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Superfluid density, Josephson
relation and pairing fluctuations
in a multi-component fermion
superfluid

Yi-Cai Zhang

In this work, a Josephson relation is generalized to a multi-component fermion superfluid. Superfluid
density is expressed through a two-particle Green function for pairing states. When the system has
only one gapless collective excitation mode, the Josephson relation is simplified, which is given in
terms of the superfluid order parameters and the trace of two-particle normal Green function. In
addition, it is found that the matrix elements of two-particle Green function is directly related to

the matrix elements of the pairing fluctuations of superfluid order parameters. Furthermore, in the
presence of inversion symmetry, the superfluid density is given in terms of the pairing fluctuation
matrix. The results of the superfluid density in Haldane model show that the generalized Josephson
relation can be also applied to a multi-band fermion superfluid in lattice.

The superfluid density p; and order parameter ng in superfluid liquid Helium-4 are two closely related"?, but
different concepts**. However, they can connect with each other through a Josephson relation®7, i.e.,

Ps = —1imq»0 2n0m > (1)
q*G(q, 0)

where p; is superfluid density (particle number per unit volume), #g is order parameter (condensate density)
in liquid Helium-4. G(q, 0) is normal single-particle Green function at zero frequency, m is atomic mass of
Helium-4. The above equation indicates that the Green function diverges as wave vector ¢ — 0. Such a divergence
of 1/g? in Green function is quite a universal phenomenon which can occur in many systems, e.g., superfluid
Helium-4, superconductor and ferromagnet®. The above Josephson relation in superfluid system can be viewed
as a manifestation of Bogoliubov’s “1/¢*” theorem in spontaneously symmetry breaking system’. It also has
close connections with the absence of long ranged order (e.g., condensation) at finite temperature in one and
two dimensions®1°.

Its possible generalization in two-component fermion superfluid has been firstly investigated by Taylor''.
Using auxiliary-field approach, Dawson et al. also derived a Josephson relation

4A%’m
9®Gu(q,0)’

which holds for both bosonic and fermion superfluids'?. Here A is superfluid order parameter (pairing gap in
superconductor) and Gy (q, @) is two-particle Green function for pairing states in conventional two-component
fermion superfluid. It is found that the superfluid density is determined by superfluid order parameter and the
behaviors of two-particle Green function at long wave length limit. In comparison with bosonic superfluid, the
above formula shows that the two-particle Green function replace the corresponding single-particle Green func-
tion of bosonic superfluid. In addition, pairing gap A plays the roles of order parameter in fermion superfluid.
The superfluid properties in multi-component (or multi-band) fermion system have attracted a great
interests'*~*!. The exotic pairing mechanism in Fermi gas with SU(N) invariant interaction has been proposed*,
dependent on interaction and chemical potential, which can show coexistence of superfluidity and magnetism™®.
Another interesting example of multi-band fermion system is twisted bilayer graphene®*. It is shown that, there
exists superconductivity™ in this system. Its superfluid weight (which is superfluid density up to a constant) have

)

Ps = —llmq*)()

School of Physics and Materials Science, Guangzhou University, Guangzhou 510006, People’s Republic of China.
email: zhangyicail23456@163.com

Scientific Reports |

(2021) 11:21847 | https://doi.org/10.1038/s41598-021-01261-y natureportfolio


http://crossmark.crossref.org/dialog/?doi=10.1038/s41598-021-01261-y&domain=pdf

www.nature.com/scientificreports/

been investigated intensively**-*%. Inspired by above studies, in this paper we investigate the superfluid density for
multi-component fermion superfluid. A generalized formula of Josephson relation for multi-component bosons
has been given in Ref.*’. A natural question arises: does there exist a similar relation for a multi-component
fermion superfluid or superconductor?

In this paper, we give a generalized Josephson relation for a multi-component fermion superfluid system. It
is found that we can take a similar method as done in bosonic system to get the general results for fermions. To
be specific, the superfluid density can be expressed in terms of two-particle Green functions. Furthermore, when
there is only one gapless collective mode, the superfluid density is determined by the superfluid order parameter
and the trace of two-particle Green function. In addition, in the presence of spatial inversion symmetry, the
two-particle Green function is directly related to fluctuation matrix of order parameters. Furthermore, it is found
that the generalized Josephson relation can be also applied to a multi-band lattice system.

Results. Josephson relation in conventional two component fermion superfluid.  First of all, we consider two
(spin) component fermion superfluid system with short-ranged attractive interactions. The Hamiltonian is
H = Ho + Viut,

3 t wv?
Ho =/d Y YW= — e o),
o=14 " (3)

Vint = % / Eryl Y] O 0P (1),

where m is particle mass, u is chemical potential, V'is volume of system and g is interaction strength parameter
between two different (spin) components. In the rest of paper, we set h = V = 1for simplifications.

Similarly as bosonic superfluid®’, here we outline how to get the above relation Eq. (2) in the two-component
fermion system. First of all, it is well known that the superfluid order parameter (or pairing gap in superconduc-
tor) in two-component fermions is

A@r) = (A(r) = A, (4)

where A(r) = g, (r)¥4 (r) is operator of order parameter. '
In addition, when the superfluid order parameter A undergoes a small phase twist e29¢®1140, the variation
(fluctuation) of superfluid order parameter is

A(r) > A(r)e?0m),

, 5
SA(r) = A(r)e¥0® _ A(r) ~ 2iA80(r), ©)

where 80 (r) is a real function which denotes the small phase twist.
On the other hand, a phase gradient of superfluid order parameter would induce a superfluid current (super-
flow)*, namely

5j(x) = peV86(x)/m = pevs, (6)

where we define superfluid velocity as the gradient of phase, i.e.,v; = V380 (r)/m and superfluid density p; as the
coefficient before v; in the current §j(r). We will see the connection between the above two equations (Egs. (6),
(5)) would result in the Josephson relation.
In order to get the relationship between superfluid density os and order parameter A, similarly as bosonic
case™**%, here we need a perturbation which include operator of order parameter A(r) = gy (r)y4 (r) and its
i AT () — ol T Toon
adjoint A™(r) = gYr ()Y (), ie,

H = / dr[e@T=oNFete AT () 4 i @T-0DFel £ A (r)],
. )

— sA;f]e—in-et + S*Aqeiwt+et’

where & is a small complex number, Aq =) 1§V q+k V1« is fluctuation operator of order parameter in momen-
tum space and we use relation ¥, (r) = > Yoke'™". Here we add an infinitesimal positive number € — 04 in
the above exponential which corresponds to choose a boundary condition that the perturbation is very slowly
added to the system*.

We assume initially the system is in the ground state |0), and then slowly turn on perturbation H’, the wave
function can be written as

(U(®) =) an(e” ), ®)

where a,(t - —00) = 8,0 and H|n) = E,|n), H is unperturbed Hamiltonian. |n) and E, are eigenstate and
eigenenergy respectively. Using perturbation theory, we get
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[W(0) = [0)e ™" +> " an(t)e ' |n),

n#0
1/t .
an(t) = 7 /_oO drH,/qo(r)e“”"or )
[§<n|A£|0)e_i(")+i€_‘“”°)t f*(n|Aq|0)€i(w7ie+w“°)t
w ~+ i€ — wyo w — i€ + wyo

where w0 = E;, — Eo. The changes of order parameter (| ¥4 (r)) and current j(r) are respectively

SA(r) = 8{A(r))
(1A () ) (| Af10)  (0]A]Im) (n]A(r)|0)

zéefi(aﬂrie)t[
w ~+ i€ — wyo w ~+ i€ + wyo
« ito—ion, (01 Aq|n)(n|AX)[0) (0]A(r)|n)(n|Aq|0)
+Ee [ : . 1
® — i€ — Wy ® — i€ + wyo (10)

8j(r) = %«e*i(w+ie)t[<0|j(r)|n><n|A:r]|0> B (0|A;|n)(n|j(r)|o)

w + i€ — wyo w + i€ + wyo
 geiomion| (O|Aq|n)(n|](r)|0) <0|i(r)|”><"|Aq|0)]
— i€ — wp w—ie+wu

In the following, we assume the system has translational invariance and total momentum is a good quantum
number. So state |n) is also eigenstate of total momentum P = " _, ky kagk, e.g., P|n) = qu|n) with eigenvalue
qn- On other hand, from commutation relations

[P, Allln) = {PA] — AlP}|n) = qA]|n),

[P, Aqlin) = (PAq — AqP)In) = —qlqln),
we see AT |n) and Aan are also eigenstates of P, with momenta q, + q and q,, — q, respectively. Usmg rela-
tions A(r) >q Aqe T, (0] Ag|n)(n|AL10) = 8qq/(01Ag|n)[2, (0|AL[n)(n|Aq|0) = 8qq1(0|A]In),

(0] Aqln) (n] A ’|0>—6q q(0|Aq|n)(n|A_q|0 and (0] Ag |n)(n|Aq|0)_6q S O1A_glm) (n]Agi0), ), the change
of order parameter can be written as

(SA(I‘) — %-eiq-rfi(w#*ié)l’GH(q)w + IG)

+ E*efiq<r+i(a)7ie)tFH(q’w _ ie), (11)
where
(OlAqlm 2 [O0IAL|n)?
Gr(q, w + i€ - >
1(q, @ )= zn:[w+1e—a)n0 o+ i€ + wno
Fri(q, @ — i€) (12)
_ Z (01Ag|m)(n|A_q|0)  (0]A_q|m)(n|Aq|0)
w — i€ — wyo w — i€ + wyo
is two-particle normal (anomalous) Green function for pairing states*#**.
Taking zero-frequency (w = ie = 0) limit,
SA(r) = £¢97Grr(q,0) + §* ¢~ 9" Fy (q, 0). (13)

For two-component neutral fermions, the order parameter A(r) = g(y| (r)y4 (r)) = A can be taken as a real
number, and the low energy collective excitation is Anderson-Bogoliubov phonon. Similarly as bosonic case®,

it can be shown that Fi7(q,0) = —Gpr(q, 0) as g — 0 (see “Discussions” section), so finally
SA(r) = Grr(q, 0)[£€'™ — &* 197, 0
= 2iaGy(q, 0)sin(q - r + ¢),
where we set £ = ae® with amplitude « and phase ¢.
Similarly using commutation relation
[Pisjqi] = —Qijqj> (15)

where indicesi,j = x, , z, current fluctuation operator jq = > [(k + q/2)]/ my ! ok Vok+q and the translational
invariance, we conclude jq|#) is also eigenstate of P, with momentum q,, — q. Using the fact of j(r) = Z jqe elar,
(0|]q/|n)(n|A |0) = dq,q' (0|]q|n)(n|A |0)and (0|AJr [n)(nljq |0) = dq,q (0|AT|n)(n|]q|0) the current is
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8j(r) = £€TTIOHIB(q 0 + i€) + h.c., (16)
where h.c. denotes Hermitian (complex) conjugate and

0)j AT 0 0 AT i 10
B +ie)=Y (Oljqlm) (n1A310) _ (O1AGIm) (nljql0) | -

w + i€ — wyo w ~+ i€ + wpo

When w 4+ ie =0,

8j(r) = [£€/97B(q, 0) + h.c.]. (18)

ap(r,

Using continuity equation ED 2 +V.j,t) =0, wnO(pq)On =q- (jq)On and a)nO(pq)nO =-q- (jq)n0> we can

obtain

q-B(q,0) = — ) _[{0lpg|n)(n|A]10) — (0|A] |n)(nlpg|0)],

X A (19)
= —(0llpg, AglI0) = ~2(01A3_[0) = —24,
where density fluctuation operator pq = > W;k Vok+q and we use the fact that (A:rl:o) =A*"=A.So
q-8j(r) = —2[£€" VYA + hcl. (20)
For isotropic system, further assuming q || B o §j and using Eq. (14), so we get
2qA . .
Bj(r) = — 02 [ge g% 9],
! @
A q 5 ( ) 2A V5A(r)
= —2A—=2acos(q - r =————.
q* 1 9% iGr(q,0)
Here we further use Eq. (5), and then get
i) 4A% V80(r) AN’ m v @2)
r)=——— =— .
) q* Gi(q,0) q* Gu(q,0)

Using Eq. (6), i.e., §j(r) = psVs, the Josephson relation for conventional two-component Fermions is obtained
4A’m
9*Gu(q,0)’

which is consistent with the Taylor’s'' and Dawson et al’s'? results.

Ps = —limq_>0 (23)

General Josephson relation for multi-component fermions. For a multi-component (or multi-band) fermion
superfluid, the order parameter A,g can be written as

Agp = (Agp (D)), (24)

where the operator of order parameter Aaﬁ (1) = gupVa (1) Ya (1), Yu(p) is the field operator for «(B)-th com-
ponent, and g is interaction parameter between a-th and g-th components. The above equation indicates that
the number of superfluid order parameter may be an arbitrary integer m > 1(m € Z) in a multi-component
fermion superfluid. In such a case, we need a general perturbation Hamiltonian

H = /d3r{ei(q~rfwt+et)A’r(r) CE+ e—i(q-rfwt+et)é_-1‘ X A(r)},
' (25)
— AL . se—ia)t-‘rét + ET . Aqeiwt+et’

vyhere we relabgl the operator of order parameter with Ai(i =1,2,..,m) and introduce column vectors
A(r) = {A1(X), Ap (1), o0, A (D)}, € = {£1, 82, ..., Em ) and {...}" denotes matrix transpose and dot * is the mul-
tiplication of matrices.

In the above subsection, the definition of superfluid velocity involves particle mass m. However, the superfluid
system we considered here can be a general many-body system with complex energy spectra. For an arbitrarily
general multi-component (or multi-band) system, it may be difficult to introduce notion of mass. Furthermore,
the superfluid velocity may be unable to be defined unambiguously. In the following manuscript, the superfluid
density is simply defined as the coefficient before the gradient of phase in current, i.e.,

8j = psVo0(x). (26)

For a general multi-component superfluid system, the phase variation of order parameter 66 is well-defined.
Consequently, the physical meaning of superfluid density p; is also clear. In fact, the above definition of superfluid
density is also consistent with the phase twist method in lattice system*.

Similarly using perturbation theory and translational invariance, we can get the change of order parameter
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SAi(r) =Y [T G(q, 0 + i)
J (27)
+ e*lq~r+1(a)71€)tFHji(q,w _ ié)Ej*],

where

Grij(q, @ + i€)

A At At N
_y (O1Aigln) (mAL10)  (01A) In)(nlAsq|0)
" w ~+ i€ — wyo w + i€ + wyo

. 28
Fji(q, w — i€) (28)

_y (01AjqIm)(n]Ai,ql0) _ (04 _qln)(nlA;ql0)
— i€ — wpo w — i€ + wyo

are two-particle normal (anomalous) Green functlon matrix elements and index i(j) = 1,2, ..., m. |n) is also
eigenstate of (canonical) momentum P = Zka kt// i Wok 1.e, Pln = qu|n).

In a general multi- component fermion superﬂuld the current fluctuation operator can be written as
jq = Zaﬁk ap (k, q)x//akx/fﬂkﬂ, where Tyg(k, q) is a function of k and q. Its specific form is determined
by the kinetic energy part of Hamiltonian. For usual parabola dispersion energy, e.g., as shown in Eq. (3),

Top(k,q) = 8uplk + q/2]/m. Similarly as above section, one gets current

8j(r) = ATTHOTOIBY (g ) 4 i€).E + h.c., (29)
and here we introduce am x 1column vector B and its j-th component
Bj(q,  + i€)
Z (Oljq|m)(n|AJ410)  (0IA; 11} {nljql0) (30)

w ~+ i€ — wyo w ~+ i€ + wpo

When v 4 ie =0,

SA(r) = €97 Gyr(q, 0).6 + e '9TFY (g, 0).£%, -
8j(r) = '17Bf(q,0).£ + h.c.

Similarly using continuity equation ap(' D4V .jxt) =0, ®n0(Pg)on = q - (jg)om ©@n0(Pg)no = —9q - (ig)n0s
and assuming q || B « §j for isotropic system we get

2q
B'(q,0) = —qu{A’ﬂ A3, AL (32)
Here den51ty fluctuation operator takes the same form as that in two-component case, i.e.,

Pq _ an wgk"pak+
Introducing x(r) = eUT{£, &, ..., Em}t, SA(X) = {8A1(r), 8A(T), ... 8A,(r)}Y, the above Eq. (31) can be

written as
<5A(l‘))_(?n(q, 0) Fi(q, o)) @
x| = *
A \F (@.0) Gj(@,0)),, .. )
= Gn(q). Ci) = 2i80 <—A*>
and
: __Zj tx At (Dmxm Omsxm X
A== (A7 A 0,50 D)\ ) (34
where (I),xm is @ m X m identity matrix and we define coefficient matrix
_(Gir(q,0) Fij(q, 0))
G = )
(@ Qﬁ* @0 G1@0),, . (35)

which is a 2m x 2m matrix and one should not confuse with normal Green function Gy;(q, 0), whichisam x m
matrix. If Gy has inverse (determinant Det|Gyr| # 0), using qx(r) = —iVx, qx*(r) = iVx* and Egs. (33) and
(34), we get
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bj(r) = ——W‘;f(r) (A", A"y

6 )il 2)(a)

Using Eq. (26), i.e., §j(r) = p; V30, we get a general Josephson relation for fermion superfluid

. —4 T 0 _ T 0V A
Ps = llmq»OF(At*: At)Q) _I>-G111((I)<) _ IXA*) (37)

The Eq. (37) gives a way to calculate the superfluid density in terms of two-particle Green functions, which is
also the main result in this work. It should be emphasized that the above result Eq. (37) only relies on the defini-
tion of superfluid density Eq. (26), the existence of superfluid order parameter (A # 0), translational invariance
and continuity equation for particle number.

In addition, even though Eq. (37) is obtained in a translational invariant system (the momentum is a good
quantum number), the above formula can be applied equally to lattice system as long as the superfluid state
has lattice translation symmetry (see also “Summary” section). This is because, we know for lattice system, the
engenstates can be classified by lattice momentum. In the above derivation, on the one hand, we need to identify
the (canonical) momentum P = Zkﬁ kw;kwgk with the lattice momentum. On the other hand, the superfluid
density may show some anisotropy in lattice system. We can use a similar method as done in bosonic system*”
to deal with the anisotropy in lattice. In such a case, the superfluid density is usually a rank-two tensor and
depends on direction of q.

In isotropic case, the superfluid density is a scalar, i.e., ps = diag{ps, ps, ps} which does not depend on direc-
tion of q. For generally anisotropic system (for example, Lieb lattice system®, the spin-orbital coupled cold
atoms?, etc), the induced current 8j can be expressed in terms of vector q and a rank-two tensor m (generally §j
is not parallel to q any more), namely

8jir) = Y myq;, (38)
j=xy,z

where indices i(j) = x, y, z in three dimensional space. In order to get Josephson relation in anisotropic system,
we introduce the superfluid density p;(g) along g direction, i.e., g - 8j(r) = ps(3)(g - V36), where g = q/q is unit
vector along q direction. From Egs. (31) and (38), we get

-850y = > qmiaig;

ij=x,y,Z
2q 0)) 0 x
e YN RN mxm Umxm | ,
Ao @) ()
which is exactly similar to Eq. (34) of isotropic case. Taking gx(r) = —ig - Vx,qx*(r) = ig - Vx*and Eq. (33) into

account, the following discussions for anisotropic case are same with that in the isotropic case. So the superfluid
density along direction g is

—4
ps(q) = limqﬁo?(At*,At)@ _()I>.Gﬁ1(q)(1) _OIXAA*>, (39)

which usually depends on the direction of . Furthermore, from the superfluid density along an arbitrary direc-
tion g, i.e.,

ps(q) = Z ps;ijai‘AZj’

Li=X,),2

it is not difficult to construct a rank-two superfluid density tensor p; ;.

Discussions. In the above derivations, we get the superfluid density in terms of two-particle Green function
[the Josephson relation Eq. (37)]. In this section, we will show that for some cases, the above equation can be
further simplified. To be specific, if the system has only one gapless collective mode, the superfluid density can be
give by the trace of two-particle Green function. When the inversion symmetry is present, the superfluid density
can be expressed in terms of the fluctuation matrix of superfluid order parameters.

Only one gapless collective mode. 'When a system has unique gapless excitation near ground state, e.g., phonon,
the Josephson relation can be generalized to a multi-component system with a phase operator method as done
in bosonic case®. Here we know near the ground state, the phonon corresponds to total density oscillation. Due
to the presence of superfluid order parameter, the density oscillation would couple phase oscillation of order
parameter®. Furthermore, all the superfluid order parameters should share a common phase variation, i.e.,
80;(r) = 86(r). On the other hand, near the ground state, similarly as Eq. (5), the fluctuation operator of super-
fluid order parameters may be expressed in terms of phase operator 6*
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SA;(r) = 2iA;:80(r), (40)

where A; is the i-th superfluid order parameter in ground state. Under perturbation H' [see Eq. (25)], the vari-
ations of order parameters can be obtained by averaging Eq. (40) with respect to the perturbed ground state.
Consequently, the variations of order parameters are § A; = 2iA;80 (r) with 80 (r) = (80 (r)).

From the above equation, we get the fluctuation operators of order parameters in momentum space

Aiq = 2iAibqg,

Aly = —2iA160) = —2iAT0_q.
Ai—q = 2iAib_g,

Al g = —2ia101 = —2iA76,,

where we use A:{ = é_q for real phase field 6(r) (q # 0) . From definitions of the Gy and Fyy in Eq. (28), we get
Guij(q,0) = —4ZA;A},

(41)
Fpji(q,0) = 4ZAjA;,

whereZ =3 [ HO‘Z“ |0n)|2 + |(0|9L;q0|7’l)|2 ] > 0is a real number. When the number of superfluid order parameters
is one and A is real, the relation Fjy (q,0) = —Gir(q,0) holds (g — 0) in conventional two-component fermion
superfluid.

From Egs. (33) and (34), we get

2i80(r) = —4Z > [Afxi — Apx]],
i
= —4Z ) 2iaysin(q - r + ),
i
2
8j() = _q% S IATx + A,
i

2
= —q—;l Z[zcz,-m(q -+ )]

IRICEER
¢z @7

where we set Af¢; = a;e’® with amplitude «;, phase ¢;. So the superfluid density is

1
Ps = qu . (42)
On the other hand, we know

m m
trGr(q,0) = Y Gr,i(q,0) = —4Z Y _ |Ail*. (43)

i=1 i=1

So finally we get the Josephson relation
450 A1
= —limqo——==L——, 44

Ps 1mqg—o qztrGH (q’ 0) ( )

where Gyz(q, 0) is two-particle normal Green function (matrix) at zero-frequency. It is found that the above Eq.
(44) can be applied to the case of three superfluid parameters in dice lattice, where there exist one gapless phonon,
and two gapped Leggett modes arising from the relative phase oscillations between different superfluid order
parameters®’. When the number of order parameters m = 1, the above equation is reduced to the Josephson
relation for conventional two component fermion superfluid'"'%

Superfluid density and pairing fluctuations. In this section, we would give a connection between the two-parti-
cle Green function and the pairing fluctuation matrix based on BCS mean field theory and Gaussian fluctuation
approximation''. Furthermore, if the system has spatial inversion symmetry, the coefficient matrix Gy is directly
proportional to the inverse of pairing fluctuation matrix.

Fist of all, we discuss the results for conventional two-component fermion superfluid. In the following, we
assume the pairing gap can be decomposed as the mean field value A and small fluctuation SA (A(r) = A + 5A).
Expanding action S to second order of A , the partition function®-!

Z e /Dr);anef‘ss, (45)

where S is the mean-field contribution and Gaussian fluctuation part
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Zn M(g)ng,

(46)
= Z UT(MII(Q) M12(‘1))
anso 1\ M31(q9) M3, ()

where pairing fluctuation field | [AG, A—gland g = (q,iwn). wx = 2n7/B (n € Z) is Matsubara frequency,
B = 1/T is inverse temperature. ql'he ﬂuctuatlon matrix M is a2 x 2 matrix

1 1
Miy(qion) = - Y Guk+ )Gaa(k) + 2
k,n’

1

Miy(qion) = - Y Gua(k + )Gz (k), @)
k,n’

My (q) iwy,) = MlZ(q» iwy),

M (q, iwy) = My1(—q, —iwp),

where Gjj(k) is matrix element of Nambu-Gorkov Green function. The collective modes are given by zeros
of determinant Det|M(q, iw, — @ + i0T)| = 0. As g — 0, the collective mode is the Anderson-Bogoliubov
phonon, which characterizes the density oscillations of superfluid. With the action §S (Gaussian weight), the
correlation function (average values of quadratic terms) can be calculated??, i.e.,
(AXAg) = (M Dy,
(A _qA ) =M N,
(AFAZ ) = (M,
(AgA ) = (M.

On the other hand, we know that the above correlation function has one extra minus sign in comparison with
Green function. So the two-particle Green function can be obtained by

—Gu(q) = (AjAg) = (M D,

— Fir(q) = (A—gAg) = (M )z,

— Ffi(@) = (AFA% ) = (M7,

— G(—q) = (A_4A* ) = (M .

(49)

In addition, if the system has inversion symmetry, i.e.,
G (—q,iwy) = Gr(q, iwy),
Fi(—q, iwy) = Fi1(q, wp).
Furthermore, according to Eq. (28), when w = ie = 0, the Green function satisfy
G;‘Iag’ (Cl) 0) = GHJ’G (Cl) 0)»
Friso (q> O) = Fo's (—‘I» 0),

then the coefficient matrix of Green function Gy can be expressed in terms of the inverse of M, i.e.,

_ (Gu(g) Fu(q)
on = (318 Ghch)

Gu(q) Fu(g e
(Fu(q) Gir(— q)) M

(52)

So the superfluid density

05 = hmq_>o (At* A )( ) GI_11<I) —OIXAA*)’
_11mq_>o*2(At* A )<I 0) M( )(I OIXAA*>

Next, for the case of several superfluid order parameters, the proof is similar. Assuming the number of superfluid
order parameters is an arbitrary integer m, then Gaussian fluctuation part of action

8S= > niM(q)ng (54)
q,n>0

(53)
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where M(q) is a 2mx2m fluctuation matrix, and pairing fluctuation field
n; =[A] ,Azq, o A A1 gy Ap g5 s Ay g] - With the action 8S (Gaussian weight), the correlation func-
tions (ang the matrix elements of Green function) can be calculated, i.e.,

= Gr,ij(@) = (AjAig) = MY

— Frri(@) = (Aj—gAig) = (M Digmajy

— Fipji@) = (AL AT_)) = (M Dtimsy

— Guji(=q) = (Aj—gAf_ ) = M Dyimij.

Furthermore, in the presence of inverse symmetry, the coefficient matrix can be obtained in terms of the
fluctuation matrix, i.e., G = —M ™. So the superfluid density is given by

. 4 " T 0 T 0V A
Ps = llmqaoqu Al >At)<) _I)M(q)g) _IXA*). (56)

During the derivations of Eqgs. (37), (44) and (56), we can see that the superfluid density is mainly related to
the low energy collective excitations (e.g., phonon for neutral fermion superfluid) and the behaviors of Green
functions at long wave length limit. In addition, it is found that the superfluid density in a multi-band fermion
superfluid can be divided into two parts, one is the conventional part, which arises from the diagonal matrix
elements of current operator, and the other one is the off-diagonal terms (the so called geometric part®*®*),
which connects with the geometric metric tensor of Bloch states®. The geometric part plays an important role
in the understanding of superfluidity of flat band, where the conventional part is negligible®®. In addition, it is
expected that some other physical quantities, for example, sound velocity?® should also have similar geometric
part in a multi-component (or multi-band) superfluid. The Josephson relations [Eqgs. (37), (44) and (56)] give
the total superfluid density, which not only includes conventional part, but also the geometric part of a multi-
band fermion superfluid.

The non-vanishing superfluid density in superconductor can result in the perfect diamagnetism (the Meiss-
ner effect)®. The penetration depth of a magnetic field (1) is related to the superfluid density through relation
ps o¢ 1722, So the superfluid density can be experimentally obtained by measuring the penetration depth of
magnetic field in superconductor. On the hand, for two-dimensional high-T, superconductors, the superfluid
density at zero-temperature is related to the superfluid transition temperature by T, o< ps(T = 0) (the so called
Uemura relation® . So the superfluid density can be also evaluated by measuring the superconductor transition
temperature T,. For neutral superfluid system, the superfluid density would result in a reduction of moment
of inertia of system (from its classical value). So the superfluid density can be obtained through measuring the
moment of inertia of superfluid system®**”. In order to measure the moment of inertia of atomic gas, an optical
method is proposed through imparting non-zero angular momentum into cold atom gas™.

An example: superfluid density in Haldane—-Hubbard model. As an application of the Josephon
relations, e.g., Eqs. (44) and (56), the superfluid density is calculated for Haldane-Hubbard model in two-
component Fermi gas with on-site attractive interaction —U (U > 0)*. The Hamiltonian for Haldane-Hubbard
model is

H=>Y ticlg+> (Me; — ynic — Uy nigni, (57)
i

ijo io

where p is chemical potential, and nj, = c}:, Cig 18 particle number operator. ¢; = 1(—1) for sublattice A (B) and
M is energy offset between sublattice A and B. t;; is hopping amplitude between lattice sites i and j, which is ¢ for
nearest neighbor sites, t’ e (t'¢®) for clockwise (anticlockwise) hopping between next-nearest neighbor sites™.
The distance between nearest neighbor sites is 4.

In the following, we focus on the case of ¢ = /2 and M = 0, where the inversion symmetry is not broken.
Due to the presence of two sublattices, Haldane model is a two-band fermion system. In addition, there exist
two superfluid order parameters for two sublattices, i.g.,

Aja = Ajayiar = —Ulciaciar)s
Ajp = Aipy.ipt = —U{ciBciBt)s

where i is unit cell index, |, (1) are two spin component indices. Furthermore, when M = 0, the two order param-
eters are equal, e.g., Aja = A;p = A. When the filling factor n = 2 (2 particles per unit cell in half-filling), for
weakly interacting case, the system is a band insulator, and the superfluid order parameter vanishes (A = 0). Only
when the interaction is strong enough, the system enters a superfluid phase (A # 0). Away from the half-filling,
the system is usually in a superfluid phase®. In addition, it is found that, there exists only one gapless excitation
near q = 0, which corresponds to total density oscillations. The superfluid density can be also calculated with
current-current correlation functions®***” or phase twist method*¢’. Assuming the superfluid order parameters
undergo a phase variation, e.g, Ajag) — Aia(B) e%qTia®), the superfluid density (particle number per unit cell)
tensor pgjj can be written as
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(a) n=2.1
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—8— Phase twist Eq.(58)
0.8 —6— Josephson relation Eq.(56) i
—e— Josephson relation Eq.(44)
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Figure 1. Superfluid densities (particle number per unit cell) are plotted as functions of interaction U. (a)
Filling factorn = 2.1,#' = 0.15¢, M = 0 and ¢ = 7/2; (b) filling factor n = 2.8,¢' = 0.15¢, M = O and

¢ = 7 /2. The the superfluid density in the three curves are obtained through three different formulas, i.e., Egs.
(58), (56) and (44).

¥*Q(q)

——— g0, 58
aqiaqj |q 0 ( )

Psij =

where Q is thermodynamical potential (per unit cell) in grand canonical ensemble.

Figure 1 shows the evolutions of superfluid density as the interaction increases. The superfluid density is
obtained with three different formulas, i.e. Eqs. (58), (56) and (44). First of all, it is found that the superfluid
density is isotropic and behaves as a scalar in two-dimensional space, i.e., psij = diag(ps, ps), which is a conse-
quence of C; rotational symmetry of honeycomb lattice*. Secondly, the results from the Josephson relations [Egs.
(56), (44)] are consistent with the results from phase twist method [Eq. (58)]. In addition, When filling factor
n = 2.1, the superfluid density increases as the interaction gets strong. However when the filling factor n = 2.8,
the superfluid density gets smaller and smaller when the interaction increases. Such an interesting feature is also
reflected in Fig. 2, that when the filling factor is near half-filling (n = 2), the superfluid density increases as the
interaction gets strong. However, when the filling is far away from half-filling, the situation is reversed (see Fig. 2).

Figure 2 shows the superfluid density as functions of filling factor (n = 0 — 4). From the Fig. 2, we can see
that the superfluid density is symmetric with respect to half-filling (n = 2) due to particle-hole symmetry®. For
weak interaction cases (U = 2t and U = 3¢) and half filling, the system is a insulator (see Ref.*?), the superfluid
density vanishes (see Fig. 2). For fully occupied case (n = 4 particles per unit cell), the system is equivalent to the
completely empty case (n = 0) due to the particle-hole symmetry, the system is also a insulator. Consequently,
superfluid density is also zero. When the filling factor falls into the middle of upper band (n ~ 3), the superfluid
density reaches its maximum. The appearance of double dome structure for weak interactions in Fig. 2 is in
qualitative agreement with the results obtained through dynamical mean-field theory (DMFT) in Ref.*.

Summary

In conclusion, we investigate the Josephson relation for a general multi-component fermion superfluid. It is
found that the superfluid density is given in terms of two-particle Green functions. When the superfluid has only
one gapless collective excitation, the Josephson relation can be simplified, which is given in terms of superfluid
order parameters and trace of Green function. Within BCS mean field theory and Gaussian fluctuation approxi-
mation, the matrix elements of Green function can be given in terms of pairing fluctuation matrix elements.
Furthermore, in the presence of inversion symmetry, it is shown that the two-particle Green function is directly
proportional the inverse of pairing fluctuation matrix. The formulas for superfluid density are quite universal
for generic multi-component fermion superfluids, which can be also applied to a multi-band superfluid with
complex energy spectra in lattice.

Josephson relation for multi-component fermion superfluid provides a general method for calculations on
superfluid densities in terms of two-particle Green functions and fluctuation matrix. Our work would be use-
ful for investigations on the superfluid properties of multi-component (or multi-band) superfluid system with
complex pairing structures.
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Figure 2. Superfluid densities (particle number per unit cell) are plotted as functions of the filling factor n
(particle number per unit cell) with ¢’ = 0.15¢, M = 0 and ¢ = 7 /2. The three curves correspond to interaction
U = 2t, 3t and 4t, respectively.
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