SCIENTIFIC REPLIRTS

spherotetrahedral particles: from
| ‘ideal tetrahedra to spheres

Accepted: 29 September 2015 . Weiwei Jin, Peng Lu & Shuixiang Li

Published: 22 October 2015
. Particle shape plays a crucial role in determining packing characteristics. Real particles in nature

. usually have rounded corners. In this work, we systematically investigate the rounded corner effect

. on the dense packings of spherotetrahedral particles. The evolution of dense packing structure as the

. particle shape continuously deforms from a regular tetrahedron to a sphere is investigated, starting

. both from the regular tetrahedron and the sphere packings. The dimer crystal and the quasicrystal

. approximant are used as initial configurations, as well as the two densest sphere packing structures.

" We characterize the evolution of spherotetrahedron packings from the ideal tetrahedron (s=o0) to the

sphere (s =1) via a single roundness parameter s. The evolution can be partitioned into seven regions

© according to the shape variation of the packing unit cell. Interestingly, a peak of the packing density

. @ is first observed at s~ 0.16 in the ®-s curves where the tetrahedra have small rounded corners.

. The maximum density of the deformed quasicrystal approximant family (® = 0.8763) is slightly larger

. than that of the deformed dimer crystal family (® = 0.8704), and both of them exceed the densest

. known packing of ideal tetrahedra (& ~ 0.8563).

- Particle packing problems have a long history which can be traced back to the dawn of civilization. Dense
. particle packings have received much attention as models for a variety of condensed matter systems,
* including glasses, crystals, heterogeneous materials, and granular media'~*. The question that “how one
: can arrange most densely in space an infinite number of equal solids of given form, e.g., spheres with
: given radii or regular tetrahedra with given edges” was presented in the Hilbert’s 18" problem®. Sphere
. and tetrahedron are two special and interesting cases of this significant problem. The densest packing
. of congruent spheres, known as the Kepler conjecture, is the face-centered cubic (FCC) packing or the
- hexagonal close packing (HCP) arrangement® with the same packing density of about 0.7405, whereas
. the densest packing of tetrahedra is still sealed. The densest known packing of tetrahedra is the dimer
© crystal® (DC) configuration, which is composed of four tetrahedra forming two dimers per unit cell, with
. a density of about 0.8563. A quasicrystal approximant” (QA), whose density is only slightly less than that
. of the densest dimer crystal, is composed of 82 tetrahedra per unit. The two configurations may be the
. two possible candidates for the densest packing of tetrahedra, i.e., the solutions for the tetrahedron case
. of the Hilbert’s 18™ problem.

: The packing of spheres has been extensively studied for its simplicity, while investigations of
. non-spherical particles are much less®. Packing behavior is close related to the shapes of the particles,
 which are often non-spherical in nature. Recently, predictive frameworks of non-spherical particles
. have been made in the geometrical model of the mean field theory by Baule et al.*°, which showed a
: good agreement with the random close packing densities of axisymmetric particles in simulations, and
. of directional entropic forces by van Anders et al.'® through local dense packing. As a typical type of
. non-spherical particles, tetrahedra have attracted particular attention for their simplicity and the lack of
. inversion symmetry'!. Many researchers have studied the ordered, disordered and the special maximally
. random jammed state of tetrahedra®?". Furthermore, deformations of tetrahedra have been investigated
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Figure 1. (a) The definition of a spherotetrahedron in two-dimensional schematic diagram. (b) Numerical
models of four spherotetrahedra with the roundness ratio s of (1) 0.16, (2) 0.5, (3) 0.84 and (4) 0.98.

(c) The definition of the local parameter . in two-dimensional schematic diagram. If two particles i and
j have overlaps when they regrow shape corners, particle j is translated along O;0; until no overlap exists
between them regardless of other overlapping pairs of particles. The translation vector is ;0.

to see the shape effect on packing structures and properties. Jiao et al.?® analytically constructed the
densest known packing of Archimedean truncated tetrahedra with a packing density of 0.9952. Chen
et al.? further explored the phase behavior of systems of truncated tetrahedra, and obtained the freezing-
and melting-point packing densities for the liquid-solid transition, and achieved the range of coexistence
densities for the solid-solid transition. The thermodynamic properties of a truncated tetrahedron family
varying from tetrahedra to octahedra were studied by Damasceno et al.*°, and they observed several
atomic crystal isostructures and found a new space-filling polyhedron. Recently, tetrahedra continu-
ously deformed via vertex and/or edge truncations were explored by Chen ef al.*', which showed that
small imperfections in the particle shape may lead to completely different packing structures. All these
aforementioned deformations of tetrahedra were obtained by truncating particles with planes. They are
convex shape families transforming among tetrahedron, octahedron and cube. Kallus and Elser®? stud-
ied the dense crystal structures of physical tetrahedra and found four structures as candidates for the
optimal packing at different asphericities. Zhao et al.? investigated the rounded corner effect on the
random packing of spherotetrahedra, and the random packing density showed a continuous decrease
trend with the increase of roundness. Although the physical tetrahedra and spherotetrahedra are two
different deforming patterns of tetrahedra, they both reveal the continuous deformation from sphere to
ideal tetrahedron, which is important for studying the evolution of packing properties from sphere to
non-spherical particles.

Notably, real tetrahedral particles from the nanoparticles synthesized at micro-scale to the
macroparticles (dice) used in experiments'®2% all have rounded edges and vertices. Yet, the effect of
rounded corners on the packing structure and on the maximum packing density of particle systems is
still vague. Hence, we investigate the rounded corner effect on the dense packings of spherotetrahedral
particles in this work. The dense packing of spherotetrahedral family is also helpful for the detection
of the densest packing of ideal tetrahedra. Two dense tetrahedron packings, i.e., the dimer crystal and
the quasicrystal approximant, as well as the two dense sphere packings, i.e., the face-centered cubic and
the hexagonal close packings, are used as the original structures for evolving from the ideal tetrahedron
to the sphere. A single roundness parameter s is then introduced to measure the roundness degree of
a particle. We analyse the shape variation of the packing unit cell, which partitions the packing evolu-
tion into seven regions, by calculating the lengths of the three lattice vectors of the unit packing cell
and the angles between them. The existence of rounded corners causes rearrangements of particles,
which leads to the variety of packing densities. However, packing density is a macroscopic factor, while
local particle arrangement is a microscopic property. Hence, we introduce a new local parameter 6. to
characterize approximately the effects of local particle structures and rounded corners. The parameter
weights the center separating distance among particles for removing overlaps caused by virtual regrown
sharp corners. It shows good linear correlations with the number density in all the seven partitioned
regions. Furthermore, an increase of the packing density is observed in the ®-s curves when the corners
of tetrahedra begin to round. The maximum density of the deformed quasicrystal approximant family
(®~0.8763) is slightly larger than that of the deformed dimer crystal family (®~ 0.8704), and both of
them exceed the densest known packing of ideal tetrahedra (® =2 0.8563).

33-35

Methods

Model and algorithms. Considering the existence of rounded corners of real tetrahedral particles,
we use the spherotetrahedron model®® in this work to imitate the rounded corner of real particles. A
spherotetrahedron can be mathematically treated as a set of points with the distance to an inner tet-
rahedron smaller than a given value R, as illustrated in Fig. 1(a). We define the roundness ratio of a
spherotetrahedron as
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Figure 2. (a) The packing density ® for the dense packing of spherotetrahedra as a function of s. (b) The
length [|aj|| (i=1, 2, 3) of the three lattice vectors a;. (c) The cosine of the angles 6;; (i <j=1, 2, 3) between
the three a;. Grey vertical dash lines partition the s domain into seven regions.

2-/6R  2-/6R
L, 2-/6R+ L’ (1)

where L is the edge length of the inner tetrahedron, and L, is the edge length of a tetrahedron having
the same sized inscribed sphere with the spherotetrahedron. The family of spherotetrahedra is then par-
ametrized by the ratio s and ranges from the ideal tetrahedron (s=0) to the sphere (s=1). Hence, the
spherotetrahedron model can be applied to study the rounded corner effect and explore the evolution
from the tetrahedron packing to the sphere packing. Figure 1(b) shows four samples of spherotetrahedra
with different s values.

In this work, the adaptive shrinking cell (ASC) algorithm!#!>**?? and the relaxation algorithm
are used to generate the packings of spherotetrahedra with different roundness ratios. The dimer crystal
(DC) and the quasicrystal approximant (QA) are applied as the initial configurations to evolve from the
ideal tetrahedron packing to the sphere packing by increasing the roundness ratio s gradually, while the
FCC and the HCP structures are used as the initial structures for the inverse evolution from the sphere
packing to the ideal tetrahedron packing.

25-27

Local parameter §.. In this work, we attempt to analyse the packing property from a local perspective
to see the connection between the local structure of a particle system and the packing boundary of a unit
cell. We define a parameter . to weight the local particle center separating distance caused by virtual
regrown sharp corners, as demonstrated in Fig. 1(c). This local parameter §. is given by
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Figure 3. Illustration of three dense evolution families with periodic boundaries. (a) Deformed DC at
s=0.26 with four particles participating in two inverted pairs per unit cell. (b) Deformed FCC at s=0.78
with one particle located on a vertex of the unit cell and the other three sited on the centers of three cell
surfaces approximately. (c) Deformed HCP at s=0.88 with two particles per unit cell forming analogue of
hexagonal system.

where e, (k=1, 2, 3) is the base vector of the Eulerian coordinates and n; is the number of overlapped
particles with particle i when all particles regrow shape corners. The vector Q;0/ is the separating vector
obtained by translating particle j along the direction O;0; until no overlap exists, where O; and O; are the
centers of the two overlapped particles i and j, respectively. The local parameter &, is determined by the
local topological structures (contact types) of particles and the roundness ratio s. Consequently, we use
the parameter 9, to characterize the effects of local particle arrangements and rounded corners.

Results
Packing density ® VS roundness ratios.  Figure 2(a) gives the relationship between the density ® of
the dense spherotetrahedron packings, which are evolved from the initial DC, FCC and HCP structures,
and the roundness ratio s. The results are the densest structures obtained from our simulations at each
roundness ratio and may not be the theoretical upper bounds. Optimizing these structures might lead to
denser packings. The packing evolution can be then mainly classified into three families according to the
topological structure of particles, i.e., the deformed dimer crystal (def DC), deformed FCC (def FCC),
and deformed HCP (def HCP) families, as illustrated in Fig. 3. The evolution from the QA structure is
discussed afterwards considering its great difference in particle amount and boundary shape with the
other three structures. It can be seen that the packing density curve is discontinuous with several breaks.
Following Ref. 36, we use the lengths ||a;|| of and the angles 0;; (i <j= 1, 2, 3) between the three lattice
vectors a; of the unit packing cell to analyse the results, as shown in Fig. 2(b,c). The curve of the packing
evolution can be subdivided into seven regions based on the discontinuities of ||a;|| and cosf;. It indi-
cates that the breaks of the cell shape variation lead to the discontinuities of the packing density curve.
Figure 3 shows three typical families during the increase of the roundness ratio. When the roundness
ratio is small, as shown in Fig. 3(a), particles in the def DC family are composed of two inverted pairs.
The two particles in each pair are face to face contacted with a twist angle. This angle increases when
the roundness ratio becomes larger. The structure jumps from the def DC to the def FCC structure at
s=0.75 and finally to the def HCP at s=0.81. Particles in the def FCC family pack with one located on
a vertex of the unit cell and the other three sited around the centers of three cell surfaces, respectively, as
shown in Fig. 3(b). The cell boundary of the def FCC family is slightly sheared compared to that of the
FCC lattice. Figure 3(c) shows a def HCP example, which contains two particles per unit cell forming
analogue of hexagonal system. The entire evolution reveals the diversity of packing behaviors from the
tetrahedron packing to the sphere packing.

Local analysis. The packing density is a macroscopic and primary property of a packing structure. It
is the most easily measured value of a packing system. The packing density ® of a hard particle system
can be formulized as

¢ =V -
" Vear (3)
where N is the particle amount, V,, denotes the particle volume, which can be written as a function of L
and R analytically, and Vi, is the packing cell volume. The packing density is then separated into two
factors, the particle volume V, and the number density N/V,;.
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Figure 4. (a) The relationship between the local parameter . and N/V,; for the def DC, def FCC, and def
HCP families. The seven regions partitioned by the grey vertical dash lines are consistent with that in Fig. 2.
(b) The packing density ® for the dense packing of spherotetrahedra of the def DC and the def QA families
as a function of s.

The relationship between the local parameter &, which is defined in the Methods section, and the
global parameter N/V,; is shown in Fig. 4(a). Note that a linear correlation between the two parameters
is observed in each of the seven subdivided regions. The discontinuity of the §. curve is consistent with
that of the [[a;|| and cosf; of the packing cell. It demonstrates that the macroscopic packing cell and the
microscopic packing structures are close connected with a linear relationship. Nevertheless, it is inappro-
priate to say that the local packing topologies determine the global packing cell or the global boundary
condition governs the local structures. The effect between the boundary and the local structures should
be bidirectional, especially in small particle systems.

Effect of small rounded corners. The roundness ratios of real tetrahedral particles are often small.
The effect of small rounded corners is especially concerned. Figure 4(b) gives the packing density of the
def DC and the def QA (deformed quasicrystal approximant) families as a function of the roundness
ratio s. Interestingly, an unusual increase of the packing density is first observed when the packed tet-
rahedra begin to round for both the def DC and def QA evolution families, as shown in Fig. 4(b). This
unexpected phenomenon is unlike the dense packing of spherocubes (parallel cubes) in Ref. 37, in which
the packing density shows a continuous decrease trend with the increase of the roundness parameter, and
differs from the dense packing of physical tetrahedra in Ref. 32, in which the density decreases first when
the tetrahedra begin to deform and the density does not exceed the densest ideal tetrahedron packing
during the evolution from a tetrahedron to a sphere. Remarkably, the DC packing of ideal tetrahedra
with a density of about 0.8563 is slightly denser than the QA packing with a density of about 0.8503,
whereas the maximum density of the def QA family (® ~ 0.8763) is larger than that of the def DC family
(9= 0.8704). The maximum value appears when the roundness ratio s is around 0.16 for both families,
i.e., the spherotetrahedra with s ~ 0.16 best fill space. This result is intriguing since the densest known
packing of ideal tetrahedra is the DC structure. Despite the competition for the denser configuration
from s=0 to s=0.32, the maximum densities of the two families are significantly larger than the densest
known packing density of ideal tetrahedra.

The local parameter O, still shows a linear relationship with the number density N/V, for the def
QA family, as plotted in Fig. 5(a). When 5 < 0.25, i.e., N/V,; < 0.92, the local parameter &, in Fig. 5(b)
is nearly the same at a certain s for both the def DC and the def QA families, while the slope between
the 8. and the N/V,; of the def QA family is slightly smaller than that of the def DC family, as shown
in Fig. 5(a). This is consistent with the appearance of the first peaks of ®-s curves in Fig. 4(b) and the
denser structure of the def QA.

Discussion

In this work, the one-parameter shape of spherotetrahedra is studied to explore packing properties as
a function of the roundness ratio s. The results present several structures during the evolution from
ideal tetrahedra to spheres (Figs 2(a) and 4(b)). These structures can be further classified by studying
the geometric variation of the packing unit cell (Fig. 2(b,c)). The observation that the packing density is
discontinuous with the increase of roundness demonstrates that small deformation in the particle shape
may lead to completely different dense packing structures, especially in the evolution from the def DC
to the def FCC at s=0.75, and in the evolution from the def FCC to the def HCP at s=0.81 in Fig. 2. It
can be seen that the face to face contact coming from the four plane surfaces of a particle, plays a domi-
native role when s is smaller than 0.75 according the illustration in Fig. 3, while the rounded corner has
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Figure 5. (a) The relationship between the local parameter §. and the global parameter N/V,; for the def
DC and def QA families at small roundness ratios. (b) The relationship between 9. and the roundness ratio s
for the def DC and def QA families.

a more important impact in determining packing structures when s is larger than 0.75 and leads packing
configurations to analogous structures of the FCC and the HCP arrangements.

The cylindrical and triangular surfaces account for a small percentage of the total surface of a sphero-
tetrahedron when the roundness ratio is close to 1 (e.g., the spherotetrahedron model in Fig. 1(b) with
5s=0.98). The particles are extremely similar to spheres and pack analogously to the HCP arrangement
for the dominative effect of rounded vertexes. Yet, the existence of the cylindrical and triangular surfaces
is not negligible, which makes highly rounded spherotetrahedra pack denser than the densest sphere
packings (the right side of Fig. 2). The result is consistent with the Ulam’s packing conjecture®® that the
optimal packing density for congruent sphere packings is smaller than that for any other convex body.

The results of this work demonstrate that spherotetrahedra with small rounded corners can pack more
effectively than ideal tetrahedra. It is natural to raise the question which regular spherotetrahedra best
fill space. The results in our simulation suggest that the spherotetrahedra with s~ 0.16 pack densest in
space and the densest configuration is the def QA containing 82 particles. It is not known whether the
def QA or the def DC can be densified by a compression process, or there are other structures of sphero-
tetrahedra denser than the densest def QA. Additionally, it is worthwhile to explore the mechanism why
the maximum densities of the def DC and def QA families, which are obtained from different packing
protocols, both appear at s~ 0.16 (Fig. 4(b)). For real particle packings, sharp vertexes and edges are the
most fragile parts of packed tetrahedral particles. According to the results of this work, spherotetrahedral
particles with small rounded corners can pack even denser than ideal tetrahedra, but are not relatively
easy to damage in the packing process. It provides additional substitutes for building block design. More
generally, the rounded corner effect on other polyhedra deserves to be studied systemically, especially
for the small rounded corner case, to find out whether the increase of packing density is a particular
characteristic of tetrahedra or a more common phenomenon occurring at some other polyhedra.

In summary, we use the ASC'*!>24? and relaxation®%" algorithms to simulate the evolution of the
dense packings of spherotetrahedral particles. The results reveal diverse packing behaviors from the ideal
tetrahedron packing to the sphere packing. The packing evolution with particle amount no larger than
four can be classified into three families, i.e., def DC, def FCC, and def HCP, or further partitioned into
seven regions according to the discontinuities of the packing unit cell. A good linear correlation between
the local parameter §. and the global parameter (number density) N/V,, is observed in all the seven
partitioned regions, which shows an interaction between the local packing structures of particles and the
packing boundary. Furthermore, particles with small rounded corners can pack better than ideal tetra-
hedra, which have a best known density of about 0.8563. The maximum density of the deformed quasic-
rystal approximant family (® =2 0.8763) at s/ 0.16 is the densest configuration we obtained, which may
suggest that the maximum density of the def QA for spherotetrahedra could exceed that of the def DC.
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