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Hybrid light-matter networks of Majorana zero modes

L. C. Contamin’, M. R. Delbecq’, B. Doucot?, A. Cottet(®'™ and T. Kontos'*

Topological excitations, such as Majorana zero modes, are a promising route for encoding quantum information. Topologically
protected gates of Majorana qubits, based on their braiding, will require some form of network. Here, we propose to build such a
network by entangling Majorana matter with light in a microwave cavity QED set-up. Our scheme exploits a light-induced
interaction which is universal to all the Majorana nanoscale circuit platforms. This effect stems from a parametric drive of the light-
matter coupling in a one-dimensional chain of physical Majorana modes. Our set-up enables all the basic operations needed in a
Majorana quantum computing platform such as fusing, braiding, the crucial T-gate, the read-out, and importantly, the stabilization

or correction of the physical Majorana modes.
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INTRODUCTION

Majorana quasiparticles in condensed matter systems have been
the subject of intense experimental work for almost a decade'~, for
their potential in defining topologically protected qubits and
gates®. However, experimental realizations have not succeeded so
far in measuring the expected non-abelian statistics of these exotic
excitations. Several protocols have been proposed for performing
such advanced experiments through electronic transport measure-
ments®~'%. They all require a microscopic control and fine tuning of
the experimental platforms, a two-dimensional (2D) or at least a
network geometry and an invasive transport-based read-out.

Cavity photons have appeared as a major tool for manipulating,
coupling and reading out the quantum state of superconducting
circuits’™"7. However, the direct application of circuit quantum
electrodynamics (cQED) techniques to Majorana bound states
(MBSs) is hindered by parity conservation, which forbids a direct
energy exchange between an isolated Majorana doublet and a
cavity'®. It was proposed to probe the presence and parity of a
given Majorana doublet by observing transitions to supplementary
states'®2% or by using a charge-sensitive Josephson circuit?’. In
principle, one can also detect the dynamical phase resulting from
the braiding of Majorana modes by probing the cavity field?. In
that particular proposal, braiding is assumed to pre-exist and the
cavity signal is used solely as a probe. No specific solution is
provided for universal quantum computation. Overall, the above
proposals do not provide a way to manipulate and couple Majorana
states through the photonic degree of freedom. This is why cQED
has not been envisioned as a full platform for performing all the
requested operations for fusing and braiding the MBSs, so far.

In this paper, we propose a hybrid Majorana-cavity platform
that fills these gaps. We show that by modulating the
Majorana-photon coupling at the cavity frequency, one can fuse
and braid two MBSs or perform T-gates in a four to six MBS linear
chain, enabling universal quantum computation. This resource is
obtained because the modulation produces an effective reconfi-
gurable array of one-dimensional (1D) chains connected by
triangular nodes out of a 1D chain. Finally, we show how we
can preserve the topological protection of the Majorana modes
using an active stabilization based on the joint action of the cavity
photons and the modulation of the coupling.

RESULTS

We consider a linear chain of MBSs hosted in a nanoconductor
embedded in a photonic cavity, as represented in Fig. 1a. The
elementary operations used throughout the paper and their effect
on the cavity field are depicted in Fig. 1b—e. A possible example of
network obtained with our scheme is depicted in Fig. 1f. We
consider a single photonic mode a with frequency w./2m. Each
MBS is associated with a self-adjoint creation operator y; as
depicted in Fig. 1a. A small overlap between two neighboring
MBSs, defining the section jj+ 1, gives rise to energy splittings
€1, which are exponentially suppressed with the distance
between the two MBSs. The low-energy effective Hamiltonian of
the system can be written as®:

Henain = > Gjr @+ @)ifgljr + Y iVl +hwcd'a g
j J

One can associate to each Majorana pair (j, k) a topological charge
with a parity operator Py = iy;j,. Unless otherwise specified, we
assume that our chain has Majorana modes with energies ¢4
much smaller than fw..

One of the main results of our work is how we can shape the
above Hamiltonian to manipulate, read-out and stabilize Majorana
modes under a parametric drive. The electron-photon couplings can
be locally modulated at microwave frequencies wgr ~ w. through a
modulation of local gate electrodes (which modulate the MBS
overlap) such that: g;.;(t) = gjq + g1 COS(wret + ¢;11). In this
case, one has to slightfy turn off the topological protection (which can
be restored with the scheme explained at the end of the paper). This
means that one has typically gj1=¢j,. Having in mind a low
dimensional material in proximity with a superconductor, the physical
electrical dipole allowing such a modulation can be induced by
attaching galvanically the superconductor to the central conductor of
the cavity. This corresponds to the dipole formed at the barrier
between the superconductor and the low dimensional system. The
modulation can be achieved here by modulating the electric
potential of gate electrodes. In the following, we consider different
types of parametric drives to implement the different Majorana
operations. In all cases, we can transform Hamiltonian (1) into a quasi-
static one by going into the rotating frame of the cavity field and/or
performing a suitable dispersive unitary transformation. In order to be
more specific, we first discuss the case of two or four MBSs.
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Fig. 1 Hybrid light-matter network of Majorana zero modes. a We
consider a chain of Majorana quasiparticles y; embedded inside a
microwave cavity. The cavity is represented as the two mirrors
(shaded black) concentrating a photonic field (light yellow) around
the circuit. The Majorana modes are represented as turquoise balls.
The microwave drive of each section (j,j+ 1) is represented as
orange vertical wavy lines. The resulting effective interaction is
represented as turquoise lines, turning the chain into an elementary
network suitable for fusing, braiding, and stabilizing Majorana
modes. b Nearest neighbor interaction and its signature in the
trajectory of a coherent state in the quadrature /-Q plane of the
cavity field (c). d Second nearest neighbor interaction and its
signature in the trajectory of a coherent state in the quadrature I-Q
plane of the cavity field (e). f Example of transformation of the 1D
chain into a reconfigurable array of 1D chains used throughout the
paper using our parametric excitation scheme.

Nearest neighbor light bonds

We specialize here the discussion to the section delimited by
Majorana modes 1 and 2. The low-energy Hamiltonian of the
system can be reduced to:

Hehain = i€12(6)V1¥; + ig12 ()1 V(@ + aT) +hwea'a @

We can rewrite the Hamiltonian in a rotating frame at w.. The
corresponding unitary transformation reads : Ujj;q = €% 9 with
j=1. We obtain:

I o
Hefr ~ 5912(5"‘1)”‘7T + e "a)ip,y, 3)
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where the static term proportional to g,, is neglected as a fast
oscillating term, under the rotating wave apprOX|mat|on (RWA)
We define the two quadratures of the cavity field : l=a+a' and
Q = i(a— a"), the expectation values of which allow us to define
the /-Q plane. These components of the electromagnetic field
correspond to the in-phase and out-of-phase microwave signal of
the cavity and can be measured by homodyne or heterodyne
detection'”. Equation (3) shows an effective coupling between the
Majorana’s 1 and 2 which can be used to measure their parity
Py, =iy,y, via the cavity field as shown in Fig. 1. This
measurement follows the same principle as the longitudinal
coupling read-out for qubits?*. The parity eigenstate is read-out
from the position of the coherent state spots in the /-Q
plane associated with the Py, = £1 eigenvalues. The contrast for
the coherent state spots in the /-Q plane is g,,/+/k, where k is the
damping rate of the cavity (see “Input-output theory” section of
“Methods”), which can be made much larger than the width of the
Gaussian spots of the coherent states even deep in the topological
regime where g;, — 0 for small enough «. Similarly, one can also
measure Py; = iy,y5. This is simply done by letting g,; non zero
keeping the other modulating terms negligible.

Second nearest neighbor light bonds

We now show specifically on a 4 Majorana chain (1, 2, 3,4) how we
can obtain a second nearest neighbor photon-mediated interac-
tion between MBSs 2 and 4. Starting again from Hamiltonian (1),
we now assume that the radio frequency (RF) signal acting on the
gates (2,3) and (3,4) is detuned from the cavity. In order to
understand the effect of this drive, one can perform the combined
unitary transformation:

a3 . 3851 4 o348
iwgeal &te Ti(wgr —w J< énalte l¢23a)ly2y3+h(wRF wc )( e34g e '¢34‘7)'V3V4i|

Ujjr2 = €
(4)
with j= 2. It combines the RWA in the frame of the gate drives

and a dispersive transformation in g,3,gs;, which implies that
WRE — Wc > Ja3, J34- The outcome of these two transformations is:

923934 N oa iata
== — aa+1/2
hwrr — we) $34)V2V4( /2)

)

H = h(we — wge)a'a + 8i sin(¢,s

The reason why y; does not appear in the effective Hamiltonian
(5) can be intuitively explained as follows: each of the gates is
acting on different directions of the effective Bloch sphere. The
gate 23 is equivalent to a 0, rotation whereas the gate 34 is
equivalent to a o, rotation. Since the two gates are driven with a
phase shift ¢,3 — ¢h34, the protocol is equivalent to a composition
of 6, and 0y, hence a 0, rotation which is y,y,. This interaction for
V,V4 is crucial for the braiding operation as we will see below.

Quadrature selective couplings

Another important interaction mediated by the cavity enables the
implementation of the challenging T-gate, which corresponds to a
71/8 geometrical phase during the unitary evolution of the system.
We specialize to the 4 MBS chain again for the sake of simplicity
and assume that €34 #0 (hence we lift the topological protection
here) and 923::0 With the unitary transformation Urjji1j42 =
ei(wed'atEivstal) (interacting picture with j=2), the effective
Hamiltonian becomes:

g23 ( m)c

Hp/g = T 4+ e :tg) cos(wret + y3)

{cos(2534t)n72f/3 + sin(2€s4t)iy374}
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For wgr = wc + 2€34, retaining only the resonant terms, we get:

"/’zzal +e ld)Ba)lY Y + 2= 923 ( i‘/’z3ai _ e*"‘/ﬁzza)if/z)}“

@)
Such a form shows that the two different directions corresponding
to iyoys or “o," and to iy,y, or “o,” become coupled with the two
quadratures of the cavity field (respectively, / and Q). This allows us
to perform a T-gate simply by measuring the cavity field along the
bisector between / and Q.

Hn/8 = g§3 (

General form of the chain-cavity Hamiltonian

Combining the unitary transformations Urjj. 142, U2 and U4
allows one to obtain a 2D network Hamiltonian of the form:

Heft = Zlynymfnm(a a,a a) 1+ héa'a )

nm

where f,, is a linear combination of a,a', a'a, which depends on
the operation considered, and 6 =w.— wgr is the detuning
between the drive and the cavity. Simple examples are given in
the previous sections in the specialized case of 2 to 4 Majorana
modes. The different unitary transformations can be straightfor-
wardly combined if the Majorana operators corresponding to the
different sections of the chain are not present in two unitary
operations. A particularly simple situation is that of dimerized chain
in which every other section is “switched on,” which corresponds
to the situation depicted at the end of the main text. Because not
only nearest neighbor interactions can be engineered but also the
chain becomes an effective 2D network or, more accurately, a
reconfigurable array of 1D chains connected by triangular nodes.
The change from 1D to 2D is one of the main resources that we
exploit in this paper. As shown in Fig. 1b-e, the read-out of the
parity Pj1, or P> of pairs (j,j + 1) or (j,j + 2) can be implemented
by choosing appropriate gate voltage pulses (see “Methods”).

L.C. Contamin et al.

The specific trajectories of the coherent cavity field carrying the
information on the MBSs parity in the two elementary cases is
shown in Fig. 1¢, e. This information can be retrieved by measuring
the field leaking out of the cavity with microwave techniques, as
shown in the input-output theory section in the methods. Unless
otherwise specified, we now assume that the chain considered has
a given total even parity. In addition, we will omit for clarity the
j index of each Majorana until the discussion of the Majorana
stabilization, replacing j+1..j+6 by 1..6.

Fusion protocol

The fusion of two MBSs j and k requires the projective
measurement of their parity ﬁ’jkzs. Measuring the coherent field
spots in the quadrature /I-Q plane of the cavity field is projective
for separated spots like those sketched in Fig. 1c, e. Hence, our
proposed set-up enables to fuse pairs of MBSs. Strikingly, such a
scheme also gives direct access to the fusion rules which are
directly linked to the non-abelian algebra of the MBSs?>. The full
sequence for establishing the fusion rules is represented in Fig. 2
for an even total parity. One can measure the parity Py, and then
P23 (panel a) or the parity Py, and then P34 (panel o). The results
are expected to be qualitatively different whether Py or P3, is
measured. In the first case, random spots with equal weight
should appear in the /I-Q plane along the axis defined by the first
parity measurement whereas perfectly anti-correlated spots
should appear in the second case. Specifically, the second parity
measurement of the sequence of Fig. 2a shows that the fusion
creates an equal weight superposition of states. Besides, the
control sequence of Fig. 2c can be used to establish that the
system is not in a statistical mixture. It enables also to monitor
the parity conservation. This should allow one to confirm that the
state corresponding to two spots in the /-Q plane is a coherent
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Fig. 2 Observing the fusion rules in the field quadrature plane. a Pulse sequences enabling the observation of the fusion rule of two
adjacent Majorana modes. The successive pulses on the two adjacent sections of the physical chain can be tracked by coherent state spots in
the quadrature /I-Q plane of the cavity field. b The fusion yields two spots of equal weight for both parities in the /-Q plane starting from either
of the two parities of section (1, 2). ¢ Pulse sequence on the two separated sections of the physical chain. d The fusion yields anti-correlated
spots for both parities in the I-Q plane starting from either of the two parities.
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superposition. With this, we obtain a direct signature of the fusion
rules of MBS1 and MBS2.

Braiding protocol

The braiding of two MBSs is the coherent exchange of them.
Performing such an exchange in 1D is a challenge. It has been
suggested to make use of anyon teleportation by strong parity
measurements?>~2’ rather than moving in real space or in phase
space the MBSs. However, this idea has not been implemented so
far. One important roadblock is that one needs to read-out the
parity corresponding to distant Majorana’s such as 2 and 4. The
conventional wisdom is that this requires a network geometry
since it seems difficult to “jump over” the intermediate Majorana
(here Majorana 3) in a 1D set-up'2. In our case, we can perform the
braiding of 4 Majorana modes within one parity manifold of a six
Majorana chain, using the additional two Majorana modes as a
phase reference. The geometrical phase +n/4 arising from clock-
wise/anticlockwise braiding has a measurable signature in the /-Q
plane of the cavity as shown in Fig. 3b. We start by the initialization
of the state through the measurement of l346 and the postselection
of the |046) parity state, starting from, e.g., |1121340s6)). This gives
the initial state |q)init> = %(“12134056> +i“12034156>), which we
write in the natural basis formed by the eigenstates of P, f°34, and
Pss. The initial state |W,t) creates a superposition of two different
parities in the subspace associated with the four MBSs 1 to 4.
Since they live in different parity subspaces, they pick up opposite
n/4 phases during the braiding operation. The choice of the
initial state and the pulse sequence makes them interfere
like in a polarizer/analyzer set-up with birefringent media.
The corresponding measurement sequences for By, and By, are
displayed in Fig. 3a. For B,;, after the initialization sequence,
one should measure P,3, P21, then P24 and then Py3, postselecting

a b At read-out
PP B14
I - Initialize  (ys
BM BM 'Y1 Y4
1l Q

Braid

VI - Read-out (11 i

Fig. 3 Braiding protocol in a chain of six MBSs. a Pulse sequence
enabling the “clockwise” or “counterclockwise” braiding depending
on the order of pulse Ill or IV. The first pulse is an initialization and
the last pulse is the readout. b Result of the clockwise and
counterclockwise braiding as observed in the I-Q plane trajectory of
the coherent state spot (blue or red spots) after pulse VI. The
qualitative difference of the cavity field in the two possible braids
would be a direct observation of the non-abelian braiding.
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the +1 eigenvalue. For By, one should measure P,3, Py, then
P,; and then P,3, postselecting the +1 eigenvalue. After the
braiding (see “Methods”), we obtain the state |W¥), .jeqia =

ef;ﬂ/a (]012034056) + [112134056) — [112034156) — \01;134156>) for the
clockwise  braiding  and W), iedn = o (012034056) +

“ 12134056> + |1 12034156> =+ |O‘|2134156>) for the anti-clockwise
braiding. The non-abelian character of the operation becomes
therefore directly visible in the different outcomes of the coherent
field spots in the /-Q plane for the parity P45 measurement which is
carried out at the last step in our protocol (see Fig. 3a). The
clockwise braiding corresponds to the blue spot (Pss = —1)
whereas the anti-clockwise braiding corresponds to the red spot

((Pas = +1)).

T-gate

The above methods for fusion or braiding can be extended to
more complex gates. In particular, the T-gate (also called 77/8 gate)
can be implemented in a 6 MBSs chain similar to that of Fig. 3. As
the braiding of MBSs enables all the Clifford gates to be
implemented, the T-gate presented here allows one to augment
the Majorana platform for universal quantum computation?®. It
relies on a parity measurement involving simultaneously both the
I and Q quadratures of the cavity field (i.e., along an arbitrary angle
¢ in the I-Q plane), each of them being coupled to iy,y; and iy,
(more details can be found in the “Methods” section). Such a .5¢
measurement should be inserted in the place of the measurement
of P4 in the sequence proposed for braiding. While such a gate is
not topologically protected, it could be made exponentially
accurate using mitigation techniques®.

Stabilization of “imperfect” Majorana modes

The previous discussion relies on the fact that we electrically
manipulate, couple and read-out MBSs, which seems incompatible
with topological protection because of electrical noise or disorder
in the ¢j,45. We now show another crucial consequence of the
form (8) which implies that even for a chain of MBSs with finite
overlap e between the MBSs, one can induce with the cavity light
a robust topological phase with stabilized, or self-corrected MBSs,
i.e., with exponential protection. The principle of this exponential
protection is to induce thanks to the cavity field and the gate
modulation a synthetic, light-induced, Kitaev Hamiltonian as
sketched in Fig. 4a. Like for error correction protocols?, this
scheme requires some degree of redundancy and therefore longer
chains than the ones considered so far. Let us first assume that we
work with a chain with N MBS sections {0..N}. We assume that a
gate modulation is applied every other section, starting from
section (1, 2). In such a condition, the Hamiltonian (8) becomes:

_ 1. ) ) . o
Hstab = Z 5 9i+1 (¢la + e ma)ip g + Z €j+1Yi¥ir1  (9)
j odd J
where a is the classical part of the cavity field in the rotating frame
and e+ is the residual overlap between physical MBSs. Assuming
that the phases ¢, and the modulations g, ; are tuned to ¢ and
g and that the phase of the coherent field a is 6, Hsap can be
divided into a Kitaev Hamiltonian Hy and a doping Hamiltonian Hp
and has a topological phase transition with exponentially localized
MBSs at sites 0 and N (see Fig. 4a), for J = gla|cos(¢ — 0) >
—2¢j4q for all j's. These end MBSs are now stabilized because their
overlap can be made exponentially small using macroscopic
“knobs.” The parameters g, |a|, and ¢ — 0 are these “knobs” and
set the topological gap of our synthetic Kitaev Hamiltonian as
shown in Fig. 4c. This principle can be used on bigger chains to
produce 4-6 logical Majorana chains as needed by the previously
introduced protocol.
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S P(p-p)
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Fig. 4 Stabilized Majorana modes: topological and polaronic
gaps. a Schematics of the Majorana chain in cavity with gate drives
inducing the stabilization. The stabilized Majorana’s are sketched in
dark turquoise and stem from the resulting effective Kitaev chain.
b Sketch of the polaronic protection with A= g/2(wgs — we).
¢ Topological gap as a function of the drive amplitude starting
from a non-topological ground state.

DISCUSSION
In writing Hamiltonian (9), we have neglected two terms: one
time-dependent classical field term 6H") = gla| cos(2wget + ¢ +

)3 odaV;¥j+1 and one term arising from quantum fluctuations of

the cavity field 6H® = §cos(wpet + ¢ — 0)>) oddVi¥ji1 b+ BT).
The quantum fluctuations of the cavity field are defined by the

operator b. Since both perturbations are periodic in time, it is
convenient to use the Floquet formalism to study their effect (see
“Methods” and Supplementary Note 1). Noting that all the parities
pj+1 for the (jj+1) sections with j odd are good quantum
numbers in the Kitaev chain, the matrix elements arising in the
perturbation theory depend now on p = 3p;;, 1, which is an integer
directly linked to the occupation of the chain and m which is an
integer arising from the Floquet ladder (see “Methods” and
Supplementary Note 2). The first term is a fast oscillating term at
roughly twice the cavity frequency. It generates matrix elements

x Jmer (W%W) (see Supplementary Note 3). They can be safely
neglected because they are of order (§]|a\/wRF)M for small
gla|/wge, which is a very realistic condition (see experimental
requirements below). It is also essential to evaluate the effect of
photonic quantum noise on the topological protection of our
scheme. Defining the polaronic shift £y = §°w./2(w¥ — w?), we
can write the quasi-energy of the driven chain as : Ex = Jp 4 Eqp® +
mw,. The result of perturbation theory on the Floquet space is
twofold. First, any local perturbation n flipping one of the p;;.; can
only induce an exponentially small coupling between the end
stabilized Majorana’s at sites 0 and N of order nW*"72 thus
preserving the topological protection. Second, the drive tends to
shift the cavity field entangled with the state of the chain of quasi-
energy E at different spots in the /-Q plane for different states of
the chain with total quantum number p or p’ because 6H? is a
drive term proportional to p. The quasi-orthogonality of two
coherent states with different amplitudes quenches exponentially
the transition to excited states. The corresponding matrix element
reads approximately: exp[—m(p —p’)z] (Eg. (16) in the
Supplementary). This exponential polaronic protection which
further protects the topological phase is presented in Fig. 4b.

Published in partnership with The University of New South Wales
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nd plane

Ccavity grov

Fig. 5 Possible implementation. One possible physical implemen-
tation of our proposal for a six MBS chain. Here the topological
phase is induced at zero magnetic field, i.e., easily compatible with
microwave cavities by magnetic electrodes. The whole Majorana
device is embedded in a superconducting coplanar waveguide
cavity in green. The superconducting electrodes are galvanically
coupled to the central conductor of the cavity. Gates 1, 3, 5, and 7
are magnetically textured. The white gates 2, 4, and 6 are non-
magnetic. The Majorana modes are the orange spheres.

We now consider here the experimental aspects related to
our theoretical proposal. First of all, the nanoconductor may be
implemented in various physical platforms. We give a possible
implementation of the required set-up in Fig. 5. In this example,
one uses a single wall carbon nanotube with several super-
conducting contacts and coupled to several magnetically
textured gates providing a synthetic spin orbit interaction®.
There are also several non-magnetic gates to tune the
electrostatic potential profile in the carbon nanotube. The
device is capacitively coupled to a superconducting high finesse
microwave cavity. The use of a magnetic texture enables to
drive the device in the topological phase without the use of an
external magnetic field. Several set-ups have been implemented
recently in this spirit>3°. This shows that the proposed set-up
could be implemented without the need to apply a strong
external magnetic field. In addition, it is worth mentioning that
magnetic field resilient microwave cavities have been devel-
oped recently®', which enable the use of “conventional”
Majorana set-ups, i.e., semiconducting nanowire-based set-ups
in magnetic fields.

Since we use the tool box of cavity QED, the timescales for
the gates, in particular the gate rise times should be in the
nanosecond range'®'’, which is within experimental reach. We
also need to measure the cavity output in a time much smaller
compared to the parity lifetime. The measurement time is of the
order of a few 1/k. Assuming k=2mx 1 MHz to be conservative
and more than tens of microseconds for the parity lifetime, this
means that the measurement can be performed in about 1 us.

We then need to estimate how strongly the coupling strength
can be modulated. In electrical circuits, coupling strength
between a charge and a cavity of the order of g=2mx
100 MHz are now achievable?, and would still be compatible
with the condition e, 1, g1 < we. As shown in ref. '® where a
specific semiconducting nanowire with overlapping MBSs was
considered, such a magnitude of coupling strength can also lead
to large Majorana-photon coupling for the physical Majorana’s
even if they are close to zero energy. Assuming that this
coupling strength can by modulated by a factor 10% by using
the electrostatic gates, our scheme enables single-shot cavity
readout of the parity.
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Our set-up is generic in the sense that it works exactly the
same way for the “non-stabilized” MBSs and the “stabilized”
MBSs. The only difference is that the “stabilized” MBSs will have
much smaller gs than the physical ones far into the topological
phase. For the parity read-out, which is at the basis of all the
manipulations presented here, a small “g” can be compensated
by a small k since the distance between the center of the I-Q
plane and the +1/—1 parity spots scales like g/\/k as shown in
equation (22) of the input-output theory in the Methods section.
Given the very small values of k=2mx1kHz which can be
achieved in current technology for superconducting circuits,
there is a lot of room to use our scheme for ultra-coherent MBSs.
In the latter case, the use of an external magnetic field free
platform>3° will be more favorable to get a low . For platforms
hosting moderately coherent MBSs, a large “g” might be more
favorable and not too harmful for the coherence times, while
enabling both stabilization and fast measurements in the /-Q
plane. While the complete timing of the measurement sequence
will depend on the actual figures of merit of the experimental
platform chosen to implement our scheme, we speculate that
there is room for optimization.

In the stabilized version of the experiment, the value of the
energy gap is of the order of J, which can be as large as 10 GHz,
well above dilution refrigerator temperatures 20 mK for 10°
photons in the cavity mode. In such a situation which is still
within the boundaries for neglecting the off-resonant counter-
rotating terms of the RWA, it will be favorable to use a different
cavity mode for the stabilization and the read-out/manipulation.
Note that already for a Kitaev chain with a number of sites <10,
there are well-localized MBSs within a well-defined energy gap.
This means that we expect a modest hardware overhead,
essentially a x5, for implementing the full braiding protocol with
6 stabilized MBSs.

Finally, it is interesting to discuss the robustness to drive
imperfections of the stabilization scheme. For example, although
phase matching between all the section can be achieved
technically by synchronizing several microwave generators,
e.g., using the conventional atomic clock method, phase
fluctuations can still arise. Under such conditions, the above
system maps onto the disordered Kitaev chain. There are many
studies devoted to that problem. It can be shown that provided
the disorder is small compared to the hopping strength, the
topological phase is preserved®3. This corresponds to phase
shifts smaller than m in our case, which is definitely within
experimental reach. A similar condition holds for inhomogene-
ities in the gs along the chain.

In summary, we have presented cQED protocols based on the
parametric modulation of light-matter coupling for performing
advanced quantum gates for Majorana zero modes. Such an
approach can also be used for a parametric stabilization of the
Majorana zero modes, enhancing the topological protection of a
given physical platform. This should allow one to perform
advanced operations with exponentially protected Majorana
zero modes.

METHODS
Floquet formalism for the stabilized Majorana modes

In deriving the effective Hamiltonian Hg.p, the cavity field has been
replaced by its resonant component in the rotating frame. As we have
shown, this procedure generates a static Kitaev Hamiltonian Hy. The goal of
this section is to demonstrate that, crucially, the remarkable topological
protection of Majorana edge mode degeneracy also extends to the
periodically driven situation considered in the present work without
relying on the rotating frame approximation.
We first write the cavity field as a sum:

a = |ale” @9 1 b (10)
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Assuming that the coupling between the Majorana chain and the cavity is
modulated only on the (j,j 4+ 1) bonds with j odd, we get the time-periodic
coupling Hamiltonian:

He(t) = Z <J + J cos(2weet + ¢ + ) + G cos(wret + @) (b + BT)>i?jflj+1
jodd

(1)

Here we have set J = Jcos @, with J = gla| and @ = ¢ — 6. This has the
form:

He(t) = He + 8HV () + 6HA (). (12)
Besides the static Kitaev Hamiltonian already derived earlier using the
rotating wave approximation, we get two time-periodic perturbations
SH(1) and 8HA(t). The former induces a time-periodic modulation of the
Kitaev coupling, J being replaced by Jeg (t) = J +Jcos(2wRFt + ¢ +6).The
later couples the Majorana modes to quantum fluctuations of the cavity
field. A key feature of this model is that both 5H")(t) and 5H®(t) commute
with Hy, and even more importantly, with its local conserved operators
Pjj+1 = i¥;¥j1 for odd j. Since the existence of conserved local operators
lies at the heart of topological protection, the persistence of this property
in the full H(t) is of course essential for our purpose here.

The first key ingredient to achieve topological protection is a large
energy gap, compared to the strength of the static perturbation e, ;. Here
lies a potential fragility of the present proposal, because inelastic
interactions due to the periodic driving may strongly reduce the value
of the effective gap below its static value 2J. This concern is particularly
clear for the 8H"(t) perturbation because Jeg(t) vanishes twice in each
period m/wge (or just once if @ is an integer multiple of ).

To address this issue, we have to extend the analysis of topological
protection to situations where the reference Hamiltonian is time-periodic.
We should first understand the Floquet spectrum of H.(t) and then
investigate the effect of the static perturbation Hp = zje,,~+1iyjyj+1. To
make the discussion clearer, we shall discuss separately the Floquet
spectra when either 6H"(t) or SH2(t) is added to H.

Let us denote by |r7 {pﬁ+1}> a state of the Majorana chain such that:
(j odd)

if’jf’j+1 |T7 {ij+1}> = Pjj+1 |T«, {ij+1}> (13)

iVoVN|T7 {ij+1 }> = T}Tv {ij+1 }> (14)
Here each eigenvalue pj;;,, and 7 can be *1. The Floquet eigenstates of
Hx + 6H(t) have the form:

‘q}(t» — e—ijte*iF’fsm(mz+';47g"}.l.7 {pjj+1}>7 (1 5)
so their Floquet quasi-energy is pJ, which is defined modulo Awgg.

To study the effect of Hp, we view it as a perturbation of the operator
Ly = Hy + 6HM (t) — i%, acting in the Hilbert space Hper of periodic wave-
functions of t with period T. More details on this procedure are given in the
Supplementary Note 1 section. From Eg. (15), a complete eigenvector basis
for £, is given by states ‘T, {pjj“};m>> with eigenvalues pJ — mhwge.

Topological protection means that the effective coupling between
Majorana end modes generated by the static perturbation Hp is
exponentially small in N. The existence of the local conserved operators
Pjy1 (for odd j) implies that such an effective coupling, proportional to
iyoYn, occurs only at order (N+ 1)/2 in perturbation theory. Indeed, the
lowest-order product of Majorana operators that contains both y, and yy,
and that commutes with all p;; operators (for odd j) is [[;iy5V2141, where |
runs from 0 to (N — 1)/2. Each term of the product corresponds to a local
perturbation ie; 2141V Yy41- Let us assume that it connects state
It, {pj1};m)) to state |7, {Pj1};m)). In this case, one has
Pjj+1 = Py, the minus sign occurring only if j=2/—1 or j=2/+1.To
each intermediate state is associated an energy denominator (pgs — p)J +
mhwgg, where pgs = — (N — 1)/2 since p;;,, = —1 for any odd j in any of the
twofold degenerate ground states of Hx. Compared to the static case,
we see that the large gap proportional to J is replaced by the smaller value
min;m (J — mhwge). Therefore, a necessary condition for topological
protection to survive in the presence of a periodic modulation of Jug is
that inelastic transitions to states with a non-zero value of m should be
strongly suppressed. It is thus crucial to examine in more detail the matrix
elements of the perturbation.
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Using the time dependence of unperturbed Floquet eigenstates given
by Eqg. (15), we get:

! Lol Yem|iv, v . (p/*P)j f r_
(7, {pjj+‘l}1m i 21¥21541T, {ij+1}7m>> x Jmem’ 5 , form —m even,
WRF
(16)

and this matrix element vanishes if m" — m is odd. In Eq. (16), Jn_w is the
2
usual Bessel function of the first kind. Since the above matrix element is

proportional to (j/wRF)‘zi‘ at small J/wgr, we see that inelastic transitions
to states with a non-zero value of m are suppressed when J<<weg, ie.
when the driving frequency is large compared to the time averaged gap of
the effective Kitaev chain.

Although this argument is quite compelling, a potential danger lies in
the fact that the ordering between the (N+ 1)/2 local perturbations
i€212141V21V2141 is arbitrary, so we have ((N?> — 1)/8)! terms at order (N + 1)/2.
In the static case, this factorial growth is compensated by the large value of
typical energy denominators. In the periodically modulated case, no exact
solution in the presence of the static perturbation Hp is available, and to
establish rigorously that the effective coupling between boundary
Majorana modes decays exponentially with N would require a more
involved analysis, which is beyond the scope of the present work.

Let us now turn to the Floquet eigenstates of Hy + 6H@(t). Since this
Hamiltonian commutes with the conserved operators of Hy, we can put the
Majorana chain in one of the states |t, {p;,,}) for all times t. The quantum
oscillator mode of the cavity is then described by the Hamiltonian:

Hea () = hoch' b + pg cos(weet + ¢) (b + b) (17)

The Floquet spectrum of H.,, is discussed in the Supplementary Note 2
section. Let us first consider the non-resonant case, when the detuning
6 =w,— wge is larger than the cavity damping rate . Combining the
Majorana chain and the cavity, the eigenstates of the operator
Ly = Hg + 6H(2)(t) - i%, acting in the Hilbert space Hyer can be written
as |1, {pji.1}; n;m)), where n is a non-negative integer associated with the
cavity oscillator and, as before, m labels Fourier modes in the auxiliary
space of periodic functions of time. The corresponding eigenvalues are
pJ + p*Eq + nhw. — mhwgg.

The effect of the static perturbation Hp is similar to the previous case.
The local perturbation term i€y i1V4V4/,1 acts only on the Majorana chain,
where it connects state |7, {pj,;};m)) to state [T, {p},,};m')). The new
feature with 6H?(t), compared to SH(t), is that the transition between
these two states of the chain also modifies the amplitude of the periodic
driving seen by the cavity mode. The analysis of these matrix elements is
presented in the Supplementary Note 3 in the case where the detuning
is small. One of the main features is the approximate selection rule
n' —m’ = n — m. This implies that the energy denominators (pgs — p)J +
(PEs — P*)Eo — nhw, + mhwee in the leading contributions to the effective
coupling between boundary Majorana modes are close to the values
(bes — p)J governing the static case. This gives strong support to our claim
that topological protection is achieved in this model of a driven Majorana
chain. Another bonus provided by the driven model comes from the fact
that the matrix elements of Hp are proportional to the overlap between
coherent states:

ZOlz(0) = exp ( ("8‘,_7”6)9> )

The Gaussian factor in Eqg. (19) may be significantly <1, which would
enhance the protection of the ground-state degeneracy with respect to
residual static perturbations such as Hp. This is analogous to the reduction
of a polaron hopping amplitude, due to its strong coupling to lattice
vibration modes. In this analogy, the polaron becomes the Majorana chain
and the vibration modes are replaced by the cavity oscillator.

In the case of a finite cavity damping k, it is necessary to take into
account the coupling of the cavity oscillator to a continuum of
environmental modes. In the limit of a small damping w. >k, it is shown
in the Supplementary Note 4 that the driving term in H,,(t) couples mostly
to the dressed modes near the cavity frequency w.. Therefore, most of the
previous analysis of topological protection in the limit of small detuning
survives in the case of a small but finite damping.
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Input-output theory

We show here how one can capture the cavity-based measurement
processes for the parity of the Majorana chain using an input-output
theory. This method gives results that not only agree with Eq. (2) of the
main text but it also allows to capture the dissipative dynamics related to
the projective measurement of the system. The equations of motion for
the photonic field in the cavity a with loss rate k and for the input and
output fields, @i, and doy, read, for a pair of MBSs (1, 2):

da i K
— a. Hl —=a 19
i [a,H] 54 (19)
_TGp  Ka s 20
- P P12 Za \/Eam ( )
aout = ain + \/’?‘AJ (21)

with Py, (t) constant since [H, P;,] = 0.
In the semi-classical regime (a = <a>) and in absence of a cavity drive,
the output field is given by:

oue(t) = —212 b5 (1 — e0/2). 22)

NG

The modulation of g;, populates the cavity field, as represented
in Fig. 1b. By measuring the occupation of the cavity along the
appropriate quadrature (more specifically, with a measurement phase
of Pmeas = P12 + 1/2 [1]), one can therefore perform a measurement of
the parity. The signal-to-noise ratio (SNR) in this measurement depends
on gﬁ and on the measurement time 7. It is given by?*:

SNRzi\/g|g12|\/ﬁ<1 73(1 fe’”/z)> (23)
K KT

We now show how the parity P,4 can be measured as a dispersive shift
of the cavity resonant frequency as explained in the main text, using:
92334) (1) = Ga3(34) + Ga3(34) COS(WREL + P3(34)) (24)

The coupled equations of motion are:

da

T —iwca — igy3(t)V2V3 — ig34(t)V3Vs — K/2 (25)
dy,y s s

\;2:/3 = —2ig3,(t)¥2V4(a + ah (26)
dv,v . N

B 2igys (1724 + &) (27)

In the rotating frame (at w,), and keeping resonant terms in the RWA, we
get a first reduced equation on the cavity field:

ji; = *ga - 2./ dth, (1)94(1) (953 (1)934(T) — Gsa(t)gps(T))(@+ ) (28)

We additionally suppose |wgr — wc| << w. so that we can neglect the
time evolution of y,y,, as well as the one of a in the above integral.
This gives:

da o s 023034 . K.
ar —4V2V4aﬁ5m(¢34 =) - 79 (29)

One sees here again that the optimum is ¢34 — ¢h3 = 11/2.

Distinction with accidental Andreev bound states

It is important to stress that our set-up can also distinguish between
Majorana modes and accidental Andreev bound states. Whereas braiding
is a priori the most unambiguous way of distinguishing between
accidental Andreev bound states and Majorana modes, establishing the
fusion rules should be enough for a large class of situations. An Andreev
bound state is expected to give rise to a transverse coupling that yields a
trajectory of the type of Fig. 1e. Measuring several sections of the chain
which display only trajectories of the type of Fig. 1c in the /-Q plane (i.e,
longitudinal coupling) in the fusion rule set-up (with four nodes) should
constraint very much the models with accidental Andreev bound states
(if any exists) yielding the same signature.
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State sequence in the braiding protocol

We recall first the measurement-based braiding protocol and specifically
apply it to our scheme. Let us consider again a linear chain of four
Majorana quasiparticles, y;_; 4. The set of measurements needed for
performing a braiding operation B4 between two Majorana y; and y,
stems from the identity'%2°:

1

Ma3Ma1 Maallos = — 3B 30
231212403 NG 23814 (30)

. 1 R

M :5(1 + Py) (31)

The operator ﬂ,-k projects the electronic state onto the subspace with parity

Py =1.

For the state sequence presented in this work, we start by measuring Pss
giving an initial state |Winit) = iz(|112134056) +i|112034156)), postselecting
the |046) parity state, starting from |173134056).

Then, for the state sequence of By;, we project onto the +1 eigenvalue
using the projection operators [ly3, M1, M4, and then MMys. This gives the
sequence of states:

N 1 . .
(W) = Ma3|Winit) = §(|012034055> +[112134056) + 1112034 156) +i]012134156))

(32)
N 1 )
[Wi) =Ny |¥) = ﬁ(|112134056> +i]112034156)) (33)
N 1. .
[Wi) = Maa|Wy) = E(’|O12034056> + [1121340s6) + i[112034156) + [012134756))
(34)
R ein/4
V) braidedar = |Wiv) = Moz |Wn) = -5 (1012034056) + |112134056) (35)

+1112034156) + [012134156))

The state sequence for Bia is:

. 1 . .
[W) = Ma3|Winit) = 5(|012034056> +[1121340s6) + 11112034 156) +i|012134156))
(36)

R ein/A . )
[Wh) = Mg |W)) = T<|012034056> — i]112134056) 4 1[112034156) + [012134156))

(37)
R e—in/4
[Wi) = Mi2|Wy) = T(“12134056> — [112034756)) (38)
R e—in/4
W) braided 14 = |¥iv) = Moz |Wy) = T(\012034056> +[1121340s6) (39)

—[112034756) — [012134156))
We therefore arrive at the result of the main text: |¥), . eq14 i an
eigenvector of P,s for the clockwise braiding with eigenvalue —1, yielding
the blue spot in the /-Q plane and |W), .iqeq41 1S @n eigenvector of Pys for

the anti-clockwise braiding with eigenvalue +1, yielding the red spot in
the I-Q plane. The reasoning for the even total parity is exactly the same.

DATA AVAILABILITY
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