www.nature.com/scientificreports

SCIENTIFIC
REPORTS

natureresearch

W) Check for updates

Variable selection for inferential
models with relatively high-
dimensional data: Between method
heterogeneity and covariate
stability as adjuncts to robust
selection

Eliana Lima'3, Peers Davies?, Jasmeet Kaler?, Fiona Lovatt! & Martin Green'™

Variable selection in inferential modelling is problematic when the number of variables is large relative
to the number of data points, especially when multicollinearity is present. A variety of techniques

have been described to identify ‘important’ subsets of variables from within a large parameter space
but these may produce different results which creates difficulties with inference and reproducibility.
Our aim was evaluate the extent to which variable selection would change depending on statistical
approach and whether triangulation across methods could enhance data interpretation. A real dataset
containing 408 subjects, 337 explanatory variables and a normally distributed outcome was used. We
show that with model hyperparameters optimised to minimise cross validation error, ten methods of
automated variable selection produced markedly different results; different variables were selected
and model sparsity varied greatly. Comparison between multiple methods provided valuable additional
insights. Two variables that were consistently selected and stable across all methods accounted for the
majority of the explainable variability; these were the most plausible important candidate variables.
Further variables of importance were identified from evaluating selection stability across all methods.
In conclusion, triangulation of results across methods, including use of covariate stability, can greatly
enhance data interpretation and confidence in variable selection.

Variable selection is an integral and critical component of inferential modelling and methods to accurately detect
the subset of variables most likely to have true associations with an outcome of interest are essential. In observa-
tional or experimental research, when potential causal covariates need to be identified to be carried forward for
future study, a very large set of variables may need to be explored and a robust method is required to identify the
most likely candidate covariates from within a large parameter data space.

Identification of a best subset of variables is known to be problematic when the number of explanatory varia-
bles is large with respect to the number of subjects and when multicollinearity is present within the data’. In this
situation, despite their widespread use, it is recognised that selection methods based on exploratory or stepwise
procedures using P-values or likelihood-based methods have notable deficiencies including producing inflated
coefficient estimates and downward biased errors'~. This generally results in models that are over fit and with
a relatively high number of variables remaining in a ‘final’ model rather than a sparse model that contains only
variables with the greatest association with the outcome’. The sparsity principle (that a relatively small number of
predictors contribute meaningfully to the response), is commonly adopted for variable selection of high dimen-
sional data and substantial research has been conducted into selection of sparse models from high dimensional
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Number of variables | Approach for evaluation

Technique in final model of model performance MAE |R?

Internal 26.5 0.95
Backward stepwise linear regression 265

Cross validation 136.0 |0.28

Internal 64.6 0.67
Multivariate adaptive regression splines 2

Cross validation 80.6 0.56

Internal 57.0 0.73
Least absolute shrinkage and selection operator | 36

Cross validation 64.6 0.65

Internal 56.0 0.78
Ridge regression 335

Cross validation 74.8 0.57

Internal 56.5 0.74
Elastic net 42

Cross validation 64.6 0.65

Internal 63.6 0.68
Adaptive elastic net 3

Cross validation 70.3 0.58

Internal 61.2 0.70
Smoothly clipped absolute deviation, 19

Cross validation 65.4 0.65

Internal 65.0 0.67
Minimax convex penalty 3

Cross validation 67.4 0.63

Internal 63.6 0.68
SparseStep 3

Cross validation 72.6 0.62

Internal 62.6 0.68
Ranking-based variable selection 5

Cross validation 64.1 0.67

Table 1. Numbers of variables selected and model performance for ten automated methods of variable
selection.

data’®. General approaches to variable selection have been reviewed and available methods described under three
main categories; test-based, penalty-based and screening-based®. It has also been noted that improvements to
robust variable selection can be made through the use of selection stability®”. The rationale for this is that, since
model selection procedures generally suffer from inconsistency, resampling is used to evaluate the extent to
which selected covariates change when the data are randomly divided or perturbed®'°. Stable variables (i.e. those
selected most consistently under subsampling) are most likely to have a true association with the outcome of
interest in a target population and are therefore most likely to be good candidates to evaluate further.

Although a variety of techniques for covariate selection have been advocated!!~', since different techniques
have different mathematical properties, it is possible they will lead to different solutions; that is different varia-
bles may be selected. A current problem for the researcher is to know the extent to which the choice of method
of selection will impact upon study results and therefore, the extent to which results will be reproducible with
different methods. Therefore, another area in which variability can be explored is ‘between-method’ variability
in covariate selection. Indeed it has been suggested that good practice is to employ a variety of methods “and
assign the degree of confidence to variables depending on how many methods selected a particular variable in
the final subset”'®. Results that are triangulated using different methods are considered less likely to be artefacts'.
This sentiment is also expressed in the recent concerns related to use of P values to identify important variables
in which it has been suggested that researchers have ‘the courage to consider uncertainty from multiple angles in
every study’ and ‘analyse data in multiple ways to see whether different analyses converge on the same answer’”.
Such triangulation, however, is rarely conducted.

The aim of this research was to evaluate a relatively high dimensional observational animal production-based
dataset to compare results obtained from ten well-documented, automated methods of variable selection. The
purpose was to identify the extent to which variable selection would change depending on method used and
whether combining results across methods could provide additional insights into the selection process.

Results

Covariates selected in the final models. The outcome of interest was the financial income derived from
lamb sales on 408 UK sheep farms in 2017 (£/acre) and the comparison between ten automated methods of varia-
ble selection revealed substantial differences between covariates selected in final models. The methods used were
backward stepwise linear regression (BSLM), multivariate adaptive regression splines (MARS), least absolute
shrinkage and selection operator regression (lasso), ridge regression (ridge), elastic net regression (enet), adaptive
elastic net regression (Aenet), smoothly clipped absolute deviation (SCAD), minimax convex penalty (MCP),
Sparsestep, and ranking-based variable selection (RBVS). The numbers of variables selected using each method,
are summarised in Table 1. Between 335 (ridge) and 2 (MARS) covariates were selected in the final models and
five methods produced relatively sparse models with <5 variables being selected. In terms of model fit, the inter-
nal and cross validation mean absolute error (MAE) and R? for all final models are displayed in Table 1. The best
cross validation MAE was achieved using RBVS (64.1), closely followed by lasso and elastic net (64.6). All other
models had a cross validation MAE < 80.6 with the exception of BLSM, which performed poorly (MAE =136.0).
Overfitting, demonstrated by a large difference between internal and cross validation R? values was most apparent
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Figure 1. Covariates selected (out of 337 available) in final models using eight different automated methods
of variable selection. Key; Sparse step — SparseStep regression, SCAD - smoothly clipped absolute deviation,
Elastic net - elastic net regression, RBVS - ranking-based variable selection, MCP - minimax convex penalty,
MARS - multivariate adaptive regression splines, Lasso - least absolute shrinkage and selection operator
regression, Aenet - adaptive elastic net regression.

in the BSLR (0.95 vs 0.28) and ridge (0.78 vs 0.57) models. Under fitting, shown by relatively low values for both
internal and cross validation R? values compared to the best models, was most evident in the MARS (0.67 and
0.56) and Aenet (0.68 and 0.58) models. The three sparsest models (with <5 covariates) that maintained a rea-
sonable performance (cross validation MAE < 73.0) were MCP, SparseStep and RBVS. It was notable that models
both with very few covariates (e.g. RBVS; 5 variables MAE = 64.1, MCP; 3 variables MAE = 67.4) or a larger
number (e.g. SCAD; 19 variables MAE = 65.4, elastic net; 42 variables MAE = 64.6) could result in a similarly low
cross validation error.

The covariates selected in each final model (excluding BSLR and ridge models in which the majority of covar-
iates were selected and which were deemed to fit the data relatively poorly) are illustrated in Fig. 1 and coefficient
estimates provided in Table 2. Despite similarity in cross validation MAE, considerable differences were identified
in the actual covariates selected. Only two covariates were selected in all 8 models, these related to the type of
housing system used by each study farm (V29) and the stocking density of animals on pasture (V40) and it was
noticeable that these variables had the largest effect sizes. Two further variables were selected in at least half of the
models and the other covariates were selected by 3 or fewer of the methods. However, of the variables selected in
three or fewer models, the coeflicients of some were sufficiently large to be of potential importance. For example,
variables V3, V20, V36 and V43 all had coeflicients of a magnitude to have a potentially important impact on
the outcome, yet were selected in less than half of the final models. Therefore, results of these eight final models
showed substantial heterogeneity in terms of the variables selected.

Selection stability results. Five hundred bootstrap samples were used to estimate covariate stability and
stability varied considerably between methods (Fig. 2). The ridge method consistently retained virtually all varia-
bles in all bootstrapped samples, producing a non-sparse model with a large number of variables being retained in
100% of samples. For all other methods, relatively few covariates were selected in >90% of bootstrap samples; the
range was 1 variable (RBVS) to 24 (elastic net). Covariates that had a high stability (>90%) in at least one model
(excluding BSLR and ridge), are listed in Table 3, and a comparison is provided of the stability of these covariates
between methods. It was evident that stability varied greatly between methods; several variables (e.g. V37, V19)
could have a stability of >90% using one method and <10% using another. Of the 24 variables that had a stability
>90% in at least one method, nine of these (X1 — X9) were variables that had not been selected in any of the orig-
inal non-bootstrapped final models.

The median stability was calculated for each covariate across eight selection methods (excluding BSLR and
ridge which from the initial models, were deemed to fit too poorly to use for subsequent inference). Six of the
337 variables had a median stability >50% and of these only two had a median stability >90%. The two variables
with the highest median stability, V40 and V29, were the variables selected by all methods when the original
non-bootstrapped models were constructed (Fig. 1).

Three conventional linear models were fit using subsets of covariates with relatively high bootstrap stability
across all methods and 10x 10 fold cross validation conducted to evaluate model performance. A linear model
built using the two variables with a median stability >90% (variables V40 and V29, Table 2) resulted in an internal
MAE =65.0 and R?=0.67 and a cross validation MAE = 65.9 and R?=0.65. When six variables with a median
stability across methods >50% were modelled, the resulting internal model fit metrics were MAE =62.3 and
R%2=0.69, and cross validation fit metrics MAE = 65.0 and R>=0.66. A further linear model built with covariates
that had a bootstrap stability of >90% in any of the methods (n =24 covariates, Table 2) provided the best overall
cross validation performance and better than any of the original ten methods implemented, with an internal
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Variable ID | MARS Lasso Elasticnet | Aenet | SCAD | MCP Sparse step | RBVS
V29 58.5 34.8 35.7 54.0 45.7 34.6 58.6 59.2
V40 *207.2 181.5 182.2 191.7 196.2 198.4 19.2 218.7
Ve 22.5 22.9 28.6 16.0 9.7 335

V34 16.6 18.8 2.2 22.8
V2 5.4 6.2 0.6

\& 8.4 8.3 5.0

V1o 2.7 4.4 7.0

V13 6.5 7.8 2.2

V15 12.2 13.2 3.6

V17 2.3 39 3.6

V21 8.3 10.0 3.1

V22 3.2 2.7 1.6

V25 13.5 14.0 5.7

V36 —15.5 —-15.9 -9.1

V37 -7.9 —9.3 —-0.7

V38 12.1 12.9 23

V43 21.7 229 11.5

V4012 2.2 0.3 —29.9
V4 24 3.0

v7 9.3 9.8

V8 23 3.0

V12 1.0 2.1

Vie —2.7 —-2.6

V19 —-1.1 —2.2

V24 4.8 4.2

V26 —-1.5 -2.7

V27 0.2 0.7

V28 1.2 24

V30 —12.6 —14.5

V32 —4.5 —6.4

V33 —0.5 —14

V35 —0.6 -1.6

V39 33 4.6

V41 2.1 2.5

V42 —7.4 -8.0

V44 0.8 2.5

V1 0.5

V3 39.7
V5 -0.6

V11 1.7

V14 4.5

V18 0.2

V20 —22.4

V23 0.7

V31 —-0.5

Table 2. Coefficients of variables selected in final models of eight automatic variable selection methods (blank
spaces indicate the variable was not selected). *Represents a hinge function of variable V40. Key; Sparse

step — SparseStep regression, SCAD - smoothly clipped absolute deviation, Elastic net - elastic net regression,
RBVS - ranking-based variable selection, MCP - minimax convex penalty, MARS - multivariate adaptive
regression splines, Lasso - least absolute shrinkage and selection operator regression, Aenet - adaptive elastic net
regression.

MAE =56.0, R?=0.75 and a cross validation MAE = 61.4, R?=0.70. Coefficients and confidence intervals for
this model, including for comparison, bootstrap confidence intervals from the initial models, are provided in
Supplementary Information (Table S1).

The ranking of covariate stability was explored between all ten automated model selection methods using
non-parametric correlation analysis, results are presented in Table 4. Spearman correlation coefficients >0.6
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Figure 2. Illustration of the distribution of covariate selection stability for ten methods of automated covariate
selection. Selection stability was defined as the percentage of bootstrap samples (out of 500) that each covariate
(n = 337) was selected by each specified method. Key; SparseStep — SparseStep regression, SCAD - smoothly
clipped absolute deviation, ridge - ridge regression, RBVS - ranking-based variable selection, MCP - minimax
convex penalty, MARS - multivariate adaptive regression splines, lasso - least absolute shrinkage and selection
operator regression, BSLR - backward stepwise linear regression, enet - elastic net regression, Aenet - adaptive
elastic net regression.

Maximum Median
Variable ID | Stability Stability SCAD | Lasso MARS MCP Aenet | Enet | RBVS | SparseStep
V40 100 100 100 100 65 100 100 100 99 100
V29 100 97 97 100 54 91 100 100 60 97
V34 100 79 71 100 88 52 94 100 29 27
\ 92 73 83 90 39 64 89 92 20 61
V36 92 65 73 92 47 57 83 90 0 12
V42 95 51 42 91 60 30 83 95 0 7
V39 95 48 49 95 36 46 80 94 10 17
V21 93 46 57 90 20 34 83 93 2 16
V37 94 45 53 91 37 35 62 94 0 10
V10 94 44 52 92 20 37 82 94 2 7
V30 98 40 32 98 47 22 64 98 0 10
X1 92 38 23 88 65 12 53 92 1 1
V2 92 36 42 90 12 31 71 92 3 26
V4 90 31 36 88 7 21 61 90 1 26
X2 93 28 20 91 36 17 54 93 0 0
V19 90 27 32 88 4 21 65 90 0 0
X3 95 25 29 91 7 20 66 95 0 1
\¢ 91 25 26 84 4 17 57 91 1 23
X4 99 22 27 97 10 18 66 99 1 14
V4l 95 20 15 92 25 6 74 95 13 5
X5 92 19 9 83 29 7 42 92 0 0
X6 93 18 11 90 25 9 61 93 0 0
X8 92 13 15 87 5 10 61 92 0 0
X9 92 7 10 87 2 5 47 92 0 2

Table 3. Maximum and median selection stability values (%) for covariates across eight statistical models,
ranked in order of median stability. Covariates shown all had a stability >90% in at least one method (BSLM
and ridge methods excluded). Key; SparseStep — SparseStep regression, SCAD - smoothly clipped absolute
deviation, Enet - elastic net regression, RBVS - ranking-based variable selection, MCP - minimax convex
penalty, MARS - multivariate adaptive regression splines, Lasso - least absolute shrinkage and selection operator
regression, Aenet - adaptive elastic net regression

existed between the following methods i) SCAD, MCP and adaptive elastic net, and ii) Elastic net, lasso and
SparseStep. Covariate stability of MARS showed a degree of similarity to SCAD, Lasso, MCP and elastic net
(Spearman correlations 0.44 to 0.50) but covariate stability of ridge and BLSR showed little correlation with other
methods.
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Stability SCAD |Lasso | MARS |MCP |Ridge | Aenet | Enet | RBVS | Sparsestep | BSLR
SCAD 0.50 0.46 0.93 —0.05 | 0.84 0.48 | 0.49 0.50 0.05
Lasso 0.50 0.45 0.52 0.39 0.47 0.98 |0.37 0.60 0.09
MARS 0.46 0.45 0.50 0.15 0.39 0.44 | 0.41 0.38 -0.27
MCP 0.93 0.52 0.50 0.00 0.85 0.51 |0.49 0.50 0.07
Ridge —0.05 [0.39 0.15 0.00 —0.08 |0.39 |0.07 0.19 0.15
Aenet 0.84 0.47 0.39 0.85 —0.08 0.46 | 0.48 0.39 0.04
Enet 0.48 0.98 0.44 0.51 0.39 0.46 0.38 0.59 0.08
RBVS 0.49 0.37 0.41 0.49 0.07 0.48 0.38 | 1.00 0.53 —0.04
Sparse step | 0.50 0.60 0.38 0.50 0.19 0.39 0.59 |0.53 0.01
LM 0.05 0.09 —0.27 0.07 0.15 0.04 0.08 | —0.04 |0.01

Table 4. Spearman correlations between variable selection stability by method. Key; Sparsestep — SparseStep
regression, SCAD - smoothly clipped absolute deviation, Ridge - ridge regression, RBVS - ranking-based
variable selection, MCP - minimax convex penalty, MARS - multivariate adaptive regression splines, Lasso

- least absolute shrinkage and selection operator regression, BSLR - backward stepwise linear regression, Enet -
elastic net regression, Aenet - adaptive elastic net regression.

Discussion

Results of this research illustrate that choice of method can have a substantial influence on the subset of variables
selected in modelling relatively high dimensional data and that triangulation of results across methods can greatly
enhance data interpretation and confidence in variable selection The ten methods of automated variable selection
used to model these data produced markedly different results, which meant if used alone, would lead to different
conclusions being drawn from the same data and different variables being carried forward for future study. It is
rare that more than one technique is used when conducting high-dimensional analyses, but these results align
with the view that evaluation of multiple methods is a useful strategy to ensure that uncertainty in data is consid-
ered from multiple angles'>'”. Indeed, it has been argued that in the face of a ‘reproducibility crisis’ in research',
use of multiple analytic approaches to fully explore data and identify robust solutions may partly mitigate prob-
lems with reproducibility’®. Our results support this view and use of multiple analytic approaches added valuable
insights to relationships within these data. For example, two variables were selected by all methods and had
relatively large effect sizes; this triangulation provided confidence that these variables were likely to be the most
important of the 377 available, which was not clear from use of any individual method. Quantification of selection
stability across all methods provided further insights. Firstly, the two covariates, V29 and V40, that were selected
by all methods initially, were also the most stable across all methods (median stability >90%); this provided
further evidence for the likely importance of these variables. A linear model fit using solely these two variables
demonstrated that they explained a large proportion of the variation in the outcome (R*=0.65) compared to that
explained by the best model (R*=0.70), again providing confidence in their relative importance in these data.

After identification of these two key variables, use of selection stability across methods also aided the detection
of further covariates of potential importance that could warrant further evaluation; using the median and maxi-
mum stability across methods, new subsets of variables were identified. In fact, the combination of 24 covariates
identified as being highly stable (>90%) in at least one of the methods resulted in a linear model with the best
overall cross validation performance characteristics. This combination of variables was not identified by any
of the individual methods but in terms of minimising the cross validation MAE could be described as the best
model for these data, again indicating the usefulness of employing multiple analytic approaches. The coefficient
distributions (Table S1, Supplementary Information) provided further information to evaluate and rank these
24 variables in terms of relative importance; those with confidence intervals furthest from zero across many
methods deemed most likely to be important and worthy of follow up. Whilst the choice and number of variables
to follow up from a particular study will depend on resources available as well as the effect size and plausibility
of each variable, this approach using between method selection stability provided a useful framework to inform
such decisions.

It was notable that there were marked differences in the sparseness of final models between methods; some
variables with apparently relatively large effect sizes were selected by some methods and not others. Backward
stepwise linear regression and ridge regression produced the least sparse models and poor results in terms of
discrimination of important variables and cross validation fit characteristics. These methods were discounted as
being useful for variable selection with these data and confirms that stepwise regression is generally considered
unsuitable for variable selection with high dimensional data'. Comparison of variable selection between methods
was useful because a rounded evaluation could be made from more and less sparse models. Variables with high
stability in any method could be considered of potential importance and since stability varied between methods,
this allowed a subset of variables to be identified that had not been selected by any individual method.

The correlations in bootstrap selection stabilities between different models indicated some similarity between
the variable selection methods used. Despite the fact that MCP produced a sparser solution than SCAD, the
two methods were highly correlated in terms of ranking of variable stability (Spearman correlation 0.98). This
may not be surprising since the methods of regularisation employed have similarity (Eqs. 7-9); both of these
methods incorporate a non-linear penalisation and apply less shrinkage with increasing size of coefficient?*?!.
Similarly, both SCAD and MCP had selection stability rankings highly correlated to Aenet, another method that
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incorporates reduced penalisation with increasing size of coefficient??. Elastic net and lasso also produced highly
correlated selection stabilities, again this reflects similarities of these methods. Whilst lasso is based on the con-
ventional L, regularisation, a single penalty applied to the sum of the absolute coefficient values (Eq. 3), elastic net
combines this with the L, penalty, a penalty applied to the sum of the squared coefficient values (Eq. 5).

There was a notable contrast in the degree of covariate stability between modelling methods. Of the most
sparse models, SparseStep and MCP identified 2 covariates as being >90% stable out of the three variables orig-
inally selected in the full models. RBVS identified one covariate as >90% stable of the original 5 and MARS
identified neither of the two variables originally selected as >90% stable. In contrast, for Aenet, all three of the
originally selected variables had >90% stability. Of the less sparse models, out of 19 variables originally selected
using SCAD, only 3 were >90% stable whereas both lasso and elastic net identified a relatively large number of
variables as being >90% stable. The variability in stability between methods suggests some methods are more
inclined to produce different results under perturbations of the data than others and confirms the view that selec-
tion stability is a crucial addition to the variable selection process®”.

In conclusion, the use of different statistical methods to select a sparse set of important variables resulted in
very different subsets of variables being identified. Evaluation of multiple methods and selection stability pro-
vided invaluable insight to aid variable selection in these epidemiological relatively high-dimensional data. These
findings indicate that use of triangulation of results across methods can greatly enhance data interpretation and
confidence in variable selection.

Materials and Methods

Data collection and preparation. Data for the study came from previous research conducted on 408 com-
mercial sheep farms in the UK?*. The original study aim was to identify covariates associated with increased farm
income per acre, to determine the best candidates for intervention studies to improve farm profitability. Data
collection and pre-processing have been described in detail previously?; a brief overview is provided below.

The outcome variable of interest was farm revenue (£) derived from lamb sales per unit area farmed (acre)
for the year 2017. This variable was approximately normally distributed with a median £197 per acre (IQR £120-
£297). The potential explanatory covariates comprised information on farmer demographics, farm management
strategies and farmer attitudes, and were collected by questionnaire. Farms were based in the UK; 76% were
located in Wales, 18% in England and 4% and 2% in Scotland and Northern Ireland respectively. The median farm
size was 265 acres (IQR 150-450) and the median flock size 560 breeding ewes (IQR 329-873).

A total of 337 explanatory variables were available and following imputation of a small number of data points,
there were no missing values in the final dataset. Whilst the precise details of the covariates are not relevant to
this research, full details can be found in Lima et al.?>. Specific potential confounding variables such as flock size
were included in the model selection. Continuous variables (n = 42) were centred and standardised by two stand-
ard deviations to allow direct comparisons to be made between model coefficients®. Six continuous covariates
were included as polynomial terms up to power four because non-linear relationships with the outcome were
suspected.

Analytics. Ten commonly used statistical approaches that incorporate automated covariate selection were
employed to analyse the data. Identical data were used for each statistical method; the outcome variable was farm
revenue per acre and all 337 covariates were included as explanatory variables. A common approach to imple-
mentation of each method was used as follows. Firstly, each model was fit to the data and, where required, model
hyperparameters optimised using ten-fold cross validation repeated ten times. For each method, a ‘final’ model
was selected using hyperparameter values that resulted in the lowest cross validation mean absolute error (MAE);
the selected covariates and coeflicients at the optimised hyperparameter value were identified. Subsets of selected
covariates in each final model were compared between methods.

To evaluate the extent of over- or under-fitting in the final models, a comparison was made between the MAE
and R? computed for each final model using the full dataset (‘internal fit’) and those calculated from 10 x 10 fold
cross validation (‘cross validation fit’).

To further assess between model heterogeneity in covariate selection, covariate selection stability was evalu-
ated for all models. Selection stability is a concept well described in the context of model selection”*1%; the basis
is to evaluate the extent to which covariate selection changes under perturbations of the data. The most stable
variables are the ones least likely to change when the data are perturbed and therefore can be considered most
likely to have an effect across largest parts of the data and in other similar populations. In this case we evaluated
covariate stability for each model using a bootstrapping methodology. We estimated covariate stability for each
method, as the percentage of times that each covariate was selected in the model across 500 bootstrap samples.
The distribution of covariate coefficients were also calculated from all non-zero (i.e. variables that were selected)
values of the coefficient in the bootstrap samples. Therefore, we not only compared covariates selected between
the ten different statistical methods used, but for each method, we also calculated the stability of variable selec-
tion. This allowed comparisons between all models of the most stable variables (for example, those with a stability
of >90%) and the extent to which the most stable variables were similar between methods.

The ten methods used for analysis were; backward stepwise linear regression (BSLM)?*, multivariate adaptive
regression splines®, least absolute shrinkage and selection operator regression'’, ridge regression'?, elastic net
regression''?, adaptive elastic net regression”’, smoothly clipped absolute deviation?’, minimax convex penalty?!,
Sparsestep?®, and ranking-based variable selection®. These approaches are summarised below; all models were
run using the R statistical framework™®.

Backward Stepwise Linear Regression (BSLR). A conventional linear regression model was imple-
mented and can be described as;
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where y is the response variable, 3, an intercept term, x; represents the j™ of p covariates with an estimated coef-
ficient (3,, e is the residual model error. Covariate selection was conducted using a backward stepwise procedure
with minimisation of the Akaike information criterion (AIC) as the loss function. The AIC is defined as 2
k — 2 In(f) where k is the number of parameters in the model and L the likelihood function. The BSLR model was
estimated using the MASS package in R*. Covariate stability was evaluated from 500 bootstrap samples using the
R package bootstepAIC?!.

Multivariate adaptive regression splines. Multivariate adaptive regression spline (MARS) models?
are a flexible form of regression modelling that perform automatic variable selection as well as identification of
non-linearities and interactions. Non-linear functions are represented by hinge functions® and the MARS model
can be described as;

»
y =0+ Bhx +e
=1 (2)

where y, §,,j, p and e are as defined in (1), h; x; is a function of covariate x;ora product of two or more such
functions, with coefficient 3. MARS uses expansions in linear basis functions which are generally specified as (x
— t)+ and (t — x)+ (where “4” indicates the positive part); each function is piecewise linear, with a knot at the
value t. These ‘hinge’ functions and can be represented by;

x—t)+ = x—1t ifx>t
0, ifx <t
and
t—x)+ = t—x, ifx>t
0, ift <x

Model selection is made firstly by using a forward iterative procedure to identify the combination of hinge
functions and interactions that minimise the least squares error followed by a backward deletion step (‘pruning’)
in which model terms that produce the smallest increase in residual squared error are deleted from the model.
Hyperparameters optimised using 10 x 10 fold cross validation were “nprune’, the maximum number of terms
(including intercept) allowed in the pruned model and “degree”, the maximum degree of interactions incorpo-
rated in the model. MARS models were constructed using the earth package?®? within the caret package platform®
inR.

Least absolute shrinkage and selection operator regression. A least absolute shrinkage and selec-
tion operator (lasso) model'! was the first of several regularised modelling approaches implemented with the
data. The others, ridge regression, elastic net, adaptive elastic net, smoothly clipped absolute deviation, minimax
convex penalty and Sparsestep, are described below. The general principle of regularised approaches, which are
an extension of the linear regression Eq. (1), is that a penalty is applied to covariate coefficients to shrink them
towards zero and to set some to exactly zero. Whilst this increases model bias, it can be associated with a reduc-
tion in variance and improved model fit**. In the case of Lasso, the penalty is bound to the sum of the absolute
values of the coefficients (L, penalty) and the lasso loss function can be represented;

n p
SSE_lasso = >y — 3" + N2_|6
=1

i=1

3)

where SSE_lasso represents the lasso loss function to be minimised, i denotes each observation and n the num-
ber of observations, y; and ¥; are respectively the observed and the predicted outcome for the ith observation, j
denotes a predictor variable with p the number of predictor variables in total, and |3| represents absolute values
of the regression coefficients. The optimal value of \;, the penalisation hyperparameter, was determined as that
producing the lowest MAE using 10 x 10 fold cross validation.

Ridge regression. Ridge regression'? is an alternative form of regularised regression in which a penalty is
applied to the square of the coefficients (L, penalty). The ridge loss function takes the form;

n P
SSE_ridge = > (3, — )2)2 + >\R2|ﬁj2|
-1 =1 (4)

where SSE_ridge represents the ridge loss function to be minimised, and i, ;, 1, j, p and n are all defined as in Eq. (3).
The optimal value of \g, the penalisation hyperparameter, was determined by 10x 10 cross validation.

Elastic net regression (Enet). Elastic net is a combination of lasso and ridge regression and incorporates
both the L, and L, penalties and can be represented as;
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SSE —
2n

enet —

Z?:l(yi - )A’i)z + Ap

p 1
25 a)B} + alg] 5)
where SSE,,, represents the elastic net loss function to be minimised, i, y;, ¥;, j, p and n are as defined in Eq. (3).
The hyperparameters that represent the penalty (\ ) and the relative proportion of penalisation on either the sum
of the square of the coeflicients or the unsquared coefficients (o) were optimised by 10 x 10 fold cross validation
again to minimise MAE.

The lasso, ridge and elastic net models were built using the glmnet package in the caret package platform?
inR¥.

Adaptive elastic net regression (Aenet). The adaptive elastic net is an extension of the elastic net such
that the lasso (L1) component of penalty is modified to a weighed (adaptive) lasso penalty?’. In the adaptive lasso,
variables with larger coefficients are assigned smaller weights and the extent of differential penalty weightings is
a hyperparameter. The adaptive elastic net loss function can be described in terms of the elastic net loss function
(3) but with an additional weighting factor, w;, applied to each covariate coefficient, which is dependent on the size
of the coefficient (3) as follows;

1
SSEacnet 27’!21 10’ - y) + >\J‘E

Z [ (l—uﬁ + aw. |[3|

(6)

where SSE, . represents the adaptive elastic net loss function to be minimised, all other model parameters are as
defined in Eq. (3), and w is defined as;

—

W = |Bj enet

where | ﬁ] em| are the absolute coefficient values derived from an initial elastic net model defined in (3) and «y is a
hyperparameter optimised by 10 x 10 fold cross validation. Adaptive elastic net regression was conducted in the
R package msaenet®>.

Smoothly clipped absolute deviation and minimax convex penalty. Smoothly clipped absolute
deviation (SCAD)* and minimax convex penalty (MCP)'**! are additional related forms of regularised regres-
sion. A key feature of these methods is that, as with adaptive elastic net, the size of the penalty function varies with
the size of the covariate coefficient, 8. Both methods can be described by the general framework;

P
SSEscadimep = Doy — ) + DPBIN )
j=1

)

where SSE_,4/mcp represents the SCAD or MCP loss function to be minimised, i, y;, ¥;, j, p and n are as defined in
Eq.(3) and P(ﬂjr)\, 'y) represents a penalty function as follows;

For SCAD:
PBIN, ) = A i3] < X
)\ _
A= Bl < 8] > ¥
v—1 (8)
0, if[3] > A\
For MCP:
ﬁz
PBIN, v) = NB| — =, i8] <X
2y
0.5y if|B] >\ 9)

where ~ and X are hyperparameters optimised using 10 x 10 fold cross validation. Both SCAD and MCP models
were estimated using the R package ncvreg®. The non-linear penalties applied by the SCAD and MCP techniques
mean, as with adaptive elastic net, relatively less shrinkage is applied as the absolute size of coefficients increases.

SparseStep. The SparseStep function has been relatively recently described and provides another approach
for non-linear penalisation in the regression loss function®. The SparseStep loss function can be described as;

52
B+~ (10)

where SSE, ., represents the SparseStep loss function to be minimised, i, y;, ¥, j, p and n are as defined in Eq. (3)
and )\ and +y are hyperparameters optimised using 10 x 10 fold cross validation. The Sparsestep model was esti-
mated using the sparsestep package in R%.

SSEsp_step = Z, /A }7)2 + Z] 1
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Iterative ranking-based variable selection. Iterative ranking-based variable selection (RBVS) is a differ-
ent approach to that of regularisation, for the identification of sparse models. The theory and methods of estima-
tion have been described in detail® and we provide an overview of the concepts. RBVS is based on the principle
that truly important covariates will consistently be related to an outcome of interest, both over an entire sample
and over randomly chosen sample subsets. RBVS uses a method of ranking variables in terms of their associa-
tion with the outcome and this is repeatedly conducted over many subsamples of the data. A set of top ranked
variables is identified and removed from the dataset and the procedure repeated at a second iteration to identify
the next top ranked set. Iterations are continued until no further top sets of variables are identified. RBVS was
conducted using the R-package “rbvs™ with lasso regression used as the method for variable ranking. The size of
subsample used was 200 and 100 repeated samples were used at each iteration to identify the top set of variables.
The maximum number of variables allowed in the subset of important variables at each iteration was set at 10. The
top ranked variables identified were deemed to comprise a ‘final model’ and coefficients for these variables were
estimated using a conventional linear regression model with and 10 x10 fold cross validation used to estimate
cross validation MAE and R2.

Received: 29 January 2020; Accepted: 17 April 2020;
Published online: 14 May 2020

References
1. Hastie, T, Tibshirani, R. & Wainwright, M. Statistical learning with sparsity: the lasso and generalizations. (Chapman and Hall/CRC
(2015).
2. Wasserman, L. & Roeder, K. High dimensional variable selection. Ann. Stat. 1,2178-2201 (2009).
3. Sirimongkolkasem, T. & Drikvandi, R. On Regularisation methods for analysis of high dimensional data. Ann. Data Sci. 6,737-763 (2019).
4. Liu, J. Y., Zhong, W. & Li, R. Z. A selective overview of feature screening for ultrahigh-dimensional data. Sci. China Math. 58,
2033-2054 (2015).

5. Desboulets, L. D. D. A review on variable selection in regression analysis. Econometrics 6, 1-27 (2018).

6. Baldassarre, L., Pontil, M. & Mourao-miranda, J. Sparsity Is Better with Stability: Combining Accuracy and Stability for Model
Selection in Brain Decoding. Front. Neurosci. 11, 62 (2017).

7. Breiman, L. Heuristics of instability and stabilization in model selection. Ann. Stat. 24, 2350-2383 (1996).

8. Breiman, L. Bagging predictors. Mach. Learn. 24, 123-140 (1996).

9. Meinshausen, N. & BithImann, P. Stability selection. J. R. Stat. Soc. Ser. B 72, 417-473 (2010).

0. Sauerbrei, W. The Use of Resampling Methods to Simplify Regression Models in Medical Statistics. J. R. Stat. Soc. Ser. C (Applied Stat.

48,313-329 (1999).

11. Tibshirani, R. Regression Shrinkage and Selection via the Lasso. J. R. Stat. Soc. 58, 267-288 (1996).

12. Hoerl, A. E. & Kennard, R. W. Ridge Regression: Biased Estimation for Nonorthogonal Problems. Technometrics 12, 55-67 (1970).

13. Zou, H. & Hastie, T. Regularization and variable selection via the elastic net. . R. Stat. Soc. 67, 301-320 (2005).

14. Fan, J. & Peng, H. Nonconcave penalized likelihood with a diverging number of parameters. Ann. Stat. 32, 928-961 (2004).

15. Morozova, O., Levina, O., Uuskiila, A. & Heimer, R. Comparison of subset selection methods in linear regression in the context of
health-related quality of life and substance abuse in Russia. BMC Med. Res. Methodol. 15, 1-17 (2015).

16. Munafo, M. R. & Davey Smith, G. Robust research needs many lines of evidence. Nature 553, 399-401 (2018).

17. Nature editorial. It’s time to talk about ditching statistical significance. Nature 283. Available at: https://www.nature.com/articles/
d41586-019-00874-8. (Accessed: 19th December 2019).

18. Baker, M. Is there a reproducibility crisis? Nature Feature News (2016). Available at: https://www.nature.com/news/1-500-scientists-
lift-the-lid-on-reproducibility-1.19970. (Accessed: 19th January 2020).

19. Peng, R. D., Dominici, F. & Zeger, S. L. Reproducible epidemiologic research. Am. J. Epidemiol. 163, 783-789 (2006).

20. Fan, J. & Li, R. Variable selection via nonconcave penalized likelihood and its oracle properties. . Am. Stat. Assoc. 96, 1348-1360
(2001).

21. Zhang, C. H. Nearly unbiased variable selection under minimax concave penalty. Ann. Stat. 38, 894-942 (2010).

22. Xiao, N. & Xu, Q.-S. Multi-step adaptive elastic-net: reducing false positives in high-dimensional variable selection. J. Stat. Comput.
Simul. 85, 3755-3765 (2015).

23. Lima, E. et al. Use of bootstrapped, regularised regression to identify factors associated with lamb-derived revenue on commercial
sheep farms. Prev. Vet. Med. 174, 104851 (2020).

24. Gelman, A. Scaling regression inputs by dividing by two standard deviations. Stat. Med. 27, 2865-2873 (2008).

25. Venables, W. N. & Ripley, B. D. Modern applied statistics with S. Statistics and computing 45, (Springer-Verlag New York (2002).

26. Friedman, J. H. Multivariate Adaptive Regression Splines. Ann. Stat. 19, 1-67 (1991).

27. Zou, H. & Zhang, H. H. On the adaptive elastic-net with a diverging number of parameters. Ann. Stat. 37, 1733-1751 (2009).

28. Burg, G. J. J. van den, Groenen, P. J. F. & Alfons, A. SparseStep: Approximating the Counting Norm for Sparse Regularization.
Econom. Inst. Res. Pap. 1-15 (2017).

29. Baranowski, R., Chen, Y. & Fryzlewicz, P. Ranking-Based Variable Selection for High-dimensional Data. Stat. Sin. 1-32 (2018).

30. R Core Team. R: A language and environment for statistical computing (version 1.1.463). (2018).

31. Rizopoulos, D. bootStepAIC: Bootstrap stepAIC. (2009).

32. Stephen Milborrow. Derived from mda:mars by Trevor Hastie and Rob Tibshirani. Uses Alan Miller’s Fortran utilities with Thomas
Lumley’s leaps wrapper. earth: Multivariate Adaptive Regression Splines. R package version 5.0.0. https://CRAN.R-project.org/
package=earth (2019).

33. Max Kuhn. Contributions from Jed Wing, Steve Weston, Andre Williams, Chris Keefer, Allan Engelhardt, Tony Cooper, Zachary
Mayer, Brenton Kenkel, the R Core Team, Michael Benesty, Reynald Lescarbeau, Andrew Ziem, Luca Scrucca, Yuan Tang, Can
Candan and Tyler Hunt. caret: Classification and Regression Training. R package version 6.0-83. https://CRAN.R-project.org/
package=caret (2019).

34. Nordhausen, K. The Elements of Statistical Learning: Data Mining, Inference, and Prediction, Second Edition by Trevor Hastie,
Robert Tibshirani, Jerome Friedman. Int. Stat. Rev. 77, 482-482 (2009).

35. Breheny, P. & Huang, J. Coordinate descent algorithms for nonconvex penalized regression, with applications to biological feature
selection. Ann. Appl. Stat. 5,232-253 (2011).

36. Rafal Baranowski, Patrick Breheny & IsaacTurner. rbvs: Ranking-Based Variable Selection. R package version 1.0.2. (2015).

Acknowledgements
We would like to acknowledge funding from the Agricultural and Horticultural Development Board for the
collection of the original dataset.

SCIENTIFIC REPORTS |

(2020) 10:8002 | https://doi.org/10.1038/s41598-020-64829-0


https://doi.org/10.1038/s41598-020-64829-0
https://www.nature.com/articles/d41586-019-00874-8
https://www.nature.com/articles/d41586-019-00874-8
https://www.nature.com/news/1-500-scientists-lift-the-lid-on-reproducibility-1.19970
https://www.nature.com/news/1-500-scientists-lift-the-lid-on-reproducibility-1.19970
https://CRAN.R-project.org/package=earth
https://CRAN.R-project.org/package=earth
https://CRAN.R-project.org/package=caret
https://CRAN.R-project.org/package=caret

www.nature.com/scientificreports/

Author contributions

The main data analyses were conducted by E.L. and M.G. with additional advisory input from P.D. and J.K. Study
design and data collection of the original dataset was organised by EL. and conducted by E.L., PD., J.K. and FL.
The manuscript was mainly written by E.L. and M.G. with comments and amendments made by all authors.

Competing interests
The authors declare no competing interests.

Additional information
Supplementary information is available for this paper at https://doi.org/10.1038/s41598-020-64829-0.

Correspondence and requests for materials should be addressed to M.G.
Reprints and permissions information is available at www.nature.com/reprints.

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Open Access This article is licensed under a Creative Commons Attribution 4.0 International

License, which permits use, sharing, adaptation, distribution and reproduction in any medium or
format, as long as you give appropriate credit to the original author(s) and the source, provide a link to the Cre-
ative Commons license, and indicate if changes were made. The images or other third party material in this
article are included in the article’s Creative Commons license, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons license and your intended use is not per-
mitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this license, visit http://creativecommons.org/licenses/by/4.0/.

© The Author(s) 2020

SCIENTIFIC REPORTS |

(2020) 10:8002 | https://doi.org/10.1038/s41598-020-64829-0


https://doi.org/10.1038/s41598-020-64829-0
https://doi.org/10.1038/s41598-020-64829-0
http://www.nature.com/reprints
http://creativecommons.org/licenses/by/4.0/

	Variable selection for inferential models with relatively high-dimensional data: Between method heterogeneity and covariate ...
	Results

	Covariates selected in the final models. 
	Selection stability results. 

	Discussion

	Materials and Methods

	Data collection and preparation. 
	Analytics. 
	Backward Stepwise Linear Regression (BSLR). 
	Multivariate adaptive regression splines. 
	Least absolute shrinkage and selection operator regression. 
	Ridge regression. 
	Elastic net regression (Enet). 
	Adaptive elastic net regression (Aenet). 
	Smoothly clipped absolute deviation and minimax convex penalty. 
	SparseStep. 
	Iterative ranking-based variable selection. 

	Acknowledgements

	Figure 1 Covariates selected (out of 337 available) in final models using eight different automated methods of variable selection.
	Figure 2 Illustration of the distribution of covariate selection stability for ten methods of automated covariate selection.
	Table 1 Numbers of variables selected and model performance for ten automated methods of variable selection.
	Table 2 Coefficients of variables selected in final models of eight automatic variable selection methods (blank spaces indicate the variable was not selected).
	Table 3 Maximum and median selection stability values (%) for covariates across eight statistical models, ranked in order of median stability.
	Table 4 Spearman correlations between variable selection stability by method.




