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Unified-(q, s) entanglement (U, is a generalized bipartite entanglement measure, which encompasses
Tsallis-q entanglement, Rényi-q entanglement, and entanglement of formation as its special cases. We
first provide the extended (g; s) region of the generalized analytic formula of Uy, s Then, the monogamy
relation based on the squared Uy s for arbitrary multiqubit mixed states is proved. The monogamy
relation proved in this paper enables us to construct an entanglement indicator that can be utilized to
identify all genuine multiqubit entangled states even the cases where three tangle of concurrence loses
its efficiency. It is shown that this monogamy relation also holds true for the generalized W-class state.
The ath power/,  based general monogamy and polygamy inequalities are established for tripartite
qubit states.

Entanglement is a vital asset in quantum information sciences that can enhance quantum technologies such as
communication, cryptography and computing beyond classical limitations'. Such quantum technologies mostly
rely on the distribution of entanglement in multipartite settings. Quantification and characterization of entangle-
ment distribution for multipartite systems is well explained through monogamy relation. Briefly, the monogamy
explains that if two parties are maximally entangled, then the rest of the parties cannot share any entanglement
with them. This monogamy property, for example, plays a role in security analysis of quantum key distribution?
and it can also be used to distinguish quantum channels®.

The concept of monogamy of entanglement was first introduced by Coffman, Kundu and Wootters*~known
as CKW inequality. They established the monogamy property for tripartite (A, B, and C) system via an entangle-
ment measure called the concurrence®. Furthermore, the monogamy inequality asserts that the summation of
individual entanglement content of subsystem A with subsystem B and with subsystem C is less than or equal
to the entanglement of subsystem A with combined subsystem BC. This monogamy relation was then general-
ized to N-qubit systems®. Later on, monogamy relations for various entanglement measures have been proved,
e.g., concurrence*’?, entanglement of formation®!*!!, negativity®'?-'5, Tsallis-q entanglement'®~', and Rényi-q
entanglement!®?. The dual of monogamy (polygamy) relation via the concurrence of assistance was proposed
to quantify the limitation of distributing bipartite entanglement in multipartite systems*"?%. Polygamy relations
were established using various entanglement measures, e.g., convex-roof extended negativity'?, and Tsallis-g
entanglement®®,

This paper proposes the idea to understand the entanglement distribution in multipartite system via the
unified-(g, s) entanglement (U4, ). U, ; encompasses several measures of entanglement such as concurrence,
Tsallis-q entanglement (T, -E), Renyl q entanglement (R,-E), and entanglement of formation (EOF), as its special
cases. However, it does not satisfy the usual monogamy relatlons and violates monogamy for W-class state?*. The
monogamy relation of EOF has been not reported yet in a unified fashion. Three tangle based on the squared
concurrence also has some flaws for entanglement detection®. This highly motivates us to introduce a general
concept of monogamy relations in multiqubit systems, which can overcome these flaws. We propose new monog-
amy relations for U, . To this end, we first give the analytic formula of #/, ; for the region

q> (w/9s — 245+ 28 — (2 + 35))/(2(2 — 35)), 0<s<1, and gs < (5 + A13)/2. Then we establish the
monogamy relation of multiqubit entangled system based on the squared ¢/, | (SU-(g,s)-E), which encompasses
the monogamy relations of EOF, T,-E, and R,-E, as special cases. Therefore “the results in this paper provide a
unifying framework for monogamy relations in multiqubit systems, covering several previous monogamy
results®16-20-23,
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Results

First, we revise the definition of Z{_ , and present the formula with its extended ranges. Then we investigate the
monogamy relations for the squared and o> 2 power of U/, .. Polygamy relation of ¢/,  for a <0 is also obtained.
We further construct the multipartite entanglement indicator and present some numerical examples.

Unified-(q,s) entanglement. For any bipartite pure state ) ap Uy, is defined as®

Uy ([$)ap) = (s(1 = @) [(trpf)” — 1], )

for (g,s) > 0],.1,.0» where the state of the subsystem A is obtained by tracing out the subsystem B, i.e.,
= tr[|¥)ap (¥}

For any bipartite mixed state p,p, U, ,and U, . of assistance (L[ ;) are defined as

(pAB) = man 1 q5(|w AB) 2)

Z:{‘M(pAB = maXZP SUidag)s 3)

where the minimization and maximization are obtained over all pure state decompositions 3, p.|;) s (¢;] of pas-
The U/, ; encompasses various entanglement measures depending on the parameters g and s. For example, it
converges to R,-E, T,-E, and EOF when s —0,s— 1, and g — 1, respectively.

Refining the analytical formula for Uy, s Forany two-qubit mixed state p,;, concurrence C is given as®

Upyp) = max{Op — p, — py — 4} (4)

where (i, are the decreasing eigenvalues of J L0y @ 0)pisloy ® a,), and o, denotes the Pauli-y operator.

The analytic relatlonshlp between?/, ; and concurrence of a blpartlte state pypfor 1 >s>0and 3/s>¢g>1 has
been unveiled as follows*:

Uy pyy) =1, (Cloyp), 5)
where

(! +ni — 2%

Jys &) = s(1 — g)2% (6)

w1th17 =(1+41—x2)

The analytic formula (5) holds until the f, (x) in (6) is monotonically increasing and convex for any g and s
value’. The monotonicity and convexity follow from the fact that 9, ((x)/0x > 0 for all g > 0 and 0*f, ((x)/0x* >0
for1>s>0and 3/s>q>1%.

In the Methods section, we prove that f (C)is a convex function of C for the regionq > (y9s> — 24s + 28 —
(2 4+ 35))/(2(2—35)), 0<s<1,and gs < < (5 + ~/13)/2. Therefore, we have an extended (g, s)-region with

q> K 952 — 245 + 28 — (2 + 35))/(2(2—35)),0<s< l,andgs < (5 + A[13)/2, where the second-order deriv-
ative of f, ((x) is nonnegative. Consequently, the analytic formula of unified-(g, s) entanglement (5) now holds for

R = {(g, $)|(N9s* — 24s + 28 — (2 + 35))/(2(2 — 35)) < q < (5 + [13)/250 < 5 < 1}.

Monogamy relation for SU-(q,s)-E in multiqubit systems. The main result of the paper is the general
monogamy inequality of SU-(g,s) -E Z/{‘z% . for an arbitrary multipartite qubit mixed state (see Theorem 1), i.e.,

2 2 2 2
Us o p,..p, ) — Ugsloap) — Uglpyp) — - = Ugpyg ) 20, (7)

1

where 74> 25(Pap BB ) quantifies entanglement in the partition A|B,B, ... By_;, and u < B ) quantifies the
bipartite entanglement between A and B,. Before approaching towards our main relations, we propose two prop-
ositions, whose proofs are given in Methods section. These propositions are used for establishing the monogamy
relation of U4,

We definé”

+-h - +a-i—cHhy—o»

(1 — g)s2® ' (8)

Uy ([¥)ap) = gq,s(cz(W)AB)) =

Proposition 1. SU-(q,s)-E g (C ?)with(q, s) € R varies monotonically as a function of squared concurrence C*.
Proposition 2. SU-(g,s)-E g (C ywith (g, s) € R is convex as a function of squared concurrence c

In the succeeding theorem, we will establish the monogamy inequity of L{ . for N-qubit mixed state p ABJB, .. By |-
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Theorem 1. SU-(g,5)-E holds the following monogamy inequality for an arbitrary multi-qubit mixed state pap p, .5, '
2 2 2 2
uq‘s(pABle'”Bw—l) Z uq’s(pABl) + uq‘s(pABz) ot uq’-‘(pABNfl)’ (9)
with (g, s) € R.

Proof. The formula of ¢/, , (5) cannot be applied to / Uy (p, BB, By )smce the subsystem B, B, ... By_, is not a logic
qubit. However, We can apply the convex roof extens10n formula (2) of the pure state entanglement. Let

Panp,my = 2k Dk V) aB,B, By, (x| be the optimal decomposition that minimizes q}s(pABlemBNil) Then we
ave
2
ué»s(pABlemBN,]) = ZPk UV as \Bye-By_ 1)
2
LAY ABIBZ...BM»]
®) ’
2 f;l,_;(;pkc(|wk)ABlemBN4))
(ZC) L’[ (s, .5 ))r = 8(C 0y 5,5, )
95 1By By 45 1By By (10)
where (a) follows from the pure state formula of the U, . and takes the f ) as a function of concurrence C for

(¢, s) € R; (b) is due to the fact that f (C) is a convex functlon of concurrence for (g, s) € R;and (c) is due to
the convexity of concurrence for mixe states.

(d)
2 2 2
uq’s(pABle“'BN—l) Z g‘1>5(c (pABle“'BN—l))

Ve

8 (Copyp) + Colpyy) + -+ + Copyy )

(\%S)

8 (C2pyp)) + 87 (Copyp)) + - + g7 (Cpyy )
2 2 2
= Ugpyp) +Ug (o) + -+ U (o4 )
where (d) is from (10); (e) and (f) are due to Propositions 1 and 2, respectively.[]
Remark 1. SU-(g,s)-E provides us the broad class of monogamy inequalities and recovers the monogamy relations for
squared EOE T,-E and R-E for different values of q and s. Specifically, (9) can be reduced to the following monog-
amy relations:
i. Squared EOF®!, for g— 1
2 2 2 2
gf(pABle---BN,l) = 5f(pABl) + gf(pABz) +oeF Ef(pABN,I)’ (11)
ii. Squared Rq—El‘)’ZO, fors—0
2 2 2 2
R‘i(pABIBZ-z-BN,l) = Rq(pAsl) + R‘I(pABZ) + ot Rq(pABN,l)’ (12)

iii. Squared Tq—EIHS, fors—1
2 2 2 2
Tq(pABIBz---BN,l) Z Tq(pABl) + Tq(pABz) +oe+ T (pABN ). (13)

The ath power U, ; monogamy relation. In this subsection, we establish the ath power ¢/, ; based gen-
eral monogamy and polygamy inequalities.

Theorem 2. For an arbitrary tripartite qubit state py 4,4, we have
M;S(pAIAzA) = (pA A, ) + L{ (pA A, ) (14)

witha>2and(q, s) € R.
Proof. According to the monogamy relation given in (9)

2 2 2
UgPyan) 2 Ugpy ) +Uglpy o)
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for an arbitrary trlpartlte state p4 4 A3 with g > (V9s* — 24s + 28 — (2 + 3s))/(2(2 — 35)), 0<s<1and
gs < (5 + ~13)/2.1f mm{uq (o, " ), U? q S(p 44, )} = 0, the inequality (14) obviously holds. Without any loss of

generahty, we assume that u2 J(p 4, AZ) o 5( Pa, As). Then, we have

@ 2 2 aQ
Uplpyan) = Ugdpy p) +Ugp, )2

2 2

@ U, (py 4

2 Uy (o, 1+ |

Uaglpya)

= Uydlp, ) U lpy )
where (a) comes from the algebraic inequality 1 + 3" < (14 ) for 5<1,and y> 1. O

Theorem 3. The ath power U,  satisfies the following polygamy relation for any tripartite state

u‘;v;s(pAlAzAs) < u‘?’s(pA]Az) + Z/{:;,S(,OA]AS), (15)

witha<0and(q, s) € R.
Proof. For any tripartite state p,, 4,4, with v <0, we have

Ug(Pyan) Ualpya) +Ugpy 4 )2

> o
Uglpya)?

(a)
< US(p, )1+
95\P a4 2
12 Uglpy )
= Ugpya) + Uglpy o)
where (a) follows from 1+ 37> (1+ () for 3> 0, and y<0. d

Remark 2. Theorem 2 and Theorem 3 have established the monogamy and dual monogamy inequalities for the ath
power U,  for >2 and e <0, respectively in a tripartite scenario. These relations can be generalized for mul-
tiqubit systems by using induction and simple algebraic inequalities.

Multipartite entanglement indicators based on the SU-(q, s)-E. From monogamy relation (9) of
SU-(g,s)-E, we build a multipartite entanglement indicator that can be utilized to detect entanglement in the
N-qubit state p, 4, .. a,- The indicator NARS defined as

%’S(pAlAZ'“AN) - minzpi ‘7”1’5(|1/)">A1‘A2"'AN)’ (16)
1

where the minimization is performed over all pure state decompositions of p, 4, ... 4, This indicator essentially origi-

nates from the convex-roof of the pure state indicator ‘7q>s(|w>A1|Az---AN) = uq,s(w))Al\Az---AN) -3, uq,s(pAlA,)'

Then it becomes

N

‘Zi’s(pAlAZ'”AN) = ué’s(pAl‘Az“'AN) B Zu;’s(pAlAz)’ (17)
i=2

which quantifies the residual entanglement in the system.

Following examples demonstrate the universal nature of 7_  as an effective entanglement indicator. In par-
ticular, we evaluate (17) for the W-state, and for the state which is in the superposition of
Greenberger-Horne-Zeilinger (GHZ) and W states. The nonzero values of j in these examples asserts its valid-
ity as a genuine entanglement indicator.

Example 1. An N-qubit W-state is defined as

W) = —=([10---0) + [01:0) + -+ + [0---01)).

VN (18)
The indicator for the N-qubit W-class state can be written as
Tl Wy = 87 (Cpy 1y 4 ) — (N = Dgl (CHpy 4 ), (19)

where Cz(pA 4, A ) = 4(N — 1)/N?* and Cz(pA W)= 4/N?. Via the established monogamy relation of the
11427 AN 142
squared concurrence, the three tangle 7 (genuine tripartite entanglement measure) is defined as*
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Figure 1. The indicator 7, _ results for W-state with (a) N=4, and (b) N=5. The solid black line shows the
boundary gs =4.302. Non zero values show the residual entanglement in the system.

1.0 |
—g=11,5=04 7
=== =14,5=0.6 i'!

0| | g=185=08 d
=== Je (|¢)anc) !

Jg.s (1¥) aBC)

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2. The indicator 7, , for superposition of GHZ and W-state with g=1.8, s=0.8 (dotted green line),
q=14,5=0.6 (dashed reé’ line), and g =1.1, s=0.4 (solid blue line). The three tangle 7, of|1)) 4 5. is also shown
with dashdotted black line. 7, , is positive for these value of g and s, but ;7 ;, , is zero for p=0, and p=0.627.

T} apc) = Cz(pA|BC) = Clpp) — Cpyo)- (20)

The three tangle cannot detect the tripartite entangled W-state*. However, the indicator 7, , efficiently detects
the entanglement in this state. We plot the indicator as a function of (¢,s) for the four and five qubit W-state in
Fig. 1. The indicator has nonzero values when entanglement is present in the system.

Example 2. We consider a superposition state of GHZ state and the W-state

[¥)ac = PIGHZ) — J1 = p|W), 1

where|GHZ) = —(|0)* + |1)**)and|W) = —=(/001) + [010) + [100)).
The three tangle of 1)) ;5 is To(|¥)) 45c) = (9p° — 8-/6p(1 — p)*)/9and is zero for p=0, and p =0.6275%.
This shows some flaw in the entanglement indicator. In this scenario, 7, ; multipartite entanglement indicator
shown in (17) is used. The value of 7, ([1) 45) is calculated through the analytic formula of the ¢/,  for bipartite

states. There is no need for convex-roof for the pure state. In Fig. 2, we draw the comparison between the Jeand
J,.- We can see that 7, _ is positive for all values of p.

Discussion

Unified-(g,s) entanglement is a two-parameter class of well defined bipartite entanglement measures. The generalized
analytic formula of 2/,  has been proved for the region (g, s) € R, which encompasses EOF’, Tsallis-q entangle-
ment!®!® and Renyi-q entanglement!** as its special cases. We have investigated the monogamy relation for SU-(g,s)-E,

which classifies the entanglement distribution in multipartite systems. The monogamy relation of SU-(g,s)-E enables us
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to construct an indicator, which overcomes all known flaws and detects genuine multipartite entanglement better than
previously known indicators. This superior performance in the detection of multiqubit states is exemplified on W-class
states and compared with concurrence based entanglement indicator. The established monogamy relation gives the
nontrivial and computable lower bound for the /, .. Furthermore, we also proved the ath power I/, ; based general
monogamy and polygamy relations. In summary, the results in this paper provide the unified monogamy relations of
multipartite entanglement, covering several previous results as its special cases.

Methods
f (O) is a convex function of the concurrence C.  We prove the convexity of f, (x) in the extended

reglon q> 952 — 245 + 28 — (2 + 35))/(2(2—35)),0<s<1,and gs <+ ~/13)/2, which was previously
shown for the region 1 >s>0 and 3/s>q > 1. We consider the second-order derivative of f, ((x) for 1 >¢ >0 and
gs € (3, 5), respectively.

For the region 0 < g < 1, we graphically analyze the solution of 62U {(0)/0x* = 0.1t can be shown that for
fixed s € [0,1], the value of x to keep the second derivative nonnegatlve increases monotonically with '8,
Therefore, the critical point exists under the limit x — 1. We apply limit x — 1 to obtain the critical point of g.
After applying the limit and some simplification, we have

2B+ B35 —2) —q(Bs+2) _
3 ' (22)

which gives the critical point 1Sq = (V9s® — 24s + 28 — (2 + 35))/(2(2 — 3s)) with 0 <s <1 for the region
0 < g < 1. The second-order derivative is always nonnegative when g > q

For gs € (3, 5), we select qs <4.302 because when s — 1, f, (x) approaches to the Tsallis entropy for which the
second derivative is known to be nonnegative for g <4.302'%. For the analytical proof, we define a new range
of s on the basis of this constraint, that is, 0 <s < min{4.302/g,1}. We enforce this constraint by substituting
$=4.302/q in the expression for the second derivative of f, ((x). In the following, we prove that the second deriva-
tive is nonnegative for g > 4.302. The second derivative of f, ((x) after its simplification is

O’ (x)
fL > (g — 4.302)x%/1 — x* (B! — A171Y
Ox? 1

AT 4+ BY[(BI — AT — w1 — 2P (g — 1A + BT, (23)

where A = (1 — +/1 — x*)and B = (1 + /1 — x). First, we apply the binomial expansion on A%~ !and B! to
write

(BT — AT > 2(q — DA — &2 (24)
Substituting (24) into (23), we get

82
M > (g — 4.302)x*4/1 — x?(2(q — 1)1 — x?)?

ox?
+41 — x*(A1 + B (q — D[2 — x*(A1* + BT )] (25)

Using the inequality of arithmetic and geometric, i.e., x + y > 2./xy, we obtain
A2 4 B172 > 2\(AB)T? = 22972
Al + BT > 2./(AB)! = 274, (26)

where AB=Z?. Substituting (26) in (23) and after some manipulations, we finally obtain the inequality:

(x)
f‘“ > 4(q — D1 — 2°[¢1 — x7(q — 4.302)(q — 1) + 291 — x9)].

Now we can see that if g > 4.302 then (27) is positive and the upper constraint gs < 4.302 is satisfied. The sec-
ond derivative is nonnegative for gs <4.302 when 0 <s<1.

27)

g (C ) is an increasing monotonic function of the squared concurrence C*. Note that we can
rewrlte the Eq. (5) as

uq,s(W))AB) = gq,s(CZ(W))AB))’ (28)
where

(Bf + 81y — 2%

8.0 = = (29)
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Figure 3. Domain (a) D,, and (b) D, are shown as shaded region. Solid black lines show the domain boundary
and blue, green, and red lines indicate the roots of Zq,s(x) for different values of x.

1.0 . . . . 05 10 - - 05
unavailable region
09k 04 sl qs>4.302 i 04
08} ] 0.3 0.3
6
= =
o7k 0.2 0.2
41
unavailable region 01 0.1
0.6 g<((9s-24s+28)"-(2+35))/(2(2-35)) E
2L
0.0 0.0
05 1 1 L 1 qus qus
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
s s

(@) (b)

Figure 4. The positivity of Z (x) for x— 1 on the domain (a) D;, and (b) D,.
where 8, = (1 £ /1 — x). We investigate the monoton1c1ty of g (x), since the SU-(g,5)-E is a monotonically

increasing function of 02 if dg, *(x)/dx >0 with x = C?. After some calcula‘uon, we have

2
08,00 _ s _ g 4 (g 4 poyy ESELE B IET - BT
Ox N1 —x

(30)
where M=1/(q—1)% E= (1 + +/1 — x), F = (1 — ~/1 — x). The derivative (30) is non-negative for ¢ > 0 and

0<x< 1. Thus quS(Cz) is a monotonically increasing function.

g (C )is a convex function of the squared concurrence C>.  The SU-(g,s)-E is convex in C> when the
second order derivative 822/{ 2 S Ox* >0 where x = C2. We define function,

gqs( x)
e (31)

onthedomainD = {(x, s, ¢)|0 < x < 1,0 <s < L(y9s? — 24s + 28 — (2 + 35))/(2(2 — 3s)) < q < 4.302/s}.
After some calculation, we have

Zy ) =
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Z, (x)
— qszzfzquAsfz

{AQ" — A)B — (@ — D1 — x(F "1+ E2"9)} + B*/T — x{g(1 — 5)2% + q(2s — DA’}
2(1 — x)*? (32)

where A= (Fi+Ef9) and B=(E1~ ! — F171),

The intermediate value theorem states that if a continuous function has values of opposite sign inside a
domain, then it has a root in that domain. The function Z, (x) is continuous on the domain D. We divide D into
two sub domains,

D, =1{(xs5 @0 <x<1,0<s<1,(y9s> — 245 + 28 — (2 + 35))/(2(2 — 35)) < g < 1},
and
D,={(x,s5,9))0 <x<1,0<s<1,1<qg<4.302/s}.

We plot the solution of Z, (x) =0 for different values of x. As shown in Fig. 3, no root of Z, (x) exists inside the
domain D. Thus, all values of Z, (x) on the domain D have the same sign. This means that if Z, is positive for any
value of x in D, then it is positive on the entire domain D. We have plotted the function Z, ((x) on the domain D in
Fig. 4 for x — 1. The function Z, (x) is positive on the domain D. This means that the second derivative is positive,
therefore g; (x)is convex on the domain D. Therefore, ng, :(Cz) is convex function of the squared concurrence C2.
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