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Existence of common fuzzy fixed
points via fuzzy F-contractions
in b-metric spaces

Shazia Kanwal?, Sana Waheed?, Ariana Abdul Rahimzai?* & llyas Khan3**

The main goal of this study is to establish common fuzzy fixed points in the context of complete
b-metric spaces for a pair of fuzzy mappings that satisfy F-contractions. To strengthen the validity of
the derived results, non-trivial examples are provided to substantiate the conclusions. Moreover, prior
discoveries have been drawn as logical extensions from pertinent literature. Our findings are further
reinforced and integrated by the numerous implications that this technique has in the literature.
Using fixed point techniques to approximate the solutions of differential and integral equations is very
useful. Specifically, in order to enhance the validity of our findings, the existence result of the system
of non-linear Fredholm integral equations of second-kind is incorporated as an application.
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Initiation of fuzzy set theory in 1965 by Zadeh' helps us to make possible the description of vague notions and
handling with them. Basically, a fuzzy set is a function whose domain is a non-empty set and range is the interval
[0,1]. At first, Weiss* and Butnariu® studied fixed points of fuzzy mappings. The concept of fuzzy contraction
mappings was introduced by Heilpern* (see also™®). Afterwards, existence of fixed points of mappings involving
certain contractive type conditions were derived and calculated by several authors, for example fuzzy common
fixed points of fuzzy mappings for integral type contractions were obtained by Kanwal et al.”, fuzzy fixed points
and common fixed points were established by Azam et al.3’. Further, fuzzy fixed point results involving Nadler’s
type contractions were established by Kanwal et al.!®!!. With the aim of generalization of the Banach contraction
principle, instead of the triangle inequality, a weaker condition was used in this metric space, and these spaces
are known as b-metric spaces. The idea of a b-metric space was first presented by Backhtin'? in 1989. Czerwik!?
extracted the b-metric space results in 1993. Many scholars generalized the Banach contractive principle in
b-metric spaces by embracing this theory. The existence of fixed points and common fixed points of fuzzy
mappings satisfying the contractive type criterion is deduced and estimated by several authors. Fixed point
theorems in b-metric spaces were obtained by Boriceanu'®, Czerwik'?, Kir and Kiziltunc's, Kumam et al.’s,
Kanwal et al.”” and Pacurar'®. Fuzzy fixed point theorems for multivalued fuzzy contractions in b-metric spaces
were proved by Phiangsungnoen and Kumam'®. In past few decades, a noteworthy interest in fixed point theory
has been directed to interchanging recent metric fixed point results from usual metric spaces to some other
metric spaces, like quasi-metric spaces, partially ordered metric spaces, psuedo metric spaces, F-metric spaces,
rectangular metric spaces, fuzzy metric spaces, etc. Nadler® extended the Banach contraction principle?! and
obtained the fundamental fixed point result for set valued mappings using the Hausdroff metric. These non-linear
diversity Problems open the door to develop more original and innovative tools, which are currently receiving
more attention in literature. Wardowski** used one of these tools, which is thought to be a novel tool, in which the
author introduced a new type of contractions, called F-contractions and proved a new related fixed point theorem.

Some fuzzy fixed point theorems for fuzzy mappings via F-contractions were shown by Ahmad et al.. Several
other authors have studied and obtained fixed point theorems for F-contractions (see**? and references therein).
A survey on F-contraction can be obtained from?. Recently, Kanwal et al.'” obtained common fixed points
of L-fuzzy mappings satisfying F-contractions in complete b-metric spaces. Dhanraj et al.?’, Gopal et al.?%,
Lakzian et al.*’, Mani et al.*"** and Nallaselli et al.** have established many wonderful results in b-metric spaces
and its generalizations for F- contractions and some other contractive conditions. Moreover, they have offered
the applications of the obtained results, see references therein for details.
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The purpose of this study is to obtain common fuzzy fixed points of two fuzzy mappings in the setting of
complete b-metric spaces via fuzzy F-contractions in connection with Housdorff metric. The structure of the
paper is as follows: “Preliminaries” section deals with basic concepts regarding definitions, examples and lemmas
which are necessary to understand our results. Common fuzzy fixed point results via F-contractions in complete
b-metric spaces with consequences and interesting examples have been given in “Common fuzzy fixed points
via F-contraction” section. In “Applications” section, we have established common fixed points for multivalued
mappings and solve a non-linear system of Fredhlem integral equations of 2nd kind by our findings. A conclusion
is incorporated in “Conclusion” section.

Preliminaries
In this section some pertinent concepts are presented from the existing literature. These concepts will be helpful
to understand the results which are established in the present research.

Definition 2.1 Let (S, d) be a metric space and S denotes the collection of all nonempty closed and bounded
subsets of S. Consider a map H : S8 x S8 — R.For 8, € S°B defined by
H(6,9) = max{sup d(c,?),sup d(e, 0)},

ceb ect

whered(c,®) = {inf d(c, e) : e € ¥} is the distance of c to ¢. H is a metric on S°B and is known as the Hausdorff
metric induced by the metric d.

Definition 2.2 Let (W, d) be a metric space. A mappingI" : W — W is Banach contraction on W if there exists
a positive real number 0 < y < 1such thatVz;,z; € W,
d(Tz,Tz2) < yd(z1,22).
Definition 2.3 A mapping I defined on metric space (W, d) satisfying
dTv,T'w) < y[d»,Tv) +dw,Tw)] Vv,we W,
where y € [0, %) is called Kannan contraction.
Definition 2.4 ! Let S be any arbitrary set. A function i : § — [0, 1]is called a fuzzy set in S. The functional value
i (s) is called the grade of membership of s in . The a-level set of 11 is denoted by 1], and is defined as follows:
[nle = {s; u(s) = a if a € (0, 1]}.

Note: Throughout the article, we denote $* as the family of fuzzy sets in S, S°B denotes the collection of all
closed and bounded subsets of S and C(S) denotes the collection of all compact sets.

1, when x < 20;
Example 2.5 Consider functions A;, A, on [0, 70] defined by: A;(x) = % - 1"—5, when 20 < x < 35;
0, when x > 35.
0, when either x < 20o0r > 60;
(xIZO), when 20 < x < 35;

Ay(x) = >
2(%) %, when 45 < x < 60;
1, when 35 < x < 45.

Both A, A, are fuzzy sets. Graphical representation of A; and A, can be seen in Figs. 1 and 2, respectively.

Definition 2.6 * Let (S, d) be any metric space and P be an arbitrary set. T is termed as a fuzzy mapping if
T:P — S*isafunctionieT(p) € S*foreach p € P.

Example 2.7 Let P = [—9,9]and S = [—4,4]. Define T} : P — S* by

x2—|—y2

Ti(x)(y) = 100

Then T is a fuzzy mapping. Notice that T; (x)(y) € [0, 1], for all x € P and y € S. The graphical representation
T (x)(y) showing the possible membership values of y in T; (x) is given in Fig. 3.

Example 2.8 Let P = [0,15]and S = [0, 10]. Define T, : P —> S*by

x+y+xy

L)) = 180

Then T is a fuzzy mapping. Notice that T2 (x)(y) € [0,1], for all x € P and y € S. The graphical representation
T>(x)(y) showing the possible membership values of y in T (x) is given in Fig. 4.

Scientific Reports|  (2024) 14:7807 | https://doi.org/10.1038/s41598-024-58451-7 nature portfolio



www.nature.com/scientificreports/

1 x =20
) = e — 20 < x < 35
_-11(.\).— 3 is X 2 X 5
o x =35
1
0.8
0.6
0.4
0.2
0+ T
o 10 20 30 0 50

0 x =X 20orx= 60
1 4
- % > 5
1s X 3 20 << x << 35
Ay (x) = 1
4 — —x 45 < x << 60
15
1 Is<xx<x 45
1+
0.8
0.6
0.4+
0.2+
o T
10 20 30 40 50 50 70

Figure 2. Graph of fuzzy set A,.

Definition 2.9 Let G, T : S —> S* be fuzzy mappings. An element u € S is called a fuzzy fixed point of G if
u € [Guly. The point u is called a common fuzzy fixed point of G and T ifu € [Guly N [Tul,.

Definition 2.10 2 Consider S to be a non-empty set and y > 1. Assume the function d* : § x S — R satisfies
the following conditions for all £, &,,&3 € S:

d*(1,6) =0, = & =&

d*(&1,&) > Oforall& # &

d* (&1, &) = d*(62,61);

d*(&1,8) < y(d*(£1,&) + d* (&3, 8)).

Then d* is a b-metric on S and the pair (S, d*, y) is referred as a b-metric space.
Example 2.11 ' The spacel; (0 < ¢ < 1),

e ={(un) CR: Y pal’ < 00},

n=1

together with a functiond* : I x I, — R
s 1
d*(p,v) = (Z lwn — ang) °
n=1

where it = ((n), v = (V) € I; is a b-metric space. By an elementry calculation we obtain that
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Figure 4. Graph of fuzzy mapping T».

d*(,2) < 2 [d*(uv) + & (,2)].

1
Heres =27 > 1.

Example 2.12 '* The space L; (0 < ¢ < 1), of all real functions u(t),t € [0, 1] such that fol ()| dt < oo, is
b-metric space if we take

1 1
d*(n,v) = [/ lu(®) —v()*dt] <,
0
for each 1, v € L.

Remark: Note that a (usual) metric space is evidently a b-metric space. However Czerwik' has shown that
a b-metric on X need not be a metric on X.

Definition 2.13 Let(S, d*, y) be a b-metric space with y > 1. Assume {s,} is a sequencein Sand s € S. s is termed
as the limit of the sequence {s,} if

lim d*(s,,s) = 0.
n—oo

Then {s,,} is said to be convergent in S.
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Definition 2.14 The sequence {s,} in the b-metric space (S, d*, y) is said to be Cauchy if for each € > 0, there is
np a positive integer such that d*(s,, s,) < € foralln, m > ng.

Definition 2.15 If every Cauchy sequence in (S, d*, y) is convergent in S, thenthe b-metric space (S, d*, y) is
said to be complete.

Definition 2.16 ** Let y > 1 be a real number. Suppose that F* is the family of all functions F : Rt — R
satisfying the conditions given below:

(F1) Fis strictly increasing;

(F2) for each positive sequence {s, }, lim, o0 $p = 0 < lim,_ o0 F(s,) = —00;

(F3) Thereisk € (0,1)so that lim,_ oo (sp)¥F (s,) = 0 for each {s,} C RT;

(Fs) o +F@"s,) < F(y" s,y iffor {s,} C Rtando € RT, o + F(ysy) < F(s,_1)Vn e N.

Definition 2.17 Let (S, d*, y) be a b-metric space, where y > 1. A multivalued mapping T : S — S°B is called
an F -contraction of Nadler type if there exists F € F* such that fora € RT ands,u € S,

2a + F(yH(Ts, Lu)) < F(BY(s,u)), 1)
where0 < 8 < 1,
Wy s) = max{d* (), d* (u T, d* (s, Ls), L) ;;d*(s’ Tw, @)

Now, we give some definitions and lemmas about multivalued mappings.

Lemma 2.18 % Suppose that (S, d*, y) is a b-metric space. Assume C;,C,,C; € SCBand s,u € S, then the
following axioms hold:

d*(s,Cy) < d*(s,cy) foranyc; € Cy

d*(Cl,Cz) < H(Cl, Cz), where d*(Cl, Cz) = inf{d*(Cl,Cz) 1 € C1 and ) € Cz};
d*(c1,C;) < H(Cy,Cy) forany ¢y € Cjs

H(Cy,C) =0

H(Cy, Gy) = H(G,, Cy)s

H(Cy,C3) < y[H(Cy1, C) + H(G, G3) ks

H(cy, C1) < yld*(c1,2) + d*(c2, C1))

NN R LD

Lemma 2.19 2° Suppose (S, d*) is a metric space and Cy, C; € S¢B

c(c1) € Cysuch thatd*(cy, cz) < BH(Cy, Cy).

,then for 8 > land each¢; € Cj, there exists

Lemma 2.20 ?° Suppose (S, d*) is a metric space and C;, C; € SCB then for B > 1, for each ¢; € C; there exists
c3(c1) € Cy such that d*(cl, ) < BH(Cy, Gy).

Lemma 2.20 has the following implications.

Lemma 2.21 ?° Suppose C; and C, are two arbitrary non-empty compact subsets of a metric space (S, d*) and
letw : C; — S€B be a multivalued map. Then for 8 > 1, for each ¢1,¢; € Crand s € wc) there existsu € wcy
such that d*(s,u) < BH(w ¢y, w ).

Lemma 2.22 3% Suppose (S, d*, y) is a b-metric space and C;, C; € SCB then for B > 1, for each ¢; € C; there
exists c3(c1) € Cysuch thatd*(c1, cz) < BH(Cy, Cy).

Lemma 2.23 ¥ Let {C,} be a sequence in S°® and lim,_, o, H(C,, C;) = 0 for C; € S°B if ¢, € C, and
limy,— oo d*(cy, c1) = 0, then ¢y € Cy.

Theorem 2.24 * Let(w, m) be a complete metric space and 8 : @ — @ be an F-contraction. Then, 8 admits a
unique fixed point in @ and for each x € @, the sequence {8"(xp)} converges to x.

Theorem 2.25 Assume a b-metric space (S, d*, ), where y > 1.Let T : § — SB be an F-contraction of Nadler
type, that is, there is F € F*, so that fora € RT,

2a +F(yH(Ts1, Lsy)) < F(d*(s1,52) 3)
foralls;,s; € Sand Ts; # Ts;. Then T admits a fixed point in S.
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Common fuzzy fixed points via F-contraction

In this section, we have established Nadler’s type common fixed points of a pair of fuzzy-mappings satisfying
F- contractions in the context of complete b-metric space. Examples furnish legitimacy for the conclusions. As
corollaries from the pertinent literature, there are also previous conclusions that have been stated.

Definition 3.1 Consider a b-metric space (S, d*, y), where y > 1. Two fuzzy mappings T, L : S — S*is termed
as an F-contraction of Nadler type if there isF € F*so that fora € Rt and for all s, u € S,

2a + F(YH([Ts]lay,» [Lulay,)) < F(BY (s, u)), (4)
where y > 1, 0 < 8 < 1, a1y, a1s € (0, 1]with

ad*(u, [Lsla;,) + d*(s, [Tulag,)
2y

¥ (u,8) = max{d” (u,s),d" (u, [Tulay,), d* (s, [Ls)a,), } (5)

Theorem 3.2 Let (S, d*, y) be a b-metric space where y > 1. Suppose there exists a continuous function ¥ € F*
from the right. Let L, T : S — S*be two fuzzy mappings satisfying F-contraction of Nadler type such that for all
s,u € S[Lulgy,» [TSlar, € SCB_Then L, T have a common fuzzy fixed point. If [Luly,, and [Ts]y,, are singleton
subsets of S for all s, u € S, then the common fuzzy fixed point of T and L is unique.

Proof Fix any s € S. Define sop = s and suppose s; € [TSO]aTSO- By Lemma 2.22, there is s, € [le]aul and there
exists g > 1, so that

d*(s1,52) < gH([Tsolaaz, » L1 )ay,)-
By multiplying both sides by y, we get
)’d* (51 > 52) =< ng([TSO]aTSO > [le ]Oth1 )’

F(yd* (s1,52)) < F(gH ([Ts0lar,» [Ls1]ay,))- (6)
The continuity from the right of F € F* yields that there is g > 1so that
F(@yH ([Tsolary,> [Ls1]ay,, ) < FVH([Ts0lagy,> [Ls1]ay, ) + a. (7)
From (6) and (7) we have
F(yd*(s1,52)) < F(gH([TSolar,,» [Lsilay, ) < F(H([TSolar,, > [Ls1lay, ) + a.
By Adding a on both sides and using Eq. (4), we get
a+F(yd*(s1,5)) < F(BY(s1,52)).

By using this iterating procedure, we build a sequence {s,} in S so that sz,11 € [Ts2nlay,,,» S20+2 € [Ls2n+1]a Loamis
and

a+ Fd* (san41> S2042)) < F(BY (S215 S2n41))- (8)
The function F is strictly increasing. We obtain
d* (s2n+1>52042)) < (BY (520, S2041))-
That is,
d* (s2n+1,S2n+2)) < Y (520, S2041)- )
Now, by using Lemma 2.18, we have

¥ (52 S2041) = max{d” (s2n, S204+1)> 4" (215 [ TS2n)y,y, )» A (20415 [Ls2n41 ey, )

d* (s2n, [Lsant1 oy, ) + 4" (20415 [ T20])ar,,) }

2y
< max{d" (s2n> $20+1)> d* (20> S2041)> A" (S2041> S2042) d*(Sznz,i;szrz)}
= max{d*(s2n, S2n+1)> 4" (S2n+1> S2n+2)> d*(Sznz,i;zmz)}
< max{d* (sams Soms 1)y d* (i1 Sms2), y(d* (5205 San+1) -;yd* (52n+1a52n+2))}
= max{d* (s2n S2n+1)> 4" (S2n+1, S2n+2)}-
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Suppose d* (521, S2n+1) < d*(S2n+1, S2n+2) then

Y (S2m> S2n41) < A7 (S2n415 S2n42)-

It contradicts (9). Therefore, Eq. (8) implies that

a+ F(yd* (san41> S2n42)) < F(d* (215 S2n41))- (10)

Let P, = d*(san+1> S2n+2) > 0 for alln € N. It follow from (10) that

a+FQ"d* (sans1,52142)) < FO" 1 d* (52, 52041)) ¥V m € N, (11)
Using Eq. (11), we write

F(y"Py) <F(y"'P,_1) —a,
F(" 'Pyy) <F("2Py_2) — 2a,

(12)

F("Py,) §F(y0P0) — na.
It yields
nhﬁn;() F(y"P,) = —oo.
Using F'; property, we have
. np oy
nll)ngo()’ Py) =0.
Using F'3 property, there is 0k < 1such that
Tim ("Py)*F(/"Py) = 0.
By inequality (12), we find that
F(y"Py) < F(y°Pp) — na. (13)
By multiplying (13) by (y"P,)¥, we obtain
(/"Pa)F (" P) < (" Pn)F (Po) — na(y"Py)".
That is,
(" P E (") = (/"P)"E(Po) < —na(y"Pn)* < 0.
Now, applying lim n — oo, we get
. n k _
lim n("P)k =0, (14)
From (14), there isn; € N with n(y"Pn)k < 1such that

y'P, < Yn>n. (15)

S
x-\»—‘ =

We claim that {s,,} is a Cauchy sequence. Suppose m, n € Nare so thatm > n > n;. The triangularinequality and
Eq. (15) both implies that

d*(s2n S2m) <yd* (s2m> S2041) + Y2 A" (S2n-15 2042) + o + Y™ A* (S2m—15 52m)
=yPy_1 +y* Py 4 ..+ " " P

=Ein;;271)’iin+zpi

<=2, P

1
Sy2—n

= |

i
At the limit, we have d* (s, s;) — 0. Hence, {s,} is a Cauchy sequence. The completeness of the b-metric space

(S, d*, y) ensures the existence of s € S so thats, — sasn — 00. Now, we show that s is a common fuzzy fixed
point of the mappings T and L. Consider

d*(52n+2) [Ls]oq_s) =< H([T52n+1]a752”+1 > [LS]aLS) =< )’H([T52n+l]arsn“ s [LS]aLs)«
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It implies
d* (520125 [Lslay,) < YH([Ts2nt1)er,,, > [LS]ar)-
Since F is strictly increasing, we get
F(d* (s2n420 [L5)oy,)) < FOH(Tsznstlar, o [Lslay,)).
By adding 2a on both sides and by using Eq. (4), we get
2a+ F(d" (s2n+2 [Lslay,)) < 2a+ F(YH(Ts2n+1)ars,,, > [Ls1ar)) < F(BY (52041, 9)).
Sincea € R, we get

F(d* (s2n425 [Ls]ar,)) < F(BY (S20+1,9)).

Since F is strictly increasing, one writes
d* (s2n425 [Lslags) < BY (S204159).
By applying limit#n — oo, we obtain
d* (s, [Lslay.3) < BY(s,9).

That is, d* (s, [Ls]a;,) = 0.Hence s € [Ls]q,, . Similarly, we can show that s € [Ts],,,. Hence, s is a common fuzzy
fixed point of T and L. Suppose that[Ts]y,, and [Lu],, are singleton subsets of S for all s, u € S. Let rand s be two
common fuzzy fixed points of the mappings T'and L, then
F(d*(r,s)) <F(yH(r,[Lsly,,)) + 2a
=F(yH([Trlas,> [Lsla;,)) + 2a
<F(ByY(r,9))
a*(r, [Lsla;,) + d* (s, [T]ar,)

=F (B max{d*(r,s), d" (r, [ Trlar,), d* (s, [ Tslag,)s 2 )
<F(B max{d*(r,s),0,0, 4, [Lsle,) : 46 [Trlr,) D
-y
<F(B{d"(r,s).
It yields that d*(r,s) < Bd*(r,s) < d*(r,s). Hence,d*(r,s) = 0,and sor =s. O

To validate and furnish our result, we provide a non-trivial example below:

Example 3.3 Let S = [0, 1]. Define d* : S x S — R by d*(s, u) = |s — u|?. Then (S, d*, y) is a b-metric space.
Considera € RTand L, T : S — S*,such that Ts : S — [0, 1]and Lu : S — [0, 1] are given as

1 se”?.
%, _Sa L= %
se S.
T =9 ¢ ¢ <=5
5 3 <1<3;
0, ;=<t=<L
There is as = isuch that [Ts]ey, = [0, Ze7“]. Also,
1 —a
1 0<t< u€6 5
1y ue”?
L) =4 2" —, 6~
1 ue u.
@ <t< 33
0, 4<t<1
Thereis ay, = %such that [Luly;, = {Ze™?}. We have
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H([Tslay, [Lulyy,) =max{ sup (d*(s,[Lula;,)), sup (d*([Tslag,» u)}

SE[Ts]op, u€[Lulag,

S u u
H([Ts)a,» [Lttlay,) =max{|ge*“ - ge*f‘|2, |0 — ge*“|2}

1 u
<—e Y max{|s — u, |u — =|*}
36 6
1 u
<—e X max{|s — ul®, |u— —e"*]*}
6 6

:%9_2“ max{d* (s, u), d* (u, [Lulay,)}

1
=368 VW,
This implies that

3SH(ITlayr [Ltlay,) < %e*zwf(s, ).

By taking natural logarithm on both sides and then by considering y = 3, = - and F(r) = In(r), all axioms
of Theorem 3.2 hold, therefore T and L have a common fuzzy fixed point, which is, s = 0.

Corollary 3.1 Assume a metric space (S, d*). Suppose there exists a continuous function F € F* from the
right. Let L, T : S — S* be two fuzzy mappings satisfying F-contraction of Nadler type such that for all s,u € S
[Lulay,> [TSlay, € SCB_Then L, T have a common fuzzy fixed point. If [Luly,,, and [Ts],, are singleton subsets of
Sforalls,u € S, then the common fuzzy fixed point of T'and L is unique.

Corollary 3.2 Assume a b-metric space (S, d*, ), where y > 1. Suppose there is a continuous function F € F*
from the ri§ht. LetT : S — S*be a fuzzy mapping satisfying F-contraction of Nadler type such that forall s € S,
[Tslay €S B, Then T has a fixed point. If[Ts]qy, are singleton subsets of S for all s € S, then the fixed point of
T is unique.

Applications
Finding common fixed points of multi-valued mappings
Here, we find common fixed points for multi-valued mappings with the help of our obtained result.

Theorem 4.1 Assume a b-metric space (S, d*, y), where y > 1. Suppose there exists a continuous function ¥ € F*
from the right. If A, B : § — S°B are two multi-valued mappings satisfying F-contraction of Nadler type, then A
and B have a common fixed point. Moreover, if A and B are singleton mappings, then the common fixed point
is unique.

Proof Consider two arbitrary mappings P, Q : S — (0, 1]. Define two fuzzy mappings T, L : S — S* as follows:

_JP(s), if geAls)
T(S)(g) - {0, lf g ¢ AS,

and

_JQw), if geBw

Then fors,u € S,
[Tslay, = {g € S: T()(g) = P(9)} = A,
and
[Lule, = {g € S: L(w)(g) = Qw) } = B(w).
Now, since H([Tslay,» [Lulay,) = H(A(s), B(u)), Theorem 3.2 can be applied to obtain a common fixed point of
A and B. That is, there isr € Ssuch thatr € T(r) N L(r) O

Corollary 4.1 Assume a metric space (S, d*). Suppose there exists a continues function ¥ € F* from the right.
IfA,B: S — S®Bare two multi-valued mappings satisfying F-contraction of Nadler type, then A and B have
a common fixed point. Moreover, if A and B are singleton mappings, then the common fixed point is unique.

Corollary 4.2 Assume a b-metric space (S, d*, y), where y > 1. Suppose there exists a continues function ¥ € F*
from the right. If A : § — S8 is a multi-valued mapping satisfying F-contraction of Nadler type, then A has a
fixed point. Moreover, if A is a singleton mapping, then fixed point of A is unique.
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Existence solution of a system of non-linear Fredholm integral equations of 2nd kind
In this section, we apply our obtained results to establish some hypothesis which guarantee the existence of
solution of system of non-linear Fredholm integral equations of 2nd kind.

Consider the following system of Fredholm integral equations of 2nd kind:

{ u(ty) = ¢(f) + fbBl(l‘bybu(yl))d*ylnfl € [a, b], (16)

s(t) = ¢(t) + [ Ba(t, y1,s(1))d*y1, . 11 € [a,b).

We will present sufficient conditions to ensure the existence of solutions to such a system. Let S = C[a, b] be the
set of all continuous functions defined on [, b]. Defined* : § x S — RT by

d*(s,u) = sup |s(h) —u(t)]’.
t €la,b]

Then (S, d*, y) is a complete b-metric space on S.
Theorem 4.2 Assume the assumptions given below hold: (A1) B; : [a, b] x [a,b] x RY — RT (fori = 1,2) and

¢ : [a,b] — R are continuous;
(A,) There exists a continuous function J : [a, b] X [a, b] — [0, 00) such that

[Bi(t1, y1, V)| — |Bj(t1, y1, w)| < J(t,y1)|v — wl

foreachty,y; € [a, b];(AquptlmE[a’b] fah [Tt yD)ld*y < g.e*“,whereO < B < 1.Then the system of inte-

gral equations (16) has a common solution in C([a, b]).

Proof Let w and 0 be two self-mappings w,6 : C([a, b]) — C([a, b]) defined by
b
w(u(t)) = ¢(t1) +/ By (t1,y1, u(y1))d*y1, t1 € [a, b],
a

b
0(s(t1)) = ¢(t1) +/ By (ti,y1,s(1)d*y1, t1 € [a, b].

Consider two arbitrary mappings A,B : § — (0, 1].
Define two fuzzy mappings T, L : S — S§* as follows:

_ JA@), if g(ty) =0(s(t1)); Yt € [a, b]
T = { 0, otherwiie. ' '

_ | Bw), if gt1) = w(u(t))); YVt € [a,b]
L = { 0, otherwisle‘ 1

Take as = A(s) and g, = B(u), then
[Tslay, = {g €S: T(5)(g) = A(s)} = 0(s),

and
[Lulay, = {g € S: L(w)(g) = Bw)} = o).
We have
H([Lulay, [TSlag,) =d* (@(u),6(s))
= sup |w(w)(h) —0@) (1)
tle[a,h]
b
< sup ([ [Bi(ty1,v)| — |Ba(t,y1, w)))?
ti€lab] Ja
b
< sup ([ J(tyDlu(t) — s(t)d*y)?
ti€lab] Ja
b b
< sup ([ |u(t) —s(t)ld*y)?* sup ([ J(tnyDd*y)?
ti€la,b] Ja t1€la,b] Ja
87261
<( sup |“(tl)_5(t1)|)2L
t1€la,b] y
—2a
=ﬁeid*(u,s).
y
That is,
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ﬂe—Za
y
YH([Lulay,» [Tslar) < e 2B (u,5).

By taking F(r) = In(r) in Theorem 3.2, the system of integral equations (16) has a common solution. O

—2a
H([Lttlay, [ Tsly,) < ﬂ%d*(u, 5) <

v (u,s).

Conclusion

Fixed point theory is a useful theoretical tool in diverse fields, such as logic programming, functional analysis
and artificial intelligence. In the framework of b-metric spaces, a novel fuzzy fixed point result of two fuzzy map-
pings satisfying F-contraction is established in connection with Housdorff metric. Obtained result is furnished
with an interesting and non-trivial example. Some results for fuzzy mappings and multi-valued mappings are
incorporated as corollaries. Moreover, other direct consequences are obtained as well. Moreover, a system of
non-linear Fredholm integral equations is solved by our established result. We hope this existence result will
provide an appropriate environment to approximate further operator equations in applied science. We conclude
our work with some open questions:

1. Whether this type of contraction can be applied on more than two mappings?
2. Ifanswer to 1 is yes then is this give the surety of existence of coincidence points or common fixed points?
3. Whether these results can be obtained in other generalizations of metric spaces?

Data availability
The database used and analysed during the current study are available from the corresponding author on
reasonable request.
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