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Multifrequency controlled
synchronization of four inductor
motors by the fixed frequency ratio
method in a vibration system

Lei Jia™, Chun Wang & Ziliang Liu

In this article, multifrequency controlled synchronization of four inductor motors by the fixed
frequency ratio method in a vibration system is investigated. The electromechanical coupling
dynamical model of the vibrating system is established. The synchronous condition of the vibrating
system is obtained with the small parameter method. Through the theoretical derivation and
numerical simulation, multifrequency self-synchronization of four induction motors in the vibration
system can’t be realized. To achieve the purpose of multifrequency synchronization motion, the
method of multifrequency controlled synchronization is proposed, and a fuzzy PID controlling
method is introduced. The stability of the controlling system is certified by the Lyapunov criterion. An
arbitrariness of the proposed controlling method which is applied to the vibration system is presented.
To certify the accuracy of the theory and simulation, a vibrating test bench is constructed. Some
experiments are operated to validate the effectiveness and the proposed controlled synchronization
method.

With the development of the economy, the pursuit of interest appears to be particularly important in the industry
production. For achieving this target, many technologies corresponding to it are presented. In the meanwhile,
vibrating machines as a branch in the industry are investigated for benefits on the agriculture, for example, the
vibrating screen, the vibrator feeder and so on'*. These kinds of vibrating machines are usually structured by two
patterns in the industry. One type as a forced synchronization is realized by belts, gears etc. They can implement
the same or different speeds among inductor motors. The other type is based on the self-synchronization theory
which is firstly proposed by Blekhman®®. In their research, the dynamic model is combined with the multiscale
method which is an asymptotic analytic method based on the average method. By utilizing different time scales,
they divide the vibrating motion into two kinds of processes which are respective fast and slow processes. The
fast one is relative to the motor speed and the slow one is relative to the phase. Thus, two eccentric rotors (ERs)
driven by induction motors realize the self-synchronization on the opposite directions. Obviously, the vibrating
machines can be realized with more simple structure and fewer cost by the self-synchronization theory. Based
on the former results, many researchers are attracted in this field and it acquires a rapid development. Wen et al.”
analyses the feature of vibrating system based on a high coupling dynamical model. In addition, they derived
synchronous and stability conditions of the vibrating system with the Hamilton criterion. Zhao et al.*® establish
the electromechanical coupling dynamic model and converts the problem of synchronous condition into an
existence of the eigenvalue with the small parameter average method. They not only realize the self-synchro-
nization motion of two motors in the opposite directions but also in the same directions. The researches above
are established in one single rigid body. Zhang et al."1*-!3 present the theory of self-synchronization with multi
motors (more than two motors). In their research, the dynamical model is established based on a rigid body. With
the synchronization condition and synchronization criteria of self-synchronization, the characteristic analysis
of dynamical model is given. Their research results present that the self-synchronization of vibrating system
with three motors can’t obtain a superposed amplitude and this phenomenon don’t realize the zero differences
among three motors. The synchronization problems above are all based on the same frequency of motors. The
synchronization problem with different frequency is presented by Inoue Junki chi'*. In their work, four motors
are symmetrically installed on a vibrostand along the vertical axis rather than horizontal axis. And they use this
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asymmetrical feature to realize the multi-frequency synchronization. However, the mothed in Ref.'* can only
realize one synchronous state with the fixed dynamical model. This result can’t satisfy the needs of industry.

The self-synchronization motion which can realize the zero difference between two motors should satisfy
the synchronization condition and synchronization criteria. And this result depends on the dynamical feature
of the vibrating system. To solve this problem, controlling methods are introduced in the vibrating system.
Kong et al.'>!¢ introduce the controlling strategy and method into self-synchronization motion and realize the
controlled synchronization motion. In their research, a master-slave controlling strategy and an adaptive slid-
ing mode controlling method is presented to be used in the dynamical model of the vibrating system. With this
method, the differences of motors which are not zero in the self-synchronization can be realized to zero finally.
Besides the method above, Ishizaki et al.'” use the cross-coupling controlling method to realize the synchroniza-
tion with dual servo systems. Aiming at the dual linear motor system, Lin et al.'® apply intelligent complementary
sliding mode controlling method to implement cross-coupled synchronous. Attention to different frequency
of motors in the synchronization motion, Jia et al.'*?° propose the adaptive fuzzy PID method and realize the
multifrequency controlled synchronization motion. Tian et al.*! illustrate the fast and robust estimation for posi-
tions and velocities by using a generalized modulating functions method. Balthazar et al.? gives the research of
self-synchronization of four non-ideal exciters. Nanha Djanan et al.?>?* study the self-synchronization motion
on a rectangular plate.

From illustrations above, the purpose of realizing the synchronization motions is to increase the amplitudes
of the vibrating system based on the dynamical feature. And this result can be converted to realize the zero differ-
ences between motors. However, the multi-frequency synchronization can only be realized with integer frequency
(2 or 3 times). For solving this problem, multifrequency controlled synchronization of four inductor motors by
fixed frequency ratio method is proposed and the main structure in this article is provided. In section "Math-
ematical model and synchronization analysis", the dynamical model of the vibrating system with four motors
is established. And then synchronization condition and criteria of the vibrating system are both obtained in the
least common multiple cycle with the small parameter method. In section "Design of the controlling system", the
adaptive fuzzy PID controlling method is introduced in the vibrating system based on a master-slave control-
ling strategy and the stability of the controlling system is certified by Lyapunov theory. For a legible illustration,
some numerical simulations and experiments are shown in section "Numerical and experimental results with
discussions" and the conformity between simulation and experiment are listed. In section "Conclusions", some
conclusions about this article are given.

Mathematical model and synchronization analysis

Mathematical model of the vibrating system. In this section, the mathematical model of the vibrat-
ing system is shown in Fig. 1, which is established from bottom to the top. All the symbols are listed in Table 1.
One rigid frame is connected on the foundation with four springs which are symmetrically distributed along
coordinate axis. Four squirrel-cage inductor motors divided into two groups are fixed on the frame symmetri-
cally. Motor 1 and 4 as one group have the same frequency and the other group are consisted of motor 2 and 3 of
which frequency are different form the front group. Each motor is installed by four bolts through circular holes
on the frame.

As shown in Fig. 1, o is center point of the frame and o; (i=1, 2, 3, 4) are respectively shaft points of four
inductor motors. oo; = I; (i=1, 2, 3, 4) are respectively the distances between center point of the frame o and shaft
points of four inductor motors o;. m is the quality of the frame and four inductor motors. m; is the full quality
of each ERs and m; (i=1, 2, 3, 4) are respectively the actual quality of four ERs. r is the radius of four motors.
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Figure 1. Mathematical model of the vibrating system.
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symbol explanation

m; The mass of each ERs

A The moment of inertia of the rigid body

] The moment of inertia of the vibration system

ko k, k, The damping coefficients of the vibration system in the x, y and y directions
r The eccentric radius of the four motors

M The mass of the total vibration system

folpty The stiffness coefficients of the vibration system in the x, y and y directions
Iy 1y 1y The distance between the center of the body and the rotating center of motors
J; The moment of inertia of the inductor motor

d-q- The d- and g- axes in rotor field-oriented coordinate

L, Self-inductance of the stator

L, Self-inductance of the rotor

Subscript s Stator

Subscript r Rotor

L, Mutual inductance of the stator and rotor
bsd The flux linkages of the stator in the d- axis
bsq The flux linkages of the stator in the g- axis
Drd The flux linkages of the rotor in the d- axis
brq The flux linkages of the rotor in the g- axis
R The stator resistance

R, The rotor resistance

iy The current of stator in the d- axis

gy The current of stator in the g- axis

i The current of rotor in the d- axis

irg The current of rotor in the g- axis

® The mechanical speed

w, The synchronous electric angular speed

Derivation of ¢sgpsqPratrq

The leakage factor

Tr A rotor time constant

Uy The voltage of stator in the d- axis

Uy, The voltage of stator in the g- axis

Uy The voltage of rotor in the d- axis

Uy, The voltage of rotor in the q- axis

1, 'The number of pole-pairs of the induction motor
o* The given values or obtained from the given values
W1,W2W3,04 The speeds of four motors

P1P293:P4 The phases of four motors

0 Synchronization electric angle

Table 1. The nomenclature table of the symbols.

@i(i = 1,2,3,4) are initial phase angle of inductor motors. 6;(i = 1, 2, 3, 4) are position angle of four ERs.J, is
rotational inertia of the frame. ¥ is the swing angle of the vibrating system. Thus, the differential equation of the
vibrating system based on the Lagrange equation can be expressed as

d (oL oL
3z ) —7-=Q (1)
dt \ 9q aq
where L=T — V. L is the Lagrange function. T and V are respectively the kinetic energy and
potential energy. Q and q respectively represent generalized force and generalized coordinates.

Q = (_fx-ka _fj/yr _fw '(L) Tel _f1¢1a T€2 _fngZ) Te3 —f3§b3» Te4 _f4¢4)T> q= (x>y> ll” P15 P2, P35 ¢4)T-

4 4
T =m+7)2/2+ 0?2+ > mox! /2 + Y Jig}/2 ()
i=1 i=1

[ cosy —sinyr li cos 6; + tir cos ;
InEq. (2),x; = (y) + (sim// cos )(lisinei—i—rsin(pi .
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V = kex? /24 kyy? /2 + ky Y7 /2 3)

Combined Eq. (1) with Egs. (2) and (3), the electromechanical coupling dynamical model of the vibrating
system can be obtained.

4

MX+fix +hkex =3 rimir(gbiz €os @; + ¢; sin @;)
i=1
4

MJ 4157+ = 3 mir(G? sings — Brcos) T
i=1 > -

.. . 4
JU + fybr + kg = Y mirli[¢F sin(g; — 1i6;) — §; cos(pi — Ti6))]
i=1
Jigi + figi = Tei — Ty

where M = m 4 "1, m; is the total mass of the vibrating system, ] = MI2 ~ J, + >"i_, m;(1? + r?) is the
equivalent rotational inertia of the vibrating system. [, is the equivalent rotational radius. J; = mir?(i = 1,2,3,4)
are respectively rotational inertia of four motors. f, f, and fy are respectively the damping coefficients of vibrat-
ing system in x, y and ¥ directions, fy = fxl§ + fyI2. ky, ky and ky, are respectively the stiffness coefficients of
vibrating system in x, y and v directions, fy =fxl§ +f},l§.fi(i =1,2,3,4),T.i(i =1,2,3,4),and Ty; (i = 1, 2,3, 4)
are respectively damping coefficients, electromagnetic torques and load torques of four motors. The item T} in
Eq. (4) can be derived as Eq. (5).

Tpi = mir[j cos g; — Ti% sin @i + L cos(g; — 1:6;) + wiliyr? sin(p; — 7i6;)] (5)

Aiming to illustrate the item T, in the electromechanical coupling dynamical model, the model of inductor
motor is given. In this article, the ERs are driven by squirrel-cage inductor motors. With the feature of this kind
of inductor motor, its inner rotor windings short-circuit. Thus, u,y = Urg. When the motor is at a stable state,
¢ra = constant and ¢, =0. According to document™, the model of the inductor motor can be expressed as Eq. (6).

Lisdisq/dt = usg — Rsisq + Rer/Lf‘prd + a)stsisq
Lysdisg/dt = Usqg — Rksisq — Lin/Lyprdg@ — wsLisisq

dd’rd/dt = 1/Ty(Linisa — $rd) (6)
do/dt = Lmisq/Tr¢rd +ow
Te = 3Lm¢rdisq/2Lr

where, s and r respectively represent stator and rotor. d- and g- represent d- axis and g- axis in the rotating
coordinate frame. i, u and R respectively represent current, voltage and resistance. L, and L, are respectively
represent self-inductance of the stator and rotor. L,, is mutual inductance of the stator and rotor. T, is rotor time
constant, T, = L, /R,. L, is leakage inductance of the stator, Ly; = L — Lﬁq/Lr. Ry, is equivalent resistance of
the stator, Rgs = Rs + LfnRr / Lf. 0 represents the synchronous flux-linkage angle, 6 = f (w + ws)dt. w represents
the mechanical angular velocity. w; represents the synchronous electrical angular velocity, ws = Lyisq/$ra T;-

To realize the controlled synchronization, the vector control method is introduced in the controlling system.
And the rotor flux-oriented control (RFOC) is shown in Fig. 2 to illustrate the controlling system. In Fig. 2,
signs with “x” are initial values and in Eq. (5), Ly, and ¢,4 are given values. iy can be calculated by formulation
isd = ¢rd/Lm. Therefore, the item T, is related with the feedback values ig,.
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Figure 2. RFOC: rotor flux-oriented control.
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Synchronization analysis of the multifrequency self-synchronization. To show the stability anal-
ysis of the vibrating system clearly, the illustration of the dynamic model should be given firstly. In this model,
motor 1 and motor 4 rotated in the opposite direction as shown in Fig. 1 firstly. When the two motors realize the
stable self-synchronization motion with zero phase difference, the stably synchronous state of motor 1 and 4 can
be expressed as w1 — w4 = 0 and ¢; — ¢4 = 0. Then Motor 2 and motor 3 finish the same self-synchronization
motion as the condition above. In the same way, the stably synchronous state of motor 2 and 3 can be expressed
as wy — w3 = 0 and ¢, — @3 = 0. Finally, Motor 1 and 4 realize the multifrequency synchronization motion
with the fixed frequency ratio method and the stably synchronous state can be presented as pgp; — q¢,=0 and
ng1 — @,=constant. Where, p and g are prime numbers, p/q=n. Thus, the speeds of four motors can be pre-
sented as

T
w1=/ o1(t)dt/ Ty
Jo

T
w2=/ @2(t)dt /T,
0
Ts (7)
a)3:/0 @3(H)dt/Ts

Ty
a)4=/ @4(t)dt/ Ty
0

Taking Eq. (7) into Eq. (4), responses in three directions of the vibrating system can be derived as the Eq. (8).

X = —rmr[m cos(@1 + yx1)/x1 + 02 cOs(@2 + Vx2)/tx2 — 13 cOs(@3 + Vx3)/ a3
—14 cOs(@4 + Vxa)/hxal

y = —rmrlm sin(er + ¥y1)/py1 + ma2sin(ez + ¥y2)/hy2 + 03 sin(es + vy3) /143
+n4 sin(p4 + Vy4)/ﬂy4]

Y = —(rmr/le)[nirn sin(gr — 01 + vy1) /g1 + narp sin(gz — 02 + yy2) /1y
+n3713 sin(@s + 63 + Yy3)/iy3 + Naria Sin(@g + 04 + yya)/y4l

where o} = ki/M, o) =k, /M, o =ky/], &x = fx/ VM), &y = f,/\/kyM), &y = fy/2\/ky D),
Ui =1— a);zc/wiz N Hyi = 1— a);/(,t)l2 s Hyi=1— w%ﬁ/w,'z > ri =1li/le , tan yy = 28wy / (Uxi®;) »
tan yy; = 28,y /(yi@;), tan Yy = 25y @y [ (Uyi@i), tm = mo/M, n; = m;/mo(i = 1,2,3,4).

With the small parameter method, the small parameter ¢ is introduced in Eq. (4). And then, Eq. (4) can be
converted to Eq. (9).

(8)

Jig1wo + fiwo(p +&1) = Ter — T
J&2w0 + (g +82) = Tea — T1a
Js€3w0 + f3wo(q +&3) = Tes — T13
Ja€awo + fawo(p +€4) = Tes — T1a

)

where wg is the average speed of motors in the self-synchronization. The calculation method of
Tei = Teoi — ke0i€i(i = 1,2,3,4) can be obtained from Ref.'®. Assuming ¢; = (p + &1)wo, ¢2 = (g + €2)wo,
03 = (g + €3)wo, P4 = (p + £4)wo, P1=E1w0, Pr=E2w0, P3=E3w0, Pa=E4wy, the average load torques can be
expressed as

Tr1 = mor*wo(ang; + aj48a + b1181 + bia€s + k1)
Tra = mor*w(anes + azes + byey + byses + k2)
T1s = mor*wo(azes + azs&s + b3&y + b3ses + k3)
Tra = mor’wo(as €1 + daas + bai®1 + basBa + k4)

The coeflicient and constant items are all listed in the Online Appendix A.

From the Online Appendix A, it can be known that when two inductor motors are with the same frequency
(self-synchronization), the coupling effect exists. Otherwise, there is no coupling effect between two motors.
Because motor 1 and motor 4 realize self-synchronization motion, the average phase difference can be expressed
as @1 — ¢4 = 20 Based on the same theory, the average phase difference between motor 2 and motor 3 can be
expressed as @3 — @3 = 2w,. Take items T, and T into Eq. (10) and expand it at ; and o, respectively. In the
meanwhile, omit the higher order non-liner terms and assume &5 and €6 to be respectively the small parameter
perturbation of two groups of inductor motors. Equation (11) can be obtained.

A =B +v (11)
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A, 0 0 a,00 B, 0 0 b, b 0
Sho vl (Ve b Y Ys
— az, dz3 _ 32 33 36 |- _ (= = = = = = T
wheeA =1 0 0 w00 (B b, 0 0 b, by 0 [P (BiEmEEE )
00 0 010 @/2 0 0 —ag/2 0 0
00 0 001 0 wo/2 —wp/2 0 0 0
g = (?1 %) €3 &4 &5 8¢ )T,v = (U1 vy U3 Uy O O)T.a;j,b;jandvi(i = 1,2,3,4)arelisted in the Online Appen-
dix B.

When the vibrating system reaches the stable synchronous state, the small parameters ¢ = 0and & = 0. Thus,
the synchronous condition of four ERs can be expressed as Eq. (12).

Teo1 = fipwo + mor*woky, | Teor| < Tent
Teoz = foqwo + mor’woka, | Tez| < Tenz
Te03 = f3qwo + mor’woks, | Teos| < Tens (12
Toos = fapwo + mor*woks, | Teoal < Tens
where Teni(i = 1,2, 3,4) are respectively the rated electromagnetic torques of four inductor motors. Because of
the stable synchronous state, the result of v = 0 can be obtained. Take v = 0 into Eq. (12), and then Eq. (13)
can be acquired.
A =Be (13)
As shown in Eq. (11), because the matrix A is a non-singular matrix and the determinant|A| # 0, the matrix
A is invertible. Then, Eq. (13) can be expressed as Eq. (14).
=D& (14)
where D = A~!B. Because of | \I — D|=0, the characteristic equation of the matrix can be represented as
WS+ dy 22+ dyt + ds 2P+ dyi? 4+ dsh+dg =0 (15)

where d;(j = 1,2,3,4,5,6) and / are respectively coefficients and characteristic values of the characteristic
equation.

When the characteristic equation meets the condition of Hurwitz criterion, the synchronous state of the
vibrating system is stable. Otherwise, it is unstable.

Design of the controlling system

Design of the electromechanical coupling system. In this section, the controlling system of the
vibrating system is shown as Fig. 3. The master—slave controlling strategy is introduced in the controlled struc-
ture and the fuzzy PID method is used in the vector controlling method of the inductor motors**?’. Motor 1 is
considered as the master motor of the system. Motor 2 and 4 are both considered as the slave motors of motor 1.
In the meanwhile, motor 3 is considered as the slave motor of motor 2.

abe a)l P

i
————(X—{ Fuzy P |—q>| RFOC 1 |-+{ Motor 1 |+ s ——
.

uabc w4 ¢4

—+>®—>| Fuzzy PID |l>| RFOC4  |{ Motor 4

Upe w, (2]

i
— Fuzzy PID |—q>| RFOC2  |—»{ Motor 2 |—

uabc Cl)3 ¢)3

i
4_'_»(%—4 Fuzzy PID |—q>| RFOC3 | Motor 3

Figure 3. Framework diagram of the controlling system.
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To certify the feasibility of the controlling system, Fig. 3 should be illustrated. w; as a target speed is given
firstly, and then through the fuzzy PID method, the speed of motor 1 w; can be obtained with RFOC 1. There
are three functions of w;. One is transferred to motor 1 as a feedback value. Another is given to motor 2 as an
input value. The other is used to obtain ¢; through the integral method. With the same frequency, the controlling
system is traced through the phase, while it is traced through the speed with the fixed frequency ratio method.
Thus, the speeds and phases of motor 2, 3 and 4 can be acquired.

The stability analysis of the controlling system. Because there are two tracing situations in Fig. 3
which are respectively the speed tracing and phase tracing, the stability of the controlling system should be
discussed separately. In the speed tracing situation, the speed of motor is set as the state variable, w = ¢. Taking
o = ¢ into Eq. (4), thus Eq. (4) can be expressed as

Jiw; + foi = Kryui + Wi(i = 1,2,3,4) (16)

where Kri = Lyi¢rai/Lii(i = 1,2,3,4), u; as the controlling variable represents i;si, i=1,2,3,4.
W; = —Tr;i(i = 1,2, 3,4) represents the uncertain loads. J;(i = 1,2, 3, 4), respectively represents the rotational
inertia of four motors. Combined the given target speed w; in Fig. 3 with the actual speed w, the speed error of
the motor can be expressed as

e=w;— (17)
Then, the tracing error of the system can be represented as E = [e, elt. According to Eq. (16), the control law
of the system can be designed as

u=J/Kr[~f(x10) + @ + K"E + (fo — W)/]] (18)

where K = [k, ki1T. The function f (x) can be expressed as f (x16p) = GfTE (x) which is based on the weight coef-
ficient 6. Thus, the adaptive law of controlling system can be designed as Eq. (19).

fr = —yE"Pb& (x) (19)

where P is a positive definite matrix. Considering €2r as a convex set to assure the optimal weight coefficient Gf*
belongs to it and the weight coefficient 6y is bounded. And then, Gf* can be structured as

9;‘ =arg eﬁisrzlf[sup [f (x165) — f ()] (20)
Taking Eq. (18) into Eq. (16), the closed loop equation of the controlling system is designed as

E = AE + b[f (x|6p) — ()] 1)
0 0 1
whereb = ) A = (—kp ki )
As illuminated in section "Design of the electromechanical coupling system", because the controlling system

is a feedback system, the speed error and phase error should be considered. Thus, Eq. (21) can be converted to
Eq. (22) which is the approximate error equation with Egs. (18) and (19).

E = AE+ bt — 07)"&(x) + T (22)

where " = f (x|0f*) — f(x) is the minimum approximate error.
To acquire the minimum values of E and 6y — 67, a Lyapunov function is constructed as Eq. (23).

V =E"PE/2+ (6; — 07)" (6 — 07)/(20) (23)

where ¢ is a positive real number. Q as a positive definite matrix is introduced to satisfy the stability of the Lya-
punov equation.

ATP+PA =-Q (24)

Set Vi = ETPE/2, the derivative Vi = —ETQE/2+ (6y — ef*)TETPbs(x) + ETPor. Similarly, set
Vo= (6 — Gf*)T(Qf - 9;)/(2{), and then the derivative V, = 6 — Gf*)Téf/;’. Based on the Lyapunov crite-
rion, the derivative of the equation can be expressed as V=V, +V, bring Vi and V; into V, it can be derived as

V = —ETQE/2 + ETPbTI". When the values of T which can satisfy the condition V < 0 exist, the system is stable.
With the same method above, the stability certification of speed error and phase error with the other motors
can be obtained.

Numerical and experimental results with discussions

In this section, some representative numerical simulation examples are given. The results show that demon-
strate that the multifrequency self-synchronization can't be realized. However, the multifrequency controlled
synchronization can be realized through the fuzzy PID method. And then, the same results are given with the
experiments. The parameters in the simulations and experiments are listed in Tables 2 and 3.

Scientific Reports |

(2023) 13:2467 | https://doi.org/10.1038/s41598-023-29603-y nature portfolio



www.nature.com/scientificreports/

Parameters Values
Mikg 304

Jp! (kg.m?) 44.5
k,/(N/m) 129,332
k,/(N/m) 105,334
k,/(Nm/rad) 30,715
f/(Ns/m) 615.5
f,/(Ns/m) 618

f,/(Nsm/rad) 180.2

6,6, 6,6,/(°) | 30,150,210, 330

my/kg 6
r/m 0.05
Iy by Ly 1, /m 0.45, 0.45, 0.45, 0.45

Table 2. The parameters in the vibration system.

Parameters Motor 1 | Motor2 | Motor 3 | Motor 4
P/kW 0.2 0.2 0.2 0.2

n, 3 3 3 3

fo/Hz 50 50 50 50

u/v 220 220 220 220
n/(r/min) 950 950 950 950
R/Q 40.5 40.5 40.5 40.5
R/Q 12 12 12 12

L/H 1.21275 | 1.21275 |1.2175 1.21275
L/H 1.222 1.222 1.225 1.222
L,/H 1.116 1.116 1.116 1.116
24/ Wb 0.98 0.98 0.98 0.98
fi234/(Nms/rad) | 0.005 0.005 0.005 0.005

Table 3. The parameters of four motors.

Results of numerical simulation. Based on the model of Fig. 1, the frequency of motor 1 and 4 are set
as 30 Hz and the frequency of motor 2 and 3 are both 45 Hz. The simulation results in Fig. 4a represent that the
speeds of four motors reach the given speeds. From Fig. 4b, it represents that the phase between motor 1 and 4
approximately equals to zero. This result shows that two motors rotated in a opposite direction with the same
frequency can reach the stable synchronization state. Similarly, the phase between motor 2 and 3 also trends to
zero in Fig. 4c. With the non-linear theory, when the system can achieve pg; — g¢,=0 and py; — qp,=con-
stant, the multifrequency self-synchronization can be realized. However, the phase difference in Fig. 4d is a
monotonic curve and pg; — qg2 # constant. This result represents that the multifrequency self-synchronization
of the vibration system can’t be realized. Figure 4e,f are respectively the responses in three directions. The results
in Fig. 4 are consistent with the dynamical model.

With the results above, the multifrequency self-synchronization can’t be realized. Thus, the fixed frequency
ratio method is introduced in the vibrating system. As shown in Fig. 5a is the speeds of four motors. The given
speed of motor 1 is 60 rad/s, the speeds of motor 2, 3 and 4 respectively attain 90 rad/s, 90 rad/s and 60 rad/s
with the controlling method. Figure 5b is the torque load of four inductor motors. The values of torque loads are
between — 2 and 2, so the phenomenon of locked-rotor and overload with motors can’t appear. All the inductor
motors can operate smoothly. In Fig. 5¢, the phase between motor 1 and 4 nearly equals zero, which illustrates
motor 1 and 4 reach the stable synchronous state. Figure 5d is phase differences between motor 1 with motor
2 and 3. The phase differences both equal to constants. This result shows that the controlled synchronization
is realized with the fixed frequency ratio method. Figure 5e,f are responses in the three directions. In Fig. 5e,
two groups of motors both rotate in the opposite direction. Thus, the forces in the y direction counteract with
each other and the amplitude in the y direction is nearly to zero, while the amplitudes in the x direction are
superimposed. This result accords with the proposed dynamical theory. In Fig. 5f, the response in the y direc-
tion tends to zero. This phenomenon shows that there is no swing in the vibrating system. Through the Fig. 5, it
can be known that the vibrating system reaches the stable synchronous state and the controlled synchronization
is realized with the fixed frequency ratio method. To guarantee the arbitrariness of the parameter #, another
simulation of which the parameter is altered from 1.5 to 1.2 is presented in Fig. 6. In Fig. 6, the torque loads of
four motors still satisfy the operation requirements based on the values between — 1 and 1. Through the speeds
and phase differences in Fig. 6a,c,d, the results represent that the vibrating system can realize the controlled
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Figure 4. Multifrequency self-synchronization with four ERs, ag=0, n=1.5. (a) Speed, (b) phase difference
between motor 1 and 4, (c) phase differences between motor 2 and 3, (d) phase differences between motor 1 and
2, (e) response in the x and y direction, (f) response in the y direction.

synchronization with the parameter n=1,2. Although the response of the y direction in Fig. 6e is different from
the response in Fig. 5 because of the different parameter n, the responses of three directions are still consistent
with the dynamical model. So, the vibrating system can realize the stable controlled synchronization. This result
demonstrates the arbitrariness of the parameter only if conditions of torque loads are satisfied.

Results of experimental verification. To validate the accuracy of the theory proposed, the main experi-
ment equipment are listed in Fig. 7 firstly. The frequencies of four inductor motors are set by four convertors of
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Figure 5. Controlled synchronization with four ERs, cg=0, n=1.5,11 = 50%. (a) Speeds, (b) load torques,
(c) phase difference between motor 1 and 4, (d) phase differences between motor 1 with motor 2 and 3, (e)
responses in the x and y direction, (f) response in the y direction.
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Figure 7. Experiment equipment of the vibrating system. (a) The vibrating testing bench, (b) the data
acquisition and signal processing, (c) the acceleration sensors, (d) the Hall magnetic switch, (e) the
Programmable Logic controller, (f) the convertors.

which type are Siemens MM440. The PLC (Programmable Logic controller) are connected with the convertors.
The three acceleration sensors are sticked on the vibrating testing bench and connected with the DASP (Data
acquisition & signal processing) of which another port is connected with a computer. And then, the experiment
of multifrequency self-synchronization is given based on n=1.2 to comparison with the simulation in Fig. 4. As
shown in Fig. 8, the frequencies of four motors are respectively set as 30 Hz, 36 Hz, 36 Hz and 30 Hz. From (a),
the speeds are stable and reach preset value. Although the difference in (b) is between — 5 and — 12, motor 1 and
4 can be recognized to realize the self-synchronization motion due to the experiment error. Similar result is in
figure (c). Compared with the result in (d) of Fig. 4, (d) in Fig. 8 shows the same result that the curve of the phase
difference between motor 1 and 2 is also monotonous. So, the multifrequency self-synchronization can’t be real-
ized. The responses of three directions in (e) and (f) are in accordance with the simulation and theory result.
This experiment indicates that the multifrequency self-synchronization can’t be realized whatever n equals to.

In Fig. 9, the experiment of controlled synchronization is illustrated based on the parameter n=1.5. From
Fig. 9a—c, motor 1 with 4 and motor 2 with 3 both realize the controlled synchronization. In Fig. 9d, the phase
difference between motor 1 and 2 trends to a constant, which confirms that the controlled synchronization is
realized. In Fig. 9e, the response is obviously smaller than the response in Fig. 9g, so this result indicates that
the vibrating system realize the stable synchronous state. The response curve of (e) in Fig. 9 is similar with the
curve of (e) in Fig. 5 and this experimental result is correspond with the simulation.

Conclusions

The article investigates the multifrequency controlled synchronization of four inductor motors with the fixed
frequency ratio method based on a mass-spring rigid body. Through the dynamical model is derived, the stabil-
ity and synchronization conditions of the vibrating system are both obtained. This result indicates that although
the self-synchronization with the same frequency can be realized, the multifrequency self-synchronization of
vibrating system can’t be realized in the dynamical model of Fig. 1. Some numerical simulations and experiments
are given to certify the consistency of the result. Via introducing the proposed the fixed frequency ratio method
in the controlling system, the multifrequency controlled synchronization is realized. Through the robustness
analysis, the stability of the controlling system is certified to illuminate the feasibility of the controlling method.
The conformity of the theory by the simulations and experiments is illustrated. The result indicates that only if
the conditions of torque loads can be satisfied, the arbitrariness of the fixed frequency parameter can be realized
with the proposed method. Additionally, the multifrequency controlled synchronization method provides a
novel way to address the problem of multifrequency vibrating screen in the industry.
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Figure 8. Experiment of multifrequency self-synchronization with four ERs, ap=0, n=1.2,n = 50%. (a)
Speeds, (b) phase difference between motor 1 and 4, (c) phase differences between motor 2 and 3, (d) phase
differences between motor 1 and 2, (e) response in the x direction, (f) response in the y, direction, (g) response
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