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Error statistics and scalability of quantum error mitigation
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Quantum computing promises advantages over classical computing in many problems. Nevertheless, noise in quantum devices
prevents most quantum algorithms from achieving the quantum advantage. Quantum error mitigation provides a variety of
protocols to handle such noise using minimal qubit resources. While some of those protocols have been implemented in
experiments for a few qubits, it remains unclear whether error mitigation will be effective in quantum circuits with tens to hundreds
of qubits. In this paper, we apply statistics principles to quantum error mitigation and analyse the scaling behaviour of its intrinsic
error. We find that the error increases linearly O(eN) with the gate number N before mitigation and sublinearly O(¢’NY) after
mitigation, where y=0.5, ¢ is the error rate of a quantum gate, and ¢’ is a protocol-dependent factor. The v/N scaling is a
consequence of the law of large numbers, and it indicates that error mitigation can suppress the error by a larger factor in larger
circuits. We propose the importance Clifford sampling as a key technique for error mitigation in large circuits to obtain this result.
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INTRODUCTION

With the recent progress that quantum computers can have more
than half a hundred qubits'?, it is widely accepted that we are in
the era of noisy intermediate-scale quantum (NISQ) technologies®.
A prominent feature of NISQ technologies is the potential for
surpassing all classical computers in certain tasks, yet they cannot
realise full quantum error correction and achieve fault tolerance
due to noise and the limited number of physical qubits. Under the
assumption of realistic noise models, the qubit overhead is
thousands of physical qubits per logical qubit to reduce the
chance of a logical error to the negligible level**. This requirement
of quantum error correction is considerably beyond today’s
technologies.

Nevertheless, we can still perform computation tasks with NISQ
devices. Protocols proposed recently allow us to bypass quantum
error correction, which are termed quantum error mitigation®~'7.
Unlike error correction preserving the logical quantum state, error
mitigation aims at recovering the error-free measurement out-
come without physically preparing the error-free state. It can
extract the correct computation result from a noisy device as long
as the physical quantum state is not excessively damaged by the
error accumulation'. For example, if the state becomes the
maximally mixed state due to noise, there is nothing we can do to
extract any useful information about the noise-free state. Recently,
quantum algorithms using shallow circuits have been developed
to minimise error accumulation. Quantum simulation algorithms
based on variational, Lanczos and Monte Carlo methods are
promising examples of such algorithms'@=23, Although shallow-
circuit algorithms and error mitigation protocols have been
successful in proof-of-principle experiments'22*3%, it remains
unexplored how they will perform as we venture into the regime
of useful applications, where the computation involves more than
half a hundred qubits and the device noise permits error
mitigation but not yet error correction.

In this work, we address how the computation error after
mitigation scales with the circuit size. In many quantum

algorithms, we use quantum circuits to evaluate the expected
values of observables. For example, the Hamiltonian is evaluated
in the variational quantum eigensolver®®. Because of noise, an
actual quantum computer produces a biased expected value, and
the bias usually increases with the circuit size due to the error
accumulation. Among the error mitigation protocols, probabilistic
error cancellation can completely remove the bias under ideal
conditions”®. Under realistic conditions, however, all protocols
leave a residual bias in the computation result. This residual bias
depends on the protocol and circuit depth.

To draw a conclusion regardless of the protocol, we utilise a
general formalism of error mitigation. In this formalism, we
recover the observable in the error-free circuit using an error
mitigation formula, which is a function of observables directly
measured with noisy circuits. Many such formulas are inspired by
our knowledge of quantum physics, such as error extrapola-
tion®73132, probabilistic error cancellation’® and virtual distilla-
tion'>1%33-35 " Throughout this work, when a concrete error
mitigation formula is needed for analysis, we take the three
aforementioned protocols as examples. An alternative way to
construct the formula is optimising a parameterised function with
data of selected training circuits>®*3”. We find that the optimisation
can suppress the scaling of the residual bias with respect to the
circuit size.

For optimisation-based error mitigation protocols, we propose
the importance Clifford sampling (ICS) as an efficient and scalable
method to generate training circuits. Other than being practically
useful in its own right, ICS lends us a tool to analyse the residual
bias in the computation result. With its help, we show that the
global depolarising model with circuit-dependent fluctuation is an
effective phenomenological-error model, which describes the
impact of realistic error models. Using this phenomenological
model, we analyse the scaling behaviour of the residual bias. We
find that the bias in the computation result after an optimised
error mitigation process increases in proportion to /N, where N is
the gate number. In contrast, the bias is usually proportional to N
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Fig. 1 Schematic illustration of quantum error mitigation formulas. a Ideal and noisy quantum computing for the expected value of an
observable. The distribution of the expected value is biased because of noise. b Error-mitigated quantum computing. The bias is corrected in

quantum error mitigation (QEM).

without error mitigation. Because error mitigation can suppress
the error by a factor increasing with the circuit size, it is a feasible
technique for large circuits.

The Results section is organised as follows. After introducing the
general formalism of error mitigation, we discuss the error scaling in
the mitigation protocols using the global depolarising model, which
will be validated subsequently as the effective phenomenological-
error model. Then we propose the ICS protocol, followed by a
description of the important training circuits, the algorithms to
generate them and an analysis of the sampling cost. We introduce
the phenomenological-error model and show that the fluctuation of
the effective depolarising rate follows the /N scaling, which is
numerically verified. Finally, we show the same scaling relation
between the bias and the gate number in error extrapolation,
probabilistic error cancellation and virtual distillation.

RESULTS

Error mitigation formula

First, we introduce the notations. In quantum computing, a
quantum circuit consists of quantum gates. Let U; be the unitary
operator of the jth gate. The circuit with N gates realises the
transformation U = Uy --- U,U,. Given the initial state of n qubits
|0)*" and observable Q, the expected value in the error-free circuit
is fc = Tr[Q[U](|0)(0|*™)), where [U](-)=U-U". Here we use
C=(U;,...,Uyn,Q to denote the circuit with the observable
specified. If the circuit is noisy, the transformation is inexact, and
we use the completely positive map £ to denote the erroneous
transformation. The expected value becomes
Yc = Tr[QE(|0)(0|*")]. Then, yc—fc is the bias without error
mitigation. Note that the error in the actual computing also
depends on the statistical error due to finite measurement shots.

The general form of error mitigation formulas reads

Y:::F(YC17yc27---7)\17)\27~--) (1)

where y¢ is the result of the circuit C after error mitigation,
C,, C,, ... are circuits generated from the primitive circuit C, and A’s
denote parameters determined via error mitigation protocols. See
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Fig. 1. In quantum computing, we evaluate y¢, using the noisy
quantum computer and calculate the error-mitigated value y¢
according to the formula. The bias after error mitigation is y. — fc.
Next, we show how some specific error mitigation protocols fit
into the general form.

Many error mitigation protocols have been proposed. See
Ref. 7 for a review. In this work, we take three protocols as
examples: error extrapolation, probabilistic error cancellation and
virtual distillation. These protocols are applicable to any quantum
algorithm evaluating expected values and can largely reduce the
error. We give a minimal description here and leave a more
detailed overview to Supplementary Note 1.

In error extrapolation using a polynomial fitting function”', the
error mitigation formula is

Ye = Zq,')’c” )]
1

where C; is the primitive circuit with noise increased by a factor of
r;, and coefficients g; are determined by noise amplification factors
(i.e. r;). For example, for the linear extrapolation with r; =1 and
r, =2, the formula is

Ye =2, Ve, @3)

In probabilistic error cancellation, the completely positive map
of the error-free circuit is expressed as a linear combination of
erroneous maps, i.e.

(U] = qu'gn (4)

where g; are quasi-probabilities, and &; is the map of a noisy circuit
C;. Here C; is generated by, for example, replacing or adding some
gates in the primitive circuit C. We can work out the quasi-
probability decomposition with gate set tomography data® or in a
learning manner®®. Given the decomposition, the error mitigation
formula is the same as Eq. (2), but coefficients and circuits are
different from error extrapolation.

In virtual distillation, k copies of the erroneous state p are used
to evaluate the observable in a distilled state without physically
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preparing it. Given the primitive circuit C that prepares the state p,
the circuit C; is to evaluate Ye, = = Tr(Qp*), and the circuit C; is to
evaluate y., = Tr(p¥). Then the error mitigation formula reads

’ Ye
Ye=7""- (5)

Ye,

It is similar in related protocols, e.g. verified phase estimation*
and dual-state purification®”

Bias in the global depolarising model

Before considering realistic error models, we take the global
depolarising model as an example to discuss the bias in error
mitigation formulas. In this section, we show that, if the error
mitigation protocols are perfectly implemented, probabilistic
error cancellation and learning-based error mitigation can
reduce the bias to zero, while linear extrapolation and virtual
distillation with two copies can reduce the bias from O(Ne) to
O(N?e?), where N is the gate number and ¢ is the depolarising
rate per gate. In the section of “Phenomenological-error model”
we will show that the global depolarising model successfully
captures the influence of realistic noise and can be used as a
phenomenological model.

In the global depolarising model, the j-th gate with error is
described by the map G; = (1 — ¢)[U;] + €D acting on the whole
input state, where ¢ is the gate depolarising rate, D(e) = Tr(e)p,,
is the depolarising map, and p,, = 1/2" is the maximally mixed
state. Without loss of generality, we assume that the observable
is a traceless operator, and we have y¢ = (1—¢)Vfc = fc + O(eN).
The bias increases linearly with the gate number when N is
significantly smaller than ¢ '. In the limit of large N, the bias
approaches a finite value if the observable is bounded.

We take linear extrapolation as an example of error
extrapolation. We can construct two noisy circuits using
original gates and double-noise gates, respectively. Let g =
(1 —2¢)[Uj] + 2¢D be the gate with the doubled depolarlsmg
rate, two circuits labelled by i= 1,2 produce expected values
Yo, = Tr[QS (\0>(0\X")] where E1=Cn GG and

& =Gy G5G,. Then, Eq. (3) leads to the error-mitigated
expected value
y,C = 2(1 — E)Nfc — (1 — ZE)Nfc

= fc+ O(e*N?). ©
We can find that the bias in the linear extrapolation formula
increases quadratically with the gate number because the linear
extrapolation eliminates the first-order contribution of errors.

In probabilistic error cancellation, we take the quasi-probability
decomposition of each gate as

1 €

Ul = ﬁgj -

This decomposition means that we can correct the error by
stochastically replacing the original gate G; with the depolarising
map D according to a quasi-probability distribution. The decom-
position formula of the entire circuit reads

D. @)

1—e¢

N
W= 1I [F=9 — 7] ®

— 1
- (175)“?‘ (1 ) et

where & =Gy -- GG, corresponding to the primitive circuit,
&> = Gy - - - GoD in which the first gate is replaced, and so on. Then
the error mitigation formula is

.
yc_(1—e) (1

Here, we have used that y., = 0 if any gate is replaced with D.
Therefore, the residual bias is zero.

-

€
nYe — NyCz+'”:fc' 9)
—6)
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Lastly, we consider virtual distillation. The final state of N gates
with the depolarising error is

p= (1 e)UI0)(0]""U' + expp, (10)

where ¢,=1 — (1—¢)". Take the second-order virtual distillation
(i.e. k=2) as an example, the error-mitigated expected value is

;o (1—e)*+2" " (1—er)er
Ye = (1—€)*+2""(1—er)ec+2 " ¢ (11)

= fc+O(N?).

Therefore, the bias in the second-order virtual distillation increases
quadratically with the gate number, which is the natural
consequence of the second-order distillation formalism.

So far we have been considering ideal conditions. Under
realistic conditions, imperfections in the implementation cause an
additional contribution to the bias. For example, zero-bias
probabilistic error cancellation requires exact knowledge about
the depolarising rate. If the depolarising rate is thought to be ¢
instead of its actual value ¢ and we work out the error mitigation
formula with ¢’, we have y. = (1 — e)N (1 — €)"fc. Then, the bias
of the error mitigation formula is O((¢” — €)N), which is finite and
increases linearly with the gate number. It is similar for error
extrapolation, in which the bias scales linearly if the noise is not
increased exactly as designed.

Next, we analyse the bias in learning-based error mitigation. The
optimisation of an ansatz function is a flexible approach for
working out a proper error mitigation formula. Various ansatz
functions have been proposed®$-%, In this work, we consider a
general framework of this approach and focus on the scaling of
the bias with respect to the gate number.

One way to compose an ansatz function is by modifying a
specific-form formula. Taking the linear error extrapolation as an
example, we parameterise the formula as

Ye =MWNe, + (1= MNye,. (12)

We determine A by minimising the bias for a set of circuits, which
are called training circuits. To evaluate the bias, the error-free
expected value must be known. This condition limits the choice of
training circuits. We can use only one training circuit T and the
corresponding data (yr,,yr,,fr) to determine A for the ansatz
considered here. The bias of the training circuit is minimised at

fT—er
Yr, =V, '

For the global depolarising model, the optimal parameter is
A =01 —(1=2eM/I(1—e)N — (1—2e)M. If we take A= A" in the error
mitigation formula, the bias is zero for all circuits with the same
gate number N. Therefore, the linear error extrapolation becomes
bias-free after the optimisation.

It is similar for other error mitigation protocols. For probabilistic
error cancellation, we can take the depolarising rate ¢ in Eq. (9) as
the variational parameter, assuming the actual depolarising rate is
unknown. We can find the optimal value of ¢ with data of a
training circuit, and the optimal value must be the actual
depolarising rate. Then, the error mitigation formula taking the
optimal parameter is bias-free for all circuits. For virtual distillation,
we can choose the ansatz y = AL According to Eq. (11), the bias
is zero when A cancels the factor before fc.

We have seen that the learning-based approach can reduce the
bias in error mitigation. According to the global depolarising
model, the bias is zero in all examples. We get this perfect result
because the global depolarising model is free of fluctuation, i.e.
errors of all gates have the same impact on the expected value.
The impact is a factor of 1—e. Without the fluctuation, there are
many simple error mitigation formulas that can simultaneously
and completely correct the bias for all circuits.

A= (13)

npj Quantum Information (2023) 35



npj

D. Qin et al.

In error models with fluctuation, the optimised error mitigation
formula has a finite bias, and the bias increases with the gate
number. Usually, errors are localised in many actual quantum
computing systems, e.g. superconducting qubits and trapped
ions. The error associated with a gate only affects qubits at the
location of the gate (rather than the entire quantum register as in
the global depolarising model). The contribution of an error to the
bias depends on its location and the circuit. For example, if the
observable is the Pauli operator X of qubit-1, errors localised on
qubit-2 do not affect the observable; A phase-flip error before the
measurement changes the sign of X but preserves the sign if we
modify the circuit by inserting a Hadamard gate before the
measurement. The fluctuation of error contributions causes a finite
bias, i.e. the error mitigation formula cannot simultaneously
compensate for all errors for all circuits. Assuming we can
successfully compensate for the average contribution of errors,
the residual bias is due to the fluctuation across different circuits.
We find that in a large class of error mitigation formulas, the
fluctuation-caused bias is proportional to v/N. Later, we will show
that the global depolarising model with fluctuation is an effective
phenomenological model to characterise the impact of errors in
realistic error models, see Fig. 2.

Importance Clifford sampling

In this section, we address the question of how to efficiently
sample large training circuits by proposing sampling algorithms
whose resource costs scale linearly with the circuit size. These
training circuits are Clifford circuits sharing the same circuit frame
as the original noisy circuit, for which the ideal measurements take
non-zero expected values.

A classical computer can efficiently simulate Clifford circuits, in
which all gates are Clifford gates. Because the error-free expected
value f¢ of a Clifford circuit is computable®?4°, we can take them
as training circuits. However, not every Clifford circuit is suitable.
We take Eq. (13) as an example. If the training circuit T has a zero
expected value, i.e. fr=0, erroneous expected values are all zero,
i.e. yr, = yr, = 0. In this case, we cannot use the equation to
determine the optimal parameter. Therefore, to find the optimal
parameter, we need a training circuit T whose expected value is
non-zero.
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g
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Effective depolarising rate

Fig. 2 Distribution of the effective depolarising rate in the
phenomenological-error model. In the model, the impact of errors
in a noisy circuit is characterised by the global depolarising model
with the circuit-dependent depolarising rate ec. The histogram is
generated using six-qubit periodic-cycling circuits with 72 two-qubit
gates under the gate depolarising noise. The error rate per gate is
0.001. Single-qubit gates are randomly sampled from the set of
single-qubit unitaries with the weight fﬁ-. The average depolarising
rate is proportional to the gate number N, and the standard
deviation is proportional to v/N.
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It is general that some training circuits are more important than
others in the learning-based approach. To optimise the error
mitigation formula, we need a measure of its overall performance
in various circuits. We take the mean squared error (MSE) as an
example, which reads

Le = (Y — o)) rs (14)

where (g(C))x = 57> _ccrd(C) s the average of the real-valued
circuit function g( &) over the circuit set R. Importance sampling is
a crucial technique in statistics, in which the probability of a
sample is proportional to the magnitude of its value, i.e. (yc — fc)
in MSE. According to importance sampling, we prefer training
circuits with a larger bias over those with a smaller bias. The larger
bias circuits, i.e. error-sensitive circuits, can provide more
information about noise in the circuit.

The question of sampling training circuits has two parts. The first
part is how to efficiently generate an error-sensitive circuit. The
second part is how to draw samples according to a distribution. We
address the first part in the “Circuit generation” section and the
second part in the “Circuit frame” and “Sampling algorithms” sections.

Circuit generation

There are different approaches of generating an error-sensitive
circuit. For example, we can randomly select a circuit and calculate
the expected value, and we take it as a training circuit only if the
expected value is non-zero. This approach works only when the
circuit size is small because circuits with a non-zero expected
value are rare in large Clifford circuits. An approach usually used in
randomised benchmarking is reversing the transformation by
adding an additional unitary at the end of the circuit*'. We will not
take this approach because the additional unitary may signifi-
cantly increase the total gate number in multi-qubit circuits. We
want to generate training circuits with a specific gate number,
such that the error mitigation formula is optimised for circuits with
the same gate number.

In the following, we focus on the case that the observable Q is a
Pauli operator. In the standard model of quantum computing,
qubits at the end of the circuit are measured in the computation
basis, i.e. the Pauli operator Z is measured. One can adjust the
measurement basis by inserting gates before the measurement.
For example, by inserting single-qubit Clifford gates before the
measurement, we can measure any Pauli operator. For a general
observable, a way to evaluate its expected value is by expressing it
as a linear combination of Pauli operators and computing the
expected value of each term.

The expected value of a Pauli operator in a Clifford circuit takes
three values 0 and + 1. We can reexpress the error-free expected
value as fe = Tr(Qu|0)(0|®"), where Q,=U'QU is the effective
observable. When U is Clifford, Qy is a Pauli operator. Let
P;=1,X,Y,Z be the single-qubit Pauli operator on qubit-i, Q, =+
Pi®P,® -+ ® P,. Then fc = + [[7,(0|P;|0). If any single-qubit
Pauli operator P;is X or Y, the expected value is zero. If all P; are | or
Z, fc==1, and the sign is the same as Qu. For a randomly
generated Clifford circuit, it is likely that some single-qubit Pauli
operators contained in Qy are X or Y, i.e. fc=0

We can deterministically generate an error-sensitive circuit as
follows. The setup is shown in Fig. 3. The overall unitary
transformation of the circuit is U = U'Uy, where Up=R, ® R, ®

--® R, is one layer of single-qubit gates, and R; is the gate on
qubit-i. First, given the gate number, we generate a random
Clifford circuit, which realises the unitary U'. If Uy = 1, the effective
observable is Qy = =P, ® P, ® --- ® P,. Given Q and U, we can
efficiently work out this expression of Q, on a classical computer.
Second, we determine single-qubit gates in Uy: we take a Clifford
R; satisfying RIP;R; = +Z,1. For the final circuit U = U'Uy, single-
qubit Pauli operators in its effective observable Q are either / or Z.
Then, the expected value is fe=+1.
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Fig. 3 Error-sensitive circuit generation. We compose an error-
sensitive circuit with two sections Uy and U, as shown in (a). U is a
Clifford operator. The observable is a Pauli operator, e.g. Q=2Q®
I®--®I U and the observable is equivalent to an effective
observable Qy =X® I/ ® ---®Z, as shown in (b). Gates in U, are
taken from the group of single-qubit Clifford gates. We choose the
gates such that all non-identity Pauli operators in Q, are mapped
to+Z, as shown in (c).

Circuit frame

In the learning-based error mitigation, we aim at an optimised
error mitigation formula that works for a set of circuits, including
training circuits and circuits useful in some computation tasks.
Choosing the target circuit set is important. When the circuit set is
larger, it is harder to find a formula suitable for every circuit.
Therefore, we want to be focusing on a circuit set relevant to some
tasks to minimise bias. A way to construct a task-relevant circuit
set is by taking circuits with the same pattern of multi-qubit
Clifford gates, see Fig. 4. This pattern is called the circuit frame. In
many quantum computing systems, such as superconducting
qubits and trapped ions, the error rates of single-qubit gates are
much lower than multi-qubit gates. Errors occurring in a circuit are
mainly determined by multi-qubit gates. Therefore, all the circuits
with the same frame have approximately the same errors, and we
are able to correct them using the same error mitigation formula.

In the fixed-frame circuit set, single-qubit gates are variables. As
shown in Fig. 4, the frame includes the qubit initialisation, multi-
qubit Clifford gates and measurement. Fixing these operations, we
change single-qubit gates to generate the circuit set. We call each
variable single-qubit gate a slot. In Ref. 3%, a setup with slots after
each multi-qubit gate is proposed. Here we reduce the slot
number to minimise the circuit set. We only take locations of
single-qubit non-Clifford gates in the task circuit as slots and add
two layers of slots after the initialisation and before the
measurement, respectively. The reason is that a sequence of
Clifford gates not interrupted by any non-Clifford gate can be
treated as one multi-qubit Clifford gate.

The minimised slots have sufficient degrees of freedom for
implementing Pauli twirling and probabilistic error cancellation for
general error models. A Pauli error is an unwanted Pauli
transformation stochastically occurring in the circuit. In Pauli
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Fig.4 Quantum circuit and circuit frame. a The circuit for a specific
task. Single-qubit gates X, H and S are Clifford, and gates T and R are
non-Clifford. b The task-dependent circuit frame. Green boxes are
slots for variable single-qubit gates. Clifford gates in the yellow
region with dashed borders form a composite Clifford gate.

twirling, we convert general errors into Pauli errors by randomly
applying Pauli gates before and after each Clifford gate. We can
correct a Pauli error by applying a Pauli gate to undo the error.
Relevant discussions can be found in ref. 3¢,

With the frame determined, a circuit depends on the choice of
single-qubit gates. Let C=(Uy, ..., Uy, Q) be a circuit (with two
layers of single-qubit gates after the initialisation and before the
measurement, respectively). The corresponding frame is F={(...,
Uik -orUjpog, ..., Q), where U; is a gate on the frame, and <«
denotes a slot on qubit-k. In other words, F is the same as C except
that gates in slots are replaced with . Formally, if S={i;, i, ...}
are labels of slots and K = {k;,, ki, ... } are corresponding qubits,
the frame is F=(Fy, ..., Fx, Q), where F;=U; if i¢ S, and F; = o, if
i € S. Then, we can reexpress the circuit as C=[F, Ry, Ry, ...], where
R, is the single-qubit gate in the [th slot, ie.
Ui, _ I@(ki,—1) QR ® I®(”_ku).

To generate training circuits of the fixed frame, we can
randomly draw the gate on each slot from the 24 single-qubit
Clifford gates. Because the frame is formed of Clifford gates, the
entire circuit constructed in this way is Clifford. It is likely that such
a random circuit has a zero expected value. We can work out a
circuit with a non-zero expected value by adjusting the first-layer
gates, i.e. gates after the initialisation, as described in in the
previous section. We give details of this procedure in Algorithm 1.

Algorithm 1. Generation of error-sensitive circuits.
1: function escrcurr(F, R)
2:  Compose the candidate circuit C' = [F,/, ...
3:  Calculate Qy = UTQU'.
4:  Calculate (P, P, ... ,P,) according to Qy = +P; ® P,®
QP
fori=1tondo
repeat
Choose a random R; from C;.
until RP’R ==xZ,
Compose the error- sensntive circuit C =
7RNR]‘
10:  Output C.

7I7Rn+1> 7RNR]~

LVooNU

[F7R17 7Rn7Rn+17

Sampling algorithms

We give two algorithms for sampling error-sensitive Clifford
circuits in Algorithms 2 and 3. For clarity, we use the following
notations in the algorithms. F is the circuit frame, Q is the
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observable, n is the qubit number, Ni is the slot number, and Ny is
the sample number. C; is the single-qubit Clifford group with 24
elements. U= Uy --- U,U; is the unitary transformation of the
circuit €=U, ...,UyQ=IFR,Ry.... We use R=
(Rn+1,Rn+2, .. ,Rn,) to denote an ordered set of single-qubit
Clifford gates, and Ry, Ry, ..., R, are gates in the first-layer slots.
w(C) is the weight of the Clifford circuit C: Qu=U'QU=+P; ®
P,® --- ® P, is a tensor product of Pauli operators, then w(C) is
the number of non-identity Pauli operators in the product, i.e.

C) En—z@pﬂ (15)
i=1

where &,p, = 1 if P;/=1, and &, p, = 0 otherwise. In Algorithm 3, we
employ the Metropolis-Hasting algorithm to realise a uniform
distribution of error-sensmve circuits, which requires a conditional
distribution g(R |R) for suggesting a candidate sample. For
example, we can take the conditional distribution as follows: we
update gates in some randomly selected slots with newly
generated random gates and keep gates in other slots unchanged.

Algorithm 2. Non-uniform importance Clifford sampling.
1: Input F.
2:for t=1 to Ny do
fori=n+1 to Ng do
Choose a random R; from C;.
Call escrcurr F, R to generate C.
Output C;=C.

U hw

Algorlthm 3. Uniform importance Cllfford sampling.
1: Input F, a cong tional distribution g(R |R) and an initial slot-
gate pattern R
2:Sett=0
3: Gall ESCIRCUITF R
4: Take Co =C
5:for t=1to Ny do
6: Generate a randgm candldate of slot-gate pattern R
according to g 6
Call escireurtF, R to generate C.
Calculate the acceptance probability

_ =(t—=1),5(t)
A=min|1 3 g R ) .
3*W(cr—1) g(ﬁ(r)lﬁ(r71))

R? to generate C.

B

o

9:  Generate a uniform random number u € [0, 1].
10:  Accept and set C;, = C if u<A.

11:  Reject and set C,=C,_; if u>A.

12:  Output C,.

There is a relation between Clifford sampling and unitary
sampling which allows us to estimate the bias distribution in
general unitary circuits using Clifford circuits. We use C to denote
the set of Clifford circuits and U to denote the set of all unitary
circuits with the same frame. For a frame with Nj slots, the total
C| = 24", i.e. each slot takes one of
24 single-qubit Clifford gates. In U, each slot can take any single-
qubit unitary. When errors are independent of the choice of
single-qubit gates, MSEs are the same for the two circuit sets, i.e.
Ly = Lc*2. Because the set C is large, we need to use the Monte
Carlo method to evaluate L.

There is a similar relation between ICS and unitary sampling.
Error-sensitive circuits are a subset of all Clifford circuits, denoted
by (o According to Algorithm 1, given slot gates
R = (Rnt1,Rn+2, .. ,Ry,), the number of error-sensitive circuits is
g@gn—wlO |f P’ I, RIP'/R; = I for all 24 smqle qubit Clifford
gates, which contrlbutes a factor of 24; If P, RIPIR; = +Z for 8
single-qubit Clifford gates, which contributes a factor of 8. The
number of different R's is 24"*=", then the total number of error-
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sensitive circuits is

24Np—n
CBl= > 8"(G)2am (4, (16)

=

where C; are circuits with different R's. In a Clifford circuit, a Pauli
error either preserves the Pauli observable or flips its sign. As a
result, non-sensitive Clifford circuits do not respond to Pauli errors,
i.e yc=fc if fc=0. Therefore,

ly=Lc = nLCES7 (17)
for Pauli error models, where n = |C*|/|C| is the proportion of
error-sensitive circuits in all Clifford circuits.

The distribution of error-sensitive circuits from Algorithm 2 is

non-uniform. Because we uniformly choose slot gates in R, the
probability of an error-sensitive circuit C is

Ppnu(C) 24— (Nr—=n) g—w(€) 3 4—[n—-w(C)]
24 Ne3w(C)

(18)

Therefore, the probability of C is proportional to 3", If we use
Algorithm 2 to sample circuits, we can evaluate L& according to

“Oye — &)l (19)

where the expected value is taken over the distribution P,,(C).

We can generate a uniform distribution of error-sensitive
circuits as shown in Algorithm 3. In the uniform distribution, the
probability of an error-sensitive circuit is P,(C) = |CE®|™". Then,
we can evaluate Los with Les =E[(yc — fc)?],, where the
expected value is taken over the distribution P,(C). By changing
the formula of the acceptance probability, we can use the same
algorithm to generate other distributions of error-sensitive circuits.

We now summarise the algorithms and analyse their classical-
computing costs. Algorithm 1 is used to generate an error-
sensitive circuit. Provided with an observable Q and a frame with n
qubits and N two-qubit gates, Algorithm 1 includes operations
that conjugate Q (line 3) via O(N) Clifford gates and a conditioned
random selection for the single-qubit gates in the first layer (line 5
to 8). The time cost of the conjugating operations is O(nN)
according to the efficient simulation algorithm for Clifford gates,
and the time cost of selecting gates in the first layer is O(n). Thus,
the cost of Algorithm 1 is O(nN). Algorithm 2 and Algorithm 3 are
used to sample error-sensitive circuits according to the non-
uniform distribution P,,(C) and uniform distribution P,(C),
respectively. To generate Ny circuits, the costs for both algorithms
are O(NmN), because the elementary building block of both
algorithms is nothing but the circuit generation given in Algorithm
1, which is repeated for N; times. The numerical result in
Supplementary Note 3 demonstrates that the number of error-
sensitive circuits Ny required to perform learning-based error
mitigation does not increase (as far as we have observed) with
either the number of gates or the number of qubits. Overall, the
cost scales linearly with the number of qubits and the number of
gates. Noting that the sampling algorithms assume that two-qubit
gates are Clifford and errors are independent of single-qubit gates.
We give discussion in Supplementary Note 4 about the
implementation of the algorithms when the assumptions are
not satisfied.

Less =n 'E[3”

Phenomenological-error model

In this section, we introduce the phenomenological-error model
which quantifies the bias caused by realistic errors in a circuit.
Then, we show that the phenomenological-error model can be
effectively represented by a global depolarising model with
fluctuation, and the fluctuation is O(1/+/N) times smaller than the
depolarising rate. This result suggests that, if we are able to use
error mitigation to cancel the impact of the effective global
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depolarising error, we can reduce the bias caused by realistic
errors by a factor of O(1/v/N).

Before introducing our phenomenological-error model, we give
a brief overview of realistic error models. Consider a quantum gate
with the unitary operator U;, the error-free output state of the gate
is [U]lp;, where p; is the input state. When the gate is imperfect, we
can always express the output state with error as N;[Uilp;
(assuming the noisy circuit is a Markov process), where the
completely positive map N; describes the effect of noise
associated with the gate. In the global depolarising model,
Ni=(1—-¢)[l]+€D. In realistic error models, A; is usually
caused by local processes, such as dephasing, dissipation and
imperfections in the coherent evolution. If the gate acts on qubit-1
and qubit-2, the noise mainly affects these two qubits. Taking a
Pauli error model as an example, the noise map reads

16¢ 16¢
i=(1-——=|[*"+—=D 20
N < 15)[ }-i- 15 1,2y (20)
where
1 @(n—
Dia=c Y [Pep o) 1)
Py Pa=IX.Y.Z

We call this particular Pauli error model the gate depolarising
model, in which probabilities of Pauli errors are the same. We can
rewrite this summation-form error model into the product form

Ni= ]I [(1 =) +plPr @ Py @ 1702 (22)
P1.Pa=IXYZ

where p ~ ¢/15. In the product form, the noise map is a product of
15 independent maps, and we call each of them a Pauli error
channel.

The global depolarising model with fluctuation can characterise
the impact of realistic errors in large circuits. Given a circuit C, the
error-free final state is p, = U|0)(0|*"U'. In our error model, the
erroneous final state is p=(1 — ed)po + €cOm, Where ec is the
circuit-dependent depolarising rate. According to this model, we
have yc= (1 — edfc. If we allow ec to be any value (rather than
limited in the interval [0, 1]), this error model is a general
phenomenological-error model. Given any fc and yc the
corresponding depolarising rate is ec=1 — yc/fc. Note that the
bias is ecfc, which is always finite even when fc=0 and ¢c is
infinite.

We write the circuit-dependent depolarising rate as two terms,
the average and fluctuation, i.e. ec = €g + 8¢¢, where

<€Cfé>U
<fé>TU

is the average depolarising rate with the weight 2, and Sec is the
circuit-dependent fluctuation. We characterise the fluctuation with
the weighted standard deviation
22

p= ey 4)

{fo)u
The key result is that A increases with the gate number as O(NY),
and y=0.5, see Fig. 2.

In the rest part of this section, we show theoretically that the
standard deviation A is proportional to v/N using a Pauli error
model. In the next two sections, we introduce an error mitigation
protocol inspired by the phenomenological-error model, then we
verify the scaling behaviour in numerical simulations of the gate
depolarising model, composite error models involving Pauli,
amplitude damping and coherent errors, and a model with
single-qubit-gate-dependent errors. The /N scaling is observed in
all the error models.

We focus on Pauli errors to analyse the fluctuation in the
phenomenological-error model. For general errors, we can use

0= (23)
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Pauli twirling to convert them into Pauli errors. If error mitigation
is concatenated with error correction, logical errors after correc-

tion are mainly Pauli errors**. Suppose errors are independent of
single-qubit gates, we have the following relations,

<f%>\u = <f€>c = '7(@@57 (25)
(feyaly = (feyede = nifeye) oss, (26)
e)u = e)e =nle)es, (27)

where U, C and CF are circuit sets with the same frame. In the
above equations, the first equal sign follows because the Clifford
group is a unitary-2 design*>**, and therefore (o), = (o), holds if
« is a polynomial of degree two in the gate unitaries. The second
equal sign is a consequence of fc=0 when C¢CES and

n = |CP[/|C|. Using fc==1 for error-sensitive circuits, we can
obtain

n=(fe)u, (28)
€ = <€C>CES7 (29)

A= \/ <6€%>CES. (30)

These relations allow us to study ¢, and A with error-sensitive
circuits.

For simplicity, we consider an error model where two-qubit
gates are the dominant sources of errors in actual quantum
computing devices. We assume that the initialisation, single-qubit
gates and measurement are perfect. In a two-qubit gate, we
assume that the probability of Pauli errors are the same, i.e. the
gate depolarising model. We use N’ to denote the number of two-
qubit gates.

The effect of local Pauli errors is equivalent to that of global
depolarising errors in error-sensitive circuits. The unitary
transformation of a circuit with N gates is U=Uy--- U,. If a
Pauli error o occurs after the jth gate, the transformation
becomes U =Uy---UipioU;i---Uy =0cU,  where  o¢ =
Uy ---UpoUj , - -- Uy is the Pauli error propagated to the end
of the circuit. Because gates are Clifford, o is also a Pauli
operator, i.e. any Pauli error in the circuit is equivalent to a Pauli
error at the end of the circuit. If the probability of the Pauli error
is p, i.e. the error channel is (1 — p)[1] + p[o], the final state of
the circuit is transformed from po to (1 — p)p, + ploc]po. Then
there are two cases: If o, and the Pauli observable Q are
commutative, the expected value is preserved under the Pauli
error; otherwise, the expected value is changed from f¢ to
(1 — 2p)fc, i.e. the equivalent depolarising rate is 2p.

The overall depolarising rate depends on the number of Pauli
error channels. Each two-qubit gate contributes 15 Pauli error
channels according to the product form of the Pauli error model. For
a circuit with N’ two-qubit gates, there are M = 15N’ error channels.
Let (1 — p)[1] + p[ok] be the k-th error channel, (1 — p)[1] + p|oy, ]
is the corresponding error channel at the end of the circuit. We use
the binary number t,(C) to denote whether the k-th error channel
affect the observable, i.e. t(C)=0 if o)  and Q are commutative,
and t,(C) =1 otherwise. Then, the expected value is changed to
HQL (1- 2p)rk(c)fc. The equivalent depolarising rate is

M M
cc=1-JJ(1-2p)"9 =" 2t,(C)p+ O(p?). 31
k=1 k=1

The average depolarising rate is proportional to the gate
number, and the standard deviation is proportional to the square
root of the gate number. We can understand this phenomenon as
follows. If we choose the circuit randomly from the circuit set, each
error channel is switched on and off randomly, i.e. each t, takes a
random value. Under the assumption that t, are independent and
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identically distributed random variables, the distribution of ¢c is
binomial. Let P be the probability of ty=1 and neglect O(p?
terms, the average depolarising rate is eq~2pMP, and the
standard deviation is A~ ,/2pMP(1 —P). Note that M is
proportional to the gate number.

In large circuits, the global depolarising model with the
depolarising rate eg is an approximate phenomenological-error
model. When we sample circuits composed of noisy gates, the
circuit plays the role of a sampler, i.e. the impact of each gate error
is a random variable dependent on the circuit configuration. In a
certain regime, the total impact is the summation of individual
gate errors. When the gate number is larger, the number of
random variables in the summation is larger. According to the law
of large numbers, the relative standard deviation of the
summation decreases with the number of random variables, i.e.

A1
(32)

where M oc N' ~ N. Therefore, ec is in the vicinity of ¢ with a high
probability in large circuits.

The analysis above has shown that local gate errors can be
represented by a fluctuating global depolarising error, and the
ratio of the fluctuation A to the depolarising rate ¢y is in
proportion to 1/+/N. This result will be verified by the numerical
simulations in the next two sections. We will show that, if the
effective global depolarising error is removed by error mitigation,
the remaining error (caused by the fluctuation) scales with the
gate number as 1/+/N. In addition, we numerically illustrate the
error propagation model used in the above analysis. We show that
the overall effect of propagated gate errors will become close to
the global depolarising error and the relative difference between
them decreases as 1/+/N. We leave the numerical result of error
propagation to Supplementary Note 2.

The analysis in this section assumes a small total error rate pM.
Under this assumption, we can neglect contributions from the
second order in Eq. (31). In the section of “Numerical results of the
scaling behaviour”, we randomly take total error rates from about
0.003 to 0.3, and we observe the v/N scaling behaviour. We remark
that a modest total error rate is a general requirement of quantum
error mitigation®>4%, Unlike quantum error correction, which
actively detects and corrects errors in the circuit, most quantum
error mitigation protocols correct the result by post-processing
the noisy experimental data. When the total error rate is high, i.e.
the fidelity approaches zero, the raw data lose the information
about the correct quantum state, from which post-processing
cannot recover the information. For example, in probabilistic error
cancellation, the sampling overhead is exponential in the number
of gates given a constant error rate per gate’?,

Error mitigation according to the phenomenological-error
model

According to the phenomenological-error model, the effective
depolarising rate in large circuits is ¢y with a small fluctuation. We
can mitigate errors by compensating the effect of ¢,. We use the
root mean square error (RMSE) as the measure of the overall
accuracy of an error mitigation formula in a circuit set. Before error
mitigation, RMSE of unitary circuits with the same frame is
Vlye—fo)?)u=v/n(e+r%)~/neo, Which increases linearly with the gate
number. Using the error mitigation formula y¢ = (1 — €)'y, we
can reduce RMSE to /((y.—fc)*),=(1-e0) ' var~yma, which increases
sublinearly with the gate number. Because ¢y = 1 — (ycfc) s, we
can measure ¢y (and A) by uniformly sampling error-sensitive
circuits. Actually, because the fluctuation is small, we can even
take éy =1 —yfc for one randomly generated error-sensitive
circuit € € CF, and it is likely that the error mitigation formula still
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Fig. 5 Distributions of the bias for six-qubit periodic-cycling
circuits with 72 two-qubit gates under the gate depolarising
noise. The error rate per gate is 0.001. Before error mitigation, the
bias distribution of unitary circuits (the blue histogram) has a shape
similar to the Gaussian distribution, and the bias distribution of
error-sensitive circuits (the orange histogram) is concentrated at two
values. When we mitigate errors according to the average
depolarising rate €5, we move the two peaks to the centre, and
the residual bias is determined by the width of the two peaks.
Because of the equivalence between the importance Clifford
sampling and unitary sampling, the bias of unitary circuits is
significantly reduced after error mitigation (the red histogram).

works. This phenomenological-error-model inspired (PEMI) error
mitigation protocol is illustrated in Fig. 5.

Similar protocols that mitigate errors according to the global
depolarising model have been proposed in Refs. 374748, |n these
protocols, the effective depolarising rate is measured in different
ways. Before considering general error mitigation formulas, we
take the PEMI protocol as an example to verify the
phenomenological-error model, because the bias of this protocol
is directly related to the fluctuation.

In the PEMI protocol, we can further reduce RMSE by optimising
the error mitigation formula. If we take

1— €0 y
(1- 60)2 +027C
RMSE after mitigation is reduced to

Ve —fo))y = S/ — (34)

(1 —e)? + A2

Ye = (33)

Numerical results of the scaling behaviour

In this section, we numerically test the PEMI error mitigation
formula and verify the scaling behaviour of ¢, and A. Results of
other error mitigation formulas will be given in the next section.

To demonstrate the scaling behaviour, we generate three
families of circuits. In periodic-cycling circuits, two-qubit gates are
arranged according to a fixed pattern, and we increase the circuit
depth by repeating the pattern. Therefore, periodic-cycling circuits
are deterministic. In linear-network circuits, two-qubit gates only
act on the nearest neighbouring qubits on a one-dimensional
qubit array, and we randomly place two-qubit gates in the circuit.
In all-to-all-network circuits, two-qubit gates are also arranged
randomly but they can act on any pair of qubits.

We use three types of error models in our numerical
calculations: the gate depolarising model with a randomly
selected error rate, randomly generated composite error models
and a model with single-qubit-gate-dependent errors. The gate
depolarising model is used to derive the phenomenological-error
model, but the conclusion holds for other error models. The
composite error model involves gate depolarising, dephasing,
amplitude damping and coherent errors, which are the typical
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Fig. 6 Root mean square errors of linear-network circuits with the gate depolarising model. a Root mean square error /L before error
mitigation. b Root mean square error v/’ after error mitigation. In the numerical simulation, we randomly generate a circuit frame with n
qubits and N two-qubit gates, and we randomly take the error rate per gate ¢. We generate 1000 Clifford circuits according to Algorithm 2 to
estimate the phenomenological-error rate and then generate 1000 random unitary circuits to compute L and L'.

error sources in actual devices. We generate different composite
error models by randomly choosing the weight of each
component and observe the same scaling behaviour as the gate
depolarising model. The equivalence between Clifford sampling
and unitary sampling is also used in deriving the
phenomenological-error model, which is under the condition that
errors are single-qubit-gate independent. In the numerical result,
we find that the conclusion on the scaling behaviour holds even if
errors are single-qubit-gate dependent. See the Methods section
for details of numerical calculations.

By compensating the average depolarising rate, we can reduce
RMSE from vi=v/((yc—fc)*)y=viico 10 VI'=1/((y.~fc)*),~v/na. According
to the discussion in the section of “Phenomenological-error
model”, o x N and A o v/N. Therefore, RMSE is reduced in error
mitigation by a factor of A/ey o 1/v/N. We verify these scaling
behaviours by applying the error mitigation formula in Eqg. (33) to
randomly generated circuits with up to ten qubits and more than
a thousand two-qubit gates. To implement the formula, €5 and A
are measured by sampling error-sensitive circuits. RMSEs before

and after error mitigation v/L and v/’ are calculated and plotted
in Figs. 6 and 7. For the model with single-qubit-gate-dependent
errors, we directly calculate and plot ¢ and A in Fig. 8. We can find
that numerical results are consistent with scaling behaviours
predicted by the phenomenological-error model. In addition, we
perform experiments on IBM quantum computers*® and observe
good agreement between the numerical and experimental results.
We include the experimental results in Supplementary Note 6.

In Fig. 7, the error suppression ratio v/L/L’ for all-to-all-network
circuits meets \/L/L' =av/N and a is a positive number
independent of the qubit number. However, in Fig. 6, we find
that a for linear-network circuits decreases with the qubit number.
The difference between all-to-all-network and linear-network
circuits is that two-qubit gates in linear-network circuits are
short-range, thus it requires more gates for the error on one qubit
to propagate across the circuit network.

The error suppression ratio y/L/L" are obtained via averaging
random unitary circuits, which usually have near-zero expected
values. However, in common quantum applications such as
variational quantum eigensolver, the expected value is far from
zero, which is atypical for random unitary circuits. Thus, we come
to ask the question of whether the average suppression ratio of
random unitary circuits is also the error suppression ratio of these
atypical circuits. To answer this question, we numerically
investigate the dependence of the error suppression ratio on
the error-free expectation. The numerical result is illustrated in
Supplementary Note 5, and the answer is which demonstrates
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that the average error suppression ratio can be applied to these
atypical circuits.

We note that the v/N scaling of error-mitigated result relies on a
modest total error rate. This condition is essential for quantum error
mitigation methods to work properly*>*® and is considered as a
general requirement of NISQ computation®. For each data point in
Figs. 6 and 7, we randomly choose the error rate per gate ¢ such that
the total error rate Ne is in the interval about 0.003 to 0.3.

Error scaling in optimised error mitigation formulas

In this section, we utilise the phenomenological-error model to
show that one can suppress the scaling of the residual bias in a
learning-based manner. For imperfect error extrapolation and
probabilistic error cancellation, the error scaling after the
optimisation is o< v/N. The imperfections are due to the imperfect
control of noise in error extrapolation and inaccurate knowledge
of the error model in probabilistic error cancellation. For virtual
distillation, the result is similar.

First, we analyse the error scaling of error extrapolation. An error
mitigation formula usually involves multiple circuits. For each of
them, we can effectively characterise the impact of noise using
our phenomenological-error model. Taking the linear error
extrapolation as an example, the two circuits C; and C, are the
same as the primitive circuit C, but the noise level is doubled in C..
In the phenomenological-error model of the circuit C; the average
depolarising rate is ¢;, the rate fluctuation is 6ec;, and the standard
deviation is A;. Because C; and C, are the same circuit, their
fluctuations are correlated: Suppose effective depolarising rates
are approximately proportional to the noise level, we have ¢; ~ 2¢;
and bec, = 26¢c 1. Therefore, the fluctuation-caused bias depends
on the covariance matrix K;j = n~" (éec,;éeqf@U.

For the linear extrapolation formula in Eqg. (12), RMSE after
mitigation depends on average depolarising rates ¢; and the
covariance matrix K i.e.

(Ve —f))y = \/n[(ET/\ —1)* + ATKA,

where E=(1—¢e,1—¢)" and A= 1-N". Taking A=ey/
(€2 — €1), we can remove the contribution of average depolarising
rates, and RMSE becomes /((y,—fc)?),=v/nNKA<A/n(83+82)|AllccV/N.
Here, we have used that K is positive semi-definite, A? and A2 are
diagonal elements of K, and ||A| ~+/5 does not change
significantly with the gate number. Note that this upper bound
holds even if the noise is not increased as designed, and we can
further reduce RMSE by optimising the parameter A. In Fig. 9, we
plot RMSE before and after error mitigation. In the optimised error
mitigation formula, we take A = €,/(e; — €7). The numerical result is

(35)
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Fig. 7 Root mean square errors of all-to-all-network circuits. a, c Root mean square error v/L before error mitigation. b, d Root mean square
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and we randomly take the error rate per gate e. We generate 1000 Clifford circuits according to Algorithm 2 to estimate the
phenomenological-error rate and then generate 1000 random unitary circuits to compute L and L'.
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Fig. 8 Average depolarising rate ¢, and standard deviation A in
six-qubit periodic-cycling circuits. The axis on the left corresponds
to ¢p and the axis on the right corresponds to A. The error rate per
two-qubit gate is e =2 x 1074, and the error rate of a single-qubit
gate R is O.1n*1earccos@. The error bar represents one standard
deviation.

consistent with the scaling behaviour
phenomenological-error model.

predicted by the

Theorem 1. Consider the general extrapolation formula in Eq. (2),
let €;, 6ec; and A; be the average depolarising rate, rate fluctuation
and standard deviation of the circuit C; respectively, then

min /(o — FoPe < VnETKE _ OIS
o). < < .
{a) ¢ U [IE]
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where E = (1 —€1,1—ey, ... )T, K,gj = nf1<6€c7i6€cjf%>[7 and

n= <f%>U'

The proof is straightforward. Let A = (g;,45, ... )T, the expres-
sion of RMSE is the same as Eq. (35). We can prove the theorem by
taking A = E/||E||%.

Second, we investigate the error scaling of probabilistic error
cancellation. In probabilistic error cancellation, we reconstruct
the transformation of the ideal circuit as a linear combination of
transformations of noisy circuits. A practical way is decomposing
each ideal gate in the circuit as a linear combination of noisy
gates. In general, we can work out the decomposition as follows.
If U; is the unitary operator of the ideal gate, the completely
positive map of the noisy gate is A/;[U]. We can cancel the noise

-1

by applying an inverse noise Xf,. =>_ausix after the noisy gate,

~-1
and the overall effective gate is v, A;[u]. Here, £ are some noisy
gates, i.e. we insert the gate & after the gate N;[U] with the

~—1
quasi-probability g;x. If ~; =", the error in the gate is
completely removed; otherwise, effective noise in the gate is

N, "N

We consider a Pauli error model with gate depolarising errors
and dephasing errors as an example. For a two-qubit gate on
qubit-1 and qubit-2, the noise map is

Ni =(1 -8 —,)[I°"]
+ 184Dy +5([2] + [22)),

where Z;=[®"V® Z® I®"~)]. Suppose our knowledge about
the noise map is inaccurate and we correct the error according to

(36)
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Fig. 9 Root mean square errors (RMSE) in error mitigation protocols. The result is obtained using ten-qubit periodic-cycling circuits under
the error model in Eq. (36) with ¢;,=8x 107> and ¢, =2 x 10>, and we use 1000 Clifford circuits generated via Algorithm 2 for the training
and 1000 unitary circuits to compute the RMSE. The error bar represents one standard deviation. In the raw result without error mitigation,
RMSE increases linearly with the gate number. In error extrapolation (EE), noise is increased imperfectly: e;=1.8x 10 *and e,=2x 107 in
the error model with a doubled error rate, i.e. only the gate depolarising component is increased. In probabilistic error cancellation (PEC), we
take the inverse map in Eq. (37) according to an inaccurate error model with only gate depolarising errors, i.e. we take A = — 16¢4/(15 — 16¢,)

before the optimisation and the optimal value after the optimisation.

the gate depolarising model, we have

N = (1= NP + ADs.

When A = — 16¢,4/(15 — 16¢4) and ¢, =0, we can correct all errors
in the gate; otherwise, the effective gate has a finite error rate.

We can suppress the error scaling in imperfect probabilistic
error cancellation by optimisation. For an error mitigation formula
worked out according to an inaccurate error model, we can treat it
as having a virtual quantum computer, in which the error model is
given by n; w;. Then, we can describe the error in this virtual
machine using the phenomenological-error model and reduce the
bias using the PEMI protocol. We can use the formula
yé = (1 —€y)ye, Where ¢ and y, are respectively the average
depolarising rate and expected value in the virtual machine. Then
the residual bias of y¢ is determined by the standard deviation A’
of the virtual machine. Actually, it is not necessary to modify the
formula to suppress the error scaling. For example, we can take A
in Eqg. (37) as a variational parameter and optimise it in ICS. The
numerical result in Fig. 9 shows that RMSE of probabilistic error
cancellation with the optimised A scales as « v/N.

Third, we investigate the error scaling of virtual distillation. The
virtual distillation formula is nonlinear unlike error extrapolation
and cancellation. For a general error mitigation formula, suppose
the truncation on the Taylor expansion is valid, we have

of
e~ Flaifc,,axfc,, )+ Y =——
Ye (aife,, afcyy ) Za)/c‘i
where g;=1 —¢;. In Eq. (38), we have considered the general error
mitigation formula in Eq. (1) and y¢; = (1 — ¢; + bec;)f¢,. If we can
remove the zeroth-order term (contribution of average depolaris-
ing rates) by taking proper variational parameters in the formula,
the bias is determined by fluctuations. For virtual distillation,
F(aife,,axfc,) = aifc, /(axfc,), therefore, we can compensate
average depolarising rates by a factor. In the numerical simulation,
we determine the factor by taking the original virtual distillation
formula y¢ = yc, /Yy, as a virtual machine and concatenating it
with the PEMI protocol according to the formula y¢ = (1 — €3)y,
where ¢, is the average depolarising rate of y.. We find that RMSE
of the optimised formula scales as N* and a < 1/2 as shown in Fig.
10.

The remaining error after virtual distillation changes from the
coherent mismatch'® to decoherence error when the gate number
increases. With the error-mitigation formula y, = Tr(Qp?)/Tr(0?),
the decoherence error is reduced from Ne (gate number times
error rate per gate) to (Ne)?, while the coherent mismatch is not

37)

bec,i, (38)
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Fig. 10 Root mean square errors (RMSE) in virtual distillation (VD)
protocols. The error bar represents one standard deviation. Other
details such as the circuit configuration and error model are the
same as Fig. 9.

suppressed, about which we give a short introduction in
Supplementary Note 1.3. Because the remaining decoherence
error increases quadratically with the gate number, the coherent
mismatch is the dominant component in the remaining error
when the gate number is small, and the decoherence error is the
dominant component when the gate number is large. This change
in the type of error could explain the bifurcation in Fig. 10, and the
result suggests that the optimisation protocol can further reduce
the remaining decoherence error but not the coherent mismatch.

In the numerical simulations, we have taken into account
imperfect implementations in probabilistic error cancellation and
error extrapolation. Assuming the implementation is perfect,
probabilistic error cancellation can reduce RMSE to zero, and error
extrapolation can reduce RMSE to a much lower level. Note that
perfect implementation requires the exact knowledge of the error
model or exact control of the error model. In virtual distillation, we
have only taken into account errors in those gates that prepare
the state p and neglected errors in those gates that implement
virtual distillation, e.g. the controlled-swaps in Ref. ',

DISCUSSION

In this work, we show that the residual bias in the computation
result after error mitigation scales with the gate number N as
O(¢/NY) if the error mitigation formula is optimised. Here, y= 0.5,
and ¢ is a parameter depending on the error rate of quantum
gates and the error mitigation formula. In contrast, the bias in the
computation result before error mitigation scales linearly with N.
The two scaling relations lead to a somewhat surprising result: We
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can suppress the computation error by a larger factor in larger
circuits.

In the analysis, we introduce a phenomenological-error model
characterising errors as the global depolarisation with fluctuation,
which captures the impact of realistic noise on the computation
result. For the optimisation of an error mitigation formula, we
propose ICS as an efficient method of generating training circuits,
where only those Clifford circuits sensitive to Pauli errors are
selected. The optimised formula removes the average contribu-
tion of noise and leaves the fluctuation proportional to v/N. We
verify this result with the numerical simulation of various circuits,
error models and error mitigation formulas, from which we
observe that the scaling behaviour is universal.

Despite the encouraging scaling of bias in error mitigation, we
point out that the circuit size is still limited by the quality of
quantum devices. On a quantum device with a finite error rate per
gate, the bias increases with the circuit size. Although the bias
scaling after error mitigation is advantageous in comparison with
the linear error accumulation before mitigation, at certain circuit
sizes the computation result becomes sufficiently random that
error mitigation cannot faithfully recover the information. There-
fore, the efficacy of error mitigation is conditional on the quality of
the quantum device. In general, the minimum requirement for
error mitigation to take effect is a non-zero fidelity between the
error-free and erroneous circuits, and the performance is better
with higher fidelity. Beyond this, the impact of the unmitigated
error rate on the accuracy of the mitigated result depends on the
mitigation method. In probabilistic error cancellation, for example,
the variance in calculating the expectation value of the result
increases with the error rate. Another example is that, after the
virtual distillation using two copies, the bias in the expectation
value scales quadratically with the error rate. Once the device can
implement the circuit with sufficiently high fidelity (which is not
necessarily close to one but we take a fidelity of 0.9 as an
example), error mitigation can improve the computation result to
a much higher accuracy (equivalent to quantum computing with
fidelity of 0.99 if the error is reduced by a factor of ten).

In scalable quantum computers, we can adopt quantum error
correction to increase the fidelity of logical qubits. Protocols
concatenating error correction with error mitigation have been
proposed recently’®=>2, Fault-tolerant devices will enable the
implementation of much deeper circuits than NISQ hardware. Our
result of the scaling behaviours suggests that error mitigation can
perform even better in the fault-tolerant regime than in the NISQ
regime.

METHODS
Circuits

We use three families of circuits: periodic-cycling circuits, linear-
network circuits and all-to-all-network circuits.

Periodic-cycling circuits. The qubit array has n qubits, and n is
even. All qubits are initialised in the state |0). After initialisation, a
layer of single-qubit gates is placed, see Supplementary Figure
1(a). The circuit pattern is periodic, and each period has two layers
of two-qubit gates. In the first layer, a controlled-Z gate is applied
on qubit-(2i— 1) and qubit-(2/)), where i=1,2,...,n/2. In the
second layer, a controlled-Z gate is applied on qubit-(2/ — 1) and
qubit-(2i — 2), and qubit-0 and qubit-n are the same qubits. After
each two-qubit gate, a single-qubit gate is applied to each of the
two qubits. The observable O is Z of the first qubit. All single-qubit
gates are taken as slots in the corresponding circuit frame.

Linear-network circuits. Except for the pattern of two-qubit
gates and observable, the setup is the same as periodic-cycling
circuits. All two-qubit gates are controlled-Z gates. For each of
them, we randomly generate an integer i€ [1,n] and apply the
two-qubit gate on qubit-(i — 1) and qubit-i, see Supplementary
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Figure 1(b). The observableis O=P; ®P, ® - ® P,, where P=1,7
is taken randomly.

All-to-all-network circuits. It is similar to linear-network circuits.
For each of the two-qubit gates, we randomly generate two
different integers J,j€[1,n] and apply the two-qubit gate on
qubit-i and qubit-j, see Supplementary Figure 1(c).

Error models

Several error models are used in the numerical simulations.

Gate depolarising model. The model is given in Eq. (20), and
only two-qubit gates have errors. This model is used to generated
data shown in Figs. 2, 5 and 6. In Figs. 2 and 5, we take ¢ = 0.001.
In Figs. 6, for each data point, we randomly generate a circuit (and
the corresponding circuit frame) and an error rate. For a circuit
with N two-qubit gates, we generate a random real number
nel—25,—0.5], and we take ¢ = 10"/N as the error rate per gate.
Notice that 107 is the total error rate.

Composite error model. Only two-qubit gates have errors. For a
two-qubit gate U, the gate with errors is

Ay Av[RozRo v Ro ][Ry 2Ry y R x) 22 Z1 N (U],

where N is the gate depolarising error in Eq. (20) with the error
rate eq Z;i = (1 — €i,)[l] + €i,[Z] is the dephasing error on qubit-i,

P
Rip=e 2"

A =

* is a single-qubit rotation on qubit-i, and

2+ VT=as )
+[yEa 5]
is the amplitude damping on qubit-i. This model is used to
generate data shown in Fig. 7 (c) and (d). For each data point, we
randomly generate the error model parameters as follows. For a
circuit with N two-qubit gates, we generate a random real number
n €[ —2.5,—0.5], and we take ¢ = 10"/N as the error rate per gate.
Then, we take 4= (1 + 0.2k4)e/9, €;, = (1 + 0.2K;)e/9, 0;p = K; pe/9
and €;, = (1 4 0.2K;4)¢/6. Each k is taken randomly in the interval
[—1,1].

Gate-dependent error model. In this model, both single-qubit
and two-qubit gates have errors. The error model is the gate
depolarising model. For two-qubit gates, the noise map is given
by Eg. (20). For a single-qubit gate R, the gate with error is S[R],
where

4e; €
S= (1 - ?> N+3 ZP:LX‘Y’Z P, (40)

and e; = 0.17 e arccos ‘Trg—m‘. This model is used to generate data

shown in Fig. 8, and we estimate ¢; and A using 10000 unitary
circuits in U.

Gate depolarising and dephasing model. The model is given in
Eqg. (36), and only two-qubit gates have errors. This model is used
to generate data shown in Figs. 9 and 10. In the numerical
simulation, we approximate the error model with Z,Z;N for
simplicity in coding, which only causes a small difference and will
not change the conclusion.

The above error models take into consideration kinds of
physical noise processes and are able to simulate noises in
realistic quantum devices. The depolarising error A and dephas-
ing error Z simulates the relaxation process and the dephasing
process>>>4, which are the main contributions to noise in realistic
quantum devices. Amplitude damping A refers to the infidelity
caused by energy dissipation. Random rotations R refer to
coherent errors caused by imperfect controls. This composite
model takes into consideration all the above realistic imperfec-
tions and it was demonstrated in Ref. *? that the composite model
can produce error distributions resembling that in experiments on
a superconducting quantum processor. The single-qubit-gate-
dependent error model S is the single-qubit depolarising error
with an error rate depending on the gate parameters. This error

(39)
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model takes into consideration the realistic situation that gate
errors increase with the gate time. Additionally, we will make a
direct comparison between the experimental results and simula-
tion results in Supplementary Note 6 and show that experimental
results are consistent with simulation results.

Error mitigation protocols

We verified the scaling behaviour by simulating various error
mitigation protocols. The formula in Eq. (33) is used to generate
data shown in Figs. 5, 6 and 7. The PEMI protocol in Fig. 9 is
Ye=(1—¢0) 'yc. In optimised error extrapolation, we take
A=¢€y/(e; — €7). In optimised probabilistic error cancellation, we
take A= —16e4/(15— 16¢4) — 2¢,; We have searched for the
optimal A using ICS data and found that the numerical optimal
value is close to it. In optimised virtual distillation in Fig. 10, the
formula is y. = (1—¢)) 'ye. To implement optimised error
mitigation formulas, we estimate ¢, A, €, €; or €, using 1000
error-sensitive circuits, according to Algorithm 2. Then, we
generate 1000 unitary circuits with the same frame to
estimate RMSE.
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