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Quantum percolation describes the problem of a quantum particle moving through a disordered system.
While certain similarities to classical percolation exist, the quantum case has additional complexity due to
the possibility of Anderson localisation. Here, we consider a directed discrete-time quantum walk as a model
to study quantum percolation of a two-state particle on a two-dimensional lattice. Using numerical analysis
we determine the fraction of connected edges required (transition point) in the lattice for the two-state
particle to percolate with finite (non-zero) probability for three fundamental lattice geometries, finite
square lattice, honeycomb lattice, and nanotube structure and show that it tends towards unity for
increasing lattice sizes. To support the numerical results we also use a continuum approximation to
analytically derive the expression for the percolation probability for the case of the square lattice and show
that it agrees with the numerically obtained results for the discrete case. Beyond the fundamental interest to
understand the dynamics of a two-state particle on a lattice (network) with disconnected vertices, our study
has the potential to shed light on the transport dynamics in various quantum condensed matter systems and
the construction of quantum information processing and communication protocols.

P
ercolation theory, which describes the dynamics of particles in random media1,2, is an established area of
research with numerous applications in diverse fields3,4. The main figure of merit which quantifies the
transport efficiency of a particle in percolation theory is the so-called percolation threshold5. To illustrate its

meaning in the classical setting, one can consider transport on a square lattice with neighbouring vertices
connected with probability p. For p 5 0, all vertices are disconnected from each other and no path for the particle
to move across the lattice exists. With increasing p more and more vertices will be connected and once p 5 pc 5

0.5 a connection across the full lattice is established.
The corresponding problem of percolation of a quantum particle differs from the classical setting in that

quantum interference plays a significant role6–8. One consequence of that is that in a random or disordered system
the interference of the different phases accumulated by the quantum particle along different routes during the
evolution can lead to the particle’s wave function becoming exponentially localized. This process is well known as
Anderson localisation9–11 and has recently been experimentally observed in different disordered systems12–14.
Using a one parameter scaling argument it has been shown that all two-dimensional (2D) Anderson systems are
exponentially localised for any amount of disorder15. Quantum interference therefore becomes as important in
quantum percolation as the existence of the connection between the vertices, making it a more intriguing setting
when compared to the classical counterpart16–19.

Transport of a two-state quantum system (qubit) across a large network is an important process in quantum
information processing and communication protocols20 and by today many physical systems are tested for their
scalability and engineering properties. Furthermore, in last couple of years quantum transport models have also
shown a certain applicability to understanding transport processes in biological and chemical systems21–23. These
natural or synthetic systems are not guaranteed to have a perfectly connected lattice structure and can possess a
directed evolution in any particular direction. Therefore, it is important to consider the possible role quantum
percolation can play in understanding transport in these systems and the effects of directed evolution on the
Anderson localization length (the spatial spread of the localized state). In this work we present a model which is
discrete in time to study the percolation of two-state quantum particle on a two-dimensional lattice with directed
transport in one of the dimensions. This study will complement the previously reported studies on quantum
percolation using continuous-time Hamiltonian (see articles in lecture notes8 and references therein).
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To model the dynamics of the two-state quantum particle we
choose the process of quantum walks24–28, which in recent years
has been shown to be an important and highly versatile mechanism29.
Recently, first studies of two-state quantum walks in percolating
graphs have been reported for circular and linear geometries30 as well
as for square lattices using a four-state particle31,32. Here we present
the physically applicable model of a directed discrete-time quantum
walk (D-DQW) of a two-state particle to study quantum percolation
on a 2D lattice. Not unexpectedly we find a non-zero percolation
probability on a lattice of finite size when the fraction of missing
edges is small. An increase in this fraction, however, quickly results in
a zero percolation probability highlighting the importance of well-
connected lattice structure for quantum percolation. Using the con-
tinuum approximation of the discrete dynamics we then derive an
analytical expression for the percolation probability and show that it
is in perfect agreement with the numerical result. Since the percola-
tion threshold tends towards unity for large lattices, we find that the
directed evolution in also agreement with the scaling prediction of
localization for any amount of disorder15.

Below we will first establish a benchmark by describing the
dynamics of the D-DQW on a completely connected two-dimen-
sional lattice and introduce the modifications necessary to describe
the dynamics when some of the connections between the vertices are
missing. In Results we present the numerically obtained percolation
probabilities for different fractions of disconnections between the
vertices and for different lattice geometries and also give the analyt-
ically obtained formula for the square lattice case in the continuum
limit. All of these results are interpreted in Discussion and we finally
detail the analytical approach in Methods.

Directed discrete-time quantum walk. Let us first define the
dynamics of a D-DQW on a completely connected square lattice of
dimension n 3 n. The Hilbert space of the complete system is given
by H~Hc6Hl , where the space of the particle (coin space) Hc

contains its internal states, ;j i~ 1
0

� �
and :j i~ 0

1

� �
and the space

of the square latticeHl contains the vertices (x, y) of the lattice, jx, yæ.
For each step of the D-DQW we will consider the standard DQW
evolution in the x direction27,28, followed by the directed evolution in
the y direction, which is based on a scheme presented by Hoyer and
Meyer33. The evolution in x direction on a completely connected
lattice consists of the coin-flip operation

Ch:
cos hð Þ {i sin hð Þ

{i sin hð Þ cos hð Þ

� �
, ð1Þ

followed by the shift along the connected edges

Sc
x:
X

x

X
y

;j ið ;h j6 x{1,yj i x,yh j

z :j i :h j6 xz1,yj i x,yh jÞ:
ð2Þ

Here j #æ and j "æ can equivalently be used to indicate the edge along
the negative or positive x direction. For the directed evolution along
the positive y direction we define the walk using one directed edge
and r 2 1 self-looping edges at each vertex (x, y) and assign a basis
vector to each edge33. Thus, every state at each edge is a linear
combination of the states

zj i6 x,yj i, Q1j i6 x,yj i, Q2j i6 x,yj i, � � � ,

. . . , Qr{1j i6 x,yj i,
ð3Þ

where j1æ indicates the edge along the positive y direction and each
Qj i indicates a distinct self-loop. As shown in Ref. [33], this is

equivalent to an effective coin space {1, Q} at each vertex and the
coin-flip operation can be defined as

Cy:
a b

b {a

� �
, where b~

ffiffiffiffiffiffiffiffiffi
r{1

r

r
, a~

1ffiffi
r
p , ð4Þ

with the shift along the edges given by

Sc
y:
X

x

X
y

zj ið zh j6 x,yz1j i x,yh j

z Qj i Qh j6 x,yj i x,yh jÞ:
ð5Þ

The state of the two-state walker at any vertex is therefore given by

yx,y

��� E
~ ax,y ;j izbx,y :j i
� �

6 x,yj i~y;
x,yzy:

x,y:yz
x,yzyQ

x,y , where

the latter identity indicates that the edge dependent basis states for y
direction can be the same as the ones for the x direction. However, in
general the operation corresponding to one complete step of the D-
DQW on a completely connected lattice will then be

Wc~ Sc
y Cy6IIx6IIy
� 	h i

z,Q
Sc

x Ch6IIx6IIy
� 	
 �

;,:, ð6Þ

where the subscripts on the square brackets represent the basis on
which the operators act. In Fig. 1(a) we show a schematic for the first
two steps on a two-dimensional lattice. With the particle initially at
the origin, jYinæ 5 (cos(d/2)j #æ 1 eig sin(d/2)j "æ) fl j0, 0æ, the state
after t steps is given by

Ytj i~ Wc½ �t Yinj i, ð7Þ

and in Fig. 1(b) the direction of the spread of the wavepacket on the
lattice is indicated. To find the probability of detecting the particle
outside of a sub-lattice of size n 3 n on an infinitely large lattice after t
steps one then has to calculate

P tð Þ~1{Tr
Xtn=2r

x~{tn=2r

Xn{1

y~0

x,y r tð Þj jx,yh i

0
@

1
A, ð8Þ

where r(t) 5 jYtæ ÆYtj and the term Tr � � �ð Þ describes the probability
of finding the particle on the sub-lattice. For a one-dimensional
DQW the probability distributions are well known to spread over
the range [2t cos(h), t cos(h)] and to decrease exponentially outside

Figure 1 | Schematic describing the D-DQW on a square lattice. (a)

Schematic of the first two steps of the D-DQW of a two-state particle with

states | #æ and | "æ, representing the edges along the negative and positive x

direction, and | 1æ and | Qæ, representing the directed edge along the

positive y direction and the self-looping edges at each vertex. (b) Schematic

of the direction of the spread of the wavepacket on the lattice. P(t) is the

probability of finding the particle outside of the sub-lattice lattice of

dimension n 3 n after time t, which corresponds to the percolation

probability of the D-DQW.
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that region34,35, and for a one-dimensional D-DQW the interval of

spread is given by
1{a

2
t

�
,

1za

2
t

�
36. For the two-dimensional D-

DQW described above we show the probability distributions in Fig. 2
for t 5 100, h 5 p/4, r 5 2 and the same basis states along the x and y
direction (j #æ 5 j1æ and :j i~ Qj i), and one can clearly see that the
spread in the x direction is over the interval [2t, t] and in the y
direction across the range [0, t]. The details of the evolved
probability distributions depend of the initial state of the particle
(see Figs. 2(a), (b) and (c)) and for long time evolutions (t R ‘)
the probability for the particle to be found outside of a finite sub-
lattice will approach P(t) R 1.

In case of a missing self-looping edge, the basis state along the edge
connecting y with y 1 1 will be specific to the vertex, j1æ 5 ax,yj #æ 1

bx,yj "æ. This corresponds to a 1D DQW traversing a 2D lattice, as
shown in Fig. 2(d), and complete transfer (P(t) 5 1) will already be
achieved for t . n. In Fig. 3 we show the probability of finding the
particle outside the sub-lattice of size 200 3 200 as a function of time
steps t for all the four cases of Fig. 2. Choosing a different value of h in
the coin operation along the x direction would lead to different rates
of increase in P(t).

Directed discrete-time quantum walk on a lattice with missing
edges. Let us now consider lattice structures in which some of the
edges connecting the vertices are missing. For the evolution along the

Figure 2 | Probability distributions of the D-DQW on a lattice of size 200 3 200 after 100 steps of walk. Probability distribution after 100 steps with

different initial state of the particle, (a) | "æ, (b) | #æ and (c)
1ffiffiffi
2
p ;j izi :j ið Þ with the same basis states along the edges in both, x and y direction, and

using the values of h 5 p/4 and r 5 2 in the coin operation. Each distribution is spread over the interval [2t, t] along x direction and [0, t] along y

direction. The ones resulting from the initial states | "æ and | #æ are asymmetric along the y direction and mirror each other with respect to y 5 t/2, whereas

for the initial state
1ffiffiffi
2
p ;j izi :j ið Þ the distribution is symmetric with respect to x 5 0 and y 5 t/2. (d) For the basis state | 1æ 5 ax,y | #æ 1 bx,y | "æ, the

dynamical model results in a 1D DQW along x direction and directed movement in y direction.

Figure 3 | Probability P(t) of finding the particle outside a sub-lattice of
size 200 3 200 as a function of time steps t. For evolution with the basis

states | #æ 5 | 1æ, | #æ 5 | Qæ when h~
p

4
, r 5 2 and the initial state of the

particle is | "æ, | #æ or
1ffiffiffi
2
p ;j izi :j ið Þ (corresponding to plots (a) to (c) in

Fig. 2). Irrespective of the initial state, the increase of P(t) is the same for

t # n, after which the asymmetry in the probability distribution leads to

differences. For h~
p

4
and r 5 1, with | 1æ 5 ax,y | #æ 1 bx,y | "æ

(corresponding to plot (d) in Fig. 2), the probability can be seen to jump to

P(t) 5 1 for t . n, as expected from the directed movement in the y

direction. The inset shows the details of the behaviour around t 5 200.
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x direction, for which the basis states are j #æ and j "æ, the coin
operation will be Ch [Eq. (1)] and the shift operator has to be
defined according to the number of edges at each vertex. If both
edges in the x-direction are present we have

SV x?x’: ;j i ;h j6 x{1,yj i x,yh j

z :j i :h j6 xz1,yj i x,yh j,
ð9Þ

where x9 is (x 1 1) and (x 2 1), whereas the absence of even one of
the edges requires

SV x 6?x’: ;j i ;h j6 x,yj i x,yh jz :j i :h j6 x,yj i x,yh j: ð10Þ

Alternatively, this shift operator can be written using a different self-
looping edge for both basis states. The operator corresponding to
each step along the x direction is then given by

Sx x,yð Þ Ch6IIx6IIy
� 	

~ SV x?x’zSV x 6?x’
� 	

Ch6IIx6IIy
� 	

: ð11Þ

A similar description applies to the evolution in the y direction.
When an edge connecting (x, y) and (x, y 1 1) is present, the shift
operator will be

SV y?y’: zj i zh j6 x,yz1j i x,yh jz Qj i Qh j6 x,yj i x,yh j, ð12Þ

where y9 is (y 1 1). When this edge is missing, both states, j1æ and
Qj i are basis states for different self-looping edges and the shift

operator will be

SV y 6?y’: zj i zh j6 x,yj i x,yh jz Qj i Qh j6 x,yj i x,yh j: ð13Þ

Thus, the operator corresponding to evolution along the y direction
can be written as

Sy x,yð Þ Cy6IIx6IIy
� 	

~ SV y?y’zSV y 6?y’
� 	

Cy6IIx6IIy
� 	

, ð14Þ

and one complete step of the D-DQW on a lattice which is not fully
connected is given by

Wd~ Sy x,yð Þ Cy6IIx6IIy

� 	
 �
z,Q Sx x,yð Þ Ch6IIx6IIy

� 	
 �
;,:: ð15Þ

Here again the subscripts on the square brackets indicate the basis
states of the edges for the evolution along each direction and the state
of the particle after t steps is then given by

Yd
t

�� �
~ Wd½ �t Yinj i: ð16Þ

In a classical setting the percolation threshold for a square lattice can
be calculated to be pc 5 0.5 and is known to be independent of the
lattice size. In a quantum system, however, a disconnected vertex
breaks the ordered interference of the multiple traversing paths,
which can result in the trapping of a fraction of the amplitude at
this point. This disturbance of the interference due to the disorder is
known to result in Anderson localization9,10 and consequently a large
percentage of connected vertices is required to reach a non-zero
probability for the particle to cross the lattice. In the following we
will define the percolation probability as

f pð Þ~1{Tr
Xtn=2r

{tn=2r

Xn{1

y~0

x,y rd t,pð Þ
�� ��x,y

 �0
@

1
A, ð17Þ

where rd(t, p) 5 jYtæ ÆYtj and Tr � � �ð Þ is the probability of finding the
particle in the sub-lattice of size n 3 n as t R ‘ for a fixed percentage
of disconnected vertices p. From this description of the dynamics we
can note that a state gets trapped at a vertex (x, y) only if the edge
connecting (x, y) with (x, y 1 1) and one or both of the edges
connecting (x, y) with (x 1 1, y) and (x 2 1, y) are missing. From
all other vertices a state eventually finds a path and moves on.
Therefore, the probability of finding a particle trapped on the
sublattice for t R ‘ will stem only from states trapped at vertices
with a missing edge along the positive y direction and one or two

missing edges along x direction. We will call the critical value at
which the fraction of connected vertices p is large enough to reach
a certain, non-zero f(p) the transition point, pa. While the value
chosen for this is, of course, somewhat arbitrary, the results
presented below only require our choice to be consistent and we
therefore fix f(p) 5 0.01. In fact, for any values smaller than 0.01,
no noticeable changes are seen in our simulations. The transition
point is then obtained by averaging over a large number of
realisations, in which an initial state is evolved for a time t that is
large enough to give all parts of the state a chance to find their way
through the lattice and contribute to the probability. To make this
numerically efficient we will in the following concentrate on the case
where the basis state along y is given by j1æ 5 ax,yj #æ 1 bx,yj "æ, as it
has the narrowest probability distribution in the y direction for a
perfectly connected lattice. A schematic of the walk for a fully
connected square lattice is shown in Fig. 4(a) and an example for a
broken lattice in Fig. 4(b).

In addition to considering quantum percolation on the fun-
damental square lattices, transport processes on honeycomb lattices
and nanotubes have attracted considerable attention in recent years38

and the two-state quantum percolation model can be expected to
give useful insight into the behaviour of quantum currents and their
transition points. In Fig. 4(c) we show the path taken by the two-state
D-DQW on a honeycomb lattice of dimension 9 3 9 and in Fig. 4(d)
we give an example for the situation where some connections are
missing. For the later case each step of the D-DQW consists of

WH
d ~ Sy x,yð ÞWy


 �
z,Q S’ qð ÞWh½ �;,:, ð18Þ

where the quantum coin operators, Wh~Ch6IIx6IIy and
Wy~Cy6IIx6IIy , and the shift operator for the directed evolution
in the y-direction, Sy(x, y), are same ones as the ones used for the
evolution on the square lattice. Due to the honeycomb geometry
however, the shift operator S9(q) transition Wq from q to q 6 1
corresponds to a shift along two edges, first in the 6x direction
and then along the positive y direction.

Results
Numerical. In Fig. 5(a) we show the average f(p) for square lattices of
different sizes, which have been obtained by taking the arithmetic
mean of 200 independent numerical realizations and ensuring that
the error bars are small. One can immediately see that pa is
significantly larger than pc 5 0.5, and even grows towards unity
with increasing lattice size, which is a clear indicator of the
important role Anderson localisation plays in the dynamical
process. The inset of Fig. 5(a) shows the dependence of pa on h
and the increase visible for larger angles can be understood by first
considering a square lattice with all vertices fully connected and the
initial position given by (x, y) 5 (0, 0). If the coin parameter is chosen
as h 5 0, the two basis states move away from each other along the x-
axis (no interference takes place) and exit from the sides at t 5 n/2.
For finite values of h, the exit point is pushed towards the positive y
direction due to interference in the x direction and on an imperfect
lattice the walker encounters potentially more broken connections
(which lead to additional interferences). For small values of h
however, a large fraction of the state will still exit along the sides
without interference and therefore only a smaller number of
connections are needed.

The assumption of having the same coin operator at each lattice site
is a rather strong one and in the following we will relax this condition
to account for applications in more realistic situations. For this we
replace h by a vertex dependent parameter, hx,y g [0, p] that does not
only account for local variations, but also allows for cos(hx,y) to be
negative if hx,y g [p/2, p]. This corresponds to a displacement of the
left moving component to the right and of the right moving compon-
ent to the left in the x-direction, which in turn can lead to localization
in transverse direction37. To illustrate the effect of this, an example for

www.nature.com/scientificreports
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a single realisation is shown in Fig. 6 for a completely connected
square lattice. A significantly reduced transversal spread compared
to a walk with h 5 p/4 is clearly visible. The average percolation
probability as a function of p for this evolution is shown in
Fig. 5(b) and, interestingly, we find that the disorder in the form of
hx,y does not result in any noticeable change in the value of pa when
compared to h 5 p/4. This is due to that fact that hx,y and h 5 p/4 give
rise to nearly the same degree of interference37 and it highlights the
dominance of the localization effects along the transverse direction.

The resulting average percolation probability for an honeycomb
lattice is shown in Fig. 7(a) as a function of the percentage of con-
nected vertices with randomly assigned value of hx,y g [0, p]. Again,
the data points were obtained by taking the arithmetic mean of 200
independent realizations and ensuring that the error bars a small.
Similarly to the case of the square lattice we find that pa is signifi-
cantly larger than the classical percolation threshold pc 5 0.65239 and
also lattice size dependent. Note that, compared to a square lattice of
the same size, pa for a honeycomb lattice is smaller, which gives the
honeycomb structure an advantage over the square lattice for
quantum percolation using a two-state D-DQW. This can be under-
stood by considering the geometry of the honeycomb lattice: the
edges in the honeycomb lattice are such that the both operators
S9(q) and Sy(x, y) contribute to the shift in y direction, whereas in
the square lattice only Sy(x, y) contributes to this shift.

An interesting extension to the honeycomb lattice is the introduc-
tion of periodic boundary conditions in the x-direction, which trans-
forms the flat lattice into a nanotube geometry. This corresponds to
allowing transitions from q to (q 6 1 mod n), where n is the number
of vertices along the x-axis and in Fig. 7(b) we show the percolation
probability for such a structure as a function of the percentage of
connected vertices with randomly assigned values of hx,y g [0, p] at
each vertex. One can see that the transition point is same as that of a
flat honeycomb structure with the same number of edges in the
transverse direction, which can be understood by realising that the
periodic boundary conditions increase the probability for a particle
to encounter the disconnected vertices more than once. A nanotube
with a small number of vertices in the radial direction therefore
corresponds to an effectively larger flat system with the same defect
density and from the earlier studies we know that larger lattices have
higher pa. Due to the absence of an exit point along the radial axis, the
only direction the particle can exit is the positive y-direction, which
explains the independence of pa from the number of radial vertices.
To summarise our numerical results, we show a comparison of pa for
the different geometries discussed above in Table I.

Analytical. The differential form of the discrete-time evolution in the
continuum limit allows to analytically derive an expression for the
percolation probability, f(p), for a square lattice. It shows the clear

Figure 4 | Schematic of the paths possible for a two-state particle on exemplary square and honeycomb lattices. Green, red and blue arrows

represent the direction of the shift for | #æ, | "æ and both the states, respectively. (a) and (c) show the possible paths when all vertices are perfectly

connected and (b) and (d) show the paths when some connections are missing. The positions at which localization occurs are highlighted.

www.nature.com/scientificreports

SCIENTIFIC REPORTS | 4 : 6583 | DOI: 10.1038/srep06583 5



dependence on the fraction of connections, p, between vertices and
the lattice size n 3 n

f pð Þ<p2n, ð19Þ

however it is noteworthy that it is independent of h. The details for
deriving this expression are given below in Methods and in Table II
we show the comparison of the transition point obtained from Eq.
(19) and from the numerical analysis. Both approaches can be seen to
give similar values.

Discussion
Above, we have investigated quantum percolation using a directed
two-state DQW as a model for quantum transport processes. One of
the main findings is that the transition point pa, beyond which
quantum transport can be seen, is much larger than the classical
percolation threshold, pc, due to localisation effects stemming from
the dynamics relating to missing edges in the lattice. Therefore a
small number of disconnected vertices in a large system can obstruct
directed quantum transport significantly, which shows that even for
the case of directed discrete-time evolution, just like for the case of
continuous-time Hamiltonians8,15, Anderson localization can be a
dominant process. In addition, for finite lattice sizes and unlike the
classical case, we have found that pa scales with the size of the lattice
tending towards unity for large lattices. This can be understood by
realising that the size of the Anderson localization length in a 2D
system with disorder can be quite large15, which means that on a
smaller lattice one can always find a non-zero percolation probability
to reach the edge of the lattice. However, this will decrease with
increasing in lattice size. In our study the localization length in the
x direction is very small, which results in a negligible (though non-
zero) contribution to the percolation probability in this direction.
The directed nature of the evolution in the positive y direction,
however, contributes to an extended Anderson localization length,
which in turn results in a non-zero percolation probability for small
lattice sizes and small disorder. This can also be clearly seen in the
analytical expressions derived for respective percolations along the x
and y directions (see Methods below). Comparing different lattice
geometries we have shown that pa is smaller for honeycomb struc-
tures and nanotube geometries than for a square lattice of the same

Figure 5 | Percolation probability as funding of percentage of connections for square lattice. We can see an increase in the percolation probability as a

function of the percentage of connections for square lattices of different sizes using a coin with (a) h 5 p/4 and (b) hx,y g [0, p]. The values for the

transition points are shown as a function of h and lattice size in the inset of (a) and (b), respectively. They can be seen to approach unity for increasing

lattice size and also show a strong dependence on h for h , p/4 and the lattice size for small values.

Figure 6 | Spread of the probability distribution in the x-direction for the
D-DQW with hx,y (red) and h 5 p/4 (blue). The size of the completely

connected lattice is 100 3 100. The red data shows a single representation

using a position dependent coin, hx,y g [0, p], and a much smaller spread

in the x direction is clearly visible.
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size. This variation suggests that one can explore the dynamics on
different lattice structures to find the one most suitable for a required
purpose. For example, a system with a high pa can be well suited for
quantum storage applications, whereas one with a low value will
allow for more efficient transport.

Using two-state D-DQWs to model quantum percolation can be
seen as a realistic approach to studying transport processes in various
directed physical systems such as photon dynamics in waveguides
with disconnected paths or quantum currents on nanotubes. We
have demonstrated its generality by allowing the parameter h to vary
randomly at each vertex and shown that this does not lead to any
significant change in pa. This is also confirmed by the analytical
expression being independent of h. Finally, our model can be
extended to two-state quantum walks on three-dimensional lattices
by alternating the evolution along the different dimensions41.
Therefore, the D-DQW can be defined on 3D systems and a similar
studies can be carried out when advanced computation resources are
available.

Given the current experimental interest and advances in imple-
menting quantum walks in various physical systems42–50, we believe
that our discrete model is a strong candidate for upcoming experi-
mental studies and its continuous form, which is detailed in the
Methods, will also be of interest for further theoretical analysis with
different evolution schemes.

Finally, it is interesting and important to understand which uni-
versality class the presented D-DQW model belongs to. While it is
well known that the two-state quantum walk with disorder given by a
coin parameter (h) is classified in the chiral symmetry class51, the
presence of the disconnected vertices represent another source of
disorder, which might have the potential to lead to the system mov-
ing into a different universality class. To determine this, one has to
realise that the disconnected vertices lead to 8 different forms of
unitary operators (see Methods), which leads to 8 different forms
for the effective Hamiltonian. Finding the universality class for our
model has therefore to take the combination of the different

Figure 7 | Percolation probability for honeycomb lattice and nanotube geometry. We can see an increase in percolation probability and transition point

as function of the percentage of connections for a honeycomb lattice and a nanotube geometry. Percolation probability as a function of percentage of

connected vertices for (a) honeycomb lattices and (b) nanotube structures of different sizes. For the particle transport process the value of h has been

randomly picked from [0, p] at each vertex. With increase in lattice size, pa shifts towards unity and for nanotubes of size n 3 y it can be seen to be

independent of n.

Table I | Numerically obtained transition points for finite sized
systems

Size Square Honeycomb Nanotube

50 3 50 0.950 0.910 0.910
100 3 100 0.972 0.955 0.950
200 3 200 0.986 0.975 0.975
400 3 400 0.992 0.985 0.985

Table II | Transition points for the square lattice obtained numer-
ically and analytically.

Size Numerical Analytical

50 3 50 0.950 0.955
100 3 100 0.972 0.977
200 3 200 0.986 0.988
400 3 400 0.992 0.994
600 3 600 0.996 0.996
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dynamics stemming from all effective Hamiltonians into account,
which is a task beyond the scope of the current work and which we
will address in a future communication.

Methods
Derivation of Quantum Percolation Probability on square lattice. Here we will
derive the continuous limit of the percolation probability of a two-state particle on a
square lattice using the dynamics described in Fig. 2(b), where j #æ and j "æ are the
basis state for evolution in x direction and j1æ 5 ax,yj0æ 1 bx,yj1æ is the basis state for
evolution in the y direction. To do so we need to consider all possible 8 configurations
the walking particle can encounter on a broken lattice, which are schematically shown
in Fig. 8. The first row depicts the four possible vertex configurations that result in
transport along the y-direction, i.e. from (x 6 1, y 2 1) and (x, y 2 1) to (x, y) and the
second row shows the four configurations that result in transport of the state from (x
6 1, y 2 1) to (x, y 2 1) and the configuration that is trapped at position (x, y 2 1).
These latter four ones are equivalent to the configurations that result in transport of
state from (x 6 1, y) to (x, y) and the configuration that is trapped at position (x, y).

In the following, by approximating the unit displacement with a differential
operator form, we will derive a continuous expression describing the dynamics for all
possible configurations. By summing up the differential operator forms for each
configuration, weighted by their respective probabilities, we then obtain an effective
differential equation, which we use to calculate the dispersion relation and percola-
tion probability.

Figure 8(a). For a completely connected lattice, it is straightforward to write the state

of the particle at position (x, y), yx,y

��� E
~y;

x,yzy:
x,y , as function of h in its iterative

form

y;
x,y~cos hð Þy;

xz1,y{1{i sin hð Þy:
x{1,y{1, ð20Þ

y:
x,y~cos hð Þy:

x{1,y{1{i sin hð Þy;
xz1,y{1: ð21Þ

These equations can be easily decoupled

y
; :ð Þ
x,yz1zy

; :ð Þ
x,y{1,~cos hð Þ y

; :ð Þ
x{1,yzy

; :ð Þ
xz1,y

h i
, ð22Þ

and subtracting 2 1zcos hð Þ½ �y; :ð Þ
x,y from both sides of Eq. (22), allows to obtain a

difference form, which can be written as a second order differential wave equation

L2

Ly2
{cos hð Þ L

Lx2
z2 1{cos hð Þ½ �

� �
y: ;ð Þ

x,y ~0: ð23Þ

Note that this is in the form of the Klein-Gordon equation40.

Figure 8(b). For the configuration with a missing edge from the vertex (x, y 2 1) to (x
1 1, y 2 1), the states arriving from (x, y 2 2) and (x 2 1, y 2 1) will both proceed
fully to (x, y), which gives

y;
x,y~cos hð Þy;

x,y{1{i sin hð Þ y:
x{1,y{1zy:

x,y{1

h i
, ð24Þ

y:
x,y~{i sin hð Þy;

x,y{1zcos hð Þ y:
x{1,y{1zy:

x,y{1

h i
: ð25Þ

After decoupling we get

y
: ;ð Þ
x,yz1zy

: ;ð Þ
x,y{1{cos hð Þy: ;ð Þ

x{1,yzy
: ;ð Þ
x{1,y{1~2 cos hð Þy: ;ð Þ

x,y , ð26Þ

and subtracting 2zcos hð Þ½ �y: ;ð Þ
x,y zy

: ;ð Þ
xz1,y on both sides lets us obtain the difference

form

L2

Ly2
zcos hð Þ L

Lx
z 2{3 cos hð Þ½ �

� �
y: ;ð Þ

x,y ~
L
Ly

{1

� �
y
: ;ð Þ
x{1,y : ð27Þ

The right hand side can be further simplified to give

L2

Ly2
{

L2

LyLx
z 1{ cos hð Þ½ � L

Lx
{

L
Ly

z3 1{cos hð Þ½ �
� �

y: ;ð Þ
x,y ~0, ð28Þ

and the probability for this configuration is p2(1 2 p).

Figure 8(c). For configuration with a missing edge from the vertex (x, y 2 1) to (x 2 1,
y 2 1), the states arriving from (x, y 2 2) and (x 1 1, y 2 1) will both proceed fully to
(x, y), which gives

y;
x,y~cos hð Þ y;

x,y{1zy;
xz1,y{1

h i
{i sin hð Þy:

x,y{1, ð29Þ

Figure 8 | Schematic view of the eight possible configurations encountered by a quantum state walking on a lattice with missing edges (dashed lines).
Green, red and blue arrows represent the directions of | #æ, | "æ and both the states, respectively. The first row shows the four possible configurations

which allow transport to the vertex (x, y). Transport from (a) (x 1 1, y 2 1) and (x 2 1, y 2 1) to (x, y), (b) (x 2 1, y 2 1) and (x, y 2 1) to (x, y), (c) (x 1 1,

y 2 1) and (x, y 2 1) to (x, y) and (d) (x, y 2 1) to (x, y). Panel (e) shows a state being transported from (x 2 1, y 2 1) getting trapped at (x, y 2 1)

and in panel (f) a state travelling from (x 1 1, y 2 1) gets trapped at (x, y 2 1). (g) Due to the absence of the edge from (x, y 2 1) to (x, y) the

states from (x, y 2 1) move back to (x 6 1, y 2 1) at the next time step and can continue to evolve in the positive y direction. Panel (h) shows the absence of

any transport or trapping.
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y:
x,y~{i sin hð Þ y;

x,y{1zy;
xz1,y{1

h i
zcos hð Þy:

x,y{1: ð30Þ

After decoupling we get

y
: ;ð Þ
x,yz1zy

: ;ð Þ
x,y{1{cos hð Þy: ;ð Þ

xz1,yzy
: ;ð Þ
xz1,y{1~2 cos hð Þy: ;ð Þ

x,y , ð31Þ

and subtracting 2zcos hð Þ½ �y: ;ð Þ
x,y zy

: ;ð Þ
x{1,y from both sides we obtain the difference

form

L2

Ly2
{cos hð Þ L

Lx
z 2{3 cos hð Þ½ �

� �
y: ;ð Þ

x,y ~
L
Ly

{1

� �
y
: ;ð Þ
xz1,y : ð32Þ

The right hand side can be further simplified to obtain

L2

Ly2
{

L2

LyLx
z 1{ cos hð Þ½ � L

Lx
{

L
Ly

z3 1{cos hð Þ½ �
� �

y: ;ð Þ
x,y ~0, ð33Þ

and the probability for this configuration is p2(1 2 p).

Figure 8(d). For a configuration with missing edges from the vertex (x 1 1, y 2 1) to
(x, y 2 1) and from the vertex (x 2 1, y 2 1) to (x, y 2 1), the state at vertex (x, y) will
be,

y;
x,y~cos hð Þy;

x,y{1{i sin hð Þy:
x,y{1, ð34Þ

y:
x,y~{i sin hð Þy;

x,y{1zcos hð Þy:
x,y{1, ð35Þ

which, after decoupling, gives

y
: ;ð Þ
x,yz1zy

: ;ð Þ
x,y{1~2 cos hð Þy: ;ð Þ

x,y : ð36Þ

Subtracting 2y: ;ð Þ
x,y from both sides, the difference form can be obtained as

L2

Ly2
z2 1{cos hð Þ½ �

� �
y: ;ð Þ

x,y ~0, ð37Þ

and the probability for this possibility is p(1 2 p)2.
The common feature of the next four configurations, Figs. 8(e)–(h), is the missing

edge from the vertex (x, y 2 1) to the vertex (x, y), which will result in the absence of
any transport along the y direction.

Figure 8(e). For a configuration with missing edges from the vertex (x 1 1, y 2 1) to
(x, y) and from vertex (x, y 2 1) to (x, y) the state will be

y;
x,y{1~cos hð Þy;

x,y{1{i sin hð Þ y:
x{1,y{1zy:

x,y{1

h i
, ð38Þ

y:
x,y{1~{i sin hð Þy;

x,y{1zcos hð Þ y:
x{1,y{1zy:

x,y{1

h i
, ð39Þ

which is equivalent to

y;
x,y~cos hð Þy;

x,y{i sin hð Þ y:
x{1,yzy:

x,y

h i
, ð40Þ

y:
x,y~{i sin hð Þy;

x,yzcos hð Þ y:
x{1,yzy:

x,y

h i
: ð41Þ

After decoupling we get

2 1{cos hð Þ½ �y: ;ð Þ
x,y ~ cos hð Þ{1½ �y: ;ð Þ

x{1,y , ð42Þ

and subtracting cos hð Þ{1½ �y: ;ð Þ
x,y from both sides we find the difference form

1{cos hð Þ½ � 3{
L
Lx

� �
y: ;ð Þ

x,y ~0: ð43Þ

The probability for this possibility is p(1 2 p)2.

Figure 8(f). For a configuration with missing edges from the vertex (x 2 1, y 2 1) to
(x, y) and from vertex (x, y 2 1) to (x, y) the state will be

y;
x,y{1~cos hð Þ y;

x,y{1zy;
xz1,y{1

h i
{i sin hð Þy:

x,y{1, ð44Þ

y:
x,y{1~{i sin hð Þ y;

x,y{1zy;
xz1,y{1

h i
zcos hð Þy:

x,y{1, ð45Þ

which is equivalent to

y;
x,y~cos hð Þ y;

x,yzy;
xz1,y

h i
{i sin hð Þy:

x,y , ð46Þ

y:
x,y~{i sin hð Þ y;

x,yzy;
xz1,y

h i
zcos hð Þy:

x,y : ð47Þ

After decoupling we get

2 1{cos hð Þ½ �y: ;ð Þ
x,y ~ cos hð Þ{1½ �y: ;ð Þ

xz1,y : ð48Þ

and subtracting cos hð Þ{1½ �y: ;ð Þ
x,y from both sides the difference form can be found as

1{cos hð Þ½ � 3z
L
Lx

� �
y: ;ð Þ

x,y ~0: ð49Þ

The probability for this possibility is p(1 2 p)2.

Figure 8(g). For the configuration where only the edge from vertex (x, y 2 1) to (x, y)
is missing, the state will be

y;
x,y{1~cos hð Þy;

xz1,y{1{i sin hð Þy:
x{1,y{1, ð50Þ

y:
x,y{1~cos hð Þy:

x{1,y{1{i sin hð Þy;
xz1,y{1, ð51Þ

which is equivalent to

y;
x,y~cos hð Þy;

xz1,y{i sin hð Þy:
x{1,y , ð52Þ

y:
x,y~cos hð Þy:

x{1,y{i sin hð Þy;
xz1,y : ð53Þ

After decoupling we get

2y: ;ð Þ
x,y ~cos hð Þ y

: ;ð Þ
x{1,yzy

: ;ð Þ
xz1,y

h i
, ð54Þ

and subtracting 2 cos hð Þy: ;ð Þ
x,y from both sides we obtain the difference form

cos hð Þ L2

Lx2
{2 cos hð Þ{1½ �

� �
y: ;ð Þ

x,y ~0: ð55Þ

The probability for this possibility is p2(1 2 p). This situation does not lead to
localisation, since the states will move back to (x, 61, y 2 1) at the next time step and
can then continue to evolve in the positive y direction.

Figure 8(h). For the configuration with the three missing edges from (x 1 1, y 2 1)
and (x 2 1, y 2 1) to (x, y 2 1) and from (x, y 2 1) to (x, y) all transport is suppressed
and the state can be written as,

y;
x,y{1~cos hð Þy;

x,y{1{i sin hð Þy:
x,y{1, ð56Þ

y:
x,y{1~{i sin hð Þy;

x,y{1zcos hð Þy:
x,y{1, ð57Þ

which is equivalent to

y;
x,y~cos hð Þy;

x,y{i sin hð Þy:
x,y , ð58Þ

y:
x,y~{i sin hð Þy;

x,yzcos hð Þy:
x,y : ð59Þ

These expressions can be decoupled and written as

2 1{cos hð Þ½ �y: ;ð Þ
x,y ~0, ð60Þ

and the probability for this possibility is (1 2 p)3.

Effective differential expression. Adding the differential expression for all eight case
above weighted by their respective probabilities, we get

½ p3z2p2 1{pð Þzp 1{pð Þ2

 � L2

Ly2
{ p3{p2 1{pð Þ

 �

cos hð Þ L2

Lx2
z2p2 1{pð Þ 1{cos hð Þ½ � L

Lx
{

L
Ly

� �

z 1{cos hð Þ½ � 2p3z8p2 1{pð Þz8p 1{pð Þ2z2 1{pð Þ3

 ��y: ;ð Þ

x,y ~0,

ð61Þ

which can be simplified as

ð61Þ

www.nature.com/scientificreports

SCIENTIFIC REPORTS | 4 : 6583 | DOI: 10.1038/srep06583 9



p
L2

Ly2
{p2 2p{1ð Þcos hð Þ L2

Lx2
z2p2 1{pð Þ 1{cos hð Þ½ � L

Lx
{

L
Ly

� �
z2 1{cos hð Þ½ � 1zp{p2

� 	� �
y: ;ð Þ

x,y ~0: ð62Þ

One can now seek a Fourier-mode wave like solution of the form

y: ;ð Þ
x,y ~ei kx x{vx yð Þ, ð63Þ

where vx is the frequency and kx the wavenumber, which is bounded by [0,
ffiffiffi
2
p

] for
this differential form of the DQW37. By substituting the first and second derivative of
y: ;ð Þ

x,y into the Eq. (62) we get a dispersion relation of the form,

f vxð Þ~pv2
x{2p2 1{pð Þivx{p2 2p{1ð Þcos hð Þk2

x

{2 p2 1{pð Þikxz 1zp{p2
� 	
 �

1{cos hð Þ½ �~0,
ð64Þ

which can be decomposed into its real and imaginary parts to give the two conditions

Re f vxð Þ½ �~pv2
x{p2 2p{1ð Þcos hð Þk2

x{2 1zp{p2
� 	

1{cos hð Þ½ �~0, ð65Þ

Im f vxð Þ½ �~2p2 1{pð Þvxz2p2 1{pð Þkx 1{cos hð Þ½ �~0: ð66Þ

The solution to the real part of the dispersion relation describes the propagation
properties of the wave, whereas the complex part relates to absorption (the trapped
part in our case)52. Therefore, in order to calculate the percolation probability of the
propagating component, we only need to consider the solution for vx corresponding
to the real part of the dispersion relation. This can be found as

vx kxð Þ~+
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p 2p{1ð Þcos hð Þk2

xz2 p{1{pz1ð Þ 1{cos hð Þ½ �
q

: ð67Þ

The derivative of vx(kx) with respect to kx describes the fraction of the amplitude
y: ;ð Þ

x,y transported in 6x direction for each shift in the y direction and in Fig. 9(a) one

can see that it increases with larger values of kx and p (for h~
p

4
) and reaches a

maximum for kx~
ffiffiffi
2
p

and p 5 1. Since the transition probability will be the square of
this amplitude, the percolation probability fx(p) along the x axis for a square lattice of
n 3 n dimensions in the continuum limit is given by

fx pð Þ~ dvx kxð Þ
dkx

� �n� �2

:
p 2p{1ð Þcos hð Þkxffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

p 2p{1ð Þcos hð Þk2
xz2 p{1{pz1ð Þ 1{cos hð Þ½ �

p
" #2n

: ð68Þ

For the case of maximal transport (k~
ffiffiffi
2
p

) we show this percolation probability for
n 5 50 and for different values of h in Fig. 9(b). One can note that already for small
values of h (see curve for h 5 p/12) the percolation probability along the x direction is
very small, despite the fraction of the amplitude transported at each displacement
being maximal. This is consistent with our earlier observation for the discrete
evolution and leads to the conclusion that the percolation for the D-DQW is mainly
due to the transition along y–axis.

To obtain the percolation probability along y-direction we go back to Fig. 8 and
write down the iterative form for transport of the state from y 2 1 to y for each

instance of time t. DefiningHy,t~
X

Vx
y
: ;ð Þ
x,y,t , all the four cases in the first row lead to

Hy,t~Hy{1,t{1[Hy,tz1~Hy{1,t[

LHy,t

Lt ~
LHy,t

Ly ,
ð69Þ

and all four cases shown in second row give

Hy,t~Hy,t{1[
LHy,t

Lt
~0: ð70Þ

The differential equations for all eight configuration properly weighted with their
respective probabilities is then given by

p 1{pð Þ2z2p2 1{pð Þzp3

 � LHy,t

Lt
{

LHy,t

Ly

� ��

z 2p 1{pð Þ2zp2 1{pð Þz 1{pð Þ3

 �� LHy,t

Lt
~0:

ð71Þ

Figure 9 | Fraction of amplitude transport during each step and percolation probability from continuum approximation. (a) Fraction of the

amplitude transported in the 6x direction for each shift in y as a function of kx and p when h 5 p/4. (b) Percolation probability along the x–axis for a

square lattice of 50 3 50 for different values of h. (c) Percolation probability in the y direction, fy(p), as a function of lattice size n and fraction of

connection p. (d) fy(p) as a function of p for different lattice sizes. The obtained transition points are identical to the values found for the discrete

evolution presented in Fig. 5.

ð62Þ
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Again, one can seek a Fourier-mode wave like solution with vy as the frequency and ky

as the wavenumber of the form

H
: ;ð Þ
y,t ~ei ky y{vy tð Þ: ð72Þ

which leads to

vy ky
� 	

~
ky p 1{pð Þ2z2p2 1{pð Þzp3
� 	

3p 1{pð Þ2z3p2 1{pð Þzp3z 1{pð Þ3
~kyp: ð73Þ

The percolation probability fy(p) along the y-axis for a square lattice of n 3 n
dimension in continuum limit as a function of p can then be found as

fy pð Þ~ dvy

dky

� �2n

:p2n, ð74Þ

and we show this quantity in Fig. 9(c) as a function of lattice size n and p. Since in
general its value is much larger than the percolation probability in the x direction we
can finally write

f pð Þ<fy pð Þ~p2n, ð75Þ

which is independent of h. In Fig. 9(d) we shown f(p) as a function of p for different
lattice sizes and obtain values for the transition point very close to the ones obtained
numerically for the discrete evolution presented in Results.
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