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In Physics, causality is a fundamental postulation arising from the second law of thermodynamics. It states
that, the cause of an event precedes its effect. In the context of Electromagnetics, the relativistic causality
limits the upper bound of the velocity of information, which is carried by electromagnetic wave packets, to
the speed of light in free space (c). In anomalously dispersive media (ADM), it has been shown that, wave
packets appear to propagate with a superluminal or even negative group velocity. However, Sommerfeld and
Brillouin pointed out that the ‘‘front’’ of such wave packets, known as the initial point of the Sommerfeld
precursor, always travels at c. In this work, we investigate the negative-group-velocity transmission of
half-sine wave packets. We experimentally observe the wave front and the distortion of modulated wave
packets propagating with a negative group velocity in a passive artificial ADM in microwave regime.
Different from previous literature on the propagation of superluminal Gaussian packets, strongly distorted
sinusoidal packets with non-superluminal wave fronts were observed. This result agrees with Brillouin’s
assertion, i.e., the severe distortion of seemingly superluminal wave packets makes the definition of group
velocity physically meaningless in the anomalously dispersive region.

A
ccording to electromagnetic theory, material dispersion regulates the propagation of electromagnetic
waves in a medium1–3. With material dispersion, the wave velocity is no longer uniquely defined. This
gives rise to the distinction between the phase, group and front velocities of electromagnetic waves4. The

scientific community has recognized that the front velocity, rather than the group velocity, is the velocity that
characterizes the transmission speed of information4–8. However, confusions still exist: while the direct obser-
vation of the Sommerfeld precursor is very difficult due to its ultra-low signal-to-noise ratio (SNR)9, a number of
experiments based on ‘‘fast-light’’ laser media have demonstrated seemingly non-distorted superluminal
Gaussian pulses10–15. It seems conflicting to have a non-superluminal wave front with a following non-distorted
superluminal wave packet. In this paper, we use half-sine packets to observe the front edge of the waveform, which
appears right after the Sommerfeld precursor. In this way, both the non-superluminal wave front and the
superluminal, but strongly distorted wave packet can be directly measured.

Results
Transient analysis. A passive medium can be considered as a linear, time-invariant ‘‘system’’. For a normalized
plane wave transmitting in the z direction, the transfer function takes the form of H(v) 5 eik(v)z, where the
complex wave number k(v)~a(v)zib(v)~v
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where vp, vg, vf are the phase, group and front velocities, respectively16. For modulated wave packets, Tp, Tg and Tf

represent the phase delays of the carrier, the envelope and the front end of the wave packets, respectively. Under
such definitions, when v approaches infinity, e(v) and m(v) become e0 and m0

2, and the front velocity vf

converges to speed of light in vacuum, c. It is well known that a single frequency waveform does not carry
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useful information. Sommerfeld asserted that, vf , the velocity of the
front end of the transient perturbation before the rising edge, can
be used to describe the traveling speed of information. On the
other hand, since vf always equals c, if the remaining part of the
wave packet propagates with a superluminal or negative group delay,
the continuous phase advancing of the wave packet would inevitably
result in an envelope distortion.

Fig. 1a shows the classical Lorentz dispersion model of permittiv-
ity with a resonance frequency v0. Within the frequency region
marked in gray, this medium can be considered as an ADM. The
propagation of Gaussian and half-sine packets within this anomalous
region are shown in Fig. 1b and 1c, where point A is the location of
the source and point B is the receiving point. For comparison, the
same wave packets propagating in the air are also presented. We can
see in Fig. 1b that, in the ADM, the Gaussian packet exits at the
receiving point B without observable distortion before it comes out
from the source point, while in the air, the opposite case is observed.

Due to the fact that the initial point of the rising edge of a Gaussian
pulse extends to infinity with an extremely low SNR, the wave packet
distortion is immersed by the noise at the place distant from the
observable rising edge. However, for the half-sine packet employed
in our setup, there are abrupt disturbances at both the initial and
ending points (i.e. the two zero-crossing points), which immediately
connect with the rising and falling edges. As a result, the non-
superluminal front delay and the superluminal or negative group
delay can be simultaneously measured. Induced by the superluminal
group delay, the continuous phase advancing results in a ‘‘re-
shaping’’ of the envelope, so much that the half-sine envelope does
not end at a zero-crossing (Fig. 1c). If such a distorted pulse is
measured with a time-domain instrument (such as an oscilloscope),
an additional ‘‘tail’’ as demonstrated in Fig. 1c can be observed due to
the transient discharge response.

It is worth noting that the two abrupt disturbances (starting and
ending points of the half-sine packet) both propagate at c, and there-
fore the length of the half-sine packet (T) is equal to that in the air. In
such a case, we can see the strong distortion at the rising and falling
edges due to the forward reshaping effect, which preserves the relat-
ivistic causality.

Full wave simulation. In our previous work17, we have verified that,
at the vicinity of the plasma frequency, an effective uniaxial medium
consisting of periodically arranged split-ring resonators exhibits an
anomalous dispersion for oblique incidence due to a special k-surface
distortion. In this frequency region, a maximum negative group
velocity of 20.3c was experimentally measured with a continuously
modulated sinusoidal packet. In this work, instead, we observe the
discrete sinusoidal signals consisting of half-sine packets propagating
in the same effective medium.

The inset of Fig. 2a shows the simulation model we used in ref-
erence 17, where the permeability of the uniaxial medium along the z
axis follows a Drude model. As discussed, such an uniaxial medium
can be considered with a scalar permittivity er 5 1 and a permeability
tensor mr 5 diag(1, 1, mrz), where mrz 5 1 2 vp

2/[v(v 1 ice)], vp 5

10 GHz and ce 5 0.02vp. With an oblique incidence polarized along
the y direction, the k-surface of the medium is

k2
x=mrzzk2

z~erk2
0~er(v=c)2 ð2Þ

where k0 is the wave number in air, kx and kz are the wave numbers in
the x and z directions, respectively. Due to the k-surface distortion
occurring at the plasma frequency as an effect of inevitable loss and
the oblique incidence, an anomalous dispersion of kz ranging from
0.993vp to 1.022vp appears at the vicinity of the plasma frequency17,
as shown in Fig. 2a.

Using a commercial Maxwell equations solver, CST microwave
studio (https://www.cst.com/Products/CSTMWS), we simulated the
propagation of half-sine packets in the ADM. Fig. 2b shows the
propagation of modulated wave packets representing binary series
of ‘‘1’’s and ‘‘0’’s in the air and a 20-cm-thick sample. The incident
angle was chosen to be 10 degree. Two probes were placed along the z
direction, at point A (z 5 20 mm) and point B (z 5 140 mm), to
detect the wave packets in real time.

First, a 10-GHz carrier modulated with a 12.5-ns half-sine envel-
ope (representing information symbol ‘‘1’’) following a 7.5-ns zero-
volt duration (representing information symbol ‘‘0’’) is chosen to
serve as the incident packets. The wave packets detected at points
A and B, as well as the incident packets, are shown in the left panel of
Fig. 2b. For comparison, we also performed a reference simulation
with the same configurations except a carrier frequency of 12 GHz
(out of the anomalous dispersion region), and the results are shown
in the right panel of Fig. 2b. In both panels of Fig. 2b, the incident
packets are used as reference, whose amplitudes have an arbitrary
unit. However, for the wave packets detected inside the medium,
their amplitudes are normalized to the amplitudes detected at point
A. We can see that, for the case of anomalous dispersion, the wave
packet propagates with large attenuation and severe distortion. In
contrast, for the normal dispersion case, the wave packets propagate
inside the uniaxial medium without notable distortion. This result
complies with the prior knowledge of the dispersion characteristic of
the uniaxial medium.

The envelopes of above wave packets shown in Fig. 2b are further
extracted and plotted in the panel (I) (anomalous dispersion case)
and panel (II) (normal dispersion case) of Fig. 2c, correspondingly. It
is worth to discuss the differences between these two cases. First, the
front-end point (where information symbol changes from ‘‘0’’ to ‘‘1’’)
of each envelope travels from point A to point B with the same front
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delay Tf 5 0.395 ns. Based on the incident angle (10 degrees) and the
front delay, vf can be calculated to be 2.99 3 108 m/s, which is very
close to c. We see that vf is positive and non-superluminal, in accord
with the definition of Eq. (1). We note that, when information symbol
changes from ‘‘1’’ to ‘‘0’’, the discontinuous responses have the same
delay, i.e. 0.395 ns. This implies that the consecutively transmitted
wave packets, either ‘‘1’’s or ‘‘0’’s, have the same front velocity.
Second, the group delay Tg in the panel (I) of Fig. 2c is negative
0.67 ns, while in the panel (II), it is positive 0.42 ns. Compared with
the incident envelope, the peak of the transmitting envelope arrives at
point B prior to A, indicating an apparent negative group velocity.

Lastly, due to the negative group delay, the continuous phase advan-
cing of the packet reshapes the envelope. It is seen that both at point A
and B, the half-sine envelopes do not end at a zero-crossing. Instead,
the envelope ends beyond the zero-crossing to conserve the pulse
length, and the ‘‘tail’’ also appears as expected, in Fig. 2c. These full-
wave simulations are in a good agreement with previous analysis.

As indicated in Fig. 2b and 2c, the sustained phase advancing
causes the original half-sine envelope to be strongly distorted, pro-
ducing a fish-like envelope with an extra ‘‘tail’’. This strongly dis-
torted envelope implies that the negative group velocity is an
envelope reshaping due to a strong anomalous dispersion. To this
end, the definition of negative group velocity in an anomalously
dispersive region is no longer meaningful from the wave velocity
point of view, as it actually describes the degree of envelope reshaping
rather than the transmission velocity of information.

Experimental validation. Experimental measurements have been
performed to validate aforementioned analyses and simulations. In
the measurement, different from previous analysis and simulation, a
three-cycle sinusoidal signal consisting of six half-sine packets with
length T 5 300 ns is repeatedly generated in a cycle of 0.1
microseconds using a direct digital synthesis (DDS) source18, to
serve as the modulation envelope. By using 6 continuous half-sine
waveforms, we can easily compare the lengths of the first and last
half-sine envelopes with those of the middle ones, and as such, we can
accurately determine the starting and ending locations of the
strongly distorted envelopes.

The experimental setup is shown in Fig. 3. The slab-like sample
consists of ten layers of printed circuit boards carrying periodically
arranged sub-wavelength split-ring resonators19. The dispersion of
the effective z-component permeability closely follows a typical
Lorentzian dispersion model with a typical plasma dispersion region
between 9.35 GHz and 9.65 GHz, with vp < 9.45 GHz and ce <
0.05vp

17. A 9.5-GHz carrier is provided by a microwave source
(Agilent’s E8257D), which is modulated by the envelope signal
with a modulation module (Seekon microwave’s XKMIX20180).
The envelope signal is triggered by rectangular pulses generated by
an arbitrary waveform generator (Agilent’s 33210A), which is simul-
taneously used as the trigger signal for the oscilloscope, to syn-
chronize the demodulated envelope detected by the receiver. The
modulated carrier is amplified by a microwave amplifier (Agilent’s
XKLA8018N3520-6l), and then sent to a transmitting horn antenna
(HD microwave’s HD-100HA20) located 1.5 meters away from the
sample.

By rotating the horn antenna, the modulated carrier leaving the
antenna is adjusted to be electrically polarized along the y direction,
and impinges on the surface of the sample with an incident angle of
15 degrees. Inside the sample, we place the probe (a monopole
antenna) at points A and B, separately, to measure the intensity of
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the wave packets. The detected signal is amplified by a low noise
amplifier (Seekon Microwave’s XKLA8018N3520-6l), then demodu-
lated by a crystal detector (Yamei Microwave’s BO-20A) to recover
the envelope and finally amplified by a low frequency amplifier
(Sonoma Instrument’s 310). Synchronized by the trigger signal, the
demodulated envelope is displayed and sampled using a high sam-
pling rate digital oscilloscope (Tektronix’s MSO 4104B). Since both
the DDS source and the oscilloscope have been synchronized by the
high-quality trigger pulses provided by the Agilent’s 33210A, the
envelope captured by the MSO 4104B is able to provide definite time
delay with respect to the trigger signal.

Finally, the measured waveform is downloaded from the MSO
4104B, based on which the demodulated envelope can be numer-
ically processed, and the front and group delays can be calculated. In
order to remove random noises, a digital 3rd-order Butterworth low-
pass filter is used to filter the measured raw data, and standard
deviation is calculated to estimate the error of the measuring points.

The demodulated envelops, with a carrier frequency of 9.5 GHz,
were directly obtained, as shown in Fig. 4a. It is shown that the
amplitude of the envelope decays as the wave propagates in the sample
from point A to point B (the interval between them is 9.6 cm) with a
strong attenuation, which makes sense according to the condition of
anomalous dispersion. It is seen that except for the first zero-crossing,
the subsequent zero-crossings (as well as the peaks) of the envelope are
firstly seen at the further point B, and they propagate backwards to
point A (2.9 6 0.2 ns later) as shown in the panel (II) of Fig. 4b,
corresponding to an average negative group velocity around 20.11c.

In the panel (I) of Fig. 4b, we show the first rising edge detected at
points A and B with normalized amplitudes. It is seen that the ‘‘front’’
of the packet, located before 60 ns, is firstly seen at point A, prop-
agating forward to point B, which agrees with the simulated results
shown in the Fig. 2b–c. The measured front delay is about 0.36 6

0.2 ns, corresponding to an average front velocity vf < 0.86c. This is
in accordance with the theoretical expectation. In the meantime, we
observe in Fig. 4a that at both points A and B, the last half-sine packet
does not end at the zero-cross indicated by the ideal non-distorted
envelop (the dash green line), and the ‘‘tails’’ are clearly captured by
the oscilloscope. It is also observable that at the further point B, the
‘‘tail’’ gets visibly larger, further validating the simulated analysis.

Finally, it is worth noting that in the six consecutive half-sine
packages, the observable strong distortion occurs at the first and

the last half-sine packages. Distant from the starting and ending
points where symbols change between ‘‘1’’s and ‘‘0’’s, the other four
half-sine waveforms in the middle are not notably distorted. This is
what happened to the superluminal optical Gaussian packets
reported in previous literature.

Discussion
In conclusion, we have demonstrated an unusual travelling of
electromagnetic wave packets with a negative group velocity and
a non-superluminal positive front velocity, in both simulation
and experiment. Different from previous literature on superluminal
optical Gaussian packets without notable distortion, the strongly
distorted discrete half-sine packets with a non-superluminal wave
front was observed in our experimental setting. The reported result
validates Brillouin’s assertion that in the wave velocity point of view,
the distortion of seemingly superluminal wave packets makes the
definition of group velocity a physically meaningless concept in the
anomalously dispersive region, where the negative group velocity can
also be understood as the description of how fast the envelope is
reshaped. Such a causal pulse propagation and distortion prevent a
violation of the relativistic causality, and can be used to interpret the
causality issues of superluminal transmission of electromagnetic
waves in all kinds of ADM and gain media.

We also note that, a recent work used a ‘‘compact-support pulse’’
in a negative-group-delay circuit to observe the phenomena like
steepening and shock-like waves20. Our results, on the other hand,
used a three-dimensional space experiment to verify that, the non-
analytical point (in our paper the point with ‘‘abrupt disturbance’’) in
the pulse’s leading edge propagates at the velocity of light in vacuum.
Our results also explicitly answered the uncertainty raised in Ref. 20,
i.e., whether the non-analytical point of trailing-edge can be assoc-
iated to information as the same way as the leading-edge.

Based on our analysis, simulation and experimental results, our
conclusion is that the non-analytical point of trailing-edge also tra-
vels at speed c, the same as the non-analytical point of leading edge.
The fact supporting our conclusion is that the change of information
symbols from ‘1’ to ‘0’ and from ‘0’ to ‘1’ plays the same role in the
wave package transmission, because both of them carry information.

In our simulation and measurement, the length of the distorted
pulse between two successive non-analytical points is equal to that of
the incident pulse. We have observed that, the forward ‘‘re-shaping’’
effect by the continuous phase advancing results in a severe wave
packet distortion, and the pulse does not end at a zero-crossing point.
As such, the induced ‘‘tail’’ due to the transient discharge response is
not a part of the severely distorted wave packet. Instead, the ‘‘tail’’
begins at the ending point of the packet. This observation is consist-
ent with Sommerfeld’s theory.

Methods
Fabrication of the experimental sample. The slab-like experimental sample consists
of multilayer printed circuit boards (PCBs) carrying sub-wavelength split-ring
resonators (SRRs). In the fabrication process, the metallic (copper) SRRs were printed
on 0.5-mm-thick FR4 substrates, with a relative permittivity around 4.6 at microwave
frequencies. Each board contains 82 unit cells along the x direction with a periodicity
of 6 mm and 15 unit cells in the y direction with a periodicity of 10 mm. Eleven layers
of such PCBs were aligned along the z direction spaced by 16 mm to form a slab-
shaped sample with a width of 500 mm along the x direction, 150 mm in the y
direction and a thickness of 160 mm in the z direction.

For an oblique incident wave with the electric field polarized in the y direction
impinging upon such a medium, magnetic resonances can be induced at the metallic
rings, yielding a strong dispersion of permeability with a negative band of mrz

17,19.
Meanwhile, there is no magnetic response in x and y directions, and thus mrx and mry

can be treated as unity. In our previous work17, we have validated that the dispersion
of mrz follows a classical Drude-Lorentz dispersion model with a plasma frequency of
around 9.45 GHz and there exists an anomalous dispersion region between 9.45 GHz
and 9.55 GHz with a 15-degree incident angle.
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