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Deviations from Taylor’s frozen hypothesis and
scaling laws in inhomogeneous jet flows
Sukesh Roy1✉, Joseph D. Miller2 & Gemunu H. Gunaratne 3✉

Difficulties in studying turbulent flows stem, in part, from the lack of high-frequency, high-

resolution measurements to interrogate small-scale structures and their rapid evolution. We

present analysis of data from experiments employing a burst-mode laser system to capture

both spatially resolved velocity fields and their dynamics using high-resolution particle image

velocimetry measurements at 100 kHz. We show directly that velocity fluctuations in axi-

symmetric jet flows are inhomogeneous and anisotropic. The peak of the time-delayed cross

correlation function decays exponentially in time and its velocity is smaller than the con-

vection velocity; thus, Taylor’s frozen hypothesis fails to generalize for these inhomogeneous

flows. Structure functions are isotropic only at small distances. They exhibit extended self-

similarity, but no inertial range is found where the Kolmogorov 2
3-law is satisfied. Spectral-

energy density of the flow, although anisotropic, is consistent with the Kolmogorov–Obukhov
5
3-law in the flow direction.
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Turbulent flows exhibit rapid, irregular spatial and temporal
variations in flow velocity fields, whose statistical features
are used to characterize turbulence and study its evolution

under external changes implemented on the flow. For example,
time-averaged velocity fields of turbulent flows can be studied as a
function of the Reynold’s number Re= vLs/ν, where v and Ls are
characteristic flow velocity and length scale in the flow, and ν the
kinematic viscosity1,2. The flow transitions from laminar to tur-
bulent as Re increases beyond a threshold. The dynamics of the
consequent small-scale structures in turbulent flows are chaotic
and are typically characterized through appropriate statistical
objects such as cross-correlation coefficients and structure
functions2.

Most theoretical developments on turbulence are predicated on
general considerations on energy transmission between scales3–5.
Specifically, it is assumed that a hierarchy of eddies of different
scales acts as intermediaries in energy transmission6. Eddies
whose size is larger than the Taylor microscale λ ¼

ffiffiffiffiffi
10

p
LsRe

�1=2

transmit the entire energy to smaller scales; viscous dissipation is
only active at scales smaller than λ7. The smallest scale of tur-
bulent flow is the Kolmogorov scale η= LsRe−3/4, by which point
viscosity has induced complete energy dissipation3. The deriva-
tion of observed facets of statistical objects requires an additional
assumption that for sufficiently large Re, small-scale turbulence is
isotropic and homogeneous3. This assumption is justified by
noting the reduction of inhomogeneity and anisotropy during the
energy transfer between scales is dominated by the chaotic nature
of the flow2. Under these conditions dimensional analysis yields
two celebrated results: (1) the “23-law,” on the growth of structure
functions and (2) the “53-law” on the decay in spectral-energy
density2,3,5. Although these predictions have been experimentally
verified in some configurations8, anomalous scaling of higher
order structure functions9 and anisotropic effects10–12 have been
reported in others.

Scaling laws are expected to hold only at sufficiently high
Reynolds numbers. Since Taylor and Kolmogorov scales decrease
with increasing Re, experimental validation of the scaling laws
require flow velocity measurements at suitably high spatial and
temporal resolution. This has been a major challenge for testing
scaling laws. Experimental tests have relied on Taylor’s frozen
hypothesis, that in homogeneous flows turbulent fluctuations
propagate downstream with no change7,13,14. Under this scenario,

high-frequency single-point measurements, for example using
hot-wire anemometry, can be used to infer spatial variations in
velocity fields, permitting tests of scaling laws. However, whether
the isotropy and homogeneity of velocity fields at small scales is
valid in configurations that are inhomogeneous at large scales,
and if Taylor’s hypothesis and scaling laws are valid in such
configurations remains to be tested. Here, the need for high-
resolution, high-frequency measurements of flow fields cannot be
circumvented.

The critical technology that facilitated the resolution of the
turbulent flow in both spatial and temporal domains was the
development of a long-duration (100-ms), high-energy burst-
mode laser capable of producing pairs of pulses at a rate of 5 kHz
to 1MHz15,16. It permitted the performance of two-dimensional
velocity measurements employing particle image velocimetry
(PIV) at a rate of 100 kHz and a resolution of flow features (both
spatially and temporally) almost down to the Taylor micro-scale
for Re < 80,000. For example, at 100 kHz in the present study, we
acquired ~ 8500 velocity-field snapshots within the 100-ms
duration. Turbulent jet flows of Re between 21,000 and 78,000
emanated from a cylindrical inlet of diameter D= 4.7 mm. As it
moved downstream, the axisymmetric flow expanded (nearly)
linearly. Velocity measurements at 100 kHz were made on a grid
of 51 × 67 of lattice size 0.268 mm placed symmetrically in an
axial plane approximately 13D downstream of the inlet, as shown
in Fig. 1a. Figure 1b is a snapshot of the flow velocity field for
Re ≈ 78,000. The Taylor micro-scale and the Kolmogorov scale
for the flow are 165 μm and 3 μm, respectively. Statistical objects
were computed through time averages, which were assumed to be
reliable surrogates for ensemble averages2. Since the lattice size ~
Taylor micro-scale, nearly the entire inertial scale could be
examined. The PIV measurements were recorded once it was
determined that the flow had stabilized and the seed density was
sufficiently high throughout the flow (see Methods). That statis-
tical objects had converged was verified by computing them over
different time intervals.

We show directly that turbulent fluctuations in the jet flow are
neither isotropic nor homogeneous. We also show that the peak
of the time-delayed cross-correlation coefficient decays expo-
nentially in time and flows slower than the convection velocity.
Thus, we infer that Taylor’s frozen hypothesis7 is modified in the
inhomogeneous jet flow. Further, structure functions fail to

Fig. 1 Experimental setup and flow fields. a Axisymmetric jet flow about the symmetry axis z is generated by N2 gas ejected from cylinder of radius D=
4.7mm. Flow velocity in a plane normal to the symmetry axis peaks on the axis and is denoted Umax. Rectangular axial region of size 13.4 × 17.7 mm where
velocity measurements were made was approximately 13D downstream (i.e.,z-direction) of inlet. b Snapshot of velocity field for flow of Re≈ 78,000.
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exhibit an inertial range where they scale3. However, extended
self-similarity17 is found to hold except at small distances; thus,
once the form of the second-order structure function is estab-
lished, that of higher-order structure functions can be approxi-
mated. Finally, spectral energy densities are anisotropic but are
shown to be consistent with the Kolmogorov–Obhukov law4,5 in
the flow direction.

Results and discussion
Inhomogeneity of velocity fluctuations. Denote the time average
of the velocity field v(R; t) and its deviation from the mean by
�vðRÞ and v0ðR; tÞ respectively, where R is measured from the
center of the near-boundary. The axial and radial projections
�vzðRÞ and �vrðRÞ are given by the Tollmien solution18,19 derived by
expressing the Reynold’s equation1 in cylindrical polar coordi-
nates (r, θ, z) and noting that for sufficiently large Re, the viscous
stresses are insignificant compared to turbulent shear stresses. As
shown in Supplementary Note 2, the experimental velocity fields
satisfy the Tollmien solution, which is neither isotropic nor
homogeneous. It has generally been posited that even in such
cases, small-scale turbulent flows are isotropic and homogeneous
at sufficiently large Re2. However, more recent work has cau-
tioned against the conjecture for inhomogeneous flows20.

We implement a pre-processing step to eliminate recurrent
features of the flow, whose origins may lie in imperfections of the
experimental set-up, acoustic reflections from laboratory walls,
etc. Theoretical approaches consider only the remaining non-
recurrent facets of a flow. The implementation, based on robust
mode analysis21, is outlined in Supplementary Note 1. For jet flow
at Re ≈ 78,000, we find, and eliminate, one recurrent global mode
of period 0.72 ms.

One significant advantage of spatio-temporal jet-flow data is
that they can be used to perform a direct tests of the symmetries
of v0ðR; tÞ down to the scale of the lattice ( ~ 0.27 mm)16,22. These
velocity fluctuations are found to be both anisotropic and
inhomogeneous. Specifically, the standard deviations of
v0zðr; z; tÞ and v0rðr; z; tÞ decrease along the flow axis and are
nearly constant in the radial direction except near the edge of the
domain, where they decay. As shown in Supplementary Note 3,
the corresponding turbulent intensity T � σ½v0z�=�vz14 is nearly
constant along the z axis and increases from ~0.1 to ~0.6 in the
radial direction.

Cross-correlation coefficient. Incompressibility of the fluid, dif-
fusion, as well as the presence of tube-like vortex structures23,24

induce correlations between velocity fluctuations at neighboring
sites in turbulent flows. Among measures used for quantitative
assessment are the time-delayed cross-correlation coefficient

CðR;R0; τÞ ¼ hv0ðR; tÞ � v0ðR0; t þ τÞit
σ½v0ðRÞ�σ½v0ðR0Þ� ; ð1Þ

and the analogous quantities CzðR;R0; τÞ and CrðR;R0; τÞ for the
axial and radial velocity components. Here σ v0ðRÞ½ � is the stan-
dard deviation of the signal v0ðR; tÞ. Note that C R;R0; τ ¼ 0ð Þ !
1 as jR0 � Rj ! 0. When Taylor’s frozen hypothesis7,13,14 is
valid, C R;R0; τð Þ ¼ 1 for sufficiently nearby points R0 down-
stream of R for τ ¼ jR0 � Rj=�vz . Its validity for inhomogeneous
flows has been debated20,25. In the absence of a theoretical fra-
mework, spatio-temporal data is indispensable to establish, if and
how the hypothesis is modified for inhomogeneous flows. Ana-
lyses outlined below were conducted on recordings from four 15
ms intervals (i.e., 1500 snapshots) of the data; the error bars are
standard deviations.

Figure 2 summarizes features of the cross-correlation coefficient
with R= 0≡ (0, 0) for jet flows at Re ≈ 78,000. Figure 2(a) shows

three snapshots of C 0;R0; τð Þ, which is seen to contain a growing
downstream-flowing peak. Denote the mean flow velocity at the
n’th lattice site on the symmetry axis as �vzðnÞ, which, as shown in
Supplementary Note 3, is a decreasing function of n. The time tn
for a signal at the origin to reach the n’th lattice site is bounded byPn

m¼1 δ=�vzðmÞ< tn <
Pn�1

m¼0 δ=�vzðmÞ, where δ= 0.268 mm is the
lattice size. The bounds are indistinguishable, and the line (tn, nδ)
is shown in red in Fig. 2(b). The position of the peak, shown by
blue diamonds in Fig. 2(b), flows at ~80% of this convection
velocity26, consistent with prior studies27–30. (Deviations are
found at off-axial sites as well, but with differing ratio of
velocities.) The difference is most easily explained through
Lagrangian flow; i.e., description from a frame co-moving with
the axial flow. As any velocity fluctuation diffuses to neighboring
sites, where the flow-velocity is negative (since the velocity is
highest on the symmetry axis), thus dragging the disturbance
backward. The deviation of the peak velocity from the convection
velocity is thus due to the inhomogeneity in mean flow, as given
by the Tollmien solution18.

A second modification to Taylor’s hypothesis, under which the
peak intensity remains 1, is an exponential decay of the peak, see
Fig. 2d. We propose that it originates from the reversal of velocity
fluctuations required to maintain an average flow velocity at a
site. The conjecture is motivated by a similar exponential decay
(following transients) in the paradigmatic mean-reversing
stochastic dynamics, the Ornstein–Uhlenbeck process31. Since
mean reversal of velocity fluctuations is necessary to maintain the
mean flow velocity at a location, it is a reasonable conjecture that
the exponential decay of correlations will also hold for
homogeneous flows, although experimental validation at small
distances may be difficult. Figure 2c shows that the growth of the
peak-width is linear both in the flow direction and normal to it.
Although differences in the velocity of the correlation peak and
the convection velocity have been reported in prior
studies13,25,32,33, to the best of the authors’ knowledge, this is
the first quantitative assessment of the decay of the peak in
inhomogeneous flows.

Figure 2e shows an interesting observation. Due to the
anisotropic growth rate and shape of the intense regions of
C 0;R0; τð Þ, the peak along any direction within a cone is seen to
be approximately independent of the direction. The four lines are
the peak locations as a function of time in directions bearing
angles θ= 0 (flow direction), θ ¼ tan�1ð1=6Þ ¼ 9:46o,
θ ¼ tan�1ð1=5Þ ¼ 11:31o, and θ ¼ tan�1ð1=4Þ ¼ 14:04o to the
flow direction, the lines being shifted for clarity. The slopes in all
directions are nearly identical. (This direction-independence fails
for smaller Reynolds numbers, see Supplementary Fig. 9e.)
However, as seen from Fig. 2d, the decay in the peak-intensity is
not isotropic; it decreases faster as the deviation from the flow
direction increases.

Spectral energy density. Velocity fluctuations in turbulent flows
can be quantified via spectral components of the “energy field”
EðRÞ ¼ 1

2 hvðR; tÞ � vðR; tÞit of a unit mass of fluid4,5. When E(R)
is isotropic, dimensional considerations have been used to show
that the spectral energy density scales as ÊðkÞ � k�5=3 in the
inertial range4,5. Due to lack of high resolution spatial data, most
previous investigations used single-point velocity fluctuations and
invoked Taylor’s frozen hypothesis to establish the behavior of
the Fourier spectrum ÊðωÞ of the time series16,34. We wish to test
for scaling of spectral energy in axisymmetric jet flow. Dimen-
sional arguments analogous to those in refs. 4,5 show that the axial
and radial components Êz and Êr of the spectral energy will scale
as k�5=3

z and k�5=3
r , respectively.
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The spatio-temporal velocity fields permit a direct compu-
tation of E(R), which as seen from Fig. 3a, is not isotropic.
Prior to computing the spectrum, we extend E(R) in both the z
and the r directions so that the extended field is periodic. The
Fourier transform is performed on this extended field with
periodic boundary conditions in order to minimize spurious
spectral components. The z extension is a reflection across
zmax. In the r direction, a linear transformation is applied on

each z row of E(R) so that the transformed field vanishes at
the ends; it is then extended by reflection and multiplication
by −1.

Since E(R) for the jet flow is anisotropic, it is necessary to
analyze the behavior of the 2-dimensional spectral energy density
Êðkr; kzÞ. We find that Êðkr; kz ¼ 0Þ is several orders of
magnitude smaller than Êðkr ¼ 0; kzÞ. Figure 3b shows that the
latter is consistent with the Kolmogorov–Obukhov4,5 law.

Fig. 2 Properties of time-delayed cross-correlation functions. a Three snapshots of the field C R ¼ 0;R0; τð Þ, whose peak flows downstream and broadens
in time. Distances are given in mm and the center of the near-boundary is chosen as the origin. Panels b–e show mean values (symbols) and standard
deviations (error bars) of variables computed from four non-overlapping subintervals, each of 1500 snapshots. b The downstream velocity of the peak
(blue diamonds) is smaller than the convection velocity (red line). c The width of the peak, both in the flow direction (blue circles) and normal to it (red
circles), grows linearly in time. d The peak Pz(τ) (flow direction: θ= 0, black diamonds) decays exponentially in time. e Velocity of the peak is nearly
independent of the direction within a cone. The lines (shifted for clarity) show the peak locations as a function of time for the flow direction (black
diamonds) and for directions θ= tan−1(1/6) (blue circles), tan−1(1/5) (green crosses), and tan−1(1/4) (red squares) from the flow axis. However, as seen
in d, the peak intensity decays faster away from the flow direction (red circles).
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Structure functions. High-frequency, high-resolution velocity
measurements aid in establishing several interesting statistical
characterizations of point-wise and joint velocity-fluctuations in
turbulent flows. The results from our analyses, presented in
Supplementary Note 3, can be summarized as follows: (a) Point-
wise velocity fluctuations, both in the axial (v0z) and normal (v0r)
directions, are nearly Gaussian distributed. Standard deviations in
the axial and normal velocity fluctuations differ; specifically
σðv0zÞ ¼ 25:59 ± 1:51m=s and σðv0rÞ ¼ 17:80 ± 0:51m=s. Further-
more, σðv0zÞ exhibits a slow decay of ~5% over 17.7 mm in the
down-flow direction. These observations imply the inhomo-
geneity and anisotropy of v0. (b) As seen in Supplementary
Fig. 4d, cross-correlation between point-wise axial and normal
velocity fluctuations increases to the right and decreases to the left
of the symmetry axis. This observation indicates that velocity
fluctuations are not randomly oriented; the on-axis correlation is
≲0.1. (Although the on-axis correlation should vanish by reflec-
tion symmetry, it is only approximately so for the <0.1 s duration
of the experimental signal.) (c) As shown in Supplementary
Note 4, distributions of pairwise velocity differences δv0 �
v0ðR; tÞ � v0ðR0; tÞ are multivariate Gaussian when the two points
are far apart, but develop broader tails as points are brought close
to each other. In particular, they are nearly bi-exponential at the
smallest distances28,30. This anomaly may originate from
incompressibility and the presence of tube-like vortex
structures23,24. Figure 2a provides an alternative interpretation: as
the peak of the cross-correlation broadens, the strong correlation
between velocity fluctuations at two neighboring sites with those
at the origin at an earlier time implies the correlation of velocity
fluctuations at the two points themselves.

Correlations between velocity fluctuations at neighboring sites
can be characterized using the family of structure functions

Sζ R;R0ð Þ ¼
hjðv0ðR; tÞ � v0ðR0; tÞÞ � ekj

ζi
t

hjv0ðR; tÞ � ekj
ζi

t
þ hjv0ðR0; tÞ � ekj

ζi
t

; ð2Þ

where ek � ekðR0 � RÞ is the unit vector in the direction
ðR0 � RÞ. Increasing ζ emphasizes larger deviations. We find that
structure functions are homogeneous on the symmetry axis, i.e.,
do not depend on the “origin” R. Our computations of structure
functions are implemented on a 60 ms (6000-frame) segment of
the flow. The error bars in Fig. 4 represent standard deviations for
four different origins R on the symmetry axis.

Contour plot of S1 R;R0ð Þ, Fig. 4a, shows that it is nearly
isotropic when jR� R0j is small, but that its growth slows in the

flow direction with increasing jR� R0j. Additional features of
Sζ R;R0ð Þ can be inferred from observations on the distributions
of velocity fluctuations outlined earlier. They include (a)
continuity of velocity fluctuations imply that Sζ R;R0ð Þ ! 0 as
jR� R0j ! 0. (b) Since the distribution of velocity fluctuations at
R and R0 are multivariate normal and the v0’s are independent
when jR� R0j ! 1, the distribution of v0ðR; tÞ � v0ðR0; tÞ is
multivariate normal with a variance–covariance matrix that is the
sum of those for the two distributions. Since the variances of the
distribution of axial velocity fluctuations are (nearly) constant
within the entire domain, it is seen that S2 R;R0ð Þ ! 1 as
jR� R0j ! 1. (c) In addition, Sζ R;R0ð Þ ! const: as
jR� R0j ! 1, the limiting value depending on ζ. Specifically,

since E½jXjζ � ¼ 2ζ=2ffiffi
π

p Γ ζþ1
2

� �
σζ for a centered normal distribution

of standard deviation σ, it can be shown that Sζ R;R0ð Þ ! 2ζ=2�1

as jR� R0j ! 1.
Figure 4b, c shows the behavior of structure functions in the

flow direction. Black diamonds in Fig. 4b are the values of S1(z),
with z ¼ jR� R0j. Consistent with the limits for z→ 0 and
z→∞, we use a 3-parameter fit S1ðzÞ ¼ c1z

c3=ð1þ c2z
c3Þ; the

best fit is shown by the black line in Fig. 4b. The blue, red, green,
and brown symbols in Fig. 4b represent S1/2(z), S2(z), S3(z), and
S4(z), respectively. Next, given Sζ(z)→ 2ζ/2−1 when z→∞, we
inquire if Sζ(z) will be a power of S1(z). The conjecture is tested
using the “normalized” structure function

NSζðzÞ �
SζðzÞ
S1ðzÞ

ζ
: ð3Þ

The symbols in Fig. 4c, NS1=2ðzÞ, NS2ðzÞ, NS3ðzÞ, and NS4ðzÞ,
illustrate that a power-relationship does hold for large z, the
limiting value being consistent with NSζðzÞ ¼ 2ζ�1 (thin solid
lines), except at the largest ζ. This is an example of extended self-
similarity17,35; it motivates us to inquire how well Sζ(z) is
approximated by 2ζ−1S1(z)ζ in the entire range. The blue, red,
green, and brown lines in Fig. 4b show that the approximation
does hold over the entire domain, but weakens as ζ increases. It is
shown in Supplementary Note 5 that (a) the discrepancy at large z
can be attributed to small correlations and differences in point-
wise standard deviations, and (b) the behavior for small z can be
found using the near bi-exponential form of the distribution of
velocity differentials.

The well-known Kolmogorov “23-law” states that for highly
turbulent homogeneous and isotropic flows, there is an inertial

Fig. 3 Energy density and spectral energy density of flow. a Energy density E(r, z) for a jet-flow of Re≈ 78,000. b Decay of Êðkr ¼ 0; kzÞ as a function of kz.
Each blue diamond represents the mean of Êðkr ¼ 0; kzÞ at four successive points and error bars, the associated standard deviations. Dashed line shows
Kolmogorov–Obukhov scaling.
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range, terminating at the Taylor micro-scale, where S2 R;R0ð Þ is
isotropic and scales like jR0 � Rj2=32,3, and that higher-order

structure functions scale as Sζ R;R0ð Þ � jR0 � Rjζ=3. Experimental
evidence for these claims, many of which are based on Taylor’s
frozen hypothesis, have not been conclusive. For example,
while several studies appear to affirm isotropy of structure

functions36,37, others report anisotropy38,39. An inertial range is
not observed in some studies on turbulent flows30 and
simulations17, while it is found in others9,40,41.

With high-resolution spatio-temporal flow fields, we are in a
position to perform direct and indirect (i.e., based on Taylor’s
frozen hypothesis) tests of Kolmogorov scaling in the anisotropic
and inhomogeneous jet flow. Due to experimental noise and

Fig. 4 Properties of structure functions. a Contour plot for S1 R;R
0ð Þ shows that it is nearly isotropic when d ¼ jR0 � Rj is small, but that the growth slows

in the flow direction as d increases. Panels b–e show mean values (symbols) and standard deviations (error bars) for variables computed using 6000-
frame segments with four distinct origins R on the symmetry axis. b The symbols show S1=2 R;R0ð Þ (blue diamonds), S1 R;R

0ð Þ (black circles), S2 R;R0ð Þ (red
crosses), S3 R;R0ð Þ (green squares), and S4 R;R0ð Þ (brown stars) in the flow direction. The black line is the best fit of the data S1(z) for a functional form
S1ðzÞ ¼ c1z

c3=ð1þ c2z
c3 Þ that satisfies the conditions for jR� R0j ! 0 and jR� R0j ! 1. c Normalized structure functions NSζ ðzÞ for ζ= 1/2, 2, 3, and 4,

showing the validity of extended self-similarity17,35 for large jz� z0j. Extended self-similarity suggests that Sζ(z)≈ 2ζ−1S1(z)ζ. These are the lines shown in
b. d S2ðz; z0Þ does not show an inertial range where the Kolmogorov 2

3-law holds. e An assessment of the structure function from a single-point time series
invoking Taylor’s hypothesis is better approximated by the 2

3-law.
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limitations on resolution, estimations of higher order moments
are not reliable. The symbols in Fig. 4d show S2ðz; z0Þ and the
line through them the best fit to a functional form
S2ðzÞ ¼ c1z

c3=ð1þ c2z
c3Þ; the dashed line is the 2

3-law. No inertial
range is found for our data. Transverse structure functions exhibit
similar features, as summarized in Supplementary Note 6 and
Supplementary Figs. 7 and 8.

It has been conjectured that inhomogeneity and anisotropy
induces deviations from a single scaling index9, and that structure
functions scale only within irreducible sectors of the SO(3)
symmetry group10,42–44. The axisymmetric jet flows reported here
show no scaling even within irreducible sectors.

Next, we inquire if use of Taylor’s frozen hypothesis can
contribute to experimental observations of an inertial range9,40,41.
Under the scenario, single point velocity measurements at a
location R= (0, z) on the symmetry axis can be used to evaluate
the structure function in the flow-direction via

STay2 ðt; t0Þ ¼
hjv0zðz; tÞ � v0zðz; t0Þ

�
j2it

2hjv0zðz; tÞj
2it

: ð4Þ

In Fig. 4e, we show the form of the structure function at three
locations as a function of the effective distance �vzjt0 � tj, where �vz
is the mean flow velocity at R. Since the time interval between
observations is 0.01 ms and the fluid speed in the flow direction is
~130 m/s, the smallest effective distance accessible from the data
is ≈1.3 mm; given that the Taylor micro-scale is ≈165 μm, we are
unable to access the lower distances in the inertial scale. An
inertial range cannot be observed, but STay2 ðt; t0Þ shows a closer
agreement to the 2

3-law than S2 R;R0ð Þ.

Conclusions
A signature of turbulent flows is rapid chaotic variations in flow
velocities, and the flows are characterized through statistical
objects of their fluctuations. Theoretical analysis of these objects
are based primarily on energy transmission between scales, leading
to the Kolmogorov 2

3-law and the Kolmogorov–Obhukov 5
3-law.

Reynolds numbers where these laws are predicted to hold are
extremely high, and the flows contain structures down to very
small scales. A major challenge for experimental tests of the
scaling laws is measurements of flow fields at sufficiently high
frequency and spatial resolution. Studies of homogeneous turbu-
lence has been predicated on the use of Taylor’s frozen hypothesis
which permits the inference of the relevant spatial variations via
the use of high-frequency single or multi-point measurements.
Whether these inferences generalize to the more common inho-
mogeneous flows was the issue that motivated the present study.

The acquisition of high-resolution spatio-temporal velocity
fields was made through a long-duration (100-ms), high-energy
burst-mode laser, permitting their extraction at a frequency of
100 kHz15. This rate of measurements permitted the study of
axisymmetric jet flows up to Reynolds numbers ~80,000. We
showed explicitly that both the mean flow and velocity fluctua-
tions in these flows are inhomogeneous and anisotropic. One of
our inquiries was if and how Taylor’s hypothesis is altered. We
found that the peak in the auto-correlation function flows at a
rate that differs from the convection velocity and attributed it to
non-uniformity of the mean flow. The peak correlation was found
to decay exponentially in time. We argued that the observation
can be attributed to mean-reversal of velocity fluctuations, which
suggests that such a decay will persist in homogeneous flows as
well, even at short distances. Next we used the flow fields to test if
scaling of structure functions4,5 and spectral energy density will
continue in inhomogeneous flows. Even though extended self-
similarity17,35 holds except at small distances, we failed to find an
inertial range where the Kolmogorov 2

3-law
3 holds. The decay of

the axial component of the spectral energy density is consistent
with the Kolmogorov–Obukhov law4,5.

Methods
The N2-jet, inserted through a cylindrical inlet of diameter 4.7 mm with a flow rate
set by a mass flow controller (Alicat, MCR), expands axi-symmetrically into
ambient stagnant air. The 2D velocity measurements are made on a grid inside the
boundary of the expanding jet. Reynold’s numbers at the inlet for our experiments
range from 21,000–78,000 (see Supplementary Note 7).

Velocity measurements are made using high-speed time-resolved PIV, whose
acquisition rates in our system are limited primarily by repetition rates of laser
sources and infrared camera memory. Wth an extended-duration dual-pulse burst-
mode laser16 we are able to acquire the flow field measurements at 100 kHz over a
duration of 0.1 s. The flow field was visualized using DEHS particles of diameter
0.25 μm. Under these conditions the motion of the particles is passive16, and thus
their flow will represent that of the fluid faithfully. The PIV resolution was made
for each condition using the standard interpretation22, requiring the vector cor-
relation size (537 μm), laser sheet thickness (500 μm), and time resolution between
correlated images (2 μs). For conditions analyzed, the spatial resolution varies from
266 μm to 277 μm. Ref. 16 provides a detailed analysis of particle motion and
rigorous definitions of spatial and temporal resolution. For all cases, a standard
definition of resolution was used, i.e., the Taylor micro-scale wave-vector at which
the correction ratio of the squared spectral filtering function fell to 0.7. This can be
interpreted as the point at which corrections of less than 30% are required to the
spectral density tensor, in agreement with the standard work of Lavoie22. However,
if a more stringent definition is applied (e.g., corrections less than 10%), then the
effective spatial resolution would decrease.

The integral length scale was estimated as the product of the mean convective
velocity and the measured integral time scale45. The time-scale was measured using
the exponential decay of the temporal autocorrelation function45; the length-scale
Λ was expressed in terms of the turbulence intensity (estimated from the standard
deviation σ1 in the axial direction) and the dissipation rate ε was estimated using
Λ � σ31=ε

46. The Taylor micro-scale was estimated by substituting this expression,
yielding λ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
15νΛ=σ1

p
, and is a function of derived and measurable axial

quantities in the experiment: kinematic viscosity ν, Λ, and σ1. The Kolmogorov
scale was estimated using the approximation η � ðν3Λ=σ31Þ

1=446. Further details of
these calculations can be found in ref. 45.

The velocity measurements are made on a 67 × 51 grid placed symmetrically on
an axial cross-section, as illustrated schematically in Fig. 1a. There were a very few
instances (~0.01%) where both the recorded axial and radial speeds vanish, indi-
cating that the site was not seeded. (We find no cases where only one component
vanishes.) Each such recording is replaced by the mean of the corresponding
velocities at the same location in the time steps immediately preceding and fol-
lowing the instance.

Data availability
The spatio-temporal flow velocity data that support the findings of this study, in Matlab
format, have been deposited in “figshare.com”, with the accession code “10.6084/m9.
figshare. 12789926.” Grid points x and y of the 51 × 67 lattice and the velocity fields u(x,
y, t) and v(x, y, t) in the x and y directions are given for jet flows at Reynolds numbers
21,000, 26,200, 31,500, 47,200 62,300, and 77,900.

Code availability
Computer codes used to analyze the data will be provided upon request.
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