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Abstract. We calculate the Poincaré series of the elliptic Weyl group W(A(zl‘ b ), which is the Weyl group of the
elliptic root system of type Agl‘l) . The generators and relations of W(A(zl’ 1)) have been already given by K. Saito
and the author.
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1. Introduction

Elliptic Weyl groups are the Weyl groups associated to the elliptic root systems intro-
duced by K. Saito [5, 6], which are defined by a semi-positive definite inner product with
2-dimensional radical. The generators and their relations of elliptic Weyl groups were de-
scribed from the viewpoint of a generalization of Coxeter groups by K. Saito and the author
[7,9]. The Poincaré series W(¢) of a group W with respect to a generator system is defined
by

W)=Y 1,

weW

where ¢ is an indeterminate and /(w) is the length of a minimal expression of an element w
in W in terms of the given generator system. If W is one of the finite or affine Weyl groups,
it is known that

Bl — il
_ (W: finite),
I(w) i=1 I —1
t =
2 R
weW W: affine),
(l—t)"l_[ 1, (W affine)

i=1

where n is the rank and m, ..., m, are the exponents of W [1-4, 8]. The goal of the
present article is to calculate the Poincaré series W(¢) of the elliptic Weyl groups W of
types A(ll']), A(ll’]) and A(zl‘]). In the cases of types A(ll’l) and A(ll’l)*, although they have
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been already given by Wakimoto [10], we give a different proof from those and in the similar
way we calculate the case of A(zl’l). The result for Ag’l) is given by Theorem 3.7.

2. Poincaré series of the Weyl groups of types Agl’l) and A(ll’l)*

The generators and their relations of the elliptic Weyl group of type A(ll’l) are given as
follows [7, 9]:

Generators:  w;, w] (i =0,1).

Relations: w}=w?=1 (i =0,1), wowjww;=1.

The relation wowgww} = 1 is rewritten as follows:
wyw; = wow] (& wiwy = wiwg). 2.1.1)

(It means that wiw;f =wiw; (I # j).) WesetT := wjwy, R := wiw; = wowy, then we
easily see the following.

Lemma 2.1 The elements T, R and w, generate the Weyl group of type A(ll‘l) and their
fundamental relations are given by,

TR=RT, wiT=T"'w;, wiR=R"'w, wl=1.

From this, we have W = {R"T"w;, R"T", m,n € Z}. The elements T and w; generate
a subgroup isomorphic to the affine Weyl group of type A;, and all elements of that are
classified to the following:

{DT'"n=0), AD T =1), A T"wi(n=0), AV) T7"wi(n = D}.

We multiply the elements R (m € 7Z) to the above elements from the left, and examine
their minimal length in each case by using the following.

Lemma 2.2 Let w be a minimal expression by wy and w;. Then even if we attach * to
any letters of w, the length of w does not decrease.

Proof: This is clear from the fact that a relation in w; holds if and only if the relation in
w} obtained by attaching * also holds. O

@M T" = (wiwe)" (n=0)

From the expression Rwiwy = wiwy and (2.1.1), we see that RAT" = R*(w wp)" =
(wiiwip)(wa1wa) - - - (Wp1Wao), for 0 < k < 2n, where w;; (resp. wjo) is either w; or wf
(resp. wg or wy) for all i, in such a way that * is attached until the k-th letter. Further for
m > 1, R¥*"T" = R™(R™'T") = (wjw)"(wiwg)", R7"T" = (ww])"(wiwop)", and
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each length is 2n + 2m, so we get B{R*T", n >0, k € Z) | I(R*T™) = 2n} = 2n + 1,
and 8{R¥T", n >0, k € Z) | (R*T™) = 2n + 2m} = 2.
The case of (II) is similar to (I).

n T"wy = (wiwe)'w;  (n = 0)

From Rw; = w} and (2.1.1), for 0 < k < 2n + 1, we have R¥T"w, = R¥(w we)*'w; =
(wi1wio) - - - (Wy1 Wno)Wy+1,1 Where wi; € {wy, wi}and wio € {wo, w§}, so H{R T wy,
n>0,keZ | I(R'T"w)) = 2n+ 1} = 2n + 2, and #{R*T"w,,(n > 0, k € Z) |
I(R*T"w) = 2n + 1 4+ 2m} = g{R¥ " Thw,, R™"T"w,} = 2.

aAV) T7"w; = (wow)" 'wy  (n > 1)

From R~'wgy = wg, (2.1.1), and that form > 1, R~@n=D=mp—ny, — R‘m(wg‘w}‘)”_lw(’g =
(wiwo)™ (wiw)"'wg, R™T"w; = (wowy)™ (wow;)"'wy, we see that H{RFT "wy,
n=>1,keZ | (RFT"wy) = 2n — 1} = 2n, and ${R*T"wy, (n > 1, k € Z) |
I(R*T"wy) =2n+2m — 1} = 2.

In the case of type A(ll’l)* , the generators and their relations are given as follows:

Generators:  wp, wi, wi.

Relations:  wi = w} = w}? = (wow w})* = 1.

This Weyl group is obtained from the Weyl group of type A(ll’ b by removing one generator
wg, so we examine the case of type A(ll’l)* similarly to the case of type A(ll'l).

D T" = (wiwe)" (n=0)

From Rw; = wj, we have R"T" = (wjwy)", and form > 1, RMVMT = R™(wiwp)" =
(wiw)™(wiwe)" and R™"T" = (ww])"(wiwp)", so we get 8{R*T", (n > 0,k € Z) |
I(R*T™y =2n} =n+1,and §{R*T", (n > 0,k € Z) | (R*T") = 2n + 2m} = 2.

The case of (II) is similar to (I).

() T"w; = (wywe)"wy  (n > 0)
From Rw; = w},and R"™(wjwo)"w; = (wiwo)"w?, we see that t{ R T"wy, (n > 0,k €
Z) | I(R*T"w,) = 2n+1} = n+2, and {{R*T"w;, k € Z | [(R*T"w;) = 2n+1+2m} =
H{R"TIHM Ty, R T w; ) = 2.

(V) T7"wy = (wow))"'wy (1 = 1)
From R~ '(wowi)=wow} and R~ D(wow;)"'wo=(wow})"'wy, we see that

HRT"wy, (n > 1, k € Z) | (R*T"w;) = 2n — 1} = n, and ${R*T"w,, k €
Z | I(R*T"wy) =2n — 1 4+ 2m} = f{R™"*'"T"w,, R"T "w,} =2.
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From the above argument, we obtain the following.
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A lw)y(n>1,m > 1) # A [w)(n = 1,m=1) i
I 0 1 1 0 1
2n 2n + 1 2n n+1
2m, 2(n + m) 2 2m,2(n + m) 2
I 2n 2n + 1 I 2n n+1
2(n 4+ m) 2 2(n +m) 2
I 2n — 1 2n 1 2n — 1 n+1
2(n +m) —1 2 2 +m)—1 2
v 2n — 1 2n v 2n — 1
2n +m)—1 2 2 +m)—1

Further from this, we obtain the following.

Proposition 2.3 ([10])

(i) The number of the elements of W(A(ll‘l)) and W(A(ll‘l)*) of length n is given by;
W(ATY): gwe W [lw)=0)=1, fweW |[l(w)=n, (n>1)}=4dn,
W(AT): gwe W [I(w)=0)=1, fweW |[l(w)=n, (n>1)}=3n.

(i1) The Poincaré series of W(A(ll’l)) and W(A(ll’l)*) are given by,
(14 1)? 1-1
1 —-n? (-0

A A

weW(Al") weW (A"

Proof: (i) For an integer k > 2, the number of pairs (m, n) satisfying k = m + n(m >
I,n > 1) is equal to k — 1, so in the case of type A(ll’]), fHw e W | l(w) = 2n} =
Cn+1)x24+2+2xm—1)x2 =28n, and f{w € W | [(w) = 2n — 1} =

2n x 242 x(n—1) x2 = 8n —4, so we get the result. The case of type A(ll’l)* is calculated

similarly. Then (ii) is easily obtained from (i). O
3. Poincaré series of the Weyl group of type A;l’l)

The elliptic Weyl group W of type A(zl’ D is presented as follows [7, 9].

(i=0,1,02).
@=0,1,2),

Generators:  w;, w}

wiz:wa:l
for i #j

Wiwjw; = wjww;, wiw

Relations:

* *
j j
Wy Wjw; =Wjw; Wi = wW;W;w; =w;w;w;,

* __ Koy K
w; = wiw;w,

and wowjiwiwiw,w; = 1.
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We set T} := wowowowq, I» := wow;wowz, Ry := wiw?, and R, := wow5, then we have
1 2
the following.

Lemma 3.1
(i) W is generated by wi, w,, T1, T», R, Ry, and they satisfy the following fundamental
relations:
w T, =T 'w;
wi R,’ = Rflw,-
w; T, =T, Tjw; (i # )
wiRjzRiij,- (l;ﬁ])

(i) W= {R/RyT/T}w,

(n,m,k,l € Z) | w=id, wy, wa, wiwz, Wawy, Wiwrwi}.

Proof: Let @ be the elliptic root system of type A(zl’l), then one has the expression [5]

S ={E(e —€j))+nb+mal|l <i<j=<3, nmel}

with an inner product (, ), which is a symmetric bilinear form given by

(€i, €j) = &ijs

(€i,a) = (€, b) = (a, b) = (a,a) = (b,b) =0,

1 =<i, j<3).

Let F = @, ;<3 R(e; — €;) ® Rb & Ra be areal vector space. Let w, be the reflection

corresponding to the root «
2a

defined by wy(x) = x— < x,a¥ > «, Vx € F witha' =

W.Wesetozo =ea—€+b o =€ —,a=g—caando (=a;+a(@i=0,1,2).

— L
Then w; = we,, W = wy;.

wT(Q) =€ —a
wT(Ez) =€ +a

wi(e3) = €3

We see that all reflections act on Rb @ Ra as identity, and

wi(e) =€ | waler) =€ wo(e)) =€+ b
wi(€2) = € wy(€2) = €3 wo(€2) = €
wi(€3) = €3 wy(e3) =€ | woles) =€ —b

wi(€)) = € wile) =€z +a
wy(e2) = €

wy(e3) =€ —a

w;(éz) = €3 —da

wi(e3) =€ +a

From these, we have the following:

Ti(e) =€ —b
Ti(e)=e+b
Ti(e3) = €3

From these actions, we have

wo = TT Lhwwowy,

and from this, (i) is easily checked. (ii) follows from (i).

w(”; = R1R2T1 T2w1 wwi,

Tr(er) = € Ri(e) =€ —a Ry(e) = ¢
Tre) =€ —b Ri(e)=e+a Rye) =€ —a
Tye3) =e3+b Ri(e3) = €3 Ry(e3) = €3 +a

* *
w] = wiRy, w; = wrRy,
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We first consider minimal expressions of the elements 7'T," generated by T| =
wowwowi, and Tp = wow;wow,, then by noting the following minimal expressions;

' = wowwowy, T, Tz_l = (wywow;)?, TiT} = (wow;w,)?,
we have T T2”+i = (0121)"(0102)" = (012)>(0121)*~1(0102)' !, and from this we obtain

TPTIH = (01220121 (1 <i<n,n>2)

T"T"+in>1,i>1: . .
LTz 1iz1) {T;Tzznﬂ = (0102)'(012y" (i =0,n>1)

where for brevity, we use 0, 1, 2, 0%, 1*, 2* for wo, wy, wa, wg, wi, ws, respectively. Further
by considering minimal expressions of 7' T," w(w = wy, wy, WiWs, WaWi, WiWrW1), We
classify T7'T;" (n, m € Z) as follows.

T = (012)%(0121)y" (1<i<n, n>=2) (1< 2)
T7'T," = (21002 (1210 (1<i<n, n=1) (1< 2)
TIT2 = (0102)/(012)* (>0, n>1) (1< 2)

T7'T, 2 = (210)7(2010) (i >1, n>0) (1< 2)
T TP = (10201 (102 (>0, n>1) (1< 2)
TIHT," = Q010201 (i >1,n>0) (1< 2)
Ty = (0121 (n > 1)

T7"T," = (1210 (n = 0),

TI'T (0, m € 7) =

(3.1.1)

where (1 <> 2) means that we consider the element obtained by exchanging 7} and 7.

Similarly to the case of type A(ll’l), we use the following.

Lemma 3.2 Let w be a minimal expression by wy, w; and w,. Then even if we attach *
to any letters of w, the length of that does not decrease.

In each case we multiply RYR!, from the left, and examine their minimal length. For
1<i<n, T'TT = (012)%(0121)"~, by noting the expressions:

0*12012 = (R R») 012012

01%2012 = R, 012012 0121 = (R, Ry) 0121
012*012 = (R, R,) 012012 01*21 = R, 0121
0120*12 = R, 012012 012*1 = (R, Ry) 0121

01201*2 = (R R») 012012 0121* = R, 0121,
012012* = R, 012012

we consider how many R;, R, and R; R; can be contained in (012)%(0121)* by attaching
* to arbitrary letters. From the above, (012)? can contain 3 x R;R, and 3 x R,, and 0121
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cancontain2 X Rj Ry, 1 X Ry, 1 x Ry, so by the relation, (012)2Rj = Rj(012)2 (j=1,2),
we see that (012)%(0121)" % can contain (n — i) X Ry, (n+2i) x R, and 2n +1i) x R\ R,.

Lemma33 Forl <i<n

RYRL(R Ry T T
= RERL(R Ry)™(012)% (0121)"
= (wiowi1wi2) - - - (Wi oWai 1 W2i 2) (Wi W] WiHwi )

/ i 7 "
(W oWy Wy 2 Wy 1)

where w;;, and wl/.j =wj, w;’f(j =0, 1,2)and w/} = wy, w, forany0 <k <n—1i,0<

l<n+2i,0<m<2n-+i.

We count the number

HRERYTT T, (1 <i <n,n>2,k1e€Z) | [(RIRSTI T, )
= (T T;") = 4n + 2i}.

For the purpose we use the following figure:

Ry
n—i+1
2n+i+1
n+2i+1
then the number is equal to the number
of the vertices of the lattices, where
n—i+1,n+2i+1, and2n+i+ 1 are
n42i + 1 m4i+l the number of vertices on each edge.
R
n—i+1
Then we use the following.
Lemma 3.4
a+1
c+1 b+1
In the left figure, the number
of the vertices of the lattices is
ab+bc+cat+a+b+c+1.
b+1 c+1

a—+1
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(For example, the case of a = 1, b =2, ¢ = 3)

g {all vertices} =1-2+2-3+3-14+1+2+3+1=18.

By multiplying R™', Ry, and (R, R2)*!, (R = wiw?, Ry = wow}, RiRy = wiwy),
we obtain the elements whose length are 4n 4 2i 42, and actually we have only to multiply
to the boundary in the figure, and iterating this procedure we get the following.

Lemma 3.5

tH{RYRSTI T, (1<i<n, n>2, m,1€Z)|I(R}RYT' T, )
=4n+2i + 2k, (k > 1)} = 8n +4i + 6k.

Proof:
a+2
c+2 b+2
The number of the vertices of
the boundary of the outside is
2a@+1+b+1+c+D)=2a+b+c)+6
c+2 = t {the boundary of the figure of the previous element} + 6.
b+2
a+2

O

Next we consider the elements 77T, ™ w, for w = w1, w, wiwa, wawy, and wiw wy,
then we have the following:

T Ty = (012)%(0121)"

TIT, 1 = (012)%(0121)"~~1012
TIT; 2 = (012)%(0121)"~1~1021
TIT, 12 = (012)%(0121)"~'~101
T T, 21 = (012)% (0121)"~'~102
TIT, 121 = (012)%(0121)"~10.
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In the similar method to the case of 7}'T;'*, in this case and for other cases we count how
many RE', R and (R Ry)*! can be contained in a minimal expression. By the figure
of the number of R}, RF' and (R, R,)*', we count the number of a minimal expression
of the elements of the Weyl group and that of increasing length by 2, which is equal
to fi(the boundary of the figure of the previous element) + 6. In the sequal, we examine
the number of the vertices on each edge of the figure in a minimal expression, first we

have

210210 = R; ' 210210
2170210 = (R R,)~! 210210 1*210 = R 1210

210210 = RZ_l 210210 1210 = (R;Ry)~' 1210
210210 = (R R>)~! 210210 12170 = R;l 1210
21021%0 = Rz_l 210210 1210 = (R Ry)~' 1210

210210* = (R;R>)~! 210210

0*102 = (R Ry) 0102 2*010 = R2_1 2010

01*02 = R, 0102 2010 = R; 2010
010*2 = R;' 0102 201*0 = R; ' 2010
0102* = R, 0102 2010% = (R R»)~' 2010

1¥02102 = Rl_l 102102

1*020 = R;l 1020 102102 = R, 102102
10*20 = R, 1020 102102 = Rl_l 102102
102*0 = Rfl 1020 102102 = R, 102102

1020* = (R Ry)~! 1020 10210*2 = Rl_l 102102
102102* = R, 102102

From these and (3.1.1), we obtain the following eight tables.

M T = 012%012)" ' 1<i<n n>2)

(012)% 0121w iR 1R B(R| Ry)*!
(012)% (0121)" n—i n+2i 2n+i
(012)% 0121)"~=1012 n—i—1 n+2i 2n+i
(012)%(0121)"~-1021 n—i n+2i—1 2n+i
(012)%(0121)"—-101 n—i—1 n+2i 2n+i—1
(012)%(0121)"~*~102 n—i n+2i—1 2n+i—1

(012)%(0121)"—~10 n—i—1 n+2i—1 2n+i—1
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an T = (210212100 (1 <i<n, n>1)

(210)% (1210y*~ n—i n+2i 2n +i
(210)% (121071 n—i+1 n+2i 2n+i
(210)% (1210)"72 n—i n+2i+1 2n+i
(210)% (1210112 n—i+1 n+2i 2n+i+1
(210)%(1210)"~21 n—i n4+2i+1 2n+i+1
(210)% (1210y"~121 n—i+1 n+2i+1 2n+i+1

D T = (0102)i(012)* (i >0, n > 1)

(0102)/(012)*" i 3n +2i 3n+i
(0102)'(012)*"1 i+1 3n 4 2i 3n4i
(0102)/(012)%"~201201 i 3n+2i—1 3n+i
(0102)'(012)>"~2012021 i+1 3n +2i 3n+i—1
(0102)'(012)*'~20120 i 3n42i — 1 3n4i—1
(0102)/(012)%'-201202 i+1 3n42i —1 3n4i—1
av) T = (2100(2010) i > 1, n > 0)

(210)2(2010) i 3n +2i 3n+i
(210)>"(2010)'~'210 i—1 3n +2i 3n+i
(210)2"(2010)2 i 3n+2i +1 3n+i
(210)2*(2010)'~12102 i—1 3n +2i 3n+i+1
(210)*"(2010)'21 i 3n+2i +1 3n+i+1
(210)2"(2010)'~'21021 i—1 3n+2i +1 3n+i+1
(V) T8 = (10200102 i > 0, n> 1)

(1020 (102)*" 3n +2i 3n+i i
(1020)/(102)*"1 3n+2i +1 3n+i i
(1020)7(102)*"~210210 3n 4 2i 3n4i—1 i
(1020)/(102)>"12 3n+2i+1 3n+i i+1
(1020)/(102)>"~2102101 3n 4 2i 3n+i—1 i+1
(1020)/(102)*"~21021012 3n 42 +1 3n4i—1 i+1
(VD T8HT;™ = (201)>(0201) i > 1, n > 0)

(201)2%(0201)! 3n+2i 3n+i i
(201)27(0201)' =202 3n+2i—1 3n+i i
(201)27(0201)/2 3n 4 2i 3n4i+1 i
(201)2"(0201)' =120 3n+2i—1 3n+i i—1
(201)2(0201)'~12012 3n+42i 3n+i+1 i—1
(201)27(0201)'~1201 3n+2i —1 3n+i+1 i—1
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(VID TITS = (0121)" (n > 1)

(0121)"
(01211012
(0121)*~1021
(0121101
(0121102
012110

n—1
n
n—1
n
n—1

n—1
n

n—1
n—1

2n
2n
2n
2n — 1
2n — 1
2n — 1

(VD T;"T;"

= (1210)" (n > 0)

(1210)"
(1210)"1
(1210)"2
(1210)"12
(1210)"21
(1210)*121

n
n+1
n
n+1
n

n+1

n
n
n+1
n
n+1
n+1

2n
2n
2n
2n+1
2n+1
2n + 1

221

We explain how to read the above tables, by using (I). In the element (012)*(0121)" " w,
w runs the elements {id, 012, 021, 01, 02, 0}. The row of anil denotes the number
of Rf!, for example, in the case (012)¥(0121)"~", £R, = n — i. Therefore the third
line in (I) means that in the type (012)'(0121)"~%, the number of the elements such that
l(w) = 3x2i+4x(n—1i)=4n+ 2i, is equal to f { all vertices in the figure of
gRy =n —i, Ry = n +2i, #(R1R;) = 2n +i }. From all tables, we find the following.

Lemma 3.6

(1) By the suitable rearrangements of rows and columns, all tables are rewritten as

ERE' ERY! (R Ry)*!

a+1
a+1
a+1

b
b+1
b+1
b
b
b+1

c
c

c+1

c+1
c+1

and

a b c
I n—i—1 n+2i—-1 2n+i-—1
1I n—i n+2i 2n +i
11 3n+i—1 i 3n+2i—1
v 3n+i i—1 3n42i
A\ i 3n+i—1 3n+2i
VI i—1 3n+i 3n+2i—1
Vil n-1 n—1 2n —1
VIII n n 2n

(1) In all eight tables, we see that the minimal length [(w) of each element w is equal to
the sum of iR, 4RS!, and 8(R\ Ry)*", that is, [(w) = RY' 4+ 4RF' + 4(R, Ry)™'.

From this lemma, we obtain the main result.
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Theorem 3.7 The Poincaré series of the Weyl group of type A(zl’l) is given by

Z dy _ | + 4t + 1762 + 1963 + 1714 + 415 + 16
- (1 —)*(1 +1)?

(4140 + 38+ 132 + 38 +1%)

B (I =01 +1)? '

weW

Proof: We set w(a, b, c):=(ab+bc+ca+a+b+c+ Dtetbre 3% (2@ +b+
) + 6k}tatbret2 and W(a, b, ¢) := w(a, b, ¢)+ w(a, b+ 1,¢) +w(a, b+ 1,c+ 1)+
w@a+1,b,c)+w(@—+1,b,c+1)+w(a+1,b+ 1, c + 1). Then the Poincaré series is
calculated as follows:

1

3

n

(]

Wn—i—1,n+2—1,2n4i-1)

30 =

weW n=2 i=l1

o0 n

+ Y Y Wm—in+2i.2n+1)
n=1 i=1
o0 o0

+ Y WGn+i—1.i3n+2i 1)
n=1 i=0
o0 o0

+ YN W@n+ii— 1,30+ 2i)
n=0 i=1

+ ) D WG 3n+i—1.3n420)
n=1 i=0
o0 o0

+ DS WG - 1304030 +2i — 1)
n=0 i=1
o0 o0

+Y Wa—1Ln—12n—1)+ W, n, 2n).
n=1 n=0

By using Mathematica, we obtain the desired result. O
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