;_, and C,; correspond to
the i-th SU(3) spin. Obviously, equation (40) looks g-commutation relation for g>= 1 in quantum algebra®.

Generating Z3 parafermionic model fromYBE. From equation (18) and equation (39), we obtain the
unitary solution R, (0) of YBE in the form

5 e, 2 2 F 2
R(0) =" +1§ sinf[1 + w°C'C | + wCC ] (42)
Now let us construct the Z, parafermionic chain based on equation (42). Substituting equation (42) into equation
(8), we get

- zh[

a,t) = 93 ’ClCy + Wil - %]

(43)

Similarly, we consider the nearest-neighbour interactions of C/’s and extend equation (43) to an 2N-chain and
ignore the constant term, the derived chain model can be expressed as:

N N-1
s + .
ZGI(CZTi—ICZi + C2i—1C2i) + ZOZ(CZTiCZiJrI + CZiCZTiJrl) .

i=1 i=1

o

(44)

Here we emphasize that the chain possesses open boundary condition. This model is the 1D Z, parafermionic
model?, which originates from the three-state Potts model*-*!. Instead of the Z, parity symmetry of Kitaev
model, the model in equation (44) possesses Z, symmetry. The symmetry operator is

P=

—

cl_C, P=1.
1( 2i—1 21) (45)

1

Hence P is a Z, symmetry of the model and the eigenvalues of P is 1, w and w?. Next we analyse the obtained
model in two cases.

1. 8, >00,=0.
In this case the Hamiltonian becomes:

N 2h
H = _?HIWZE(C;—1C21 + C2i—1C2Jri)

i=1
2h, &

_912

Here we note that Cy;_, and C,; correspond to i-th SU(3) spin, d, = CJ, | — wCj; = (1 — W)U/,
+(w — w?) D, and the vacuum state|0) is defined as d,/0) = 0. The Hamlltoman is diagonalised and the
ground state is unique. This is a trivial case.

(46)

2.0,=0,0, > 0.
In this case the Hamiltonian is:

N
ﬁzf—e (CiCor + CiCliyy)
2 kZ::l 2i ~2i+1 2i2i+1 (47)
N-1
:@0 I [dd; — 21. s

Here the quasiparticle at lattice can be defined asd, = C,; — w”C,; ;. The ground states satisfy the condi-
tiond;|)) = 0fori=1,.., N— 1. Under the open boundary condition, it shows that the absent operators
Cy, C/, Cyy and Cjy in H2 remain unpalred and are the symmetry operators of the Hamiltonian H.,.
Together with the w-parity operator P, C,, C;, C,y and C,, lead to the triple degeneracy of ground states
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which can be categorized accordmg to P. The Hamiltonian has three degenerate ground states: |¢)),
[ib)) = d¥t) and [0,) = [d'F|1),), where d” = C| — wCJy. The three ground states [t),), [1/,) and [¢),)
possess the parity 1, w and w?, respectively.
From the above discussion we see that the Z, parafermionic chain is natural generalization of the Z, Kitaev
model. Next let us construct the topological invariant for the parafermionic chain and discuss its phase transition.
In terms of Fourier transformation,

51- _ 1 g: imkUT i‘]’ _ LieimkU .
k N et m> Yk m m>
~t N < 1 X
§ = Ze*‘m"s;, § = ﬁZe‘m"sm;
m=1
o~ —imk~t 7Y 1 N imk
Dk = —Ze Dm, Dk = WZE Dm. (49)

The parafermionic operators in momentum space can be written in the following form

=¥ —1mk imk
C § j Cl b Car = § je Com_ 55
Ak = /— 2m—1 Ak = /— 2 B (50)

N

=t —imk 1 imk

Cpr = /— Z o C2ma CB k= N Z "™ Copy-
m=1

(51)
Then the equation (44) can be expressed in momentum space as
A--2y > [Clhp CodMICy s Cyil'
345 (52)

where M is 2 X 2 matrix,

M = (Bw?+ Oe ™o + (hw + 0,e%) 07

+ _ |01 -_|100
7T [0 0}’ 7 _[1 0]' (53)
Here we note that [C Ak o) 5 ] is analogous to the Majorana operators in momentum space in 1D Kitaev model. If
one define [¢%, 07, 0] asa SU(2) space, M can be regarded as a vector in XY-plane of SU(2) space with the basis o*

and ¢ (k € [—m, 7]), namely,

M=M-3, (54)

oc*=0"40,0"'=—ict +ic, 0" =00 —o o, (55)

M= 7191 + 0, cos[k + Z—W} —9 0, sm[k + 2_#}7 0],
2 3 3 (56)
= M
M (57)
Now the topological invariant for vector M can be defined®,
0 718M oMy
W=
f7r 4 aﬂ ok (58)

Indeed, the topological invariant W means the winding number of the vector M winding around the
original point in the first Brillouin zone. In ref. 26, the author emphasized that the energy spectrum of
parafermionic model can not be obtained simply by Fourier transformation due to the relatlon in equatlon
(40). Here we do not expect to obtain the energy spectrum, but in the momentum basis of o) axand CB o the
topological winding number of Z, parafermionic chain shows the analogous characteristic as the Z, Kitaev
chain. When |§,| > |9,, the winding number W= —1 corresponds to the topological non-trivial phase.
When |0,| > |0,|, the winding number W= 0 corresponds to the topological trivial phase. In this sense,
|6,] > |0,|is the phase transition point. By calculating the eigenvalues of M, we can find that the “bulk gap”
closes at|f,| > || where the “bulk gap” closes, the phase transition occurs. Thus we see from the above
definition that the critical point of the phase transition |§,| = || coincides with the Z, conformal field
theory(CFT)*-%*. Obviously, the above properties in our derived Z, parafermionic chain are very similar to
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1D Kitaev model. However, there are still some differences between Z, and Z; models. The critical point of
Z, Kitaev model can be described by Ising CFT. When Kitaev model is in topological phase, it appears
Majorana zero mode with quantum dimension ~/2. While the critical point of Z, parafermion model is also
described by Z; parafermion CFT, but the non-abelian primary fields are not Z; parafermion field. There
are totally six different quasiparticles in Z, parafermion model, three of which possess abelian fields, the
vacuum I, parafermion field 1) and ¢'. Besides, there exist three types of non-abelian fields, o, o', €, where
o is the spin field and ¢ = o) is the Fibonacci anyon with quantum gimension 145 For example, the Z,
Read-Rezayi quantum Hall phase supports Fibonacci anyons, which are applicabie to universal quantum
computation®-%.

Now let us discuss the generalization of the cyclic chain model from Z; to Z . To start with, let us introduce
the irreducible cyclic representation of SU(N) generators. Under the N-dimensional orthonormal basis
{IA) |X =1,2,... N}, akin to SU(3), the ket-bra representation of N> — 1 SU(N) generators are

N
Ti(m):Z|a)<a+m_ l(mod N)|7 (Ivm: 172""N)
= (59)

(m) (n) _ , (m=1)(j—1) (m+n71(mod N))
T; TJ' =w Ti+j+1(mod N (60)

with w root of unity wV=1and Tl(l) identity operator. Then the representation of Temperley-Lieb algebra T; on (i,
i+ 1)-th sites under the cyclic SU (N) operators is expressed as

k

1 N
T, = —=S|T" o 1M |
! q/ﬁk;j * 7 ]i,i+1 (61)

with x, y, m, n arbitrary certain integer given from 2 to N. Based on the algebraic relation in equation (60), it is
easy to check that T in equation (61) satisfies TLA with quantum dimensiond = -/N,

T =dT, d=-/N,
T.T, T, =T,
IT;=T7T, [|i—j>1 (62)
From the view point of rational Yang-Baxterization of Temperley-Lieb algebra, when d <2, i.e. N< 4, the
parameter in the solution of YBE is real and the corresponding R-matrix is unitary and can be viewed as unitary
evolution operator of a quantum system. That is, we can obtain Z, parafermion chain from YBE in an similar way
as Z,. While d > 2, the parameter in the solution of YBE is imaginary(see Supplementary), hence the R is not

unitary and cannot be viewed as an ideal evolution operator. One can still construct Z . , parafermion chain, but
the chain does not come from the rational Yang-Baxterization.

Fermionic representation of Z, parafermionic model. In this section we express the Z parafermionic
chain in terms of fermions. For the 3 x 3 matrices in equation (25), we choose three orthonormal basis,
Ir) = r|vac),|g) = g'|vac)and|b) = b'|vac). Here|vac) represents the vacuum state, 7, g" and b' are three types
of fermions and satisfy the fermionic commutation conditions

b =6, W=l =0 @xy=rgh), (63)
with the constraint of the occupation number of the fermions on each site
rr+glg+ b= 1. (64)

Then equation (64) means the only one occupied fermion on the site for either " or g' or b*. Considering equation
(25) the SU(3) ladder operators can be written as

ut =rlg st = wg'p, d = W',
u =g'r, s =Wy, d = wr'b. (65)
In the basis of |r),|g) and |b), we have the relation
wayTz\n) = 6x},wtz\n) - szTxy\n) = 5waTz|n). (w, x, 9,2z, n€{r, g b}) (66)
It can be proved that the operators in equation (65) satisfy the same relations as for those in equation (26) (see

Supplementary). In other words, the fermionic representation of the SU(3) operators also satisfy the matrix mul-
tiplication. Similarly, the nonlocal operators U, S" and D' can be expressed as
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n—1 n—1
= lH [+ wge + Wbl U =|T] In'r + g, + wbblg s
=1 i=1
n—1 n—1
Sy = [H [5'r + wg'g, + Wb b] g b, S, —[ [5'r; + w’g'g, + wbb]|wblg
i=1 i=1
*b/ b |wbr,, D, = H [ + o g + wb b |wr b, o)
i=1 i=1 67

Here we do not need to require whether the commutation relation between two operators on different sites is
fermionic or bosonic, since the non local operators U, S and D are always even power of the fermionic operators.

Making use of the fermionic representation of U', St and D' we find that T} given by equation (39) also satisfies
T-L algebraic relation. Then the Z, parafermionic chain is rewritten as

N 2h LY
H = w? Z Czl 1G5+ Gy 1C21) +0 (C21C21+1 + C21C21+1)]

__Z 33 g -1+ 92(_33‘1 +2)),

(68)

where aj — riT g+ giT b, + biw“ r—w (VIF & T giLbi o+ bieri 1) For the topological non-trivial case 91 =0,
(92 > 0, ;ij in equation (68) shows the rotation symmetry of r', ¢" and b for each sited SU(3) spin. For the topolog-
ical tr1v1a1 case §; > 0,8, = 0, equation (68) shows that the ground state corresponds to the full occupation of
fermion g on each site. Unhke the topological non-trivial case, there is no cyclic permutation symmetry of rf, g
and b on each SU(3) spin site. There are totally three types of parafermions on the i-th SU(3) spin site, F,, G, and
wF,G; (see equation (32)), but we only choose two of the three types of parafermions to represent Temperley-Lieb
algebra in equation (36). Hence there are three different ways to choose the representation of TLA as well as the
7, parafermionic model. Each way corresponds to one type of ground state occupation (r" or g' or b").

Algebra of triple degenerate model. In previous sections, we have discussed the Z, parafermionic model
and the physical consequences. There appears the triple degeneracy in ground state and the emergence of tripling
corresponds to the topological phase of the Hamiltonian. It can be regarded as the extension of the algebra of
Majorana doubling pointed out in ref. 7. In this section, we shall show the algebra of triple degeneracy at each
energy level due to the 3-cyclic and give its intuitive explanation.

Firstly let us construct 3-body Hamiltonian based on the 3-body S-matrix constrained by YBE. It is well
known that the physical meaning of R; () is 2-body S-matrix. YBE means that a 3-body S-matrix can be decom-
posed into three 2-body S-matrices in the following way

R123(91, b,, 05) = Rn (91)§23 (OZ)RIZ (65)

= Ry3(03) Ry (6,) Ry3(0,). (69)

Here we note that due to the constraint of equation (21), only two of the three parameters 6,, 8, and 0; are free.

Suppose 6, and 0, are time dependent, then the 3-body Hamiltonian can be obtained from equation (8) (see
Supplementary)

ﬁm = W’la (Cchz + CIC;) + 5(C1TC3 + CICJ) + ’Y(CzTcs + CzcsT)]
+ k(C/CCy + C,C,Cy), (70)
where a, 3, v and & are real parameters depending on 6, and 6,. By making inverse Jordan-Wigner transforma-

tion for SU(3) to transform C’s back into SU(3) spin sites, one can show that there are only two independent
symmetry operators (see Supplementary)

P = C,C/CC, (71)

I = wC/C,Cl. (72)
Then the complete set of the algebra for the Hamiltonian is

[H,3 Pl = 0,[H,53, T] = 0; (73)

IP=wPl,PP=1T"=1. (74)

Here P represents the w-parity operator. Now we turn to the analysis of the degeneracy of the Hamiltonian. From
equation (74), I transforms the common eigenstates|t)) of H,,; and P to the following form:
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— vy fet=welch, > i)
Commutation relation Z’Y‘fyj_ W + Ci C:r]3 wCj Clz’ G >1‘l)’
’Yi:l”yi:%‘ [Ci]:L[Cj] :Ci-
/- L . i 2 i RY
Braid operator B = [1;’(]}‘ + Yi'yiﬂ)’ i = [Y (1[;]‘9 C1i+1 + CCila)s
] =1, = 1.
& ’
PONE B/C/B, = C/,sB/C/\\B, = w’C,,\C
Cyclic operation R i GiBi = G By G B = wiCi Gy
Bi”,ngi)Bi’ =" Yin B! (WCiaCy) B = Gy
B; (*’Y,H Bi =,

Ply) = aly), (a=1,w, wz); (75)
P[|¢)] = w’TPY)) = aw’T|y); (76)
P[I’|¥)] = wI?Py)) = awl*[). (77)

Because I' commutes with the Hamiltonian H,,,, the above three states have the same energy with different
w-parity. As a consequence the Hamiltonian possesses triple degeneracy on all energy levels. In this sense, we
conclude that Z, parity leads to Majorana doubling, whereas the Z w-parity leads to the tripling.

Discussion
Before ending the paper, we would like to make some comments and discussions.

1. Inour SU(3) models, only the three operators U', S" and D' are basic operators that are extention of the spin-
less fermion a' and a in SU(2) Majorana models. U, S and D can be expressed by U, S" and D' (see equation
(31)).

2. Our results can be regarded as the direct generalization of Z, Majorana models. The comparison between Z,
Majorana fermion and Z, parafermion is shown in the Table 1. In Z, case, the eigenvalues of the symmetry
operators are &1 whereas the eigenvalues turn into 1, w and w? for Z, symmetry operators. We see from the
Table 1 that the exchange of Z, quasiparticles C; emerges an extra w or w? phase factor instead of —1.

3. The topological case of Z, parafermionic model has been obtained, which corresponds to the triple degener-
ate ground states and the non-trivial topological winding number. Although the Z, parafermionic model
consists of SU(3) spin, the matrix M of the Hamiltonian in momentum space still forms SU(2)(see equation
(53)). Hence we can follow the original Kitaev model to define the topological winding number for the Z,
parafermionic model. The Z, parafermionic model is formed by three types of fermions 7, g* and b'. For
topological trivial case, the ground state corresponds to the full occupation of g-fermion. For topological
non-trivial case, the ground state shows the cyclic rotational symmetry of r, g and b-fermions. This may be
helpful to realize the Z, parafermionic model experimentally.

4. To give an intuitive explanation about the triple degeneracy, we construct the 3-body Hamiltonian H,, based
on YBE. This model is the generalization of the 3-MF model pointed by Lee and Wilczek. Two independent
symmetry operators I' and P of the Hamiltonian have been found and we show that all the energy level of
H,,; possesses triple degeneracy. In the process of constructing triple degeneracy, the 3-cyclic property of the
Z, symmetry operators plays the crucial role.

5. Both of the two derived models are based on the 9 x 9 braid matrix B; as well as the solution R, (6) of YBE.
Regarding R; (6) as the time dependent unitary evolution of 2-body interaction, one can construct the local
2-body interacting Hamiltonian. The 2-body Hamiltonian is then extended to the desired Z, parafermionic
chain. To obtain the 3-body Hamiltonian, we suppose that 3-body S-matrix can be decomposed into three
2-body S-matrices via YBE that is acceptable in low-energy physics. The advantage is in that the 3-body Ham-
iltonian inherits the w-parity symmetry from 2-body Hamiltonian. In other words, the w-parity symmetry of
R(0) preserves the symmetry properties of Z, parafermionic model and 3-body Hamiltonian. This is the
important role of YBE plays in obtaining the desired models.

To summarize, we extend the Z, Kitaev model to Z, parafermionic model. Due to the 3-fold 3-cyclic, Z,
model possesses triple degeneracy. But both Z, and Z, models have the similar topological phase transition
scheme obtained from YBE. In this sense, YBE is a powerful tool for generating new models. How to make full use
of YBE to generate more meaningful models is still a challenge problem.
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