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Exact density matrix elements
for a driven dissipative system
described by a quadratic
Hamiltonian

Sh. Saedi & F. Kheirandish™*

For a prototype quadratic Hamiltonian describing a driven, dissipative system, exact matrix elements
of the reduced density matrix are obtained from a generating function in terms of the normal
characteristic functions. The approach is based on the Heisenberg equations of motion and operator
calculus. The special and limiting cases are discussed.

Experimental methods in the design of devices used in nanoscale physics and quantum technologies have
advanced much in recent years and have led to very high accuracy in measuring instruments. These devices
are very sensitive to external potentials and types of noise because their operation is in the domain of quantum
mechanics. Therefore, understanding the performance and quantum dynamics of these devices is essential to
control them and correct unwanted behaviors. A real quantum device is not an isolated system and interacts with
its environment or there may be some external classical sources applied to the system. Our favorite quantum
devices belong to a much wider class of quantum systems, nowadays referred to as open quantum systems'. The
subject of open quantum systems (systems that exchange information with their surroundings) covers a vast range
of applications in quantum physics and other related subjects. Generally, by an open quantum system, we mean
a possibly driven system as the main system interacting with some other systems modeling its environment. In
the terminology of open quantum systems, the main system together with its environment under the influence
of external classical sources is considered as a closed system. Therefore, the time-evolution of the total system
can be described by a total density matrix evolving unitarily. If we are interested in the dynamics of the main
system or any other subsystem in the environment, the other degrees of freedom should be traced out to get the
favorite reduced density matrix. The quantum Brownian motion is an example of an open quantum system that
is extensively studied in various branches of physics*®. Another important feature of nanoscale quantum devices
is their thermodynamical properties. Usually, the quantum fluctuations of the physical quantities in nanoscale
quantum devices are of the same order of magnitude as their expectation values leading to a reformulation of
thermodynamics in the quantum regime referred to as quantum thermodynamics'®-°. There are some other
quantum systems whose Hamiltonians resemble the Hamiltonian of the quantum Brownian motion in external
sources. The Hamiltonian that we have investigated here is the Hamiltonian given by Eq. (2) describing a driven
system with a quadratic Hamiltonian Hg interacting linearly with its bosonic environment. The Hamiltonian Hg
appears in many applications in quantum optics**~%,

The quadratic Hamiltonian Hg in Eq. (2) can be rewritten in terms of the position (%) and momentum (p)
operator operators, also known as quadrature operators in the terminology of quantum optics, as

)
N 1 n AnAa
Hg = P + —m* 0 % + g1 (3P + pR).
2m* 2

The renormalized mass (m*) and frequency (w*) are defined by

m
*
m =—-—,
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where ¢r = Re [¢] and ¢; = Im [@]. Therefore, the real part of the complex parameter ¢ is responsible for
renormalization of mass and frequency and its imaginary part introduces a term proportional to Xp + pX to the
harmonic oscillator hamiltonian. Here we have implicitly assumed ¢g, ¢r < wp, meaning that the two-boson
process is less likely to occur than the one-boson process. From now on we assume that we are considering an
oscillator with renormalized mass and frequency so we can set m = m* and wy = w* and only the imaginary
part of ¢ is relevant. Adding the terms representing the interaction of the external force k(t) on the oscillator we
find the time-dependent Hamiltonian Hgk () as

N p2 1 A 2 R
fise() =24 Tma? 4 gr(6p+ 5 +VImho k(02 4| o k1),
—hwo (A“ +1/2) + hd a® + ke ("2 + hk@®)a" + hk(t)a.

(1)

The Hamiltonian Hx (t) is the Hamiltonian of the system in the absence of a reservoir. The squeezed states
generated from the Hamiltonian Hs (f) have been investigated in***’, the Wigner function corresponding to
the same hamiltonian is discussed in*. The su(1, 1) coherent states generated from Hgg (1) have been studied
in®!. The Hamiltonian Hgk (¢) from the point of view of Fresnel operator has been investigated in*2. Single-mode
two-photon systems with Hamiltonian o ( t) have been investigated in*

There are some approaches to find the reduced density matrix of a subsystem in a combined system, like path
integral technique®, though general, is usually difficult to deal with, Lindblad master equation' which is based
on some approximations, and phenomenological or quantum Langevin approaches™. Here, instead, we follow
a scheme to find the exact reduced density matrix elements corresponding to the subsystem Hg(t) by making
intense use of the operator calculus in the Heisenberg picture. Thereby, we indeed find analytic expressions for
the generating function of the reduced density matrix. To the best of our knowledge, this approach has not been
applied to the Hamiltonian Eq. (2) before, and despite its simplicity, could provide closed-form expressions for
the reduced density matrix. Knowing the matrix elements of the reduced density matrix, a full description of
the dynamics of the main subsystem can be achieved.

The main definitions
The prototype system that we have considered in this section is a system described by a quadratic Hamiltonian
driven by an external classical source k(t) (k(t)) interacting with a bosonic bath linearly. The total Hamiltonian is

H =haoo (@'a+1/2) + he a® + he (a")? + hk(ta® + hk(t)a
Quadratic Hamiltonian Hg(f) Interaction with external force k(t)

j j

Bosonic Bath I:IR Linear interaction I:ISR

where f; are the coupling constants that couple the system to its environment and the parameter ¢ is an arbitrary
complex parameter. Here, the complex conjugate of any quantity such as ¢ is denoted by ¢ and its norm by |c|.
The Laplace transform of a function is denoted by 1 (¢) with ji(s) = L[ (t)] with the inverse wu(t) = L7 [u(s)].

Our goal is to find the exact matrix components of the reduced density matrix corresponding to the Hamil-
tonian Hg(t). To this end, we first need to find the temporal evolution of the ladder operators. By making use of
the Heisenberg equations of motion for the subsystem ladder operators we find (see Supp.Mat-Sec. I)

a(t) =o (Ha(0) — 2i pax(Ha’ (0) —i Y M;j(t)h;(0)
j

. (3)
—iY_Qig)Ni(t)b] (0) — i &1 (1) — i Qi d)Ea(t),
j
a'(t) = (1a"(0) + 21 paa (V@) +i Y My(H)b] (0) —i Y _(2ipIN;()b;(0) + i &1 (t) — i 2i 9o (1),
j j
@)

where for notational simplicity we have defined the following functions
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0
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Nj(t) =F, / di'e i Day(t)),
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Similarly, for the environment ladder operators we find (see Supp.Mat-Sec. I)

b)) = > [A() bi(©) + M) BL(O) = T()) a0) = T (0 d ©) — (1), ©)
k

b (1) = > [Au(®) BLO) + A0 Bi(0) = Fe(t) 4" (0) = je(6) 4(0) — Qu(0)] )
k

where we have defined
. - t ; !
Aji(t) =e™" 8 — f / dr'e e TOM(),
0
- t . ’
A1) =~ ; / di'e D Q2ig)NK(t),
0
- t . ’
Tje(t) = — i / dt'e Doy (t)), (8)
0
- t . 7
() == 265 [ d¢eo D)
0

- t . ’
Qi) =—f; /0 dt'e =0 (gt — Qig)e(t)).

In “the next section’, by making use of the main Egs. (3, 4, 6, 7), we will obtain a generating function to produce
the reduced density matrix elements of the bosonic mode subsystem.

Reduced density matrix elements

According to the terminology of the open quantum systems theory, the whole system described by the Hamil-
tonian Eq. (2) is a closed system having a unitary time-evolution given by

A =T HO) U 1), )
where the initial density matrix of the whole system (0(0)) is usually assumed to be a separable state
p(0) = ps(0) ® pr(0). (10)

The reduced density matrix of the bosonic-mode subsystem can be obtained by tracing out the degrees of
freedom of the environment

ps(t) = Trr{p() }. (11)

We are interested in the matrix elements of the reduced density matrix. We have
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(nlpslm) = (n|Tr{ OO T ®) pm),
= (1m)(n1 T { OO T 0 }),
=1 (Im)(nl® k) 00s 070 ], (12)
O

=T U0 (1m)(nl® 1) 00 (o) ¢

therefore,
(nps O m) = Tr{ Qun H(O |

A (13)
= Tr{ Qun 55(0) @ pr(0) }.

In Eq. (12), the operator Iy is the identity operator over the environment Hilbert space. The matrix elements
Qumn can be written in terms of the ladder operators in the Heisenberg representation (see Supp.Mat-Sec. II)

[ee]

Qum = @ ®)"" @aw)", (14)

where
a0 =C —i(BO + ),
C(t) =a1(Ha(0) — 2ip oz (H)a' (0),
Biy=> (Mj(t)iyj(O) +2i¢ z\Jj(t)E}(O)>,

j
c@) =& () +2i¢ &2(1)),

and a' () can be obtained by taking the hermitian conjugation of the relations defined in Eq. (15). By inserting
the expressions for a(t) and aT(t) into Eq. (14), one easily finds

Y Tr{ (C'o+i(B'o+ E(t)))mH (Cw —i(Bo + ;(t)))"“}. (16)

(15)

a
Qum =

In!
min! —0

Now by making use of Eq. (13) we have
(_1)n Sl 1 gmts gnts

— = Tr
Vmln! S st 9 (aynts

(nlps(®)|m) =

(17)
s e = (¢ 5
{eA(C w-+i(B (t)+c(t>))e i(ew z(B(tHc(t)))ﬁs(O) % ﬁR(O)}
A==0
From the definitions of operators Band C , we observe that
[B,C1=1[B,C" =0, (18)
so we can rewrite Eq. (17) as
(nlps(t)|m) =
I("; IE
—_1n" St 1 3m+s an+ - -
(=1 (AL IEW Ty { 281 (1) ,~1C() AS(O)}TrR{ i 7B (1) lAB(t)A (O)} ’
m Sv a;bm+s a(ﬂ)nvLs
J=i=0
(=" 9 9" o [ei}uf(t)ﬁ—izg'(t)IA IA}
- 3 : C'Bl|,_3
Vm!nl 94™ §(J)n J=2=0
(19)

Equation (19) is a general result giving the components of the reduced density matrix in terms of a generat-
ing function. Note that I and I are normal characteristic functions in the terminology of quantum optics. To
proceed, let us assume that the initial state of the environment is a thermal state with temperature T
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ze=[1= (20)
J

TSNS
zj = Trj{e ﬁhw]b] b)}>

where 8 = 1/kpT and kg is the Boltzmann constant. Also, Tr; denotes the trace over the base vectors correspond-
ing to the jth oscillator of the environment. One can obtain I easily as (see Supp.Mat-Sec. IIT)

TI,R{ei)vBT(t)ei/:»B(t)ﬁR(o)} _ eﬂ[x,i,t], 1)
where
74— =( V@I 2 N e - -
B[4, A, t] —Z —AA Fhor — 1 +4(@17 INK(BI7 | + (A7 dNp (M () — Z“dNeOM () |, (22)
k
Vie(t) =M () + 2i ¢ Ni(b), (23)
therefore,

(—1)” s 1 gmts gnts
9 t = — =
(l’l |pS( )l m> /;m' al — sl gAm+s a(}')yH»g

>

[eiz2<t)+u;(r> O lAt] Trs { AT =31 Bs (0)}] o

_ (=" " 3_" 019 [ei).E(t)+i§.;(t>ez9[;.,2,t] Trs{em*(z)e—ié(z)ﬁs(o)}]
Vmlnl 32m §(2)n I=i=0’

(24)

Equation (24) is our main result, giving the reduced density matrix elements using a generating function.

In the next section, as an application of the main result, we assume that the bosonic mode is initially prepared
in a coherent state.

The system is initially prepared in a coherent state
As an application of the general formula Eq. (24), let us assume that the initial state of the main system is a
coherent state

ps(0) = y)(vl, (25)

in this case, the normal characteristic function I¢ can be obtained as (see Supp.Mat-Sec. IV)

Trg { 10,00 5 (0)} _ eazm(iWzal(z)—z‘Zz¢a1<t>—4u|¢|2az(t>) 7 (7 0+2i 39 ) e—y(ia1<z)—m¢3az<t>))
(26)
and Eq. (24) can be rewritten as
. (G L L L
n t)m)= — e * 4
(n|ps)|m) ol 007 3
{ei(mm;m) A0 P (0 i (0 (2dar0-7gav)) PUt] e(ml O-Tyea(®)+2iax(0)(770+27 §) .
J=1=0
(27)

Therefore, if the initial state of the main system is a coherent state and the initial state of the environment
is a Maxwell Boltzmann thermal state then the elements of the reduced density matrix can be obtained from a
generating function given by Eq. (27). If we set (¢ = 0), the diagonal elements of the reduced density matrix
Pyu(t) = (n|ps(t)| n)are

8,0
e’ A
D" /3 a\"1/73 9\° (28)
Pn(t)|¢=0=7 e e I 5
n! \ 9292 ; s!\ 0207 1=7=0
where
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I ze—/lin(tH-AZ—ZZ’

M ()]

e N @)
Z=—it(t)y+ya(t),
Z =il (1) + pan ().
Therefore, (see Supp.Mat-Sec. V)
Py(t)lg—0 = G ( n(t) )nLn< i ) (30)
L+n@®) \n@) +1 A +n(0)

where L,[x]is a Laguerre polynomial of degree n. From Eq. (30) the mean excitation number 7 at temperature
T and time t is

Ar(t) = (1) =Y nPy(t) = 12 + (1), (31)

n=0

at zero temperature we have (t) — 0,50|Z(t)|> = 7o (t), therefore, fi (t) — #1g(t) = n(t). If we set (¢ = 0) then
in low temperature regime (T — 0), we have

n(t) — 0,
Vi(t) = M(2),

= =2 _ 1 (32)
L(s) = |G@B)| = ai1(t) =L 1{~ },
® =G| 1(t) g6
G(s) =s+iwg + £(5).
and by making use of the identity
¢ n 1z 2 7 2n
lim( n() )Ln( 2] )=|| , (33)
=0 \n(®) +1 n®m@ + 1 n!
we deduce
—1ZP | z)2n 1) — iy (1) |2~ lrer(—ici )]
Pl = S TIZP _ lyen) — iy o) e ) 34)
n! n!
which is a Poisson distribution with the mean number parameter ( n) given by
(n)=lyar(®) — ity (). (35)

Example For the choice ¢r = 0, k(t) = ko sin(vt) and the memory-less response function x (f) = xo 8(t), we
find in the large-time limit (t > x, ') the following time-independent values

a1 (t) — 0,
K3[8V% + 2(x3 + 4wd)]
(4v2 + on — 40)(2))2 + 16)(3 a)g’

4|f|? 1
ey il

2 2 ho :
o Xot 4(wo + wr) eﬁ—l

Z(0)3=g = 61 (D) >

Note that 7 is a temperature-dependent parameter. The probability P, (n) forn = 0, 1, 2, 3is depicted in Fig. 1
in terms of the dimensionless parameter 7. The most probable excitation value (in zero temperature) belongs
to n = g which for the values assigned to the parameters wy, xo, ko and v in the caption of the Fig.1 isn = 0.
If we increase the strength of the external source for example by choosing the values kg = 0.2 wg, xo = 0.1 wy,
and v = 0.99 wy, then we will find the results as depicted in Fig. 2 for the valuesn = 0, 1,2, 3,4. It is seen that
the most probable value (at zero temperature) corresponds to n = [1p] = 3 where [a] returns the integer part of
a. Note that, in large-time limit and finite temperature we have i — 19 = n(T). The results are consistent with
our expectations and the results known in the literature.

Strong coupling with external source and low dissipation regime
Let us assume that the system is initially prepared in the ground state pg(0) = |0) (0], then in the absence of dis-
sipation, by settingn = mandy = 0in Eq. (27) we find
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Figure 1. The probability P,(n) (see Eq. (30)) for n = 0, 1, 2, 3 is depicted for the values kg = 0.02 wy,
xo = 0.1 wp, and v = 0.99 wy in terms of the dimensionless variable 7 in large-time limit.
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Figure 2. The probability P, (1) (see Eq. (30)) for n = 0, 1,2, 3 is depicted for the values kg = 0.2 w,
xo = 0.1 wg, and v = 0.99 wy in terms of the dimensionless variable 7 in large-time limit.

(=n"

' (a)a;h)n 63,132 el
n!

Pu(t) =

{ (iEwticw) ~a2idfed o +ar o ().2&1(t>+12a1<t>)} 36)

J=)=0
To simplify the calculations, we ignore from the term proportional to ¢? in the exponential term in Eq. (36)

(¢1 < wp), in this case the exponential term is separable in terms of 4, 4, therefore, by expanding exp(9;0;) we
have

P(t) (=" i 1 (an—t-se(i/lg(t)+a2(t)¢161122)) 3_n+se(iic(t)+az(t)¢m112) ’
= s\ 7 im0’ (37)
s=0
Now using the generating function of Hermite polynomials
2 2tk
—242
DY 7 Bk, (38)
s=0
and changing the variable A = y//ia (t)$;@1, one easily finds
(2Dl (D" o (—a2(Orle (1)])° =) :
P,(t) = .
@ D Dl "\ Ve 69
By making use of Egs. (5, 15) we have
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Figure 3. The probability P, (t) (see Eq. (39)) forn = 0, 1, 2, 3,4 is depicted for the values kg = wo, ¢r = 0.1 wy,
and v = 0.9 wg in terms of the dimensionless variable T = wyt.

(:}(s) =5 — iwy,

Ls) = + 0} — 44} ~ & + o},

ai(t) = e — Jay (1) =1, (40)
oy (t) = %,

¢(t) = 41(t) — 2¢9152().

Note that at the timest = mm (m = 1,2,3,...) we have a3 (t) = 0 and Eq. (39) becomes singular at these
points, but, these singular points are removable and one can easily show that at this times Eq. (39) tends to a
poisson distribution given by

7 \n
Pn(t:mn):@eﬂﬁn, m=1,23,..., (a1)
n.
where
I = ¢ (t = mm)|*. (42)

For the external source k(t) = ko sin(vt), from Egs. (5, 40) we have

ko[v e~ it — y cos(vt) + iwg sin(vt)]

() =

v — wd ’
_ ko[wo sin(vt) — v sin(wpt)]
&) = PP : (43)
£t = ko[vawge ™0t — vy cos(vt) + o1/ wo + i)w(z) sin(vt) — 2y sin(wpt)]

wp(v: — w?)

The probability P, (t) forn = 0, 1, 2, 3, 4is depicted for the values kg = wo, ¢r = 0.1 wg, andv = 0.9 wy in terms
of the dimensionless variable T = wyt in Fig. 3. Note the order of excitationsintime (n =1, n =2, n = 3, n = 4)
as we expected.

Conclusion

We have considered a driven, dissipative quantum system described by a time-dependent quadratic Hamiltonian
and found a generating function Eq. (19) to find the exact matrix elements of the reduced density matrix. The
generating function is given in terms of the well-known normal characteristic functions in the terminology of
quantum Optics. For the case of a thermal environment with a Maxwell-Boltzmann equilibrium state, an exact
expression for the components of the reduced density matrix is obtained given by Eq. (24). Explicit expressions
for reduced density matrix components are obtained when the subsystem is initially prepared in a coherent state.
Despite the simplicity of the method, while deriving the main result Eq. (24), assumptions like weak or strong
coupling and/or Markovian approximation have not been applied.
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